
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 463, 2017 Ç.è. ä. éËpÁÍÏ×âéîïòíáìøîùå íá�òéãù
§1. ïÂ ÏÂÏÂÝÅÎÉÑÈ Ó×ÏÊÓÔ×Á ÎÏÒÍÁÌØÎÏÓÔÉóÕÝÅÓÔ×ÕÅÔ ÒÑÄ ÏÂÏÂÝÅÎÉÊ �ÏÎÑÔÉÑ \ÎÏÒÍÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ" ÎÁÓÌÕÞÁÊ ÂÅÓËÏÎÅÞÎÙÈ ÍÁÔÒÉ� É ÌÉÎÅÊÎÙÈ Ï�ÅÒÁÔÏÒÏ×, ÄÅÊÓÔ×ÕÀÝÉÈ ×ÂÅÓËÏÎÅÞÎÏÍÅÒÎÙÈ �ÒÏÓÔÒÁÎÓÔ×ÁÈ. íÎÏÇÉÅ ÉÚ ÜÔÉÈ ÏÂÏÂÝÅÎÉÊ ÂÅÓÓÏ-ÄÅÒÖÁÔÅÌØÎÙ ÄÌÑ ËÏÎÅÞÎÙÈ ÍÁÔÒÉ�. îÁ�ÒÉÍÅÒ, Ï�ÅÒÁÔÏÒ ÉÌÉ ÍÁÔÒÉ�ÁA ÎÁÚÙ×ÁÀÔÓÑ ÇÉ�ÏÎÏÒÍÁÌØÎÙÍÉ, ÅÓÌÉA∗A−AA∗ > 0:÷ ËÏÎÅÞÎÏÍÅÒÎÏÍ ÓÌÕÞÁÅ �ÏÌÏÖÉÔÅÌØÎÏ �ÏÌÕÏ�ÒÅÄÅÌÅÎÎÁÑ ÍÁÔÒÉ�ÁB = A∗A − AA∗, ÎÅ ÂÕÄÕÞÉ ÎÕÌÅ×ÏÊ, ÄÏÌÖÎÁ ÂÙÌÁ ÂÙ ÉÍÅÔØ ÈÏÔÑ ÂÙÏÄÎÏ �ÏÌÏÖÉÔÅÌØÎÏÅ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ. íÅÖÄÕ ÔÅÍ ÓÌÅÄ trB ÒÁ×ÅÎÎÕÌÀ, ÞÔÏ ÉÓËÌÀÞÁÅÔ ÎÁÌÉÞÉÅ ÔÁËÉÈ ÚÎÁÞÅÎÉÊ.âÏÌÅÅ ÓÌÏÖÎÙÊ ÓÌÕÞÁÊ �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ �ÏÎÑÔÉÅ �ÁÒÁÎÏÒÍÁÌØÎÏ-ÓÔÉ. îÁÚÏ×ÅÍ n× n-ÍÁÔÒÉ�Õ A �ÁÒÁÎÏÒÍÁÌØÎÏÊ, ÅÓÌÉ

‖A2x‖ · ‖x‖ > ‖Ax‖2 ∀x ∈ Cn: (1)÷ÓÀÄÕ × ÓÔÁÔØÅ ÓÉÍ×ÏÌ ‖ ·‖ ÏÂÏÚÎÁÞÁÅÔ (Å×ËÌÉÄÏ×Õ) ÄÌÉÎÕ ×ÅËÔÏÒÁ ÉÌÉ�ÏÄÞÉÎÅÎÎÕÀ ÅÊ ÎÏÒÍÕ ÍÁÔÒÉ� (Ó�ÅËÔÒÁÌØÎÕÀ ÎÏÒÍÕ).ðÏËÁÖÅÍ ×ÎÁÞÁÌÅ, ÞÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï (1) ×Ù�ÏÌÎÑÅÔÓÑ ÄÌÑ ×ÓÑËÏÊ ÎÏÒ-ÍÁÌØÎÏÊ ÍÁÔÒÉ�Ù A. ðÕÓÔØ u1; : : : ; un | ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÙÊ ÂÁÚÉÓ ÉÚÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ÜÔÏÊ ÍÁÔÒÉ�Ù É �1; : : : ; �n | ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ. úÁ�ÉÓÙ×ÁÑ ×ÅËÔÏÒ x ÒÁÚÌÏÖÅÎÉÅÍ × ÜÔÏÍ ÂÁÚÉ-ÓÅ, ÉÍÅÅÍ x = n∑i=1 �iui;
‖Ax‖2 = ‖

n∑i=1 �i�iui‖2 = n∑i=1 |�i|2|�i|2;
‖A2x‖2 = ‖

n∑i=1 �2i �iui‖2 = n∑i=1 |�i|4|�i|2ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÂÉÎÏÒÍÁÌØÎÙÅ ÍÁÔÒÉ�Ù, ÇÉ�ÏÎÏÒÍÁÌØÎÙÅ ÍÁÔÒÉ�Ù, �ÁÒÁÎÏÒ-ÍÁÌØÎÙÅ ÍÁÔÒÉ�Ù, ÞÉÓÌÏ×ÁÑ ÏÂÌÁÓÔØ, ÄÉÁÇÏÎÁÌØÎÙÊ ÓÄ×ÉÇ.132
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‖Ax‖2= n∑i=1 |�i|2|�i|2 6

( n∑i=1 |�i|4|�i|2)1=2
·
( n∑i=1 |�i|2)1=2= ‖A2x‖ · ‖x‖:÷ ÜÔÏÍ �ÏÓÌÅÄÎÅÍ ÓÏÏÔÎÏÛÅÎÉÉ ÉÓ�ÏÌØÚÏ×ÁÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï ëÏÛÉ{û×Á-Ò�Á{âÕÎÑËÏ×ÓËÏÇÏ.ðÕÓÔØ ÔÅ�ÅÒØ ÉÚ×ÅÓÔÎÏ, ÞÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï (1) ×Ù�ÏÌÎÅÎÏ ÄÌÑ ÍÁÔÒÉ-�Ù A É ÌÀÂÏÇÏ ×ÅËÔÏÒÁ x ∈ Cn: äÌÑ �ÒÏÓÔÏÔÙ �ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ×ÓÅÓÉÎÇÕÌÑÒÎÙÅ ÞÉÓÌÁ �1; : : : ; �n ÍÁÔÒÉ�Ù A �ÒÏÓÔÙÅ:�1 > �2 > · · · > �n:(üÔÏ ÄÏ�ÕÝÅÎÉÅ ÍÏÖÎÏ ÓÎÑÔØ �ÕÔÅÍ ÎÅËÏÔÏÒÏÇÏ ÕÓÌÏÖÎÅÎÉÑ ÒÁÓÓÕ-ÖÄÅÎÉÊ). ÷ÏÚØÍÅÍ × ËÁÞÅÓÔ×Å x ÎÏÒÍÉÒÏ×ÁÎÎÙÊ �ÒÁ×ÙÊ ÓÉÎÇÕÌÑÒÎÙÊ×ÅËÔÏÒ u1, ÏÔ×ÅÞÁÀÝÉÊ ÞÉÓÌÕ �1. �ÏÇÄÁ�21 = ‖Ax‖2 6 ‖A2x‖ 6 ‖A2‖ 6 ‖A‖2 = �21 :éÔÁË, ÄÌÑ A Ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï

‖A2‖ = ‖A‖2: (2)åÓÌÉ A = V �U∗{ ÓÉÎÇÕÌÑÒÎÏÅ ÒÁÚÌÏÖÅÎÉÅ A (ÇÄÅ, ËÁË ÏÂÙÞÎÏ, � = diag(�1; : : : ; �n)),ÔÏ
‖A2‖ = ‖V�U∗V �U∗‖ = ‖�(U∗V )�‖:ðÏÌÏÖÉÍW = U∗V . òÁ×ÅÎÓÔ×Ï (2) ÏÚÎÁÞÁÅÔ ÓÕÝÅÓÔ×Ï×ÁÎÉÅ (ÎÏÒÍÉÒÏ-×ÁÎÎÏÇÏ) ×ÅËÔÏÒÁ x ÔÁËÏÇÏ, ÞÔÏ

‖�W�x‖ = �21 : (3)éÚ (3) ÎÅÏÂÈÏÄÉÍÏ ×ÙÔÅËÁÅÔ ÓÏÏÔÎÏÛÅÎÉÅ
‖�x‖ = �1;ÏÚÎÁÞÁÀÝÅÅ, ÞÔÏ x ÅÓÔØ ËÒÁÔÎÏÅ ËÏÏÒÄÉÎÁÔÎÏÇÏ ×ÅËÔÏÒÁ e1:x = �e1; |�| = 1:ðÕÓÔØ w1 { �ÅÒ×ÙÊ ÓÔÏÌÂÅ� ÕÎÉÔÁÒÎÏÊ ÍÁÔÒÉ�Ù W . òÁ×ÅÎÓÔ×Ï (3) ÔÅ-�ÅÒØ �ÒÉÎÉÍÁÅÔ ×ÉÄ

‖�(�w1)‖ = �1:



134 è. ä. éëPáíï÷�ÁËÉÍ ÏÂÒÁÚÏÍ, É ×ÅËÔÏÒ w1 ÌÉÛØ ÓËÁÌÑÒÎÙÍ ÍÎÏÖÉÔÅÌÅÍ ÍÏÄÕÌÑ 1ÏÔÌÉÞÁÅÔÓÑ ÏÔ ×ÅËÔÏÒÁ e1. éÎÁÞÅ ÇÏ×ÏÒÑ,U∗V e1 = �e1; |�| = 1;ÉÌÉ V e1 = �Ue1: (4)÷ÅËÔÏÒ v1 = V e1 { ÜÔÏ ÌÅ×ÙÊ ÓÉÎÇÕÌÑÒÎÙÊ ×ÅËÔÏÒ, ÏÔ×ÅÞÁÀÝÉÊ ÞÉ-ÓÌÕ �1. ïÎ Ó×ÑÚÁÎ Ó �ÒÁ×ÙÍ ÓÉÎÇÕÌÑÒÎÙÍ ×ÅËÔÏÒÏÍ u1 = Ue1 ÓÏÏÔÎÏ-ÛÅÎÉÅÍ v1 = 1�1Au1:ðÏÜÔÏÍÕ ÒÁ×ÅÎÓÔ×Ï (4), �ÅÒÅ�ÉÓÁÎÎÏÅ × ×ÉÄÅAu1 = ��1u1;ÏÚÎÁÞÁÅÔ, ÞÔÏ ×ÅËÔÏÒ u1 Ñ×ÌÑÅÔÓÑ ÄÌÑ A ÓÏÂÓÔ×ÅÎÎÙÍ ×ÅËÔÏÒÏÍ, ÓÏÏÔ-×ÅÔÓÔ×ÕÀÝÉÍ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÚÎÁÞÅÎÉÀ �1 = ��1. ðÏÓËÏÌØËÕ |�1| = �1,ÞÉÓÌÏ �1 ÌÅÖÉÔ ÎÁ ÇÒÁÎÉ�Å ÞÉÓÌÏ×ÏÊ ÏÂÌÁÓÔÉ (ÈÁÕÓÄÏÒÆÏ×Á ÍÎÏÖÅ-ÓÔ×Á) ÍÁÔÒÉ�Ù A. óÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ Ó ÔÁËÉÍ ÒÁÓ�ÏÌÏÖÅÎÉÅÍ (Ô.Î.ÎÏÒÍÁÌØÎÏÅ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ; ÓÍ. [1, �. 1.6.5{1.6.6℄) ÏÂÌÁÄÁÅÔ ÓÌÅ-ÄÕÀÝÉÍ Ó×ÏÊÓÔ×ÏÍ: ×ÓÑËÉÊ ÏÔÎÏÓÑÝÉÊÓÑ Ë ÎÅÍÕ ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒÏÒÔÏÇÏÎÁÌÅÎ Ë ÌÀÂÏÍÕ ÓÏÂÓÔ×ÅÎÎÏÍÕ ×ÅËÔÏÒÕ ÄÌÑ �ÒÏÞÉÈ ÓÏÂÓÔ×ÅÎÎÙÈÚÎÁÞÅÎÉÊ.ðÅÒÅÊÄÅÍ ÏÔ ÉÓÈÏÄÎÏÇÏ ÂÁÚÉÓÁ ËÏÏÒÄÉÎÁÔÎÙÈ ×ÅËÔÏÒÏ× e1; : : : ; en Ë�ÒÏÉÚ×ÏÌØÎÏÍÕ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÏÍÕ ÂÁÚÉÓÕ {u}, ×ËÌÀÞÁÀÝÅÍÕ × ÓÅÂÑu1 × ËÁÞÅÓÔ×Å �ÅÒ×ÏÇÏ ×ÅËÔÏÒÁ. ÷ ÜÔÏÍ ÂÁÚÉÓÅ ÍÁÔÒÉ�Á A �ÒÉÎÉÍÁÅÔ×ÉÄ �1 ⊕An−1:ðÏÄÍÁÔÒÉ�Á An−1 ÓÏÈÒÁÎÑÅÔ Ó×ÏÊÓÔ×Ï (1):
‖A2n−1y‖ · ‖y‖ > ‖An−1y‖2 ∀y ∈ Cn−1:üÔÏ �ÏÚ×ÏÌÑÅÔ �ÒÉÍÅÎÉÔØ Ë ÎÅÊ ÔÅ ÖÅ ÒÁÓÓÕÖÄÅÎÉÑ, ËÁËÉÅ ×ÙÛÅ �ÒÏ×Ï-ÄÉÌÉÓØ ÄÌÑ ÍÁÔÒÉ�Ù A. ðÒÏÄÏÌÖÁÑ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ × ËÏÎÅÞÎÏÍ ÓÞÅ-ÔÅ ÎÁÊÄÅÍ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÙÊ ÂÁÚÉÓ, × ËÏÔÏÒÏÍA �ÒÉÏÂÒÅÔÁÅÔ ÄÉÁÇÏ-ÎÁÌØÎÙÊ ×ÉÄ. �ÅÍ ÓÁÍÙÍ ×ÓÑËÁÑ �ÁÒÁÎÏÒÍÁÌØÎÁÑ ÍÁÔÒÉ�Á A Ñ×ÌÑÅÔÓÑ× ÄÅÊÓÔ×ÉÔÅÌØÎÏÓÔÉ ÎÏÒÍÁÌØÎÏÊ.îÅÓÍÏÔÒÑ ÎÁ �ÒÉ×ÅÄÅÎÎÙÅ �ÒÉÍÅÒÙ, ÉÍÅÀÔÓÑ É ×�ÏÌÎÅ ÓÏÄÅÒÖÁÔÅÌØ-ÎÙÅ ËÏÎÅÞÎÏÍÅÒÎÙÅ ÏÂÏÂÝÅÎÉÑ �ÏÎÑÔÉÑ ÎÏÒÍÁÌØÎÏÓÔÉ. îÁÓÔÏÑÝÅÅ ÓÏ-ÏÂÝÅÎÉÅ �ÏÓ×ÑÝÅÎÏ ÏÄÎÏÍÕ ÉÚ ÎÉÈ. îÁÚÏ×ÅÍ Ë×ÁÄÒÁÔÎÕÀ ÍÁÔÒÉ�Õ A



