
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 463, 2017 Ç.í. ÷. âÕÄÒÅ×ÉÞ, á. ü. çÕÔÅÒÍÁÎ, ë. á. �ÁÒÁÎÉÎë �åïòåíå ëòïê�åòá{óåêæ�åòá ïäåìéíïó�é ðåòíáîåî�ï÷
§1. ÷×ÅÄÅÎÉÅðÕÓÔØ A { Ë×ÁÄÒÁÔÎÁÑ ÍÁÔÒÉ�Á �ÏÒÑÄËÁ n. ðÅÒÍÁÎÅÎÔÏÍ A ÎÁÚÙ×Á-ÅÔÓÑ ÆÕÎË�ÉÑ per(A) = ∑�∈Sn a1�(1) · : : : · an�(n);ÇÄÅ Sn { ÇÒÕ��Á �ÅÒÅÓÔÁÎÏ×ÏË �ÏÒÑÄËÁ n.æÕÎË�ÉÑ �ÅÒÍÁÎÅÎÔÁ ×ÁÖÎÁ ËÁË × ÔÅÏÒÅÔÉÞÅÓËÉÈ ÚÁÄÁÞÁÈ, ÔÁË É ×�ÒÉÌÏÖÅÎÉÑÈ. îÁ�ÒÉÍÅÒ, ÏÎÁ ×ÙÞÉÓÌÑÅÔ ÞÉÓÌÏ �ÁÒÏÓÏÞÅÔÁÎÉÊ × Ä×Õ-ÄÏÌØÎÏÍ ÇÒÁÆÅ, ÅÓÌÉ A { ÍÁÔÒÉ�Á ÓÍÅÖÎÏÓÔÉ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÇÏ Ä×Õ-ÄÏÌØÎÏÇÏ ÇÒÁÆÁ, ÓÍ. [4℄, É, ÔÅÍ ÓÁÍÙÍ, ÏÔ×ÅÞÁÅÔ ÚÁ ÒÅÛÅÎÉÅ �ÒÏ-ÂÌÅÍÙ èÏÌÌÁ Ï ÓÉÓÔÅÍÁÈ ÒÁÚÌÉÞÎÙÈ �ÒÅÄÓÔÁ×ÉÔÅÌÅÊ, ÓÍ. [8℄. ÷ ÞÁÓÔ-ÎÏÓÔÉ, ÅÓÌÉ ÆÕÎË�ÉÑ �ÅÒÍÁÎÅÎÔÁ ÏÔÌÉÞÎÁ ÏÔ 0, ÔÏ ×Ï�ÒÏÓ Ï ÓÕÝÅ-ÓÔ×Ï×ÁÎÉÉ ÓÉÓÔÅÍÙ ÒÁÚÌÉÞÎÙÈ �ÒÅÄÓÔÁ×ÉÔÅÌÅÊ ÒÅÛÁÅÔÓÑ �ÏÌÏÖÉÔÅÌØ-ÎÏ. úÁÄÁÞÁ ÎÁÈÏÖÄÅÎÉÑ �ÅÒÍÁÎÅÎÔÁ ÄÁÖÅ ÄÌÑ (0; 1)-ÍÁÔÒÉ�Ù Ñ×ÌÑÅÔ-ÓÑ #P -ÓÌÏÖÎÏÊ [12℄, ÞÔÏ ×ÙÞÉÓÌÉÔÅÌØÎÏ ÜË×É×ÁÌÅÎÔÎÏ �ÒÏÂÌÅÍÅ ëÕËÁP 6= NP [2, 7, 9℄. õÞÉÔÙ×ÁÑ ÓÌÏÖÎÏÓÔØ ×ÙÞÉÓÌÅÎÉÑ �ÅÒÍÁÎÅÎÔÁ, ÓÔÁÎÏ-×ÉÔÓÑ ×ÁÖÎÙÍ Ï�ÒÅÄÅÌÑÔØ, ÏÔÌÉÞÁÅÔÓÑ ÌÉ ÏÎ ÏÔ 0, ÎÅ ×ÙÞÉÓÌÑÑ.