
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 463, 2017 Ç.á. á. íÁËÁÒÏ×ï ä÷õè áìçïòé�íáè ÷åê÷ìå�-òáúìïöåîéñðòïó�òáîó�÷ ìéîåêîùè óðìáêîï÷
§1. ÷×ÅÄÅÎÉÅC�ÌÁÊÎÙ É ×ÅÊ×ÌÅÔÙ ÎÁÛÌÉ ÛÉÒÏËÏÅ �ÒÉÍÅÎÅÎÉÅ × ÔÅÏÒÉÉ ÉÎÆÏÒ-ÍÁ�ÉÉ. ÷ÅÊ×ÌÅÔÎÙÅ ÒÁÚÌÏÖÅÎÉÑ Ó×ÑÚÁÎÙ Ó ÓÏÓÔÁ×ÌÅÎÉÅÍ ÜÆÆÅËÔÉ×ÎÙÈÁÌÇÏÒÉÔÍÏ× ÏÂÒÁÂÏÔËÉ (ÓÖÁÔÉÑ ÉÌÉ ÕÔÏÞÎÅÎÉÑ) ÂÏÌØÛÉÈ �ÏÔÏËÏ× ÉÎ-ÆÏÒÍÁ�ÉÉ. ÷ ÔÅÏÒÉÉ Ó�ÌÁÊÎÏ× ÎÁÉÂÏÌÅÅ ×ÁÖÎÙÍÉ Ñ×ÌÑÀÔÓÑ ÉÎÔÅÒ-�ÏÌÑ�ÉÏÎÎÙÅ É Á��ÒÏËÓÉÍÁ�ÉÏÎÎÙÅ Ó×ÏÊÓÔ×Á, Ó×ÏÊÓÔ×Á ÇÌÁÄËÏÓÔÉ ÉÕÓÔÏÊÞÉ×ÏÓÔÉ ÒÅÛÅÎÉÑ ÉÎÔÅÒ�ÏÌÑ�ÉÏÎÎÙÈ É Á��ÒÏËÓÉÍÁ�ÉÏÎÎÙÈ ÚÁ-ÄÁÞ; ×ÁÖÎÏ ÔÁËÖÅ ÍÉÎÉÍÉÚÉÒÏ×ÁÔØ ×ÙÞÉÓÌÉÔÅÌØÎÕÀ ÓÌÏÖÎÏÓÔØ (ÏÂß-ÅÍ ÉÓ�ÏÌØÚÕÅÍÙÈ ÒÅÓÕÒÓÏ× ×ÙÞÉÓÌÉÔÅÌØÎÏÊ ÓÉÓÔÅÍÙ: �ÁÍÑÔÉ, ËÁÎÁ-ÌÏ× �ÅÒÅÄÁÞÉ ÒÅÚÕÌØÔÁÔÏ×, ×ÒÅÍÅÎÉ ÓÞÅÔÁ). åÓÌÉ ÕÄÁÅÔÓÑ ÕÓÔÁÎÏ×ÉÔØ×ÌÏÖÅÎÎÏÓÔØ �ÒÏÓÔÒÁÎÓÔ× Ó�ÌÁÊÎÏ× ÎÁ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ ÉÚÍÅÌØÞÁ-ÀÝÉÈÓÑ ÉÌÉ ÕËÒÕ�ÎÑÀÝÉÈÓÑ ÓÅÔÏË É �ÒÅÄÓÔÁ×ÉÔØ �Å�ÏÞËÕ ×ÌÏÖÅÎÎÙÈ�ÒÏÓÔÒÁÎÓÔ× × ×ÉÄÅ �ÒÑÍÏÊ ÓÕÍÍÙ ×ÅÊ×ÌÅÔÎÙÈ �ÒÏÓÔÒÁÎÓÔ×, Á ÔÁËÖÅÒÅÁÌÉÚÏ×ÁÔØ ÂÁÚÉÓÎÙÅ ÆÕÎË�ÉÉ Ó ÍÉÎÉÍÁÌØÎÏÊ ÄÌÉÎÏÊ ÎÏÓÉÔÅÌÑ, ÔÏ×ÙÞÉÓÌÉÔÅÌØÎÁÑ ÓÌÏÖÎÏÓÔØ ÏËÁÚÙ×ÁÅÔÓÑ �ÒÉÅÍÌÅÍÏÊ.÷ÁÖÎÏÊ ÚÁÄÁÞÅÊ �ÒÉ �ÏÓÔÒÏÅÎÉÉ Ó�ÌÁÊÎ-×ÅÊ×ÌÅÔÎÏÇÏ ÒÁÚÌÏÖÅÎÉÑÑ×ÌÑÅÔÓÑ ×ÙÂÏÒ ÍÅÔÏÄÁ �ÏÓÔÒÏÅÎÉÑ ×ÌÏÖÅÎÎÙÈ ÓÅÔÏË É ÒÁÚÒÁÂÏÔËÁÓ�ÏÓÏÂÁ �ÒÏÅËÔÉÒÏ×ÁÎÉÑ ÉÓÈÏÄÎÏÇÏ �ÒÏÓÔÒÁÎÓÔ×Á Ó�ÌÁÊÎÏ× ÎÁ ×ÌÏÖÅÎ-ÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï Ó�ÌÁÊÎÏ×. üÔÏ �ÒÉ×ÏÄÉÔ Ë ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÍ ÍÁ-ÔÒÉ�ÁÍ ÒÅËÏÎÓÔÒÕË�ÉÉ (ÍÁÔÒÉ�ÁÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÇÏ ÄÅÌÅÎÉÑ), �ÒÉ-ÍÅÎÑÅÍÙÍ ÄÌÑ ÄÁÌØÎÅÊÛÅÇÏ ×ÅÊ×ÌÅÔÎÏÇÏ ÒÁÚÌÏÖÅÎÉÑ �ÏÔÏËÏ× ÞÉÓÌÏ-×ÏÊ ÉÎÆÏÒÍÁ�ÉÉ. äÌÑ ÎÅÒÁ×ÎÏÍÅÒÎÙÈ ÓÅÔÏË �ÒÉÎ�É�ÉÁÌØÎÙÍ ×Ï�ÒÏ-ÓÏÍ Ñ×ÌÑÅÔÓÑ �ÏÓÔÒÏÅÎÉÅ ËÁÌÉÂÒÏ×ÏÞÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ, ÏÂÏÂÝÁÀÝÉÈËÌÁÓÓÉÞÅÓËÉÅ ÍÁÓÛÔÁÂÉÒÕÀÝÉÅ ÕÒÁ×ÎÅÎÉÑ ÄÌÑ ÒÁ×ÎÏÍÅÒÎÙÈ ÓÅÔÏË. ÷ÒÁÂÏÔÁÈ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [1{3℄) Ó�ÌÁÊÎ-×ÅÊ×ÌÅÔÎÙÅ ÒÁÚÌÏÖÅÎÉÑ ÓÔÒÏÉ-ÌÉÓØ �ÒÉ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÍ ÕÄÁÌÅÎÉÉ ÉÌÉ ÄÏÂÁ×ÌÅÎÉÉ ÕÚÌÏ×. �ÏÔ ÖÅëÌÀÞÅ×ÙÅ ÓÌÏ×Á: B-Ó�ÌÁÊÎ, ÍÉÎÉÍÁÌØÎÙÅ Ó�ÌÁÊÎÙ, ×ÅÊ×ÌÅÔÙ, Ó�ÌÁÊÎ-×ÅÊ×ÌÅÔÙ, ×ÅÊ×ÌÅÔÎÏÅ ÒÁÚÌÏÖÅÎÉÅ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ ÆÉÎÁÎÓÏ×ÏÊ �ÏÄÄÅÒÖËÅ òÏÓÓÉÊÓËÏÇÏ ÆÏÎÄÁ ÆÕÎÄÁÍÅÎ-ÔÁÌØÎÙÈ ÉÓÓÌÅÄÏ×ÁÎÉÊ É áÄÍÉÎÉÓÔÒÁ�ÉÉ �ÏÍÓËÏÊ ÏÂÌÁÓÔÉ (ËÏÄ �ÒÏÅËÔÁ 16-41-700400 Ò Á). 277



278 á. á. íáëáòï÷�ÏÄÈÏÄ �ÏÚ×ÏÌÑÅÔ ÕÄÁÌÑÔØ ÇÒÕ��Ù �ÏÓÌÅÄÏ×ÁÔÅÌØÎÙÈ ÕÚÌÏ×, ÎÁÚÙ×ÁÅ-ÍÙÈ ÇÎÅÚÄÁÍÉ [4℄, ÉÌÉ �ÒÏ×ÏÄÉÔØ ÏÄÎÏËÒÁÔÎÏÅ ÌÏËÁÌØÎÏÇÏ ÕËÒÕ�ÎÅÎÉÅÎÅÒÁ×ÎÏÍÅÒÎÏÊ ÓÅÔËÉ [5, 6℄.÷ ÓÌÕÞÁÅ B-Ó�ÌÁÊÎÏ× × ÒÁÂÏÔÁÈ [7, 8℄ ÒÁÓÓÍÏÔÒÅÎ �ÏÄÈÏÄ (× ÏÂÝÅÍÓÌÕÞÁÅ ÄÁÀÝÉÊ ÌÉÆÔÉÎÇÏ×ÕÀ ÓÈÅÍÕ) Ë �ÏÓÔÒÏÅÎÉÀ Ó�ÌÁÊÎ-×ÅÊ×ÌÅÔÎÏ-ÇÏ ÒÁÚÌÏÖÅÎÉÑ �ÒÉ ÏÄÎÏËÒÁÔÎÏÍ ÌÏËÁÌØÎÏÍ ÕËÒÕ�ÎÅÎÉÉ ÎÅÒÁ×ÎÏÍÅÒ-ÎÏÊ ÓÅÔËÉ, Ó×ÑÚÁÎÎÙÊ Ó �ÏÓÔÒÏÅÎÉÅÍ ÌÉÂÏ \ÌÅÎÉ×ÙÈ" ×ÅÊ×ÌÅÔÏ×, ÌÉ-ÂÏ ×ÅÊ×ÌÅÔÏ× ÓÏ ÓÍÅÝÅÎÎÙÍ ÎÏÓÉÔÅÌÅÍ. ÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÜÔÏÔ �ÏÄÈÏÄ�ÒÉÍÅÎÑÅÔÓÑ ÄÌÑ �ÏÓÔÒÏÅÎÉÑ Ó�ÌÁÊÎ-×ÅÊ×ÌÅÔÎÙÈ ÒÁÚÌÏÖÅÎÉÊ, ÉÓ�ÏÌØ-ÚÕÀÝÉÈ Á��ÒÏËÓÉÍÁ�ÉÏÎÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ × ËÁÞÅÓÔ×Å ÉÓÈÏÄÎÏÊ ÓÔÒÕË-ÔÕÒÙ ÄÌÑ �ÏÓÔÒÏÅÎÉÑ �ÒÏÓÔÒÁÎÓÔ×Á ÍÉÎÉÍÁÌØÎÙÈ Ó�ÌÁÊÎÏ×. ðÒÅÉÍÕ-ÝÅÓÔ×ÁÍÉ ÜÔÏÇÏ �ÏÄÈÏÄÁ Ñ×ÌÑÅÔÓÑ ×ÏÚÍÏÖÎÏÓÔØ �ÒÉÍÅÎÅÎÉÑ ÎÅÒÁ×ÎÏ-ÍÅÒÎÙÈ ÓÅÔÏË É ÄÏÓÔÁÔÏÞÎÏ �ÒÏÉÚ×ÏÌØÎÙÈ ÎÅ�ÏÌÉÎÏÍÉÁÌØÎÙÈ Ó�ÌÁÊÎ-×eÊ×ÌÅÔÏ×.
§2. ðÒÏÓÔÒÁÎÓÔ×Ï ËÏÏÒÄÉÎÁÔÎÙÈ Ó�ÌÁÊÎÏ×îÁ ÏÔÒÅÚËÅ [a; b℄ ⊂ R

1 ÒÁÓÓÍÏÔÒÉÍ ÓÅÔËÕX (Ó Ä×ÕÍÑ ÄÏ�ÏÌÎÉÔÅÌØÎÙ-ÍÉ (ÆÉËÔÉ×ÎÙÍÉ) ÕÚÌÁÍÉ ×ÎÅ ÏÔÒÅÚËÁ [a; b℄; ÌÅÖÁÝÉÍÉ ÎÁ ÎÅËÏÔÏÒÏÍÉÎÔÅÒ×ÁÌÅ (�; �) ⊃ [a; b℄):X : x−1 < a = x0 < x1 < : : : < xn−1 < xn = b < xn+1: (1)÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÅ Ji;k def= {i; i + 1; : : : ; k}, i; k ∈ Z, i < k. ðÒÉK0 > 1, K0 ∈ R
1 ÞÅÒÅÚ X (K0; �; �) ÏÂÏÚÎÁÞÉÍ ËÌÁÓÓ ÓÅÔÏË ×ÉÄÁ (1) ÓÏÓ×ÏÊÓÔ×ÏÍ ÌÏËÁÌØÎÏÊ Ë×ÁÚÉÒÁ×ÎÏÍÅÒÎÏÓÔÉ:K−10 6

xj+1 − xjxj − xj−1 6 K0; j ∈ J0;n;É �ÏÌÏÖÉÍ hX def= supj∈J−1;n (xj+1 − xj):õ�ÏÒÑÄÏÞÅÎÎÏÅ ÍÎÏÖÅÓÔ×Ï A def= {aj}j∈J−1;n−1 ×ÅËÔÏÒÏ× aj ∈ R
2 ÂÕ-ÄÅÍ ÎÁÚÙ×ÁÔØ �Å�ÏÞËÏÊ ×ÅËÔÏÒÏ×. éÎÏÇÄÁ, ÄÌÑ ÕÄÏÂÓÔ×Á, ËÏÍ�ÏÎÅÎÔÙ×ÅËÔÏÒÏ× ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ Ë×ÁÄÒÁÔÎÙÍÉ ÓËÏÂËÁÍÉ É ÎÕÍÅÒÏ×ÁÔØ �É-ÆÒÁÍÉ. îÁ�ÒÉÍÅÒ, aj = ([aj ℄0; [aj ℄1)T : ãÅ�ÏÞËÁ A ÎÁÚÙ×ÁÅÔÓÑ �ÏÌÎÏÊ�Å�ÏÞËÏÊ ×ÅËÔÏÒÏ×, ÅÓÌÉ det(aj−1; aj) 6= 0 ÄÌÑ ×ÓÅÈ j ∈ J−1;n−1.÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÑ ÄÌÑ ÏÂßÅÄÉÎÅÎÉÑ ×ÓÅÈ ÜÌÅÍÅÎÔÁÒÎÙÈ ÓÅÔÏÞÎÙÈÉÎÔÅÒ×ÁÌÏ×M def= ∪j∈J−1;n(xj ; xj+1): ðÕÓÔØ X(M) { ÌÉÎÅÊÎÏÅ �ÒÏÓÔÒÁÎ-ÓÔ×Ï ×ÅÝÅÓÔ×ÅÎÎÏÚÎÁÞÎÙÈ ÆÕÎË�ÉÊ, ÚÁÄÁÎÎÙÈ ÎÁ ÍÎÏÖÅÓÔ×Å M: òÁÓ-ÓÍÏÔÒÉÍ ×ÅËÔÏÒ-ÆÕÎË�ÉÀ ' : (�; �) 7→ R

2 Ó ËÏÍ�ÏÎÅÎÔÁÍÉ ÉÚ X(M).



ï ä÷õè áìçïòé�íáè ÷åê÷ìå�-òáúìïöåîéñ ðòïó�òáîó�÷ 279åÓÌÉ �Å�ÏÞËÁ ×ÅËÔÏÒÏ× A �ÏÌÎÁÑ, ÔÏ ÉÚ ÕÓÌÏ×ÉÊk∑j′=k−1 aj′ !j′(t) ≡ '(t); t ∈ (xk ; xk+1); k ∈ J−1;n−1;!j(t) ≡ 0; t =∈ [xj ; xj+2℄ ∩M; (2)ÏÄÎÏÚÎÁÞÎÏ Ï�ÒÅÄÅÌÑÀÔÓÑ ÆÕÎË�ÉÉ !j(t); t ∈ M , j ∈ J−1;n−1. ñÓÎÏ,ÞÔÏ supp!j(t) ⊂ [xj ; xj+2℄: ðÏ ÆÏÒÍÕÌÁÍ ëÒÁÍÅÒÁ ÉÚ ÓÉÓÔÅÍÙ ÌÉÎÅÊ-ÎÙÈ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÕÒÁ×ÎÅÎÉÊ (2) ÎÁÈÏÄÉÍ!j(t) = det(aj−1;'(t))det(aj−1; aj) ; t ∈ [xj ; xj+1);det('(t); aj+1)det(aj ; aj+1) ; t ∈ [xj+1; xj+2):ìÉÎÅÊÎÁÑ ÏÂÏÌÏÞËÁ ÆÕÎË�ÉÊ !j(t) ÎÁÚÙ×ÁÅÔÓÑ �ÒÏÓÔÒÁÎÓÔ×ÏÍ ÍÉ-ÎÉÍÁÌØÎÙÈ ËÏÏÒÄÉÎÁÔÎÙÈ (A; ')-Ó�ÌÁÊÎÏ×. õÓÌÏ×ÉÑ (2) ÎÁÚÙ×ÁÀÔÓÑÁ��ÒÏËÓÉÍÁ�ÉÏÎÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ.òÁÓÓÍÏÔÒÉÍ ×ÅËÔÏÒÙ dj ∈ R
2; j ∈ J−1;n+1; ÚÁÄÁ×ÁÅÍÙÅ ÔÏÖÄÅÓÔ×ÏÍdTj x ≡ det('j ; x); x ∈ R

2; (3)É Ï�ÒÅÄÅÌÉÍ ×ÅËÔÏÒÙ aj ∈ R
2; j ∈ J−1;n−1 ÆÏÒÍÕÌÏÊ aj def= 'j+1. ðÒÅÄ-ÓÔÁ×ÉÍ ×ÅËÔÏÒÙ dj É aj × �ÏËÏÍ�ÏÎÅÎÔÎÏÍ ×ÉÄÅ:dj = (−['j ℄1; ['j ℄0)T ; aj = (['j+1℄0; ['j+1℄1)T :íÎÏÖÅÓÔ×Ï ×ÓÅÈ ÆÕÎË�ÉÊ, ÎÅ�ÒÅÒÙ×ÎÙÈ ÎÁ ÉÎÔÅÒ×ÁÌÅ (�; �), ÏÂÏ-ÚÎÁÞÉÍ ÞÅÒÅÚ C(�; �): äÌÑ ÌÀÂÏÇÏ ÞÉÓÌÁ S ∈ Z+ ××ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÅCS(�; �) def= {u | u(i) ∈ C(�; �); i = 0; 1; 2; : : : ; S}, �ÏÌÁÇÁÑ C 0(�; �) =C(�; �). åÓÌÉ ËÏÍ�ÏÎÅÎÔÙ ×ÅËÔÏÒ-ÆÕÎË�ÉÉ u ∈ R

m+1 ÎÅ�ÒÅÒÙ×ÎÏ ÄÉÆ-ÆÅÒÅÎ�ÉÒÕÅÍÙ S ÒÁÚ ÎÁ ÉÎÔÅÒ×ÁÌÅ (�; �), ÔÏ ÂÕÄÅÍ �ÉÓÁÔØ u ∈ CS(�; �).áÎÁÌÏÇÉÞÎÙÅ ÏÂÏÚÎÁÞÅÎÉÑ CS [a; b℄ É CS [a; b℄ ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÄÌÑÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ �ÒÏÓÔÒÁÎÓÔ× ÎÁ ÏÔÒÅÚËÅ [a; b℄:åÓÌÉ ' ∈ C1(�; �), ×ÒÏÎÓËÉÁÎ W (t) def= |det(';'′)(t)| > 
onst > 0ÄÌÑ ×ÓÅÈ t ∈ (�; �) É X ∈ X (K0; �; �); ÔÏ !j ∈ C[a; b℄ É Ó�ÒÁ×ÅÄÌÉ×Ù



280 á. á. íáëáòï÷ÆÏÒÍÕÌÙ [9℄ !j(t) = dTj '(t)dTj aj ; t ∈ [xj ; xj+1);dTj+2'(t)dTj+2aj ; t ∈ [xj+1; xj+2): (4)ðÒÏÓÔÒÁÎÓÔ×Ï
S(X) def= {u | u = n−1∑j=−1 
j !j ; 
j ∈ R

1}ÎÁÚÙ×ÁÅÔÓÑ �ÒÏÓÔÒÁÎÓÔ×ÏÍ ÍÉÎÉÍÁÌØÎÙÈ ÌÉÎÅÊÎÙÈ B'-Ó�ÌÁÊÎÏ×(×ÔÏÒÏÇÏ �ÏÒÑÄËÁ) ÎÁ ÓÅÔËÅ X . óÁÍÉ Ó�ÌÁÊÎÙ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÍÉÎÉ-ÍÁÌØÎÙÍÉ Ó�ÌÁÊÎÁÍÉ ÍÁËÓÉÍÁÌØÎÏÊ ÇÌÁÄËÏÓÔÉ. ÷ ÓÌÕÞÁÅ �ÏÌÉÎÏÍÉ-ÁÌØÎÙÈ ËÏÍ�ÏÎÅÎÔ �ÏÒÏÖÄÁÀÝÅÊ ×ÅËÔÏÒ-ÆÕÎË�ÉÉ ' ÍÏÖÎÏ ÇÏ×ÏÒÉÔØÏ ÓÔÅ�ÅÎÉ Ó�ÌÁÊÎÁ, ÔÏÇÄÁ (�ÏÌÉÎÏÍÉÁÌØÎÙÅ) Ó�ÌÁÊÎÙ ÍÁËÓÉÍÁÌØÎÏÊÇÌÁÄËÏÓÔÉ Ñ×ÌÑÀÔÓÑ Ó�ÌÁÊÎÁÍÉ �ÅÒ×ÏÊ ÓÔÅ�ÅÎÉ. òÁÚÎÏÓÔØ ÍÅÖÄÕ ÓÔÅ-�ÅÎØÀ Ó�ÌÁÊÎÁ É �ÏÒÑÄËÏÍ ÅÇÏ ÎÁÉ×ÙÓÛÅÊ ÎÅ�ÒÅÒÙ×ÎÏÊ �ÒÏÉÚ×ÏÄÎÏÊÎÁÚÙ×ÁÅÔÓÑ ÄÅÆÅËÔÏÍ Ó�ÌÁÊÎÁ. �ÁËÉÍ ÏÂÒÁÚÏÍ, Ó�ÌÁÊÎÙ ÍÁËÓÉÍÁÌØ-ÎÏÊ ÇÌÁÄËÏÓÔÉ Ñ×ÌÑÀÔÓÑ Ó�ÌÁÊÎÁÍÉ Ó ÍÉÎÉÍÁÌØÎÙÍ ÄÅÆÅËÔÏÍ (ÒÁ×-ÎÙÍ 1).åÓÌÉ ['(t)℄0 ≡ 1; Ô.Å. '(t) = (1; �(t))T ; ÇÄÅ �(t) ∈ C1(�; �); ÔÏ Ó�ÒÁ-×ÅÄÌÉ×Ï ÔÏÖÄÅÓÔ×Ï n−1∑j=−1!j(t) ≡ 1; t ∈ [a; b℄;�ÒÉ ÜÔÏÍ ÆÏÒÍÕÌÙ (4) �ÒÉÎÉÍÁÀÔ ×ÉÄ!j(t) = �(t)− �j�j+1 − �j ; t ∈ [xj ; xj+1);�j+2 − �(t)�j+2 − �j+1 ; t ∈ [xj+1; xj+2); (5)ÇÄÅ �j = �(xj):ñÓÎÏ, ÞÔÏ !j(xi) = Æj;i−1; ÇÄÅ Æj;i { ÓÉÍ×ÏÌ ëÒÏÎÅËÅÒÁ. âÏÌÅÅ ÔÏ-ÇÏ, ÅÓÌÉ ÆÕÎË�ÉÑ �(t) ÓÔÒÏÇÏ ÍÏÎÏÔÏÎÎÁ ÎÁ ÍÎÏÖÅÓÔ×Å M; ÔÏ Ó�ÌÁÊÎ!j(t) > 0 ÄÌÑ ×ÓÅÈ t ∈ (xj ; xj+2):



ï ä÷õè áìçïòé�íáè ÷åê÷ìå�-òáúìïöåîéñ ðòïó�òáîó�÷ 281äÌÑ '(t) = (1; t)T ; Ô.Å. �(t) = t; ÎÁÊÄÅÍdj = (−xj ; 1)T ; aj = 'j+1 = (1; xj+1)T :�ÏÇÄÁ ÆÕÎË�ÉÉ !j ÓÏ×�ÁÄÁÀÔ Ó ÉÚ×ÅÓÔÎÙÍÉ �ÏÌÉÎÏÍÉÁÌØÎÙÍÉ B-Ó�ÌÁÊÎÁÍÉ �ÅÒ×ÏÊ ÓÔÅ�ÅÎÉ, Ô.Å. Ó ÏÄÎÏÍÅÒÎÙÍÉ ÆÕÎË�ÉÑÍÉ ëÕÒÁÎÔÁ:!j(t) =  t− xjxj+1 − xj ; t ∈ [xj ; xj+1);xj+2 − txj+2 − xj+1 ; t ∈ [xj+1; xj+2): (6)äÌÑ ÒÁ×ÎÏÍÅÒÎÏÊ ÓÅÔËÉ ÕÚÌÏ× xj = a + hj; j ∈ J−1;n+1; Ó ÛÁÇÏÍh = (b−a)=n Ó�ÌÁÊÎ (6) ÎÁÚÙ×ÁÅÔÓÑ ËÁÒÄÉÎÁÌØÎÙÍ B-Ó�ÌÁÊÎÏÍ �ÅÒ×ÏÊÓÔÅ�ÅÎÉ É Ï�ÒÅÄÅÌÑÅÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:Nj(t) = B( th − j) �[a;b℄(t); j ∈ J−1;n−1; (7)ÇÄÅ B(t) { ÆÕÎË�ÉÑ \ËÒÙÛÅÞËÁ":B(t) = t; t ∈ [0; 1);2− t; t ∈ [1; 2);0; t 6∈ [0; 2);Á �[a;b℄ { ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÁÑ ÆÕÎË�ÉÑ ÏÔÒÅÚËÁ [a; b℄:äÌÑ ÎÕÍÅÒÁ�ÉÉ Ó�ÌÁÊÎÏ× ÍÏÖÅÔ ÉÓ�ÏÌØÚÏ×ÁÔØÓÑ ËÁË ÌÅ×ÙÊ ÕÚÅÌ ÎÏ-ÓÉÔÅÌÑ (ÓÍ. (5) ÄÌÑ ÎÅÒÁ×ÎÏÍÅÒÎÏÊ ÓÅÔËÉ É (7) ÄÌÑ ÒÁ×ÎÏÍÅÒÎÏÊ ÓÅÔËÉ),ÔÁË É �ÅÎÔÒÁÌØÎÙÊ. äÌÑ Ó�ÌÁÊÎÏ× Ó ÎÕÍÅÒÁ�ÉÅÊ �Ï �ÅÎÔÒÁÌØÎÏÍÕ ÕÚÌÕÎÏÓÉÔÅÌÑ ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÏÂÏÚÎÁÞÅÎÉÑ�!j(t) = �(t)− �j−1�j − �j−1 ; t ∈ [xj−1; xj);�j+1 − �(t)�j+1 − �j ; t ∈ [xj ; xj+1); (8)�Nj(t) = B( t− ah − j + 1) �[a;b℄(t); j ∈ J0;n:
§3. ëÁÌÉÂÒÏ×ÏÞÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑéÚ ÉÓÈÏÄÎÏÊ ÓÅÔËÉ X ÄÌÑ ÆÉËÓÉÒÏ×ÁÎÎÏÇÏ k ∈ J0;n−2 ÕÄÁÌÉÍ ÏÄÉÎÕÚÅÌ xk+1 ∈ (a; b) É ÎÁ �ÏÌÕÞÅÎÎÏÊ ÔÁËÉÍ ÏÂÒÁÚÏÍ ÕËÒÕ�ÎÅÎÎÏÊ (ÒÁÚ-ÒÅÖÅÎÎÏÊ) ÓÅÔËÅ X̃ ÒÁÓÓÍÏÔÒÉÍ Ó�ÌÁÊÎÙ !̃j(t), j ∈ J−1;n−2. �ÏÇÄÁ



282 á. á. íáëáòï÷ÕÚÌÙ x̃j ×ÎÏ×Ø �ÏÌÕÞÅÎÎÏÊ ÓÅÔËÉ X̃ def= {x̃j | j ∈ J−1;n} Ï�ÒÅÄÅÌÑÀÔÓÑÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:x̃j def= {xj �ÒÉ j 6 k;xj+1 �ÒÉ j > k + 1: (9)õÓÌÏ×ÉÍÓÑ ÓÔÁ×ÉÔØ ×ÏÌÎÕ Ó×ÅÒÈÕ ÎÁÄ ÏÂÏÚÎÁÞÅÎÉÑÍÉ ×ÓÅÈ ÒÁÎÅÅ ××Å-ÄÅÎÎÙÈ ÏÂßÅËÔÏ×, Ï�ÒÅÄÅÌÑÅÍÙÈ ÎÏ×ÏÊ ÓÅÔËÏÊ X̃: æÕÎË�ÉÉ !̃j(t) ÍÏÖ-ÎÏ ÏÔÙÓËÁÔØ �Ï ÆÏÒÍÕÌÅ (5), ÚÁÍÅÎÉ× ÕÚÌÙ ÉÓÈÏÄÎÏÊ ÓÅÔËÉ xj ÎÁ ÕÚÌÙx̃j :îÅÔÒÕÄÎÏ ×ÉÄÅÔØ, ÞÔÏdj = d̃j �ÒÉ j 6 k; dj = d̃j−1 �ÒÉ j > k + 2; (10)aj = ãj �ÒÉ j 6 k − 1; aj = ãj−1 �ÒÉ j > k + 1: (11)�ÁËÖÅ ÏÞÅ×ÉÄÎÏ, ÞÔÏ ×ÅÒÎÙ ÔÏÖÄÅÓÔ×Á!̃j(t) ≡ !j(t) �ÒÉ j 6 k − 2;!̃j(t) ≡ !j+1(t) �ÒÉ j > k + 1: (12)îÉÖÅ ÂÕÄÅÔ �ÏËÁÚÁÎÏ, ÞÔÏ ÆÏÒÍÕÌÙ (12) ÍÏÖÎÏ ÄÏ�ÏÌÎÉÔØ ÓÌÅÄÕÀ-ÝÉÍÉ �ÒÅÄÓÔÁ×ÌÅÎÉÑÍÉ ÆÕÎË�ÉÊ !̃k−1 É !̃k ÞÅÒÅÚ ÆÕÎË�ÉÉ !j :!̃k−1(t) ≡ !k−1(t) + pk−1;k !k(t); (13)!̃k(t) ≡ pk;k !k(t) + !k+1(t); (14)ÇÄÅ ÚÎÁÞÅÎÉÑ pi;j ∈ R
1 �ÏÌÎÏÓÔØÀ Ï�ÒÅÄÅÌÑÀÔÓÑ ÉÓÈÏÄÎÏÊ ÓÅÔËÏÊ X:�ÏÖÄÅÓÔ×Á (12){(14) ÎÁÚÙ×ÁÀÔÓÑ ËÁÌÉÂÒÏ×ÏÞÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ.ðÒÅÖÄÅ ÞÅÍ ÓÆÏÒÍÕÌÉÒÏ×ÁÔØ �ÏÌÎÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ Ï �ÒÅÄÓÔÁ×ÌÅÎÉÉËÁÌÉÂÒÏ×ÏÞÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ, ÄÏËÁÖÅÍ ÏÄÉÎ ×Ó�ÏÍÁÇÁÔÅÌØÎÙÊ ÒÅÚÕÌØ-ÔÁÔ. ÷×ÉÄÕ �ÒÉÍÅÎÅÎÉÑ ÁÌÇÅÂÒÁÉÞÅÓËÏÇÏ �ÏÄÈÏÄÁ Ë �ÏÓÔÒÏÅÎÉÀ ÍÉÎÉ-ÍÁÌØÎÙÈ Ó�ÌÁÊÎÏ×, ÉÈ ÉÓÓÌÅÄÏ×ÁÎÉÅ �ÒÉ×ÏÄÉÔ Ë Ï�ÒÅÄÅÌÅÎÎÙÍ ÄÅÔÅÒ-ÍÉÎÁÎÔÎÙÍ ÔÏÖÄÅÓÔ×ÁÍ (ÎÁ�ÒÉÍÅÒ, ÍÅÖÄÕ Ï�ÒÅÄÅÌÉÔÅÌÑÍÉ �ÏÒÑÄËÁm, ËÁÖÄÙÊ ÜÌÅÍÅÎÔ ËÏÔÏÒÙÈ Ñ×ÌÑÅÔÓÑ Ï�ÒÅÄÅÌÉÔÅÌÅÍ m + 1 �ÏÒÑÄËÁ,ÍÅÖÄÕ ÓÉÍ×ÏÌÉÞÅÓËÉÍÉ Ï�ÒÅÄÅÌÉÔÅÌÑÍÉ �ÏÒÑÄËÁ m, ÓÒÅÄÉ ÜÌÅÍÅÎÔÏ×ËÏÔÏÒÙÈ ÉÍÅÀÔÓÑ ËÁË (m + 1)-ÍÅÒÎÙÅ ×ÅËÔÏÒÙ, ÔÁË É ÞÉÓÌÁ É ÄÒ.) ÷ÒÑÄÅ ÓÌÕÞÁÅ× ÏËÁÚÙ×ÁÅÔÓÑ ÕÄÏÂÎÙÍ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ �ÒÉÅÍÏÍ, ÉÓ�ÏÌØ-ÚÏ×ÁÎÎÙÍ × ÒÁÂÏÔÅ [10℄. ïÎ Ó×ÑÚÁÎ Ó �ÒÉÍÅÎÅÎÉÅÍ ÔÅÏÒÅÍÙ ìÁ�ÌÁÓÁÏ ×ÙÞÉÓÌÅÎÉÉ Ï�ÒÅÄÅÌÉÔÅÌÅÊ (× ÓÌÕÞÁÅ ÓÔÕ�ÅÎÞÁÔÙÈ ÍÁÔÒÉ�), ÉÓ�ÏÌØ-ÚÕÅÍÏÊ × ÏÂÒÁÔÎÏÍ ÎÁ�ÒÁ×ÌÅÎÉÉ. �ÁËÉÍ ÏÂÒÁÚÏÍ ÂÏÌØÛÏÅ ËÏÌÉÞÅÓÔ×ÏÏ�ÒÅÄÅÌÉÔÅÌÅÊ ÍÅÎØÛÅÇÏ �ÏÒÑÄËÁ ÕÄÁÅÔÓÑ Ó×ÅÓÔÉ Ë ÎÅÂÏÌØÛÏÍÕ ËÏÌÉ-ÞÅÓÔ×Õ Ï�ÒÅÄÅÌÉÔÅÌÅÊ ÂÏÌÅÅ ×ÙÓÏËÏÇÏ �ÏÒÑÄËÁ.
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, d ∈ R
2 Ó�ÒÁ×ÅÄÌÉ×ÏÒÁ×ÅÎÓÔ×Ïdet(a; 
)det(b;d)− det(a;d)det(b; 
)− det(
;d)det(a;b) = 0: (15)äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ×ÏÓ�ÏÌØÚÕÅÍÓÑ Ó×ÏÊÓÔ×ÏÍ ÌÉ-ÎÅÊÎÏÓÔÉ Ï�ÒÅÄÅÌÉÔÅÌÑ ÏÔÎÏÓÉÔÅÌØÎÏ ÓÔÏÌÂ�Á:det(�1a1 + �2a2;b) = �1det(a1;b) + �2det(a2;b); (16)ÇÄÅ a1; a2;b ∈ R

2; �1; �2 ∈ R
1:åÓÌÉ A;B { Ë×ÁÄÒÁÔÎÙÅ ÍÁÔÒÉ�Ù, ÔÏ Ï�ÒÅÄÅÌÉÔÅÌØ ÓÔÕ�ÅÎÞÁÔÏÊÍÁÔÒÉ�Ù ×ÙÞÉÓÌÑÅÔÓÑ �Ï ÆÏÒÍÕÌÅ:


A ∗0 B = A 0

∗ B = det(A) det(B); (17)ÇÄÅ ÞÅÒÅÚ ∗ ÏÂÏÚÎÁÞÅÎÙ �ÒÏÉÚ×ÏÌØÎÙÅ ÞÉÓÌÁ, Á ÞÅÒÅÚ 0 { ÎÕÌÉ.ðÕÓÔØ A { ÍÁÔÒÉ�Á ÞÅÔ×ÅÒÔÏÇÏ �ÏÒÑÄËÁ. ðÅÒÅÓÔÁÎÏ×ËÕ ÎÁ ÍÎÏÖÅ-ÓÔ×Å ÉÚ ÞÅÔÙÒÅÈ ÓÔÏÌÂ�Ï× ÍÁÔÒÉ�Ù A ÂÕÄÅÍ ÚÁ�ÉÓÙ×ÁÔØ × ×ÉÄÅ ÔÁÂÌÉ-�Ù ÞÉÓÅÌ
( 1 2 3 4m1 m2 m3 m4) ;ÇÄÅ �ÏÄ ËÁÖÄÙÍ ÎÏÍÅÒÏÍ ÓÔÏÌÂ�Á ÓÔÏÉÔ ÅÇÏ ÏÂÒÁÚ �ÒÉ �ÅÒÅÓÔÁÎÏ×ËÅ.ïÞÅ×ÉÄÎÏ, ÞÔÏ ÏÓÎÏ×ÎÙÅ ÍÁÔÒÉÞÎÙÅ Ï�ÅÒÁ�ÉÉ ÎÁÄ ÂÌÏÞÎÙÍÉ ÍÁ-ÔÒÉ�ÁÍÉ �ÒÏÉÚ×ÏÄÑÔÓÑ �Ï ÔÅÍ ÖÅ �ÒÁ×ÉÌÁÍ, ÞÔÏ É ÎÁÄ ÏÂÙÞÎÙÍÉ ÞÉ-ÓÌÏ×ÙÍÉ ÍÁÔÒÉ�ÁÍÉ, ÅÓÌÉ ÍÁÔÒÉ�Ù ÒÁÚÂÉÔÙ ÎÁ ÂÌÏËÉ ÔÁËÉÍ ÏÂÒÁÚÏÍ,ÞÔÏ ×ÓÅ ÎÕÖÎÙÅ Ï�ÅÒÁ�ÉÉ ÉÍÅÀÔ ÓÍÙÓÌ.ïÂÏÚÎÁÞÉÍ ÌÅ×ÕÀ ÞÁÓÔØ ÄÏËÁÚÙ×ÁÅÍÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ (15) ÞÅÒÅÚ Z:éÓ�ÏÌØÚÕÑ ÆÏÒÍÕÌÕ (17), �ÒÅÄÓÔÁ×ÉÍ Z × ×ÉÄÅ ÒÁÚÎÉ�Ù Ï�ÒÅÄÅÌÉÔÅÌÅÊÓÔÕ�ÅÎÞÁÔÙÈ ÍÁÔÒÉ�, ÓÏÄÅÒÖÁÝÉÈ ÂÌÏËÉ ÉÚ ×ÅËÔÏÒÏ× a;b; 
;d ∈ R

2 ÉÎÕÌÅÊ: Z = a 
 0 0a 
 b d−


a d 0 0a d b 
−



 d a 00 0 a b :÷ �ÅÒ×ÏÍ ÉÚ �ÏÌÕÞÅÎÎÙÈ Ï�ÒÅÄÅÌÉÔÅÌÅÊ ÓÄÅÌÁÅÍ �ÅÒÅÓÔÁÎÏ×ËÕ ÓÔÏÌ-Â�Ï× (1 2 3 41 3 2 4) ; ×Ï ×ÔÏÒÏÍ { (1 2 3 41 4 2 3) ; × ÔÒÅÔØÅÍ {
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(1 2 3 43 4 1 2) : ðÅÒ×ÁÑ �ÅÒÅÓÔÁÎÏ×ËÁ ÍÅÎÑÅÔ ÚÎÁË Ï�ÒÅÄÅÌÉÔÅÌÑ, Á ×ÔÏ-ÒÁÑ É ÔÒÅÔØÑ ÎÅ ÍÅÎÑÀÔ, �ÏÜÔÏÍÕ, ÕÍÎÏÖÁÑ Z ÎÁ −1; ÉÍÅÅÍ

−Z = a 0 
 0a b 
 d+ a 0 0 da b 
 d+ a 0 
 da b 0 0 : (18)òÁÓÓÍÏÔÒÉÍ �ÏÓÌÅÄÎÉÊ Ï�ÒÅÄÅÌÉÔÅÌØ ÉÚ �ÒÁ×ÏÊ ÞÁÓÔÉ ×ÙÒÁÖÅÎÉÑ(18). åÇÏ ÔÒÅÔÉÊ ÓÔÏÌÂÅ� �ÒÅÄÓÔÁ×ÉÍ × ×ÉÄÅ (
 + 0; 
 − 
)T : �ÏÇÄÁ,�ÒÉÍÅÎÑÑ ÆÏÒÍÕÌÕ (16), �ÏÌÕÞÁÅÍ

a 0 
 da b 0 0 = a 0 
 da b 
 0−


a 0 0 da b 
 0 : (19)óËÌÁÄÙ×ÁÑ �ÅÒ×ÙÊ Ï�ÒÅÄÅÌÉÔÅÌØ �ÒÁ×ÏÊ ÞÁÓÔÉ ×ÙÒÁÖÅÎÉÑ (18) É�ÅÒ×ÙÊ Ï�ÒÅÄÅÌÉÔÅÌØ �ÒÁ×ÏÊ ÞÁÓÔÉ ×ÙÒÁÖÅÎÉÑ (19) É �ÒÉÍÅÎÑÑ ÆÏÒ-ÍÕÌÕ (16), �ÏÌÕÞÁÅÍ Ï�ÒÅÄÅÌÉÔÅÌØ


a 0 
 da b 
 d :÷ÙÞÉÔÁÑ �ÅÒ×ÕÀ ÓÔÒÏËÕ ÉÚ ×ÔÏÒÏÊ É ÕÞÉÔÙ×ÁÑ Ó×ÏÊÓÔ×Ï (17), �ÏÌÕÞÁÅÍ


a 0 
 d0 b 0 0 = 0:áÎÁÌÏÇÉÞÎÏ, ÓËÌÁÄÙ×ÁÑ ×ÔÏÒÏÊ Ï�ÒÅÄÅÌÉÔÅÌØ �ÒÁ×ÏÊ ÞÁÓÔÉ ×ÙÒÁÖÅ-ÎÉÑ (18) É ×ÔÏÒÏÊ Ï�ÒÅÄÅÌÉÔÅÌØ �ÒÁ×ÏÊ ÞÁÓÔÉ ×ÙÒÁÖÅÎÉÑ (19), �ÏÌÕ-ÞÁÅÍ ÒÁ×ÎÙÊ ÎÕÌÀ Ï�ÒÅÄÅÌÉÔÅÌØ. á, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, Z = 0; ÞÔÏ ÄÏËÁ-ÚÙ×ÁÅÔ ÕÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙ (15). ��ÅÏÒÅÍÁ 1. äÌÑ k ∈ J0;n−2; t ∈ [a; b℄ Ó�ÒÁ×ÅÄÌÉ×Ù ËÁÌÉÂÒÏ×ÏÞÎÙÅÓÏÏÔÎÏÛÅÎÉÑ !̃i(t) = ∑j∈J−1;n−1 pi;j !j(t); i ∈ J−1;n−2;ÇÄÅ ÜÌÅÍÅÎÔÙ pi;j ∈ R

1 ÚÁÄÁÀÔÓÑ ÒÁ×ÅÎÓÔ×ÁÍÉ
pi;j = Æi;j �ÒÉ i 6 k − 2;Æk−1;j �ÒÉ i = k − 1; j 6= k;Æk+1;j �ÒÉ i = k; j 6= k;Æi;j−1 �ÒÉ i > k + 1; (20)
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pk−1;k = dTk+1ak+1dTk ak+1 ; (21)

pk;k = dTk akdTk ak+1 : (22)äÏËÁÚÁÔÅÌØÓÔ×Ï. ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÆÏÒÍÕÌ (20) É (22) ÎÅ�ÏÓÒÅÄÓÔ×ÅÎ-ÎÏ ×ÙÔÅËÁÅÔ ÉÚ ÒÁÂÏÔÙ [2℄. ïÄÎÁËÏ, ÕÞÉÔÙ×ÁÑ ÒÁ×ÅÎÓÔ×Á (11), ËÏÜÆÆÉ-�ÉÅÎÔ (21) × ÒÁÂÏÔÅ [2℄ ÉÍÅÅÔ ÂÏÌÅÅ ÓÌÏÖÎÙÊ Ó ×ÙÞÉÓÌÉÔÅÌØÎÏÊ ÔÏÞËÉÚÒÅÎÉÑ ×ÉÄ̃
pk−1;k = (dTk−1ak − dTk−1ak+1 dTk akdTk ak+1)=dTk−1ak−1: (23)äÏËÁÖÅÍ ÒÁ×ÅÎÓÔ×Ï p̃k−1;k = pk−1;k; ÉÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 1. õÞÉÔÙ×ÁÑ�ÒÅÄÓÔÁ×ÌÅÎÉÑ (21) É (23), ÉÍÅÅÍ

p̃k−1;k − pk−1;k=dTk−1ak dTk ak+1−dTk−1ak+1 dTk ak − dTk+1ak+1 dTk−1ak−1dTk−1ak−1 dTk ak+1 :ïÂÏÚÎÁÞÉÍ ÞÉÓÌÉÔÅÌØ �ÏÌÕÞÅÎÎÏÇÏ ×ÙÒÁÖÅÎÉÑ ÞÅÒÅÚ Z; É ÚÁ�ÉÛÅÍÅÇÏ, ÉÓ�ÏÌØÚÕÑ Ï�ÒÅÄÅÌÅÎÉÅ (3). �ÏÇÄÁZ =det('k−1;'k+1) det('k;'k+2)− det('k−1;'k+2)
×det('k;'k+1)− det('k+1;'k+2) det('k−1;'k):÷ ÒÁ×ÅÎÓÔ×Å (15) �ÏÌÏÖÉÍ a = 'k−1; b = 'k; 
 = 'k+1; d = 'k+2;ÏÔËÕÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ Z = 0: óÌÅÄÏ×ÁÔÅÌØÎÏ, p̃k−1;k = pk−1;k; ÞÔÏ ÚÁ-×ÅÒÛÁÅÔ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ. �äÁÌÅÅ ÒÁÓÓÍÏÔÒÉÍ ×Ï�ÒÏÓ ÕÄÁÌÅÎÉÑ ÉÚ ÓÅÔËÉ X ËÁÖÄÏÇÏ ×ÔÏÒÏÇÏÕÚÌÁ, ÎÅ ÓÞÉÔÁÑ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈ (ÆÉËÔÉ×ÎÙÈ) ÕÚÌÏ×. ðÕÓÔØ ÄÌÑ Ï�ÒÅ-ÄÅÌÅÎÎÏÓÔÉ n ÞÅÔÎÏ. þÅÔÎÙÍ Ä×ÕËÒÁÔÎÙÍ ÕËÒÕ�ÎÅÎÉÅÍ ÓÅÔËÉX ÂÕÄÅÍÎÁÚÙ×ÁÔØ ÓÅÔËÕ �; ÓÏÓÔÁ×ÌÅÎÎÕÀ ÉÚ ÞÅÔÎÙÈ ÕÚÌÏ× ÓÅÔËÉ X;� : x−1 < a = x0 < x2 < x4 < : : : < xn−2 < xn = b < xn+1; (24)Ô.Å. �j = x−1; j = −1;x2j ; j ∈ J0;n=2;xn+1; j = n=2 + 1:
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j ; j ∈ J−1;n=2−1; ËÏÔÏÒÙÅ ÍÏÖÎÏÏÔÙÓËÁÔØ �Ï ÆÏÒÍÕÌÅ (5), ÚÁÍÅÎÉ× ÕÚÌÙ ÉÓÈÏÄÎÏÊ ÓÅÔËÉ xj ÎÁ ÕÚÌÙ �j :ñÓÎÏ, ÞÔÏ ÆÕÎË�ÉÉ 
j ÉÍÅÀÔ \ÕÄ×ÏÅÎÎÙÊ" ÎÏÓÉÔÅÌØ, Ô.Å. supp
j(t) =[�j ; �j+2℄ = [x2j ; x2j+4℄:�ÅÏÒÅÍÁ 2. äÌÑ t ∈ [a; b℄ Ó�ÒÁ×ÅÄÌÉ×Ù ËÁÌÉÂÒÏ×ÏÞÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ
−1(t) = !−1(t) + p−1;2 !0(t); (25)
j−1(t) = 2∑i=0 pj−1;i !2j−2+i(t); j ∈ J1;n=2−1; (26)
n=2−1(t) = pn=2−1;0 !n−2(t) + !n−1(t); (27)ÇÄÅ ÜÌÅÍÅÎÔÙ pj−1;i ∈ R
1; i = 0; 1; 2; ÚÁÄÁÀÔÓÑ ÒÁ×ÅÎÓÔ×ÁÍÉpj−1;0 = dT2j−2a2j−2dT2j−2a2j−1 ; j ∈ J1;n=2−1;pj−1;1 = 1; j ∈ J0;n=2;pj−1;2 = dT2j+1a2j+1dT2ja2j+1 ; j ∈ J0;n=2−2:äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÕÄÏÂÓÔ×Á × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÂÕÄÅÍ Ñ×ÎÏ ÕËÁÚÙ-×ÁÔØ ÓÅÔËÕ, ÎÁ ËÏÔÏÒÏÊ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÔÏÔ ÉÌÉ ÉÎÏÊ ÏÂßÅËÔ. åÓÌÉÑ×ÎÁÑ ÉÎÄÉËÁ�ÉÑ ÓÅÔËÉ ÏÔÓÕÔÓÔ×ÕÅÔ, ÔÏ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÊ ÏÂßÅËÔ ÉÓ-ÓÌÅÄÕÅÔÓÑ ÎÁ ÉÓÈÏÄÎÏÊ ÓÅÔËÅ X (1). îÁ�ÒÉÍÅÒ, ÄÌÑ Ó�ÌÁÊÎ-ÆÕÎË�ÉÊ,�ÏÓÔÒÏÅÎÎÙÈ ÎÁ ÓÅÔËÁÈ X (1) É X̃ (9), ÓÏÇÌÁÓÎÏ (13) É (21), Ó�ÒÁ×ÅÄÌÉ-×Ï ÒÁ×ÅÎÓÔ×Ï !X̃k−1(t) = !k−1(t) + dTk+1ak+1dTk ak+1 !k(t):äÁÌÅÅ ÒÁÓÓÍÏÔÒÉÍ ÓÅÔËÕ Y = {yj}; �ÏÌÕÞÅÎÎÕÀ ÉÚ ÓÅÔËÉ X̃ ÓÌÅÄÕÀ-ÝÅÊ �ÅÒÅÎÕÍÅÒÁ�ÉÅÊ ÕÚÌÏ×: yj def= x̃j−2: (28)áÎÁÌÏÇÉÞÎÏ ÔÏÍÕ, ËÁË ÉÚ ÓÅÔËÉ X (1) ÕÄÁÌÅÎÉÅÍ ÕÚÌÁ xk �ÏÓÔÒÏÅÎÁÓÅÔËÁ X̃ (9), ÉÚ ÓÅÔËÉ Y �ÏÌÕÞÉÍ ÓÅÔËÕ Ỹ ÕÄÁÌÅÎÉÅÍ ÕÚÌÁ yk. �ÏÇÄÁ,××ÉÄÕ ËÁÌÉÂÒÏ×ÏÞÎÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ (14) É ÆÏÒÍÕÌÙ (22), Ó�ÒÁ×ÅÄÌÉ×ÏÒÁ×ÅÎÓÔ×Ï !Ỹk (t) = pYk;k !Yk (t) + !Yk+1(t):



ï ä÷õè áìçïòé�íáè ÷åê÷ìå�-òáúìïöåîéñ ðòïó�òáîó�÷ 287÷ ÓÉÌÕ �ÒÅÄÓÔÁ×ÌÅÎÉÊ (28) É (12), Ó�ÒÁ×ÅÄÌÉ×Ù ÒÁ×ÅÎÓÔ×Á!Yk (t) = !X̃k−2(t) = !k−2(t);!Yk+1(t) = !X̃k−1(t):÷×ÉÄÕ Ï�ÒÅÄÅÌÅÎÉÑ ÓÅÔÏË X (1), X̃ (9), Y (28) É �ÒÅÄÓÔÁ×ÌÅÎÉÊ (10){(11), ×ÅÒÎÙ �Å�ÏÞËÉ ÒÁ×ÅÎÓÔ×dTYk = dT X̃k−2 = dTk−2;aYk = aX̃k−2 = ak−2;aYk+1 = aX̃k−1 = ak−1;ÏÔËÕÄÁ, ÕÞÉÔÙ×ÁÑ (22), ÚÁËÌÀÞÁÅÍ, ÞÔÏ
pYk;k = dTk−2ak−2dTk−2ak−1 :�Å�ÅÒØ ÑÓÎÏ, ÞÔÏ, Ó ÏÄÎÏÊ ÓÔÏÒÏÎÙ,!Ỹk (t) = dTk−2ak−2dTk−2ak−1 !k−2(t) + !k−1(t) + dTk+1ak+1dTk ak+1 !k(t):ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÂÌÁÇÏÄÁÒÑ Ï�ÅÒÄÅÌÅÎÉÀ ÎÁ ÓÅÔËÅ � (24) ÆÕÎË�ÉÊ
j ; ÉÍÅÅÍ !Ỹk (t) = 
k=2−1:äÅÌÁÑ × �ÒÅÄÙÄÕÝÅÍ ÒÁ×ÅÎÓÔ×Å ÚÁÍÅÎÕ k = 2j; �ÒÉÈÏÄÉÍ Ë ÄÏËÁÚÙ-×ÁÅÍÏÍÕ ÕÔ×ÅÒÖÄÅÎÉÀ (26).äÌÑ ËÒÁÅ×ÙÈ Ó�ÌÁÊÎ-ÆÕÎË�ÉÊ ÉÓËÏÍÙÅ ÒÁ×ÅÎÓÔ×Á (25) É (27) ÏÞÅ-×ÉÄÎÙÍ ÏÂÒÁÚÏÍ ÓÌÅÄÕÀÔ ÉÚ �ÒÅÄÓÔÁ×ÌÅÎÉÊ (13){(14). �

§4. ðÏÓÔÒÏÅÎÉÅ ÁÌÇÏÒÉÔÍÏ× Ó�ÌÁÊÎ-×ÅÊ×ÌÅÔÎÏÇÏÒÁÚÌÏÖÅÎÉÑóÅÔËÕ ×ÉÄÁ (1), × ËÏÔÏÒÏÊ n = 2L; L ∈ Z+; ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ �L: îÁÓÅÔËÅ �L ÒÁÓÓÍÏÔÒÉÍ Ó�ÌÁÊÎÙ (8) 
 �ÅÎÔÒÁÌØÎÏÊ ÎÕÍÅÒÁ�ÉÅÊ, ÏÂÏÚÎÁ-ÞÁÅÍÙÅ ÄÁÌÅÅ ÞÅÒÅÚ �!Lj : ðÒÏÓÔÒÁÎÓÔ×Ï ÔÁËÉÈ Ó�ÌÁÊÎÏ× ÎÁ ÏÔÒÅÚËÅ [a; b℄ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚVL = VL(�L) def= 

sL|sL(t) = 2L∑j=0 
Lj �!Lj (t); 
Lj ∈ R

1; t ∈ [a; b℄ ; (29)



288 á. á. íáëáòï÷dimVL = 2L + 1:åÓÌÉ ÓÅÔËÁ �L−1; L > 1; �ÏÌÕÞÅÎÁ ÞÅÔÎÙÍ Ä×ÕËÒÁÔÎÙÍ ÕËÒÕ�ÎÅÎÉ-ÅÍ ÓÅÔËÉ �L; ÔÏ, ÂÌÁÇÏÄÁÒÑ ËÁÌÉÂÒÏ×ÏÞÎÙÍ ÓÏÏÔÎÏÛÅÎÉÑÍ (25){(27),ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÍ ÄÌÑ Ó�ÌÁÊÎÏ× Ó �ÅÎÔÒÁÌØÎÏÊ ÎÕÍÅÒÁ�ÉÅÊ, Ó�ÒÁ×ÅÄ-ÌÉ×Ï ×ÌÏÖÅÎÉÅ VL−1 ⊂ VL: ðÒÏÓÔÒÁÎÓÔ×Ï ×ÅÊ×ÌÅÔÏ×WL−1 ÍÏÖÎÏ Ï�ÒÅ-ÄÅÌÉÔØ ËÁË ÄÏ�ÏÌÎÅÎÉÅ VL−1 ÄÏ VL ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏ ÌÀÂÁÑ ÆÕÎË�ÉÑ× VL ÍÏÖÅÔ ÂÙÔØ ÚÁ�ÉÓÁÎÁ × ×ÉÄÅ ÓÕÍÍÙ ÎÅËÏÔÏÒÏÊ ÆÕÎË�ÉÉ ÉÚ VL−1É ÎÅËÏÔÏÒÏÊ ÆÕÎË�ÉÉ ÉÚ WL−1: ðÒÉ ÜÔÏÍ ÓÕÝÅÓÔ×ÕÀÔ ÓÌÅÄÕÀÝÉÅ Ä×ÅÁÌØÔÅÒÎÁÔÉ×ÎÙÅ ×ÏÚÍÏÖÎÏÓÔÉ �ÏÓÔÒÏÅÎÉÑ ÂÁÚÉÓÎÙÈ ÆÕÎË�ÉÊ × �ÒÏ-ÓÔÒÁÎÓÔ×Å WL−1.îÁ�ÒÉÍÅÒ, × ËÁÞÅÓÔ×Å ÂÁÚÉÓÎÙÈ ÆÕÎË�ÉÊ × �ÒÏÓÔÒÁÎÓÔ×ÅWL−1 ÍÏÖ-ÎÏ ÉÓ�ÏÌØÚÏ×ÁÔØ ÂÁÚÉÓÎÙÅ ÆÕÎË�ÉÉ × VL Ó �ÅÎÔÒÁÍÉ × ÎÅÞÅÔÎÙÈ ÕÚ-ÌÁÈ. �ÁË �ÏÌÕÞÁÀÔÓÑ \ÌÅÎÉ×ÙÅ" ×ÅÊ×ÌÅÔÙ, ËÏÔÏÒÙÅ ÎÅ ÔÒÅÂÕÀÔ ÄÏ-�ÏÌÎÉÔÅÌØÎÙÈ ×ÙÞÉÓÌÅÎÉÊ, Ñ×ÌÑÑÓØ �ÏÄÍÎÏÖÅÓÔ×ÏÍ ÍÁÓÛÔÁÂÉÒÕÀÝÉÈÆÕÎË�ÉÊ. ñÓÎÏ, ÞÔÏ dimWL−1 = 2L−1: �ÏÇÄÁ ×Ù�ÏÌÎÑÅÔÓÑ ÕÓÌÏ×ÉÅ ÄÏ-�ÏÌÎÅÎÉÑ ÒÁÚÍÅÒÎÏÓÔÅÊ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ �ÒÏÓÔÒÁÎÓÔ×, Ô.Å.dimVL = dimVL−1 + dimWL−1:óÏÓÔÁ×ÉÍ ÉÚ ÂÁÚÉÓÎÙÈ ÆÕÎË�ÉÊ �!Lj ×ÅËÔÏÒ-ÓÔÒÏËÕ!L def= (�!L0 ;�!L1 ; : : : ;�!L2L) :÷×ÏÄÑ ÏÂÏÚÎÁÞÅÎÉÑ ÄÌÑ ×ÅËÔÏÒÁ, ÓÏÓÔÏÑÝÅÇÏ ÉÚ ËÏÜÆÆÉ�ÉÅÎÔÏ× Á�-�ÒÏËÓÉÍÁ�ÉÉ, 
L def= (
L0 ; 
L1 ; : : : ; 
L2L)T ; ÚÁ�ÉÛÅÍ (29) × ×ÅËÔÏÒÎÏÍ ×ÉÄÅsL(t) = !L(t) 
L:îÁÌÉÞÉÅ ×ÌÏÖÅÎÎÙÈ �ÒÏÓÔÒÁÎÓÔ× ÜË×É×ÁÌÅÎÔÎÏ ÓÕÝÅÓÔ×Ï×ÁÎÉÀ ÍÁ-ÔÒÉ�Ù ÕËÒÕ�ÎÑÀÝÅÊ ÒÅËÏÎÓÔÒÕË�ÉÉ ÍÁÓÛÔÁÂÉÒÕÀÝÉÈ ÆÕÎË�ÉÊ (ÉÌÉÍÁÔÒÉ�Ù �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÇÏ ÄÅÌÅÎÉÑ) P L ÒÁÚÍÅÒÁ (2L+1)× (2L−1+1)ÔÁËÏÊ, ÞÔÏ !L−1 = !LP L;ÇÄÅ ÜÌÅÍÅÎÔÙ ÓÔÏÌÂ�Ï× ÓÏÓÔÁ×ÌÅÎÙ ÉÚ ËÏÜÆÆÉ�ÉÅÎÔÏ× ËÁÌÉÂÒÏ×ÏÞÎÙÈÓÏÏÔÎÏÛÅÎÉÊ (25){(27), ÚÁ�ÉÓÁÎÎÙÈ ÄÌÑ Ó�ÌÁÊÎÏ× Ó �ÅÎÔÒÁÌØÎÏÊ ÎÕÍÅ-ÒÁ�ÉÅÊ: �!L−1j (t) = pj−1;0�!L2j−1(t) +�!L2j(t) + pj−1;2�!L2j+1(t): (30)÷ÉÄ ËÒÁÅ×ÙÈ Ó�ÌÁÊÎÏ× ÏÞÅ×ÉÄÎÙÍ ÏÂÒÁÚÏÍ ×ÙÔÅËÁÅÔ ÉÚ �ÒÅÄÓÔÁ-×ÌÅÎÉÑ (30), ×Ù�ÉÓÙ×ÁÔØ ÅÇÏ �ÏÄÒÏÂÎÅÅ ÎÅ ÂÕÄÅÍ. ÷ÍÅÓÔÏ ÜÔÏÇÏ ÄÌÑ



ï ä÷õè áìçïòé�íáè ÷åê÷ìå�-òáúìïöåîéñ ðòïó�òáîó�÷ 289ÎÁÇÌÑÄÎÏÓÔÉ �ÒÉ×ÅÄÅÍ �ÒÉÍÅÒ ÍÁÔÒÉ�Ù P L �ÒÉ L = 3 :
P 39×5 = 

1 0 0 0 0p−1;2 p0;0 0 0 00 1 0 0 00 p0;2 p1;0 0 00 0 1 0 00 0 p1;2 p2;0 00 0 0 1 00 0 0 p2;2 p3;00 0 0 0 1



:
âÁÚÉÓÎÙÅ ×ÅÊ×ÌÅÔ-ÆÕÎË�ÉÉ ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ L−1i (t) = �!L2i+1(t); i = 0; 1; : : : ; 2L−1 − 1;É ××ÅÄÅÍ ×ÅËÔÏÒ-ÓÔÒÏËÕ  L−1 def= ( L−10 ;  L−11 ; : : : ;  L−12L−1−1) : óÏÏÔ-×ÅÔÓÔ×ÕÀÝÉÅ ×ÅÊ×ÌÅÔ-ËÏÜÆÆÉ�ÉÅÎÔÙ Á��ÒÏËÓÉÍÁ�ÉÉ ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚdL−1i É ××ÅÄÅÍ ×ÅËÔÏÒ dL−1 def= (dL−10 ; dL−11 ; : : : ; dL−12L−1−1)T :ðÏÓËÏÌØËÕ �ÒÏÓÔÒÁÎÓÔ×Ï ×ÅÊ×ÌÅÔÏ× WL−1 �Ï Ï�ÒÅÄÅÌÅÎÉÀ Ñ×ÌÑÅÔ-ÓÑ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÏÍ V L; ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ ×ÅÊ×ÌÅÔ-ÆÕÎË�ÉÉ  L−1i× ×ÉÄÅ ÌÉÎÅÊÎÏÊ ËÏÍÂÉÎÁ�ÉÉ ÍÁÓÛÔÁÂÉÒÕÀÝÉÈ ÆÕÎË�ÉÊ �!Lj . �ÁËÉÍÏÂÒÁÚÏÍ, ÓÕÝÅÓÔ×ÕÅÔ ÍÁÔÒÉ�Á ÕËÒÕ�ÎÑÀÝÅÊ ÒÅËÏÎÓÔÒÕË�ÉÉ ×ÅÊ×ÌÅÔ-ÆÕÎË�ÉÊ QL ÒÁÚÍÅÒÁ (2L + 1)× 2L−1 ÔÁËÁÑ, ÞÔÏ L−1 = !LQL;ÇÄÅ ×ÓÅ ÜÌÅÍÅÎÔÙ ÓÔÏÌÂ�Ï× ÍÁÔÒÉ�Ù QL { ÎÕÌÉ, ÚÁ ÉÓËÌÀÞÅÎÉÅÍ ÅÄÉÎ-ÓÔ×ÅÎÎÏÊ ÅÄÉÎÉ�Ù, Ô.Ë. ËÁÖÄÙÊ ÌÅÎÉ×ÙÊ ×ÅÊ×ÌÅÔ { ÜÔÏ ÏÄÎÁ \ÕÚËÁÑ"ÂÁÚÉÓÎÁÑ ÆÕÎË�ÉÑ. íÁÔÒÉ�Á QL �ÒÉ L = 3 ÉÍÅÅÔ ÓÌÅÄÕÀÝÉÊ ×ÉÄ:

Q39×4 = 
0 0 0 01 0 0 00 0 0 00 1 0 00 0 0 00 0 1 00 0 0 00 0 0 10 0 0 0




:



290 á. á. íáëáòï÷÷×ÉÄÕ ÓËÁÚÁÎÎÏÇÏ ×ÙÛÅ, ÌÀÂÁÑ ÆÕÎË�ÉÑ × VL ÍÏÖÅÔ ÂÙÔØ ÚÁ�ÉÓÁÎÁ× ×ÉÄÅ ÓÕÍÍÙ ÎÅËÏÔÏÒÏÊ ÆÕÎË�ÉÉ ÉÚ VL−1 É ÎÅËÏÔÏÒÏÊ ÆÕÎË�ÉÉ ÉÚWL−1; �ÒÉÞÅÍ Ó�ÒÁ×ÅÄÌÉ×Á ÓÌÅÄÕÀÝÁÑ �Å�ÏÞËÁ ÒÁ×ÅÎÓÔ×:!L(t) 
L= !L−1(t) 
L−1+ L−1(t)dL−1= !L(t)P L 
L−1+!L(t)QLdL−1:óÌÅÄÏ×ÁÔÅÌØÎÏ, ËÏÜÆÆÉ�ÉÅÎÔÙ 
L ÍÏÇÕÔ ÂÙÔØ �ÏÌÕÞÅÎÙ ÉÚ ËÏÜÆ-ÆÉ�ÉÅÎÔÏ× 
L−1 É dL−1 ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:
L = PL 
L−1 +QL dL−1;ÉÌÉ, × ÏÂÏÚÎÁÞÅÎÉÑÈ ÄÌÑ ÂÌÏÞÎÙÈ ÍÁÔÒÉ�,
L = (P L QL)(
L−1dL−1) : (31)ïÂÒÁÔÎÙÊ �ÒÏ�ÅÓÓ ÒÁÚÂÉÅÎÉÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× 
L ÎÁ ÂÏÌÅÅ ÇÒÕÂÕÀ×ÅÒÓÉÀ 
L−1 É ÕÔÏÞÎÑÀÝÉÅ ËÏÜÆÆÉ�ÉÅÎÔÙ dL−1 ÓÏÓÔÏÉÔ × ÒÅÛÅÎÉÉÒÁÚÒÅÖÅÎÎÏÊ ÓÉÓÔÅÍÙ ÌÉÎÅÊÎÙÈ ÕÒÁ×ÎÅÎÉÊ (31).÷ÔÏÒÏÊ ×ÁÒÉÁÎÔ ×ÙÂÏÒÁ ÂÁÚÉÓÎÙÈ ÆÕÎË�ÉÊ × �ÒÏÓÔÒÁÎÓÔ×Å WL−1ÚÁËÌÀÞÁÅÔÓÑ × ÉÓ�ÏÌØÚÏ×ÁÎÉÉ ÂÁÚÉÓÎÙÈ ÆÕÎË�ÉÉ × VL Ó �ÅÎÔÒÁÍÉ ×ÞÅÔÎÙÈ ÕÚÌÁÈ �ÒÉ ÄÏ�ÏÌÎÉÔÅÌØÎÏ ÎÁËÌÁÄÙ×ÁÅÍÏÍ ÕÓÌÏ×ÉÉ ÏÂÎÕÌÅÎÉÑÓ�ÌÁÊÎÁ × �ÏÓÌÅÄÎÅÍ ÕÚÌÅ ÎÁ ÏÔÒÅÚËÅ [a; b℄: �ÏÇÄÁ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÂÁ-ÚÉÓÎÙÅ ÆÕÎË�ÉÉ ÕÄÁÌÑÀÔÓÑ ÉÚ ÂÁÚÉÓÏ× ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ �ÒÏÓÔÒÁÎÓÔ×VL; VL−1;WL−1. óÎÁÂÄÉÍ ÏÂÏÚÎÁÞÅÎÉÑ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ �ÒÏÓÔÒÁÎÓÔ××ÅÒÈÎÉÍ ÉÎÄÅËÓÏÍ \0":V 0L=V 0L (�L) def= 

SL|SL(t) =2L−1∑j=0CLj �!Lj (t); CLj ∈ R

1; t ∈ [a; b℄ ; (32)dimV 0L = 2L:�ÏÇÄÁ dimW 0L−1 = 2L−1; É ×Ù�ÏÌÎÑÅÔÓÑ ÕÓÌÏ×ÉÅ ÄÏ�ÏÌÎÅÎÉÑ ÒÁÚÍÅÒ-ÎÏÓÔÅÊ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ �ÒÏÓÔÒÁÎÓÔ×:dimV 0L = dimV 0L−1 + dimW 0L−1:÷×ÏÄÑ ÏÂÏÚÎÁÞÅÎÉÑCL def= (CL0 ; CL1 ; : : : ; CL2L−1)T ; 
L def= (�!L0 ;�!L1 ; : : : ;�!L2L−1) ;ÚÁ�ÉÛÅÍ (32) × ×ÅËÔÏÒÎÏÍ ×ÉÄÅSL(t) = 
L(t)CL:



ï ä÷õè áìçïòé�íáè ÷åê÷ìå�-òáúìïöåîéñ ðòïó�òáîó�÷ 291óÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÍÁÔÒÉ�Á ÒÅËÏÎÓÔÒÕË�ÉÉ PL ÒÁÚÍÅÒÁ 2L × 2L−1ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÒÁ×ÎÅÎÉÀ 
L−1 = 
L PL;ÇÄÅ ÜÌÅÍÅÎÔÙ ÓÔÏÌÂ�Ï× ÓÏÓÔÁ×ÌÅÎÙ ÉÚ ËÏÜÆÆÉ�ÉÅÎÔÏ× ËÁÌÉÂÒÏ×ÏÞÎÙÈÓÏÏÔÎÏÛÅÎÉÊ ÄÌÑ Ó�ÌÁÊÎÏ× Ó �ÅÎÔÒÁÌØÎÏÊ ÎÕÍÅÒÁ�ÉÅÊ (30).íÁÔÒÉ�Á PL �ÒÉ L = 3 ÉÍÅÅÔ ÓÌÅÄÕÀÝÉÊ ×ÉÄ:
P38×4 = 

1 0 0 0p−1;2 p0;0 0 00 1 0 00 p0;2 p1;0 00 0 1 00 0 p1;2 p2;00 0 0 10 0 0 p2;2



:
âÁÚÉÓÎÙÅ ×ÅÊ×ÌÅÔ-ÆÕÎË�ÉÉ ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ	L−1i (t) = �!L2i(t); i = 0; 1; : : : ; 2L−1 − 1;É ××ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÅ 	L−1 def= (	L−10 ;	L−11 ; : : : ;	L−12L−1−1) : óÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÉÅ ×ÅÊ×ÌÅÔ-ËÏÜÆÆÉ�ÉÅÎÔÙ Á��ÒÏËÓÉÍÁ�ÉÉ ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚDL−1i É ××ÅÄÅÍ ×ÅËÔÏÒ DL−1 def= (DL−10 ; DL−11 ; : : : ; DL−12L−1−1)T :óÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÍÁÔÒÉ�Á ÒÅËÏÎÓÔÒÕË�ÉÉ QL ÒÁÚÍÅÒÁ 2L × 2L−1ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÒÁ×ÎÅÎÉÀ 	L−1 = 
L QL;ÇÄÅ ×ÓÅ ÜÌÅÍÅÎÔÙ ÓÔÏÌÂ�Ï× ÍÁÔÒÉ�Ù QL { ÎÕÌÉ, ÚÁ ÉÓËÌÀÞÅÎÉÅÍ ÅÄÉÎ-ÓÔ×ÅÎÎÏÊ ÅÄÉÎÉ�Ù. íÁÔÒÉ�Á QL �ÒÉ L = 3 ÉÍÅÅÔ ÓÌÅÄÕÀÝÉÊ ×ÉÄ:

Q38×4 = 
1 0 0 00 0 0 00 1 0 00 0 0 00 0 1 00 0 0 00 0 0 10 0 0 0




:



292 á. á. íáëáòï÷�Å�ÅÒØ �ÒÏ�ÅÓÓ �ÏÌÕÞÅÎÉÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× CL ÉÚ CL−1 É DL−1 ÍÏ-ÖÅÔ ÂÙÔØ ÚÁ�ÉÓÁÎ × ×ÉÄÅCL = (PL QL)(CL−1DL−1) : (33)þÔÏÂÙ ÒÅÛÉÔØ ÓÉÓÔÅÍÕ (31) ÏÔÎÏÓÉÔÅÌØÎÏ (
L−1dL−1), �ÒÅÄÌÁÇÁÅÔÓÑÍÁÔÒÉ�Õ (PL QL) ÓÄÅÌÁÔØ ÌÅÎÔÏÞÎÏÊ, ÉÚÍÅÎÉ× �ÏÒÑÄÏË ÎÅÉÚ×ÅÓÔÎÙÈÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ ÓÔÏÌÂ�Ù ÍÁÔÒÉ� PL ÉQL �ÅÒÅÍÅÖÁÌÉÓØ (× ÓÌÕ-ÞÁÅB-Ó�ÌÁÊÎÏ× �ÏÄÒÏÂÎÏÓÔÉ ÓÍ. × ÒÁÂÏÔÅ [11℄). èÏÔÑ ÒÁÚÒÅÛÉÍÏÓÔØ �Ï-ÌÕÞÅÎÎÏÊ ÓÉÓÔÅÍÙ ÇÁÒÁÎÔÉÒÏ×ÁÎÁ ××ÉÄÕ ÌÉÎÅÊÎÏÊ ÎÅÚÁ×ÉÓÉÍÏÓÔÉ ÂÁ-ÚÉÓÎÙÈ ÆÕÎË�ÉÊ, ×Ï�ÒÏÓ Ï ÅÅ ÏÂÕÓÌÏ×ÌÅÎÎÏÓÔÉ ÏÓÔÁÅÔÓÑ ÏÔËÒÙÔÙÍ.úÁ ÓÞÅÔ ÓÄ×ÉÇÁ ÎÏÓÉÔÅÌÅÊ ÂÁÚÉÓÎÙÈ ×ÅÊ×ÌÅÔÏ× ÓÉÓÔÅÍÕ (33) �ÅÌÅÓÏ-ÏÂÒÁÚÎÏ ÒÁÓÝÅ�ÉÔØ ÎÁ ÓÉÓÔÅÍÙ ÄÌÑ ÞÅÔÎÙÈ É ÎÅÞÅÔÎÙÈ ÕÚÌÏ× ÓÏ ÓÔÒÏ-ÇÉÍ ÄÉÁÇÏÎÁÌØÎÙÍ �ÒÅÏÂÌÁÄÁÎÉÅÍ (× ÓÌÕÞÁÅ B-Ó�ÌÁÊÎÏ× �ÏÄÒÏÂÎÏÓÔÉÓÍ. × ÒÁÂÏÔÅ [8℄). �ÁËÉÅ ÓÉÓÔÅÍÙ ÕÒÁ×ÎÅÎÉÊ ÍÏÖÎÏ ÒÅÛÁÔØ ÍÅÔÏÄÏÍ�ÒÏÇÏÎËÉ Ó ÇÁÒÁÎÔÉÅÊ ËÏÒÒÅËÔÎÏÓÔÉ É ÕÓÔÏÊÞÉ×ÏÓÔÉ.ìÉÔÅÒÁÔÕÒÁ1. á. á. íÁËÁÒÏ×, ï ×ÜÊ×ÌÅÔÎÏÍ ÒÁÚÌÏÖÅÎÉÉ �ÒÏÓÔÒÁÎÓÔ× Ó�ÌÁÊÎÏ× �ÅÒ×ÏÇÏ�ÏÒÑÄËÁ | ðÒÏÂÌ. ÍÁÔ. ÁÎÁÌÉÚÁ 38 (2008), 47{60.2. á. á. íÁËÁÒÏ×, áÌÇÏÒÉÔÍÙ ×ÜÊ×ÌÅÔÎÏÇÏ ÓÖÁÔÉÑ �ÒÏÓÔÒÁÎÓÔ× ÌÉÎÅÊÎÙÈÓ�ÌÁÊÎÏ×. | ÷ÅÓÔÎ. ó.-ðÅÔÅÒÂ. ÕÎ-ÔÁ. 1, No. 2 (2012), 41{51.3. á. á. íÁËÁÒÏ×, áÌÇÏÒÉÔÍÙ ×ÜÊ×ÌÅÔÎÏÇÏ ÕÔÏÞÎÅÎÉÑ �ÒÏÓÔÒÁÎÓÔ× Ó�ÌÁÊÎÏ×�ÅÒ×ÏÇÏ �ÏÒÑÄËÁ. | �ÒÕÄÙ óðééòáî 19 (2011), 203{220.4. à. ë. äÅÍØÑÎÏ×ÉÞ, é. ä. íÉÒÏÛÎÉÞÅÎËÏ, çÎÅÚÄÏ×ÙÅ Ó�ÌÁÊÎ-×ÜÊ×ÌÅÔÎÙÅ ÒÁÚ-ÌÏÖÅÎÉÑ. | ðÒÏÂÌ. ÍÁÔ. ÁÎÁÌÉÚÁ 64 (2012), 51{61.5. à. ë. äÅÍØÑÎÏ×ÉÞ, ó�ÌÁÊÎ-×ÜÊ×ÌÅÔÙ �ÒÉ ÏÄÎÏËÒÁÔÎÏÍ ÌÏËÁÌØÎÏÍ ÕËÒÕ�ÎÅ-ÎÉÉ ÓÅÔËÉ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 405 (2012), 97{118.6. à. ë. äÅÍØÑÎÏ×ÉÞ, á. ó. ðÏÎÏÍÁÒÅ×, ï ÒÅÁÌÉÚÁ�ÉÉ Ó�ÌÁÊÎ-×Ó�ÌÅÓËÏ×ÏÇÏ ÒÁÚ-ÌÏÖÅÎÉÑ �ÅÒ×ÏÇÏ �ÏÒÑÄËÁ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 453 (2016), 33{73.7. W. Sweldens, The lifting s
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