âéîïòíáìøîùå íá�òéãù 135ÂÉÎÏÒÍÁÌØÎÏÊ, ÅÓÌÉ ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÙÅ Ó ÎÅÊ ÍÁÔÒÉ�Ù AA∗ É A∗A ËÏÍ-ÍÕÔÉÒÕÀÔ. òÁÚÕÍÅÅÔÓÑ, ×ÓÅ ÎÏÒÍÁÌØÎÙÅ ÍÁÔÒÉ�Ù A (ÄÌÑ ËÏÔÏÒÙÈ AA∗É A∗A �ÒÏÓÔÏ ÓÏ×�ÁÄÁÀÔ) ÂÉÎÏÒÍÁÌØÎÙ. ïÄÎÁËÏ ÓÕÝÅÓÔ×ÕÀÔ É ÂÉÎÏÒ-ÍÁÌØÎÙÅ ÍÁÔÒÉ�Ù, ÎÅ Ñ×ÌÑÀÝÉÅÓÑ ÎÏÒÍÁÌØÎÙÍÉ. ðÒÏÓÔÅÊÛÉÍ �ÒÉÍÅ-ÒÏÍ ÍÏÖÅÔ ÓÌÕÖÉÔØ ÖÏÒÄÁÎÏ×Á ËÌÅÔËÁJ2 = ( 0 10 0 ) ;ÄÌÑ ËÏÔÏÒÏÊ ÍÁÔÒÉ�Ù J2J t2 É J t2J2 ÄÉÁÇÏÎÁÌØÎÙ É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ËÏÍ-ÍÕÔÉÒÕÀÔ.(ïÔÍÅÔÉÍ, ÞÔÏ × ÌÉÔÅÒÁÔÕÒÅ ×ÓÔÒÅÞÁÀÔÓÑ É ÄÒÕÇÉÅ Ï�ÒÅÄÅÌÅÎÉÑÂÉÎÏÒÍÁÌØÎÏÓÔÉ. �ÁË, × [2℄ ÂÉÎÏÒÍÁÌØÎÏÊ ÎÁÚÙ×ÁÀÔ ÍÁÔÒÉ�Õ ÞÅÔÎÏ-ÇÏ �ÏÒÑÄËÁ 2n, ÓÏÓÔÁ×ÌÅÎÎÕÀ ÉÚ ÞÅÔÙÒÅÈ �Ï�ÁÒÎÏ ËÏÍÍÕÔÉÒÕÀÝÉÈÎÏÒÍÁÌØÎÙÈ n × n-ÂÌÏËÏ×. �ÁËÁÑ ÍÁÔÒÉ�Á Ñ×ÌÑÅÔÓÑ ÂÉÎÏÒÍÁÌØÎÏÊ É× ÓÍÙÓÌÅ �ÒÉÎÑÔÏÇÏ ÎÁÍÉ Ï�ÒÅÄÅÌÅÎÉÑ, ËÏÔÏÒÏÅ, ÏÄÎÁËÏ, ÎÅ ÔÒÅÂÕÅÔÞÅÔÎÏÓÔÉ �ÏÒÑÄËÁ É ÎÅ Ó×ÑÚÙ×ÁÅÔ Ó×ÏÊÓÔ×Ï ÂÉÎÏÒÍÁÌØÎÏÓÔÉ Ó ÂÌÏÞÎÙÍÕÓÔÒÏÊÓÔ×ÏÍ ÍÁÔÒÉ�Ù.)îÉÖÅ ÍÙ ÄÁÅÍ ÏÂÚÏÒ Ó×ÏÊÓÔ× ÂÉÎÏÒÍÁÌØÎÙÈ ÍÁÔÒÉ�. æÁËÔÙ, ×ËÌÀ-ÞÅÎÎÙÅ × ÜÔÏÔ ÏÂÚÏÒ, ÎÅ ÎÏ×Ù, ÎÏ �ÒÅÄÓÔÁ×ÌÑÀÔÓÑ �ÒÏÞÎÏ ÚÁÂÙÔÙÍÉ.íÙ ÉÓÈÏÄÉÌÉ × ÏÓÎÏ×ÎÏÍ ÉÚ ÒÁÂÏÔ [3{6℄, ÄÁ×ÁÑ ÍÎÏÇÉÍ ÓÏÄÅÒÖÁÝÉÍ-ÓÑ ÔÁÍ ÒÅÚÕÌØÔÁÔÁÍ Ó×ÏÉ ÓÏÂÓÔ×ÅÎÎÙÅ, ÂÏÌÅÅ �ÒÏÓÔÙÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á.îÁ�ÏÍÉÎÁÎÉÅ ÜÔÉÈ ÓÔÁÒÙÈ ÒÅÚÕÌØÔÁÔÏ× �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ ÎÁÍ ÎÅ ÌÉÛ-ÎÉÍ �Ï ÓÌÅÄÕÀÝÅÊ �ÒÉÞÉÎÅ: ÂÉÎÏÒÍÁÌØÎÙÅ ÍÁÔÒÉ�Ù, ÎÅ Ñ×ÌÑÀÝÉÅÓÑÎÏÒÍÁÌØÎÙÍÉ, ÄÁÀÔ �ÒÉÍÅÒÙ ÍÁÔÒÉ�, ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ ËÏÔÏÒÙÈÍÏÇÕÔ ÓÉÌØÎÏ ÒÁÚÌÉÞÁÔØÓÑ �Ï Ó×ÏÅÊ ÉÎÄÉ×ÉÄÕÁÌØÎÏÊ ÏÂÕÓÌÏ×ÌÅÎÎÏÓÔÉ {ÏÔ ÉÄÅÁÌØÎÏ ÏÂÕÓÌÏ×ÌÅÎÎÙÈ, ËÁËÏ×ÙÍÉ Ñ×ÌÑÀÔÓÑ ×ÓÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁ-ÞÅÎÉÑ ÎÏÒÍÁÌØÎÙÈ ÍÁÔÒÉ�, ÄÏ ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊ ÓÏ ÓËÏÌØ ÕÇÏÄÎÏÂÏÌØÛÉÍÉ ÞÉÓÌÁÍÉ ÏÂÕÓÌÏ×ÌÅÎÎÏÓÔÉ. �ÁËÏÇÏ ÒÏÄÁ ÍÁÔÒÉ�Ù ×ÅÓØÍÁ �Ï-ÌÅÚÎÙ �ÒÉ ÔÅÓÔÉÒÏ×ÁÎÉÉ Ó�ÅËÔÒÁÌØÎÙÈ ÁÌÇÏÒÉÔÍÏ×.
§2. ó×ÏÊÓÔ×Á ÂÉÎÏÒÍÁÌØÎÙÈ ÍÁÔÒÉ�óÌÅÄÕÑ [5℄, ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÍÎÏÖÅÓÔ×Ï ÂÉÎÏÒÍÁÌØÎÙÈ ÍÁÔÒÉ� �Ï-ÒÑÄËÁ n ÓÉÍ×ÏÌÏÍ (BN)n ÉÌÉ �ÒÏÓÔÏ (BN). îÁÞÎÅÍ Ó ÎÅÂÏÌØÛÏÇÏ �Å-ÒÅÞÎÑ Ó×ÏÊÓÔ×, ËÏÔÏÒÙÅ ÒÏÄÎÑÔ (BN) Ó ÍÎÏÖÅÓÔ×ÏÍ ÎÏÒÍÁÌØÎÙÈ ÍÁ-ÔÒÉ�.ðÒÅÄÌÏÖÅÎÉÅ 1. ðÕÓÔØ A ∈ (BN). �ÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ � ∈ C É ×ÓÑËÏÊÕÎÉÔÁÒÎÏÊ ÍÁÔÒÉ�Ù U Ó�ÒÁ×ÅÄÌÉ×Ù ×ËÌÀÞÅÎÉÑ:



136 è. ä. éëPáíï÷(i) �A ∈ (BN);(ii) U∗AU ∈ (BN);(iii) A∗; At; �A ∈ (BN);(iv) ÅÓÌÉ A { ÎÅ×ÙÒÏÖÄÅÎÎÁÑ ÍÁÔÒÉ�Á, ÔÏ A−1 ∈ (BN).îÏ ÅÓÔØ É ÏÞÅ×ÉÄÎÙÅ ÒÁÚÌÉÞÉÑ ÍÅÖÄÕ Ä×ÕÍÑ ÍÎÏÖÅÓÔ×ÁÍÉ. �ÁË, ×ÓÑ-ËÁÑ ÎÁÔÕÒÁÌØÎÁÑ ÓÔÅ�ÅÎØ ÎÏÒÍÁÌØÎÏÊ ÍÁÔÒÉ�Ù ÓÁÍÁ ÎÏÒÍÁÌØÎÁ. íÅÖ-ÄÕ ÔÅÍ ÍÁÔÒÉ�Á A =  0 0 11 1 01 −1 0 ÂÉÎÏÒÍÁÌØÎÁ, ÔÁË ËÁËAAt = diag (1; 2; 2); AtA = diag (2; 2; 1);× ÔÏ ÖÅ ×ÒÅÍÑ ÍÁÔÒÉ�Á B = A2 =∈ (BN), �ÏÓËÏÌØËÕ
{(BBt)(BtB)}12 = 2; {(BtB)(BBt)}12 = 3:äÁÌÅÅ, ÓÕÍÍÁ ËÏÍÍÕÔÉÒÕÀÝÉÈ ÎÏÒÍÁÌØÎÙÈ ÍÁÔÒÉ� ÓÁÍÁ ÎÏÒÍÁÌØÎÁ.ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÒÁÓÓÍÏÔÒÉÍ ÓÕÍÍÕ ÂÉÎÏÒÍÁÌØÎÏÊ ÍÁÔÒÉ�ÙA = ( 0 10 0 )É ÎÏÒÍÁÌØÎÏÊ ÍÁÔÒÉ�Ù I2:B = A+ I2 = ( 1 10 1 ) :íÁÔÒÉ�Á B ÎÅ Ñ×ÌÑÅÔÓÑ ÂÉÎÏÒÍÁÌØÎÏÊ; ÄÅÊÓÔ×ÉÔÅÌØÎÏ,(BBt)(BtB) = ( 3 42 3 ) ; (BtB)(BBt) = ( 3 24 3 ) :ðÕÓÔØ A { �ÒÏÉÚ×ÏÌØÎÁÑ ÍÁÔÒÉ�Á ÉÚ (BN). âÕÄÅÔ ÌÉ ÜÔÁ ÍÁÔÒÉ�ÁÎÏÒÍÁÌØÎÏÊ? ïÔ×ÅÔ ÎÁ ÜÔÏÔ ×Ï�ÒÏÓ × ÉÚ×ÅÓÔÎÏÊ ÍÅÒÅ ÚÁ×ÉÓÉÔ ÏÔ �ÏÌÏ-ÖÅÎÉÑ ÞÉÓÌÏ×ÏÊ ÏÂÌÁÓÔÉ ÍÁÔÒÉ�Ù A ÏÔÎÏÓÉÔÅÌØÎÏ ÔÏÞËÉ z = 0. ðÏÌ-ÎÙÊ ÖÅ ÏÔ×ÅÔ ÄÁÅÔ �Ï×ÅÄÅÎÉÅ A �ÒÉ ÄÉÁÇÏÎÁÌØÎÙÈ ÓÄ×ÉÇÁÈ. ðÒÉ×ÅÄÅÍÒÅÚÕÌØÔÁÔÙ ÎÁ ÜÔÕ ÔÅÍÕ, �ÒÉÎÁÄÌÅÖÁÝÉÅ í. üÍÂÒÉ É ó. ëÜÍ�ÂÅÌÌÕ(ÓÍ. [3{6℄). îÁÞÎÅÍ ÓÏ ÓÌÅÄÕÀÝÅÊ �ÏÄÇÏÔÏ×ÉÔÅÌØÎÏÊ ÔÅÏÒÅÍÙ [4℄.�ÅÏÒÅÍÁ 1. ðÕÓÔØ H É K { ËÏÍÍÕÔÉÒÕÀÝÉÅ ÎÏÒÍÁÌØÎÙÅ ÍÁÔÒÉ�Ù.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÍÁÔÒÉ�Á A, ÄÌÑ ËÏÔÏÒÏÊAH = KA; (5)



âéîïòíáìøîùå íá�òéãù 137�ÒÉÞÅÍ ÔÏÞËÁ z = 0 Ñ×ÌÑÅÔÓÑ ×ÎÅÛÎÅÊ �Ï ÏÔÎÏÛÅÎÉÀ Ë ÞÉÓÌÏ×ÏÊÏÂÌÁÓÔÉ W (A) ÜÔÏÊ ÍÁÔÒÉ�Ù. �ÏÇÄÁ H = K.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ u1; : : : ; un { ÏÂÝÉÊ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÙÊ ÂÁ-ÚÉÓ ÉÚ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ÄÌÑ ËÏÍÍÕÔÉÒÕÀÝÉÈ ÍÁÔÒÉ� H É K.ðÒÅÏÂÒÁÚÕÅÍ ×ÓÅ ÔÒÉ ÍÁÔÒÉ�Ù H;K É A Ë ÜÔÏÍÕ ÂÁÚÉÓÕ:H → � = U∗HU = diag(�1; : : : ; �n);K → M = U∗KU = diag(�1; : : : ; �n);A → B = U∗AU:óÏÏÔÎÏÛÅÎÉÅ (5) �ÒÉÎÉÍÁÅÔ ×ÉÄB� =MB;ÉÌÉ, × �ÏÜÌÅÍÅÎÔÎÏÊ ÚÁ�ÉÓÉ,bij(�i − �j) = 0; i; j = 1; 2; : : : ; n: (6)îÅÒÁ×ÅÎÓÔ×Ï �i 6= �i ÎÅ×ÏÚÍÏÖÎÏ ÎÉ ÄÌÑ ËÁËÏÇÏ ÉÎÄÅËÓÁ i, �ÏÓËÏÌØËÕ× �ÒÏÔÉ×ÎÏÍ ÓÌÕÞÁÅ ÉÚ (6) ÓÌÅÄÕÅÔ, ÞÔÏ bii = (Bei; ei) = 0, Ô.Å. 0 ∈W (B) = W (A) ×Ï�ÒÅËÉ ÕÓÌÏ×ÉÀ ÔÅÏÒÅÍÙ. �ÁËÉÍ ÏÂÒÁÚÏÍ, � = M , Á�ÏÔÏÍÕ H = K. �éÚ ÔÅÏÒÅÍÙ 1 ×ÙÔÅËÁÅÔ ÔÁËÏÅ ×ÁÖÎÏÅ ÓÌÅÄÓÔ×ÉÅ [4℄.ðÒÅÄÌÏÖÅÎÉÅ 2. ðÕÓÔØ A ∈ (BN), �ÒÉÞÅÍ 0 =∈ W (A). �ÏÇÄÁ A {ÎÏÒÍÁÌØÎÁÑ ÍÁÔÒÉ�Á.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÏÖÉÍ H = A∗A É K = AA∗. äÌÑ ÍÁÔÒÉ� H;KÉ A ×Ù�ÏÌÎÑÀÔÓÑ ×ÓÅ ÕÓÌÏ×ÉÑ ÔÅÏÒÅÍÙ 1 É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,A∗A = AA∗.
�ðÒÅÄÌÏÖÅÎÉÅ 2 ÕÔÏÞÎÑÅÔÓÑ × [3℄ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ.ðÒÅÄÌÏÖÅÎÉÅ 3. ðÕÓÔØ A ∈ (BN), �ÒÉÞÅÍ ÍÁÔÒÉ�ÁReA = 12(A+A∗) (7)�ÏÌÏÖÉÔÅÌØÎÏ �ÏÌÕÏ�ÒÅÄÅÌÅÎÁ. �ÏÇÄÁ A { ÎÏÒÍÁÌØÎÁÑ ÍÁÔÒÉ�Á.äÏËÁÚÁÔÅÌØÓÔ×Ï. íÁÔÒÉ�Á (7) Ñ×ÌÑÅÔÓÑ ÞÁÓÔØÀ Ô.Î. ÜÒÍÉÔÏ×Á (ÉÌÉÔÅ�ÌÉ�Å×Á) ÒÁÚÌÏÖÅÎÉÑ ÍÁÔÒÉ�Ù A:A = B + iC;B = ReA; C = ImA = 12i(A−A∗):



138 è. ä. éëPáíï÷íÁÔÒÉ�Ù H = A∗A É K = AA∗ Ó×ÑÚÁÎÙ Ó B É C ÓÌÅÄÕÀÝÉÍÉ ÓÏÏÔÎÏ-ÛÅÎÉÑÍÉ: A∗A = B2 + C2 + i(BC − CB); (8)AA∗ = B2 + C2 + i(CB −BC): (9)ëÁË É × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÔÅÏÒÅÍÙ 1, �ÅÒÅÊÄÅÍ Ë ÏÂÝÅÍÕ ÏÒÔÏÎÏÒÍÉ-ÒÏ×ÁÎÎÏÍÕ ÂÁÚÉÓÕ {u} ÉÚ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ÄÌÑ ËÏÍÍÕÔÉÒÕÀÝÉÈÜÒÍÉÔÏ×ÙÈ ÍÁÔÒÉ� H É K:H → � = diag (�1; : : : ; �n); K → M = diag (�1; : : : ; �n):ðÒÅÏÂÒÁÚÏ×ÁÎÎÙÅ ÍÁÔÒÉ�Ù A;B É C ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÓÉÍ×ÏÌÁÍÉ Ã; B̃É C̃ . �ÏÇÄÁ ×Ù�ÏÌÎÑÀÔÓÑ ÒÁ×ÅÎÓÔ×Áãij(�i − �j) = 0; i; j = 1; 2; : : : ; n:ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÄÌÑ ÎÅËÏÔÏÒÏÇÏ ÉÎÄÅËÓÁ i Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï�i 6= �i. îÅ ÏÇÒÁÎÉÞÉ×ÁÑ ÏÂÝÎÏÓÔÉ, ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ i = 1. �ÏÇÄÁã11 = 0 É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, b̃11 = ̃11 = 0. ðÏ ÕÓÌÏ×ÉÀ, ÍÁÔÒÉ�Á B̃ �Ï-ÌÏÖÉÔÅÌØÎÏ �ÏÌÕÏ�ÒÅÄÅÌÅÎÁ; �ÏÜÔÏÍÕ ÉÚ ÒÁ×ÅÎÓÔ×Á b̃11 = 0 ×ÙÔÅËÁÅÔ,ÞÔÏ ÒÁ×ÎÙ ÎÕÌÀ ×ÓÅ ÜÌÅÍÅÎÔÙ �ÅÒ×ÏÊ ÓÔÒÏËÉ É �ÅÒ×ÏÇÏ ÓÔÏÌÂ�Á ÜÔÏÊÍÁÔÒÉ�Ù. ÷ Ó×ÏÀ ÏÞÅÒÅÄØ, ÏÔÓÀÄÁ ÓÌÅÄÕÅÔ ÒÁ×ÅÎÓÔ×Ï ÎÕÌÀ ÄÉÁÇÏÎÁÌØ-ÎÏÇÏ ÜÌÅÍÅÎÔÁ (1,1) ÍÁÔÒÉ�Ù B̃C̃ − C̃B̃. �Å�ÅÒØ ÓÏÏÔÎÏÛÅÎÉÑ (8) É (9),ÚÁ�ÉÓÁÎÎÙÅ × ÂÁÚÉÓÅ {u}, ÄÁÀÔ�1 = {C̃2}11; �1 = {C̃2}11;Ô.Å. �1 = �1 ×Ï�ÒÅËÉ ÉÓÈÏÄÎÏÍÕ �ÒÅÄ�ÏÌÏÖÅÎÉÀ. éÔÁË, ÄÌÑ ×ÓÅÈ i Ó�ÒÁ-×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï �i = �i, ÏÚÎÁÞÁÀÝÅÅ, ÞÔÏ A∗A = AA∗. �úÁÍÅÞÁÎÉÅ. éÓ�ÏÌØÚÕÑ �ÕÎËÔ (i) �ÒÅÄÌÏÖÅÎÉÑ 1, ÍÏÖÎÏ ÚÁÍÅÎÉÔØ ÔÒÅ-ÂÏ×ÁÎÉÅ �ÏÌÏÖÉÔÅÌØÎÏÊ �ÏÌÕÏ�ÒÅÄÅÌÅÎÎÏÓÔÉ ÍÁÔÒÉ�Ù ReA ÂÏÌÅÅ ÏÂ-ÝÉÍ ÕÓÌÏ×ÉÅÍ 0 ∈ �W (A). ÷ ÜÔÏÊ ÆÏÒÍÅ �ÒÅÄÌÏÖÅÎÉÅ 3 ×ÍÅÓÔÅ Ó �ÒÅ-ÄÙÄÕÝÉÍ �ÒÅÄÌÏÖÅÎÉÅÍ ÏÚÎÁÞÁÀÔ: ÍÁÔÒÉ�Á A ∈ (BN) ÍÏÖÅÔ ÎÅ ÂÙÔØÎÏÒÍÁÌØÎÏÊ ÔÏÌØËÏ × ÔÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁ z = 0 Ñ×ÌÑÅÔÓÑ ×ÎÕÔÒÅÎÎÅÊÔÏÞËÏÊ ÞÉÓÌÏ×ÏÊ ÏÂÌÁÓÔÉ W (A).åÓÌÉ A { ÎÏÒÍÁÌØÎÁÑ ÍÁÔÒÉ�Á, ÔÏ ×ÍÅÓÔÅ Ó A ÎÏÒÍÁÌØÎÙ É ×ÓÅ ÍÁ-ÔÒÉ�Ù ×ÉÄÁ A + �I , �ÏÌÕÞÁÅÍÙÅ ÉÚ A ÓÄ×ÉÇÁÍÉ ÇÌÁ×ÎÏÊ ÄÉÁÇÏÎÁÌÉ.ëÜÍ�ÂÅÌÌ ÏÂÎÁÒÕÖÉÌ (ÓÍ. [6℄), ÞÔÏ ÍÁÔÒÉ�Ù A ∈ (BN), ÎÅ Ñ×ÌÑÀÝÉÅÓÑÎÏÒÍÁÌØÎÙÍÉ, ÒÅÁÇÉÒÕÀÔ ÎÁ ÄÉÁÇÏÎÁÌØÎÙÅ ÓÄ×ÉÇÉ ÓÏ×ÓÅÍ ÉÎÁÞÅ.



âéîïòíáìøîùå íá�òéãù 139�ÅÏÒÅÍÁ 2. ðÕÓÔØ A ∈ (BN). ÷ËÌÀÞÅÎÉÅ A+ �I ∈ (BN) ÄÌÑ ÎÅÎÕÌÅ-×ÏÇÏ ÞÉÓÌÁ � ×ÏÚÍÏÖÎÏ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ A { ÎÏÒÍÁÌØÎÁÑÍÁÔÒÉ�Á.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏÓÔÁÔÏÞÎÏÓÔØ ÕÓÌÏ×ÉÑ ÔÅÏÒÅÍÙ ÏÞÅ×ÉÄÎÁ. ðÒÉÏÂÏÓÎÏ×ÁÎÉÉ ÎÅÏÂÈÏÄÉÍÏÓÔÉ ÂÕÄÅÍ �ÏÌØÚÏ×ÁÔØÓÑ ÓÔÁÎÄÁÒÔÎÙÍ ÏÂÏÚÎÁ-ÞÅÎÉÅÍ ËÏÍÍÕÔÁÔÏÒÁ ÍÁÔÒÉ� B É C:[B;C℄ = BC − CB:ðÕÓÔØ A + �I ∈ (BN) ÄÌÑ � 6= 0. úÁÍÅÎÑÑ A �ÏÄÈÏÄÑÝÅÊ ÍÁÔÒÉ�ÅÊ×ÉÄÁ ei�A, ÍÏÖÅÍ ÓÞÉÔÁÔØ � ×ÅÝÅÓÔ×ÅÎÎÙÍ ÞÉÓÌÏÍ. éÍÅÅÍ(A+ �I)∗(A+ �I) = A∗A+ �(A∗ +A) + �2I;(A+ �I)(A + �I)∗ = AA∗ + �(A∗ +A) + �2I;ÏÔËÕÄÁ ×Ù×ÏÄÉÍ[(A+ �I)∗(A+ �I); (A + �I)(A+ �I)∗℄ = 0
∼ [A∗A;AA∗℄ + �[A∗ +A;AA∗ −A∗A℄ = 0

∼ [A∗ +A;AA∗ −A∗A℄ = 0: (10)÷ �ÏÓÌÅÄÎÅÍ �ÅÒÅÈÏÄÅ ÉÓ�ÏÌØÚÏ×ÁÎÙ ÕÓÌÏ×ÉÑ A ∈ (BN) É � 6= 0.éÔÁË, ×ËÌÀÞÅÎÉÅ A + �I ∈ (BN) ÒÁ×ÎÏÓÉÌØÎÏ ÕÓÌÏ×ÉÀ (10). ðÏ-ÓËÏÌØËÕ �ÏÓÌÅÄÎÅÅ ÎÅ ÚÁ×ÉÓÉÔ ÏÔ �, �ÏÌÕÞÁÅÔÓÑ, ÞÔÏ ÂÉÎÏÒÍÁÌØÎÏÓÔØÍÁÔÒÉ�Ù A + �I ÄÌÑ ËÁËÏÇÏ-ÌÉÂÏ � 6= 0 ×ÌÅÞÅÔ ÚÁ ÓÏÂÏÊ ÅÅ ÂÉÎÏÒ-ÍÁÌØÎÏÓÔØ ÄÌÑ ÌÀÂÏÇÏ �. ïÄÎÁËÏ �ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ � ÞÉÓÌÏ×ÁÑÏÂÌÁÓÔØ W (A + �I) ÎÅ ÓÏÄÅÒÖÉÔ ÔÏÞËÉ z = 0. äÌÑ ÔÁËÉÈ � ÍÁÔÒÉ�ÁA + �I ÄÏÌÖÎÁ ÂÙÔØ ÎÏÒÍÁÌØÎÏÊ ÓÏÇÌÁÓÎÏ �ÒÅÄÌÏÖÅÎÉÀ 2. îÏ ÔÏÇÄÁÎÏÒÍÁÌØÎÁ É ÍÁÔÒÉ�Á A. �

§3. âÉÎÏÒÍÁÌØÎÙÅ ÍÁÔÒÉ�Ù ÍÁÌÏÇÏ �ÏÒÑÄËÁ÷ [6℄ ÄÁÎÏ Ï�ÉÓÁÎÉÅ ×ÏÚÍÏÖÎÙÈ ÆÏÒÍ ÂÉÎÏÒÍÁÌØÎÙÈ ÍÁÔÒÉ� �ÏÒÑÄ-ËÏ× 2 É 3, ÄÏÓÔÉÖÉÍÙÈ �ÏÓÒÅÄÓÔ×ÏÍ ÕÎÉÔÁÒÎÙÈ �ÏÄÏÂÉÊ É ÕÍÎÏÖÅÎÉÊÎÁ ÎÅÎÕÌÅ×ÙÅ ÞÉÓÌÁ. äÌÑ n = 2 �ÒÉ×ÅÄÅÎÙ ÓÌÅÄÕÀÝÉÅ ÔÒÉ ÆÏÒÍÙ:
( 1 00 a ) ; a ∈ C;
( 1 b0 −1 ) ; b > 0;
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( 0 1a 0 ) ; a ∈ C:îÁÍ ËÁÖÅÔÓÑ ÂÏÌÅÅ ÌÏÇÉÞÎÙÍ ÉÓËÁÔØ ×ÏÚÍÏÖÎÙÅ ÆÏÒÍÙ ÂÉÎÏÒÍÁÌØ-ÎÙÈ ÍÁÔÒÉ� A × ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÏÍ ÂÁÚÉÓÅ ÉÚ ÏÂÝÉÈ ÓÏÂÓÔ×ÅÎÎÙÈ×ÅËÔÏÒÏ× ÍÁÔÒÉ� A∗A É AA∗, ËÁË ÜÔÏ ÓÄÅÌÁÎÏ × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÔÅ-ÏÒÅÍÙ 1. ðÕÓÔØ u1; u2 { ÔÁËÏÊ ÂÁÚÉÓ É �1; �2 { ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÓÏÂ-ÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ ÍÁÔÒÉ�Ù A∗A. åÓÌÉ ÔÁËÏ× ÖÅ �ÏÒÑÄÏË ÓÏÂÓÔ×ÅÎÎÙÈÚÎÁÞÅÎÉÊ ÄÌÑ ÍÁÔÒÉ�Ù AA∗, ÔÏ A∗A = AA∗ É A { ÎÏÒÍÁÌØÎÁÑ ÍÁÔÒÉ�Á.äÒÕÇÁÑ ×ÏÚÍÏÖÎÏÓÔØ ÓÏÓÔÏÉÔ × ÔÏÍ, ÞÔÏAA∗u1 = �2u1; AA∗u2 = �1u2:÷ ÜÔÏÍ ÓÌÕÞÁÅ ÍÁÔÒÉ�Á A, �ÒÅÏÂÒÁÚÏ×ÁÎÎÁÑ Ë ÂÁÚÉÓÕ {u}, ÉÍÅÅÔ ×ÉÄ

( 0 ab 0 ) ; (11)ÇÄÅ a É b { �ÒÏÉÚ×ÏÌØÎÙÅ ËÏÍ�ÌÅËÓÎÙÅ ÞÉÓÌÁ. ÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ a = 1 Éb = 0 �ÏÌÕÞÁÅÍ ÖÏÒÄÁÎÏ×Õ ËÌÅÔËÕ J2. åÓÌÉ ÖÅ ab 6= 0, ÔÏ ÓÏÂÓÔ×ÅÎÎÙÍÉÚÎÁÞÅÎÉÑÍÉ ÍÁÔÒÉ�Ù A Ñ×ÌÑÀÔÓÑ Ä×Á Ë×ÁÄÒÁÔÎÙÈ ËÏÒÎÑ √ab. éÈ ÞÉ-ÓÌÁ ÏÂÕÓÌÏ×ÌÅÎÎÏÓÔÉ ÍÏÇÕÔ ÂÙÔØ ËÁË ÕÇÏÄÎÏ ×ÅÌÉËÉ, ÅÓÌÉ ÄÏÓÔÁÔÏÞÎÏ×ÅÌÉËÏ ÏÔÎÏÛÅÎÉÅ b=a (ÉÌÉ ÏÔÎÏÛÅÎÉÅ a=b).ðÒÉÍÅÎÑÑ ÁÎÁÌÏÇÉÞÎÙÅ ÒÁÓÓÕÖÄÅÎÉÑ × ÓÌÕÞÁÅ n = 3, �ÒÉÈÏÄÉÍ ËÍÁÔÒÉ�ÁÍ ÓÌÅÄÕÀÝÉÈ ÔÉ�Ï×:(i) A { ÎÏÒÍÁÌØÎÁÑ ÍÁÔÒÉ�Á;(ii) A2⊕, ÇÄÅ A2 { ÍÁÔÒÉ�Á ×ÉÄÁ (11), Á  { �ÒÏÉÚ×ÏÌØÎÏÅ ËÏÍ�ÌÅËÓ-ÎÏÅ ÞÉÓÌÏ;(iii) 


0 a 00 0 b 0 0  ; a; b;  ∈ C:÷ ÍÁÔÒÉ�Å (ii) ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ  ÏÂÕÓÌÏ×ÌÅÎÏ ÉÄÅÁÌØÎÏ (ÅÇÏÓ�ÅËÔÒÁÌØÎÏÅ ÞÉÓÌÏ ÏÂÕÓÌÏ×ÌÅÎÎÏÓÔÉ ÒÁ×ÎÏ 1); ÓÏÂÓÔ×ÅÎÎÙÅ ÖÅ ÚÎÁ-ÞÅÎÉÑ �ÏÄÍÁÔÒÉ�Ù A2 ÍÏÇÕÔ ÂÙÔØ ÏÂÕÓÌÏ×ÌÅÎÙ ËÁË ÕÇÏÄÎÏ �ÌÏÈÏ. ÷ÞÁÓÔÎÙÈ ÓÌÕÞÁÑÈ ÜÔÁ �ÏÄÍÁÔÒÉ�Á ÍÏÖÅÔ ÂÙÔØ ÖÏÒÄÁÎÏ×ÏÊ ËÌÅÔËÏÊ�ÏÒÑÄËÁ 2.öÏÒÄÁÎÏ×Õ ËÌÅÔËÕ �ÏÒÑÄËÁ 3 ÍÏÖÎÏ �ÏÌÕÞÉÔØ ÉÚ ÍÁÔÒÉ�Ù (iii),�ÏÌÁÇÁÑ  = 0; ab 6= 0. ïÔÓÀÄÁ ÑÓÎÏ, ÞÔÏ É ÖÏÒÄÁÎÏ×Õ ËÌÅÔËÕ ÌÀÂÏÇÏ�ÏÒÑÄËÁ n, Á ÔÁËÖÅ ÌÀÂÕÀ �ÒÑÍÕÀ ÓÕÍÍÕ ÔÁËÉÈ ËÌÅÔÏË ÍÏÖÎÏ ÓÞÉÔÁÔØÂÉÎÏÒÍÁÌØÎÏÊ ÍÁÔÒÉ�ÅÊ.



âéîïòíáìøîùå íá�òéãù 141ìÉÔÅÒÁÔÕÒÁ1. R. A. Horn, C. R. Johnson, Topis in Matrix Analysis. Cambridge University Press,Cambridge, 1991.2. R. Bhatia, R. A. Horn, F. Kittaneh, Normal approximants to binormal operators.| Linear Algebra Appl. 147 (1991), 167{179.3. M. R. Embry, Conditions implying normality in Hilbert spae. | Pai� J. Math.18 (1966), 457{460.4. M. R. Embry, Similarities involving normal operators on Hilbert spae. | Pai� J.Math. 35 (1970), 331{336.5. S. L. Campbell, Linear operators for whih T ∗T and TT ∗ ommute. | Pro. Amer.Math. So. 34 (1972), 177{180.6. S. L. Campbell, Linear operators for whih T ∗T and TT ∗ ommute (II). | Pai�J. Math. 53 (1974), 355{361.Ikramov Kh. D. Binormal matries.A square omplex matrix A is said to be binormal if the assoiatedmatries A∗A and AA∗ ommute. This matrix lass yields a meaningful�nite-dimensional extension for the onept of normality. The paper anbe regarded as a survey of the properties of binormal matries.ðÏÓÔÕ�ÉÌÏ 31 ÑÎ×ÁÒÑ 2017 Ç.íÏÓËÏ×ÓËÉÊ ÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔìÅÎÉÎÓËÉÅ ÇÏÒÙ,119991 íÏÓË×Á, òÏÓÓÉÑE-mail : ikramov�s.msu.su