ëÌÁÓÓ ÍÁÔÒÉ� ÓÍÅÖÎÏÓÔÉ ÏÔ×ÅÞÁÅÔ (0; 1)-ÍÁÔÒÉ�ÁÍ, ÏÄÎÁËÏ × ËÏÍ-ÂÉÎÁÔÏÒÉËÅ É ÅÅ �ÒÉÌÏÖÅÎÉÑÈ ÔÁËÖÅ ÏÞÅÎØ ÁËÔÕÁÌØÎÙ É ÄÒÕÇÉÅ ÍÁ-ÔÒÉÞÎÙÅ ËÌÁÓÓÙ, × ÞÁÓÔÎÏÓÔÉ, ËÌÁÓÓ (1;−1)-ÍÁÔÒÉ�. îÁ�ÒÉÍÅÒ, × ÜÔÏÍËÌÁÓÓÅ ÎÁÈÏÄÉÔÓÑ ÏÞÅÎØ ×ÁÖÎÙÊ É ÛÉÒÏËÏ ÉÚ×ÅÓÔÎÙÊ �ÏÄËÌÁÓÓ ÍÁÔÒÉ�áÄÁÍÁÒÁ, Ô.Å. (1;−1)-ÍÁÔÒÉ� H �ÏÒÑÄËÁ n, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÕÒÁ×ÎÅ-ÎÉÀ HHt = nEn = HtH , ÇÄÅ En { ÅÄÉÎÉÞÎÁÑ ÍÁÔÒÉ�Á É Xt ÏÂÏÚÎÁ-ÞÁÅÔ ÔÒÁÎÓ�ÏÎÉÒÏ×ÁÎÎÕÀ ÍÁÔÒÉ�Õ ÄÌÑ ÍÁÔÒÉ�Ù X . óÔÏÉÔ ÏÔÍÅÔÉÔØ,ÞÔÏ ÄÁÖÅ ÓÕÝÅÓÔ×Ï×ÁÎÉÅ ÍÁÔÒÉ� áÄÁÍÁÒÁ ÄÌÑ ÎÅËÏÔÏÒÙÈ ÚÎÁÞÅÎÉÊ nÑ×ÌÑÅÔÓÑ ÏÔËÒÙÔÏÊ �ÒÏÂÌÅÍÏÊ. ÷Ï�ÒÏÓ ÏÔÌÉÞÉÑ ÏÔ 0 �ÅÒÍÁÎÅÎÔÁ ÄÌÑÍÁÔÒÉ� ÉÚ ÜÔÏÇÏ ËÌÁÓÓÁ ÔÁËÖÅ Ñ×ÌÑÅÓÑ ÁËÔÕÁÌØÎÏÊ ÏÔËÒÙÔÏÊ �ÒÏÂÌÅ-ÍÏÊ. ïÄÉÎ ÉÚ �ÏÄÈÏÄÏ× Ë ÅÅ ÒÅÛÅÎÉÀ ÓÏÓÔÏÉÔ × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÔÏÇÏ,ÞÔÏ �ÅÒÍÁÎÅÎÔ ÎÅ ÄÅÌÉÔÓÑ ÎÁ ÎÅËÏÔÏÒÙÅ �ÒÏÓÔÙÅ ÞÉÓÌÁ. ÷ ÎÁÓÔÏÑÝÅÊëÌÀÞÅ×ÙÅ ÓÌÏ×Á: �ÅÒÍÁÎÅÎÔ, ÄÅÌÉÍÏÓÔØ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ ÆÉÎÁÎÓÏ×ÏÊ �ÏÄÄÅÒÖËÅ òîæ, ÇÒÁÎÔ No. 17-11-01124.25



26 í. ÷. âõäòå÷éþ, á. ü. çõ�åòíáî, ë. á. �áòáîéîÒÁÂÏÔÅ ÉÓÓÌÅÄÕÅÔÓÑ Ó×ÏÊÓÔ×Ï ÄÅÌÉÍÏÓÔÉ ÆÕÎË�ÉÉ �ÅÒÍÁÎÅÎÔÁ (1;−1)-ÍÁÔÒÉ� ÎÁ ÓÔÅ�ÅÎÉ Ä×ÏÊËÉ.÷ ÒÁÂÏÔÅ ëÒÏÊÔÅÒÁ É óÅÊÆÔÅÒÁ [10℄ ÂÙÌÉ �ÏÌÕÞÅÎÙ ÎÅËÏÔÏÒÙÅ ÒÅ-ÚÕÌØÔÁÔÙ, Ó×ÑÚÁÎÎÙÅ Ó ÄÅÌÉÍÏÓÔØÀ �ÅÒÍÁÎÅÎÔÁ.ìÅÍÍÁ 1.1 ([10, ÌÅÍÍÁ 5 É �ÒÅÄÌÏÖÅÎÉÅ 4℄). ðÕÓÔØ n = 2t − 1, t ∈ N,É A ∈ Mn(±1). �ÏÇÄÁ per(A) ... 2n−⌊log2 n⌋−1:ìÅÍÍÁ 1.2 ([10, ÌÅÍÍÁ 5℄). ðÕÓÔØ n = 2t − 1 ÄÌÑ ÎÅËÏÔÏÒÏÇÏ t ∈ N,ÔÏÇÄÁ ÄÌÑ ÌÀÂÏÊ ÍÁÔÒÉ�Ù A ∈Mn(±1) ×Ù�ÏÌÎÅÎÏper(A) ...= 2n−⌊log2 n⌋:ìÅÍÍÁ 1.3 ([10, �ÒÅÄÌÏÖÅÎÉÅ 5℄).ðÕÓÔØ n 6= 2t − 1 ÄÌÑ ÌÀÂÏÇÏ t ∈ N, ÔÏÇÄÁ ÄÌÑ ÌÀÂÏÊ ÍÁÔÒÉ�ÙA ∈Mn(±1) ×Ù�ÏÌÎÅÎÏ per(A) ... 2n−⌊log2 n⌋:÷ ÒÁÂÏÔÅ [1℄ ÂÙÌ �ÒÅÄÌÏÖÅÎ ÎÏ×ÙÊ ÍÅÔÏÄ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ �ÅÒÍÁÎÅÎ-ÔÁ A ∈Mn(±1), Ó �ÏÍÏÝØÀ ËÏÔÏÒÏÇÏ ÂÙÌÉ �ÏÌÕÞÅÎÙ �ÒÏÓÔÙÅ ÄÏËÁÚÁ-ÔÅÌØÓÔ×Á ÌÅÍÍ 1.1-1.3. ÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÍÙ ÒÁÚ×É×ÁÅÍ �ÒÅÄÌÏÖÅÎ-ÎÙÊ × [1℄ ÍÅÔÏÄ É �ÏËÁÚÙ×ÁÅÍ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ n ÓÕÝÅÓÔ×ÕÀÔ n × nÍÁÔÒÉ�Ù Ó ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ −1 É 1, �ÅÒÍÁÎÅÎÔ ËÏÔÏÒÙÈ ÎÅ ÄÅÌÉÔÓÑÎÁ 2n−⌊log2 n⌋+1, Ô.Å. × ÏÂÝÅÍ ÓÌÕÞÁÅ Ï�ÅÎËÁ ëÒÏÊÔÅÒÁ É óÅÊÆÔÅÒÁ ÎÅ-ÕÌÕÞÛÁÅÍÁ.
§2. ðÒÅÄ×ÁÒÉÔÅÌØÎÙÅ Ó×ÅÄÅÎÉÑ÷ ÜÔÏÊ ÒÁÂÏÔÅ ÍÙ ÓÌÅÄÕÅÍ ÔÅÒÍÉÎÏÌÏÇÉÉ ÒÁÂÏÔÙ [1℄.ï�ÒÅÄÅÌÅÎÉÅ 2.1. ïÂÏÂÝÅÎÎÁÑ ÄÉÁÇÏÎÁÌØ Ë×ÁÄÒÁÔÎÏÊ ÍÁÔÒÉ�Ù A ∈Mn { ÜÔÏ ÍÎÏÖÅÓÔ×Ï �ÁÒ ÉÎÄÅËÓÏ×

{(1; �(1)); : : : ; (n; �(n))};ÇÄÅ � ∈ Sn.



ë �åïòåíå ëòïê�åòá{óåêæ�åòá ï äåìéíïó�é 27ï�ÒÅÄÅÌÅÎÉÅ 2.2. þÁÓÔÉÞÎÁÑ ÏÂÏÂÝÅÎÎÁÑ ÄÉÁÇÏÎÁÌØ ÄÌÉÎÙ j Ë×Á-ÄÒÁÔÎÏÊ ÍÁÔÒÉ�Ù A ∈ Mn { ÜÔÏ �ÏÄÍÎÏÖÅÓÔ×Ï ÉÚ j ÜÌÅÍÅÎÔÏ×ËÁËÏÊ-ÔÏ ÏÂÏÂÝÅÎÎÏÊ ÄÉÁÇÏÎÁÌÉ A.ïÂÏÚÎÁÞÅÎÉÅ 2.3. þÁÓÔÉÞÎÕÀ ÏÂÏÂÝÅÎÎÕÀ ÄÉÁÇÏÎÁÌØ ÍÁÔÒÉ�ÙA ∈Mn(±1);×ÓÅ ÜÌÅÍÅÎÔÙ ËÏÔÏÒÏÊ ÒÁ×ÎÙ −1, ÍÙ ÎÁÚÙ×ÁÅÍ ÏÔÒÉ�ÁÔÅÌØÎÏÊ.ïÂÏÚÎÁÞÅÎÉÅ 2.4. þÅÒÅÚ kj , j ∈ {1; : : : ; n}, ÏÂÏÚÎÁÞÉÍ ÞÉÓÌÏ ÒÁÚÌÉÞ-ÎÙÈ ÏÔÒÉ�ÁÔÅÌØÎÙÈ ÞÁÓÔÉÞÎÙÈ ÏÂÏÂÝÅÎÎÙÈ ÄÉÁÇÏÎÁÌÅÊ ÄÌÉÎÙ j. ðÏÏ�ÒÅÄÅÌÅÎÉÀ �ÏÌÏÖÉÍ k0 = 1.÷ ÒÁÂÏÔÅ [1℄ �ÒÅÄÌÏÖÅÎ ÍÅÔÏÄ ÄÌÑ ÎÁÈÏÖÄÅÎÉÑ �ÁÒÍÁÎÅÎÔÁ(1;−1)-ÍÁÔÒÉ�Ù, ÕÄÏÂÎÙÊ ÄÌÑ ÉÓÓÌÅÄÏ×ÁÎÉÑ ÄÅÌÉÍÏÓÔÉ �ÅÒÍÁÎÅÎÔÁÍÁÔÒÉ�Ù.ìÅÍÍÁ 2.5 ([1, ÌÅÍÍÁ 2.3℄). ðÕÓÔØ A ∈Mn(±1). �ÏÇÄÁper(A) = n
∑j=0(−2)j · kj · (n− j)!: (2.1)ï�ÒÅÄÅÌÅÎÉÅ 2.6. ðÕÓÔØ p ∈ N\{1}, x ∈ Z\{0}. ðÏÌÏÖÉÍ�p(x) = max{k ∈ Z |

xpk ∈ Z}:úÁÍÅÞÁÎÉÅ 2.7. úÁÍÅÔÉÍ, ÞÔÏ ÅÓÌÉ p { �ÒÏÓÔÏÅ ÞÉÓÌÏ, ÔÏ�p(x y) = �p(x) + �p(y):âÕÄÅÍ ÓÞÉÔÁÔØ ÄÁÌÅÅ, ÞÔÏ ÓÕÍÍÁ, ×ÅÒÈÎÉÊ �ÒÅÄÅÌ ËÏÔÏÒÏÊ ÍÅÎØÛÅÎÉÖÎÅÇÏ, Á ÔÁËÖÅ ÓÕÍÍÁ �Ï �ÕÓÔÏÍÕ ÍÎÏÖÅÓÔ×Õ ÏÂÅ ÒÁ×ÎÙ ÎÕÌÀ.ìÅÍÍÁ 2.8. äÌÑ ÌÀÂÏÇÏ n ∈ N É m ∈ N0 = N∪{0} ÔÁËÉÈ, ÞÔÏ m < n,ÉÍÅÅÍ:�2(2m · (n−m)!) = n−1−{ n−m2⌊log2(n−m)⌋}−

⌊log2(n−m)⌋
∑k=1 {n−m2k } : (2.2)äÏËÁÚÁÔÅÌØÓÔ×Ï. 1. òÁÓÓÍÏÔÒÉÍ ÌÅ×ÕÀ ÞÁÓÔØ ÒÁ×ÅÎÓÔ×Á (2.2):� := �2(2m ·(n−m)!) = �2(2m)+�2((n−m)!) = m+⌊log2(n−m)⌋

∑k=1 ⌊n−m2k ⌋ :



28 í. ÷. âõäòå÷éþ, á. ü. çõ�åòíáî, ë. á. �áòáîéîðÒÉÍÅÎÑÑ ÔÏÖÄÅÓÔ×Ï ⌊a⌋ = a−{a} Ë ÓÌÁÇÁÅÍÙÍ ×ÉÄÁ ⌊n−m2k ⌋ É ×ÙÎÏÓÑÏÂÝÉÊ ÍÎÏÖÉÔÅÌØ, ÉÍÅÅÍ:� = m+ (n−m) ·( ⌊log2(n−m)⌋
∑k=1 12k)−

⌊log2(n−m)⌋
∑k=1 {n−m2k }:ðÒÉÍÅÎÑÑ ÔÏÖÄÅÓÔ×Ï t

∑k=1 12k = 1− 12t ËÏ ×ÔÏÒÏÍÕ ÓÌÁÇÁÅÍÏÍÕ, �ÏÌÕÞÁÅÍ:� = m+ (n−m)(1− 12⌊log2(n−m)⌋)− ⌊log2(n−m)⌋
∑k=1 {n−m2k }:�Å�ÅÒØ ÒÁÓËÒÏÅÍ ËÒÕÇÌÙÅ ÓËÏÂËÉ É �ÒÉÍÅÎÉÍ a = ⌊a⌋+ {a}:� = n−

⌊ n−m2⌊log2(n−m)⌋⌋− { n−m2⌊log2(n−m)⌋}−

⌊log2(n−m)⌋
∑k=1 {n−m2k } :úÁÍÅÔÉÍ, ÞÔÏ, ÓÏÇÌÁÓÎÏ [1, ÌÅÍÍÁ 3.1℄, ×ÔÏÒÏÅ ÓÌÁÇÁÅÍÏÅ × � ÔÏÖÄÅ-ÓÔ×ÅÎÎÏ ÒÁ×ÎÏ (−1). ðÏÜÔÏÍÕ� = n− 1− { n−m2⌊log2(n−m)⌋}−

⌊log2(n−m)⌋
∑k=1 {n−m2k }: �äÁÌÅÅ �ÏÔÒÅÂÕÅÔÓÑ ÓÌÅÄÕÀÝÉÊ, ×ÉÄÉÍÏ, ÉÚ×ÅÓÔÎÙÊ ÆÁËÔ, ÄÏËÁÚÁ-ÔÅÌØÓÔ×Ï ËÏÔÏÒÏÇÏ ÎÁÍ, ÏÄÎÁËÏ, ÎÁÊÔÉ ÎÅ ÕÄÁÌÏÓØ, �ÏÜÔÏÍÕ �ÒÉ×ÏÄÉÍÅÇÏ �ÏÌÎÏÓÔØÀ.ìÅÍÍÁ 2.9. ðÕÓÔØ n ∈ N É s ÒÁ×ÎÑÅÔÓÑ ËÏÌÉÞÅÓÔ×Õ ÅÄÉÎÉ� × Ä×ÏÉÞ-ÎÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ ÞÉÓÌÁ n. �ÏÇÄÁ �2(n!) = n− s.äÏËÁÚÁÔÅÌØÓÔ×Ï. 1. âÅÚ ÏÇÒÁÎÉÞÅÎÉÑ ÏÂÝÎÏÓÔÉ ÓÞÉÔÁÅÍ, ÞÔÏ2t−1 6 n 6 2t − 1:�ÏÇÄÁ ⌊log2 n⌋ = t− 1. ÷ ÜÔÏÍ ÓÌÕÞÁÅ, ÓÏÇÌÁÓÎÏ ÌÅÍÍÅ 2.8,�2(n!) = n− 1− { n2⌊log2 n⌋}−

⌊log2 n⌋
∑k=1 { n2k} : (2.3)2. ðÕÓÔØ at−1at−2 : : : a1a0 { Ä×ÏÉÞÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ n:n = t−1

∑k=0 ak2k;



ë �åïòåíå ëòïê�åòá{óåêæ�åòá ï äåìéíïó�é 29ÇÄÅ at−1 = 1. �ÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ j ∈ N, 0 6 j 6 t− 1, ÉÍÅÅÍ:
{ n2j } = {t−1

∑k=0 ak2k−j} = ∑06k<j ak2k−j : (2.4)þÉÓÌÁ (ÄÒÏÂÎÙÅ ÞÁÓÔÉ) { n2j } É { n2j+1 } ÓÏÏÔÎÏÓÑÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁ-ÚÏÍ: 12 { n2j } (2.4)= 12 ∑06k<j ak2k−j= 12 ∑06k<j ak2k−j + (12aj − 12aj)= 12 ∑06k6j ak2k−j − 12aj= ∑06k<j+1 ak2k−j−1 − 12aj (2.4)= { n2j+1}−
12aj ;ÔÏ ÅÓÔØ 2{ n2j+1} = { n2j }+ aj : (2.5)3. äÌÑ ËÁÖÄÏÇÏ �ÅÌÏÇÏ j, 1 6 j 6 t − 1, ÒÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÕÀÓÕÍÍÕ:

Sj := j
∑k=1{ n2k}+ { n2j } : (2.6)éÚ ÒÁ×ÅÎÓÔ×Á (2.5) ×ÙÔÅËÁÅÔ, ÞÔÏ ÄÌÑ ×ÓÅÈ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ j ×ÅÒÎÏÓÏÏÔÎÏÛÅÎÉÅ

Sj = Sj−1 + aj−1;ÇÄÅ S0 := 0. óÌÅÄÏ×ÁÔÅÌØÎÏ, ×Ù�ÏÌÎÅÎÏ ÒÁ×ÅÎÓÔ×Ï
St−1 = S0 + t−2

∑k=0 ak = s− 1: (2.7)4. ðÒÉÍÅÎÑÑ ÒÁ×ÅÎÓÔ×Á (2.6) É (2.7) Ë (2.3), �ÏÌÕÞÁÅÍ:�2(n!) (2.3)= n− 1− { n2t−1}−

t−1
∑k=1{ n2k}(2.6)= n− 1− St−1 (2.7)= n− 1− (s− 1) = n− s: �



30 í. ÷. âõäòå÷éþ, á. ü. çõ�åòíáî, ë. á. �áòáîéîóÌÅÄÓÔ×ÉÅ 2.10. äÌÑ ÌÀÂÙÈ n ∈ N É m ∈ N0 = N ∪ {0} ÔÁËÉÈ, ÞÔÏm 6 n, ÉÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Ï�2(2m · (n−m)!) = n− s; (2.8)ÇÄÅ s { ÞÉÓÌÏ ÅÄÉÎÉ� × Ä×ÏÉÞÎÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ ÞÉÓÌÁ n−m.ïÔÍÅÔÉÍ, ÞÔÏ ÌÅÍÍÁ 2.9 É ÓÌÅÄÓÔ×ÉÅ 2.10 ÍÏÇÕÔ ÂÙÔØ ÉÓ�ÏÌØÚÏ×Á-ÎÙ ÄÌÑ ÔÅÈ ÖÅ �ÅÌÅÊ, ÞÔÏ É ÌÅÍÍÙ 3.5{3.7 × ÒÁÂÏÔÅ [1℄, ÓÕÝÅÓÔ×ÅÎÎÏÕ�ÒÏÝÁÑ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÏÓÎÏ×ÎÙÈ ÒÅÚÕÌØÔÁÔÏ× ÒÁÂÏÔÙ [1℄.ïËÁÚÙ×ÁÅÔÓÑ, ÞÔÏ ÉÍÅÑ ÉÎÆÏÒÍÁ�ÉÀ ÌÉÛØ Ï ÎÅËÏÔÏÒÙÈ ÉÚ km, ÍÏÖ-ÎÏ ÄÅÌÁÔØ ×Ù×ÏÄÙ Ï ÄÅÌÉÍÏÓÔÉ �ÅÒÍÁÎÅÎÔÁ ÍÁÔÒÉ�Ù A ∈ Mn(±1) ÎÁÓÔÅ�ÅÎÉ Ä×ÏÊËÉ.ï�ÒÅÄÅÌÅÎÉÅ 2.11. ðÕÓÔØ n ∈ N ÔÁËÏ×Ï, ÞÔÏ 2t−1 6 n 6 2t − 1.þÅÒÅÚ M = M(n) ÏÂÏÚÎÁÞÉÍ ÍÎÏÖÅÓÔ×Ï ÔÁËÉÈ �ÏÌÏÖÉÔÅÌØÎÙÈ �ÅÌÙÈÞÉÓÅÌ m, ÍÅÎØÛÉÈ n, ÞÔÏ × Ä×ÏÉÞÎÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ ÞÉÓÌÁ n − mÉÍÅÅÔÓÑ × ÔÏÞÎÏÓÔÉ t− 1 ÅÄÉÎÉ�Á.
§3. ïÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙìÅÍÍÁ 3.1. ðÕÓÔØ n ∈ N, ÇÄÅ 2t−1 6 n < 2t − 1, É M = M(n). äÌÑÌÀÂÏÊ ÍÁÔÒÉ�Ù A ∈Mn(±1)per(A) ... 2n−t+2 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ∑m∈M

km ... 2:äÏËÁÚÁÔÅÌØÓÔ×Ï. �ÁË ËÁË 2t−1 6 n < 2t−1, ÔÏ Ä×ÏÉÞÎÏÅ �ÒÅÄÓÔÁ×ÌÅ-ÎÉÅ ÞÉÓÌÁ n ÓÏÄÅÒÖÉÔ ÎÅ ÂÏÌÅÅ t− 1 ÅÄÉÎÉ�Ù. ÷ÏÓ�ÏÌØÚÕÅÍÓÑ ÒÁÚÌÏÖÅ-ÎÉÅÍ ÉÚ ÌÅÍÍÙ 2.5 É ÒÁÚÏÂØÅÍ ÓÌÁÇÁÅÍÙÅ ÎÁ Ä×Å ÇÒÕ��Ù × ÚÁ×ÉÓÉÍÏÓÔÉÏÔ ËÏÌÉÞÅÓÔ×Á ÅÄÎÉ� × Ä×ÏÉÞÎÏÍ ÒÁÚÌÏÖÅÎÉÉ ÉÎÄÅËÓÁ ÓÕÍÍÉÒÏ×ÁÎÉÑ:per(A) (2.1)= n
∑j=0(−2)j · kj · (n− j)!= ∑m6∈M06m6n(−2)m · km · (n−m)! + ∑m∈M

(−2)m · km · (n−m)!=: �1 +�2;òÁÓÓÍÏÔÒÉÍ �1. ðÏ ÓÌÅÄÓÔ×ÉÀ 2.10, ÄÌÑ ÌÀÂÏÇÏ (n −m) ∈ N ÉÍÅÅÔÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Ï �2(2m(n−m)!) = n− sn−m; (3.1)



ë �åïòåíå ëòïê�åòá{óåêæ�åòá ï äåìéíïó�é 31ÇÄÅ sn−m { ËÏÌÉÞÅÓÔ×Ï ÅÄÉÎÉ� × Ä×ÏÉÞÎÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ ÞÉÓÌÁ n−m.åÓÌÉ sn−m 6 t− 2, ÔÏ ÉÚ (3.1) ÓÌÅÄÕÅÔ, ÞÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï�2(2m(n−m)!) > n− t+ 2×Ù�ÏÌÎÑÅÔÓÑ ÄÌÑ ËÁÖÄÏÇÏÇÏ ÓÌÁÇÁÅÍÏÇÏ × �1. óÌÅÄÏ×ÁÔÅÌØÎÏ,�1 ... 2n−t+2.òÁÓÓÍÏÔÒÉÍ �2. éÚ Ï�ÒÅÄÅÌÅÎÉÑ M É ÓÌÅÄÓÔ×ÉÑ 2.10 �ÏÌÕÞÁÅÍ, ÞÔÏÄÌÑ ÌÀÂÏÇÏ m ∈ M ÉÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Ï�2(2m(n−m)!) = n− t+ 1:ïÂÏÚÎÁÞÁÑ (n −m)! · (−2)m−(n−t+1) ÞÅÒÅÚ �m, ÇÄÅ �m ÎÅ ÄÅÌÉÔÓÑ ÎÁ 2�Ï ÓÌÅÄÓÔ×ÉÀ 2.10, �ÏÌÕÞÁÅÍ ÒÁ×ÅÎÓÔ×Ï�2 = 2n−t+1( ∑m∈M2 | km km�m + ∑m∈M2 ∤ km km�m) =: 2n−t+1 (�21 +�22) ;ÇÄÅ �21 ... 2, É ×ÓÅ ÓÌÁÇÁÅÍÙÅ × �22 ÎÅÞÅÔÎÙ.�ÁËÉÍ ÏÂÒÁÚÏÍ, per(A) ... 2n−t+2 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ËÏÌÉ-ÞÅÓÔ×Ï ÎÅÞÅÔÎÙÈ ÓÌÁÇÁÅÍÙÈ × �22 ÞÅÔÎÏ. üÔÏ ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏËÏÌÉÞÅÓÔ×Ï ÎÅÞÅÔÎÙÈ km, ÇÄÅ m ∈ M, ÞÅÔÎÏ. ðÏÓÌÅÄÎÅÅ ÜË×É×ÁÌÅÎÔÎÏÕÓÌÏ×ÉÀ
∑m∈M

km ... 2: �úÁÍÅÞÁÎÉÅ 3.2. úÁÍÅÔÉÍ, ÞÔÏ × ÕÓÌÏ×ÉÑÈ ÌÅÍÍÙ 3.1 × Ä×ÏÉÞÎÏÍ ÒÁÚ-ÌÏÖÅÎÉÉ ÞÉÓÌÁ n ÎÅ ÂÏÌÅÅ t ÚÎÁËÏ×, Á ÚÎÁÞÉÔ, ÍÏÝÎÏÓÔØ ÍÎÏÖÅÓÔ×Á MÎÅ �ÒÅ×ÏÓÈÏÄÉÔ (t1) = t.óÌÅÄÓÔ×ÉÅ 3.3. äÌÑ ÌÀÂÏÇÏ n ∈ N ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÁÑ ÍÁÔÒÉ�Á A ∈Mn(±1), ÞÔÏ per(A) 6 ... 2n−⌊log2 n⌋+1:äÏËÁÚÁÔÅÌØÓÔ×Ï. 1. ðÕÓÔØ n = 2t − 1 ÄÌÑ ÎÅËÏÔÏÒÏÇÏ t ∈ N. õÔ×ÅÒ-ÖÄÅÎÉÅ ÓÌÅÄÕÅÔ ÉÚ ÌÅÍÍÙ 1.2. äÁÌÅÅ, ÂÅÚ ÏÇÒÁÎÉÞÅÎÉÑ ÏÂÝÎÏÓÔÉ ÂÕÄÅÍÓÞÉÔÁÔØ, ÞÔÏ n 6= 2t − 1 ÄÌÑ ÌÀÂÏÇÏ t ∈ N.2. òÁÓÓÍÏÔÒÉÍ ÍÎÏÖÅÓÔ×Ï M(n). ÷ Ä×ÏÉÞÎÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉn−m1 = 2⌊log2 n⌋ − 1



32 í. ÷. âõäòå÷éþ, á. ü. çõ�åòíáî, ë. á. �áòáîéîÓÏÄÅÒÖÉÔÓÑ ÒÏ×ÎÏ ⌊log2 n⌋ ÅÄÉÎÉ�. óÌÅÄÏ×ÁÔÅÌØÎÏ, m1 = n− 2⌊log2 n⌋ +1 ∈ M(n), É ÍÎÏÖÅÓÔ×Ï M(n) ÎÅ�ÕÓÔÏ. ÷ÙÂÅÒÅÍ ÍÉÎÉÍÁÌØÎÏÅ m0 ∈ M.3. òