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§1. ïÂÏÚÎÁÞÅÎÉÑ É ÏÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙðÕÓÔØ T { ËÌÁÓÓ ÆÕÎË�ÉÊ f(z) = z + ∞∑n=2 
nzn, ÒÅÇÕÌÑÒÎÙÈ É ÔÉ-�ÉÞÎÏ ×ÅÝÅÓÔ×ÅÎÎÙÈ × ËÒÕÇÅ U = {z : |z| < 1}, Ô.Å. ×ÅÝÅÓÔ×ÅÎÎÙÈ ÎÁÄÉÁÍÅÔÒÅ (−1; 1), Á × ÏÓÔÁÌØÎÙÈ ÔÏÞËÁÈ ËÒÕÇÁ U Im f(z) É Im z ×ÓÅÇÄÁÏÄÎÏÇÏ ÚÎÁËÁ.äÌÑ ÆÕÎË�ÉÊ ËÌÁÓÓÁ T ÉÚ×ÅÓÔÎÏ [1, 2℄ ÉÎÔÅÇÒÁÌØÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅf(z) ∈ T ⇐⇒ f(z) = 1∫

−1 z(1− 2tz + z2)−1d�(t); �(t) ∈M1; (1)ÇÄÅ M1 { ËÌÁÓÓ ÆÕÎË�ÉÊ �(t), ÎÅ ÕÂÙ×ÁÀÝÉÈ ÎÁ ÏÔÒÅÚËÅ [−1; 1℄ É ÕÄÏ-×ÌÅÔ×ÏÒÑÀÝÉÈ ÕÓÌÏ×ÉÀ 1∫
−1 d�(t) = 1.éÚ (1) ÓÌÅÄÕÀÔ ÔÏÞÎÙÅ Ï�ÅÎËÉ ÄÌÑ f ′(r), 
4 É 
5:1− r(1 + r)3 6 f ′(r) 6

1 + r(1− r)3 ; 0 < r < 1;
−4 6 
4 6 4; −54 6 
5 6 5:ðÕÓÔØ T ′ { ËÌÁÓÓ ÆÕÎË�ÉÊ f(z) ∈ T Ó ÆÉËÓÉÒÏ×ÁÎÎÙÍ ÚÎÁÞÅÎÉÅÍf ′(r), 1−r(1+r)3 < f ′(r) < 1+r(1−r)3 , 0 < r < 1.÷ [3℄ ÎÁÊÄÅÎÏ ÍÎÏÖÅÓÔ×Ï ÚÎÁÞÅÎÉÊ ÓÉÓÔÅÍÙ {
3; f ′(r)} É �ÏÌÕÞÅÎÙÔÏÞÎÙÅ Ï�ÅÎËÉ ÄÌÑ 
3 × ËÌÁÓÓÅ T ′.÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ Ï�ÒÅÄÅÌÅÎÙ ÍÎÏÖÅÓÔ×Á ÚÎÁÞÅÎÉÊ ÓÉÓÔÅÍ {
4; f ′(r)}É {
5; f ′(r)} × ËÌÁÓÓÅ T ′.ðÏÌÏÖÉÍ � = �(r) = r + 1r . éÍÅÅÍ �′(r) = r2−1r2 .ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÔÉ�ÉÞÎÏ ×ÅÝÅÓÔ×ÅÎÎÙÅ ÆÕÎË�ÉÉ, Ï�ÅÎËÉ ËÏÜÆÆÉ�ÉÅÎÔÏ×.36



ï ÷úáéíîïí éúíåîåîéé ëïüææéãéåî�ï÷ 37ðÏÌÏÖÉÍ:'(x) = (�−√−�′(r)=x)3 − 2(�−√−�′(r)=x); (x) = (�−√−�′(r)=x)4 − 3(�−√−�′(r)=x)2 + 1:éÍÅÅÍ:'(xj) = 0; j = 1; 2; 3; ÇÄÅ x1 = −�′(r)(�+√2)2 ; x2 = −�′(r)�2 ; x3 = −�′(r)(�−√2)2 ;'′(x) = 32(�−√−�′=x)2√−�′x−3=2 −√−�′x−3=2;'′(xm) = 0; xm = (−�′(r))(3�+√63�2 − 2 )2;'′(xM ) = 0; xM = (−�′(r))(3�−√63�2 − 2 )2; (xj) = 0; j = 1; 2; 3; 4; ÇÄÅ x1 = (−�′(r))(�+√3 +√52 )−2;x2 = (−�′(r))(�+√3−√52 )−2; x3 = (−�′(r))(�−√3−√52 )−2;x4 = (−�′(r))(�−√3 +√52 )−2; ′(x) = 2(�−√−�′=x)3 −�′x3=2 − 3(�−√−�′=x)√−�′x3=2 ; ′(x) = 0 �ÒÉ x = xM = (−�′)=�2;xm1 = (−�′)(�+√32)−2; xm2 = (−�′)(�−√32)−2;'′′(x) = 3(�−√(−�′)=x)√(−�′)2x3=2 − 94√(−�′)x5=2
×
(�−√x−1(−�′))2 + 3√(−�′)2x5=2 ; ′′(x) = 3(�−√(−�′)=x)2 (−�′)x3 − 3√−�′x5=2 (�−√(−�′)=x)3



38 å. ç. çïìõúéîá
− 32 (−�′)x3 + 92(�−√(−�′)=x)√−�′x5=2 :ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ Ä×Å ÔÅÏÒÅÍÙ.�ÅÏÒÅÍÁ 1. ðÕÓÔØ f(z) = z + ∞∑n=2 
nzn ∈ T ′, 0 < r < 1, f ′(r) = x.åÓÌÉ � > 92 , ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ:
4 6 '(x) �ÒÉ x ∈ [(−�′)(�+ 2)−2; x̃1℄; (2)
4 6 4 + ['(x̃1)− 4℄[x+ �′(�− 2)−2℄x̃1 + �′(�− 2)−2 �ÒÉ x ∈ [x̃1; (−�′)(�− 2)−2℄; (3)
4 > −4 + ['(x̃2) + 4℄[x+ �′(�+ 2)−2℄x̃2 + �′(�+ 2)−2 �ÒÉ x ∈ [(−�′)(�+ 2)−2; x̃2℄; (4)
4 > '(x) �ÒÉ x ∈ [x̃2; (−�′)(�− 2)−2℄: (5)úÄÅÓØ x̃1 É x̃2 { ÜÔÏ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ËÏÒÎÉ ÕÒÁ×ÎÅÎÉÊ(�3 − 2�− 4)t3 − (52�2 − 4�− 7)t2 − 6t+ 32 = 0 (6)É (�3 − 2�+ 4)t3 − (52�2 + 4�− 7)t2 + 6t+ 32 = 0; (7)ÇÄÅ t =√x=(−�′) É x̃1 ∈ (−�′=(�+2)−2; xM ), x̃2 ∈ (xm; (−�′)(�− 2)−2).åÓÌÉ �0 < � < 92 , ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ (2){(4), ÔÏÞÎÁÑÏ�ÅÎËÁ (5) �ÒÉ x ∈ [x̃2; x̃3℄ É ÔÏÞÎÁÑ Ï�ÅÎËÁ
4 6 4 + ['(x̃3)− 4℄[x+ �′(�− 2)−2℄x̃3 + �′(�− 2)−2 �ÒÉ x ∈ [x̃3; (−�′)(�− 2)−2℄: (8)úÄÅÓØ x̃3 { ËÏÒÅÎØ ÕÒÁ×ÎÅÎÉÑ (6), x̃3 ∈ [xm; (−�′)(�− 2)−2℄.åÓÌÉ 2 < � 6 �0, ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ (2)−(3) É ÔÏÞÎÁÑÏ�ÅÎËÁ
4 > 4 + 8[x+ �′(�− 2)−2℄(−�′)[(�− 2)−2 − (�+ 2)−2 �ÒÉ x ∈ [ −�′(�+ 2)2 ; −�′(�− 2)2 ℄; (9)ÇÄÅ x̃3(�0) = x̃2(�0).�ÅÏÒÅÍÁ 2. ðÕÓÔØ f(z) = z + ∞∑n=2 
uzu ∈ T ′, 0 < r < 1, f ′(r) = x.



ï ÷úáéíîïí éúíåîåîéé ëïüææéãéåî�ï÷ 39åÓÌÉ � > 247 , ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ:
5 6 5 �ÒÉ x ∈ [(−�′)(�+ 2)−2; (−�′)(�− 2)−2℄; (10)
5 > −54 �ÒÉ x ∈ [(−�′)(�+√3=2)−2; (−�′)(�−√3=2)−2℄; (11)
5 > 1− 3(�−√(−�′)=x)2 + (�−√−�′=x)4 (12)�ÒÉ x ∈ [(−�′)(�+ 2)−2; (−�′)(�+√3=2)−2℄É x ∈ [(−�′)(�−√3=2)−2; (−�′)(�− 2)−2℄:åÓÌÉ � < 247 , ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ (10){(11), ÔÏÞÎÁÑÏ�ÅÎËÁ (12) �ÒÉx ∈ [(−�′)(�+ 2)−2℄; [(−�′)(�+√3=2)−2℄É x ∈ [(−�′)(�−√3=2)−2; x̃4℄É ÔÏÞÎÁÑ Ï�ÅÎËÁ
5 > 5 + [ (x̃4)− 5℄[x+ �′(�− 2)−2℄x̃4 + �′(�− 2)−2 �ÒÉ x ∈ [x̃4; (−�′)(�− 2)−2℄: (13)úÄÅÓØ x̃4 { ËÏÒÅÎØ ÕÒÁ×ÎÅÎÉÑ(�− 2)(�3 + 2�2 + �+ 2)t4 − (4�3 − 4�2 − 11�− 4)t3+ t2(3�2 − 12�− 9) + 2(�+ 4)t− 2 = 0 (14)É t =√x=(−�′); x̃4 ∈ [(−�′)(�−√3=2)−2; (−�′)(�− 2)−2)℄:
§2. äÏËÁÚÁÔÅÌØÓÔ×ÁäÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1. éÚ (1) ÄÌÑ ÓÉÓÔÅÍÙ {
4; f ′(r)} ÉÍÅÅÍÉÎÔÅÇÒÁÌØÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ:
4 = 1∫

−1 (8t3 − 4t)d�(t); f ′(r) = 1∫
−1 −�′(r)(�− 2t)2 d�(t); �(t) ∈M1:÷ ÓÉÌÕ ÔÅÏÒÅÍÙ 1 × [4℄, ÍÎÏÖÅÓÔ×Ï ÚÎÁÞÅÎÉÊ D1 ÓÉÓÔÅÍÙ {
4; f ′(r)} ÎÁËÌÁÓÓÅ T ÓÏ×�ÁÄÁÅÔ Ó ÚÁÍËÎÕÔÏÊ ×Ù�ÕËÌÏÊ ÏÂÏÌÏÞËÏÊ ËÒÉ×ÏÊ l1:l1 = {(x; y) ∈ R

2 : y = '(x); x ∈
[ −�′(r)(�+ 2)2 ; −�′(r)(�− 2)2 ]}:



40 å. ç. çïìõúéîáúÁÍÅÔÉÍ, ÞÔÏ '′′

(
−�′(r)(�−2)2 ) = 0 �ÒÉ � = 92 . äÁÌÅÅ, '′′(x) = 0 �ÒÉx = −�′( 4�+√�2+103�2−2 )2 = xp. éÍÅÅÍ xp >

−�′(�−2)2 �ÒÉ � > 92 . óÌÅÄÏ-×ÁÔÅÌØÎÏ, × ÓÌÕÞÁÅ � > 92 ÍÎÏÖÅÓÔ×Ï D1 ÏÇÒÁÎÉÞÅÎÏ Ä×ÕÍÑ �ÒÑÍÏ-ÌÉÎÅÊÎÙÍÉ ÏÔÒÅÚËÁÍÉ I1 É I2 Ó ËÏÎ�ÁÍÉ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ × ÔÏÞËÁÈ(f ′(r); 
4) = (x̃1; '(x̃1)) É (f ′(r); 
4) = (−�′(� − 2)−2; 4) É × ÔÏÞËÁÈ(f ′(r); 
4) = (−�′(� + 2)−2;−4) É (f ′(r); 
4) = (x̃2; '(x̃2)), Á ÔÁËÖÅ ËÒÉ-×ÙÍÉ L1 É L2, ÇÄÅL1 = {(x; y) ∈ R
2 : y = '(x); x ∈ [−�′(�+ 2)−2; x̃1℄};L2 = {(x; y) ∈ R
2 : y = '(x); x ∈ [x̃2; (−�′)(�− 2)−2℄}:äÌÑ ÎÁÈÏÖÄÅÎÉÑ ÔÏÞÅË x̃1 É x̃2 ÉÍÅÅÍ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÕÒÁ×ÎÅÎÉÑ'′(x)[x− −�′(r)(�∓ 2)2 ]± 4 = '(x);ËÏÔÏÒÙÅ �ÒÉ×ÏÄÑÔÓÑ Ë ×ÉÄÕ

(t− 1�∓ 2)2[t3(�3 − 2�∓ 4) + t2(± 52 − 4�∓ 7)+ 6t∓ 32] = 0 (15)�ÒÉ t =√x=(−�′).åÓÌÉ �0 < � < 92 , ÔÏ ÍÎÏÖÅÓÔ×Ï ÚÎÁÞÅÎÉÊ D1 ÏÇÒÁÎÉÞÅÎÏ I1, I2, L1,ËÒÉ×ÏÊ L3 = {(x; y) ∈ R
2 : y = '(x); x ∈ [x̃2; x̃3℄}É �ÒÑÍÏÌÉÎÅÊÎÙÍ ÏÔÒÅÚËÏÍ I3 Ó ËÏÎ�ÁÍÉ × ÔÏÞËÁÈ(f ′(r); 
4)=(x̃3; '(x̃3)) É (f ′(r); 
4) = (−�′=(�− 2)2; 4):úÄÅÓØ x̃3 ∈ (xm;−�′(�− 2)−2) É x̃3 { ËÏÒÅÎØ ÕÒÁ×ÎÅÎÉÑ (15).åÓÌÉ 2 < � 6 �0 É x̃3(�0) = x̃2(�0), ÔÏ D1 ÏÇÒÁÎÉÞÅÎÏ I1, L1 É�ÒÑÍÏÌÉÎÅÊÎÙÍ ÏÔÒÅÚËÏÍ I4 Ó ËÏÎ�ÁÍÉ × ÔÏÞËÁÈ(f ′(r); 
4) = (−�′=(�∓ 2)2;±4):éÚ ÓËÁÚÁÎÎÏÇÏ ×ÙÛÅ ÓÌÅÄÕÀÔ Ï�ÅÎËÉ (2){(5), (8) É (9).�ÅÏÒÅÍÁ 1 ÄÏËÁÚÁÎÁ. �



ï ÷úáéíîïí éúíåîåîéé ëïüææéãéåî�ï÷ 41äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2. éÚ (1) ÄÌÑ ÓÉÓÔÅÍÙ {f ′(r); 
5} �ÏÌÕÞÁ-ÅÍ ÉÎÔÅÇÒÁÌØÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ:f ′(r) = 1∫
−1 (−�′(r))(� − 2t)−2d�(t);
5 = 1∫
−1 (16t4 − 12t2 + 1)d�(t); �(t) ∈M1:ðÏ ÔÅÏÒÅÍÅ 1 × [4℄, ÍÎÏÖÅÓÔ×Ï ÚÎÁÞÅÎÉÊ D2 ÓÉÓÔÅÍÙ {f ′(r); 
5} ÎÁËÌÁÓÓÅ T ÓÏ×�ÁÄÁÅÔ Ó ÚÁÍËÎÕÔÏÊ ×Ù�ÕËÌÏÊ ÏÂÏÌÏÞËÏÊ ËÒÉ×ÏÊl2 = {(x; y) ∈ R

2 : y =  (x); x ∈ [−�′(�+ 2)−2;−�′(�− 2)−2℄}:úÁÍÅÔÉÍ, ÞÔÏ  ′′(−�′(� − 2)−2) = 0 �ÒÉ � = 3 + 37 . ðÕÓÔØ x̃p { ÔÏÞËÁ�ÅÒÅÇÉÂÁ ËÒÉ×ÏÊ l2. éÚ ÕÓÌÏ×ÉÑ  ′′(x̃p) = 0 ÓÌÅÄÕÅÔ, ÞÔÏ x̃p { ËÏÒÅÎØÕÒÁ×ÎÅÎÉÑ 3�(3− �2)t3 + 12(�2 − 1)t2 − 15�t+ 6 = 0;ÇÄÅ t = √x̃p=(−�′). ÷ ÓÌÕÞÁÅ � < 247 ÉÍÅÅÍ x̃p ∈ (xm2 ; (−�′)(� − 2)−2).éÔÁË, × ÓÌÕÞÁÅ � > 247 ÍÎÏÖÅÓÔ×Ï ÚÎÁÞÅÎÉÊ D2 ÏÇÒÁÎÉÞÅÎÏ Ä×ÕÍÑ �ÒÑ-ÍÏÌÉÎÅÊÎÙÍÉ ÏÔÒÅÚËÁÍÉ Ó ËÏÎ�ÁÍÉ × ÔÏÞËÁÈ 
5 = 5, f ′(r) = −�(�±2)2 É
5 = − 54 , f ′(r) = (−�′)=(�±√3=2)2, Á ÔÁËÖÅ ËÒÉ×ÙÍÉ L̃1 É L̃2:L̃1 = {(x; y) ∈ R
2 : y =  (x); x ∈ [−�′=(�+ 2)2; xm1 ℄};L̃2 = {(x; y) ∈ R
2 : y =  (x); x ∈ [xm2 ; (−�′)=(�− 2)2℄}:åÓÌÉ � < 247 , ÔÏ D2 ÏÇÒÁÎÉÞÅÎÏ Ĩ1, Ĩ2, L̃1, ËÒÉ×ÏÊL̃3 = {(x; y) ∈ R

2 : y =  (x); x ∈ [x̃m2 ; x̃4℄};É �ÒÑÍÏÌÉÎÅÊÎÙÍ ÏÔÒÅÚËÏÍĨ3 = {(x; y) ∈ R
2 : y = 5 + [ (x̃4)− 5℄[x+ �′(�− 2)−2℄x̃4 + �′(�− 2)−2 ;x ∈ [x̃4; (−�′)(�− 2)−2℄}:



42 å. ç. çïìõúéîáúÄÅÓØ x̃4 { ÔÏÞËÁ ËÁÓÁÎÉÑ ËÒÉ×ÏÊ L̃2 �ÒÑÍÏÊ, �ÒÏÈÏÄÑÝÅÊ ÞÅÒÅÚ ÔÏÞ-ËÕ (− �′(�−2)2 ; 5). ïÎÁ Ñ×ÌÑÅÔÓÑ ËÏÒÎÅÍ ÕÒÁ×ÎÅÎÉÑ ′(x)(x− −�′(�− 2)2) =  (x) − 5;ËÏÔÏÒÏÅ ÚÁ�ÉÛÅÍ × ×ÉÄÅ
(t− 1�− 2)2a(x) = 0;ÇÄÅ a(x) { ÌÅ×ÁÑ ÞÁÓÔØ ÕÒÁ×ÎÅÎÉÑ (14).éÚ ÓËÁÚÁÎÎÏÇÏ ×ÙÛÅ �ÏÌÕÞÁÅÍ Ï�ÅÎËÉ (10){(13).�ÅÏÒÅÍÁ 2 ÄÏËÁÚÁÎÁ. �úÎÁË ÒÁ×ÅÎÓÔ×Á × (2), (5) É (12) ÉÍÅÅÔ ÍÅÓÔÏ ÄÌÑ ÆÕÎË�ÉÉf1(z) = z[1 + z2 − z(�−√(−�′)=f ′(r))]−1:úÎÁË ÒÁ×ÅÎÓÔ×Á × (3), (4) É (8){(13) ÉÍÅÅÔ ÍÅÓÔÏ ÄÌÑ ÆÕÎË�ÉÉ ×ÉÄÁf(z; t1; t2) = �1z1− 2t1z + z2 + �2z1− 2t2z + z2 ; �1 + �2 = 1;�ÒÉ t1 = +1; t2 = 12(�−√−�′x̃1 ) { × (3);�ÒÉ t1 = −1; t2 = 12(�−√−�′x̃2 ) { × (4);�ÒÉ t1 = 1; t2 = 12(�−√−�′x̃3 ) { × (8);�ÒÉ t1 = 1; t2 = −1 { × (9) É (10);�ÒÉ t1 =√32 ; t2 = −

√32 { × (11);�ÒÉ t1 = ±
√32 ; t2 = ±1 { × (12);�ÒÉ t1 = 1; t2 = 12(�−√−�′x̃4 ) { × (13):
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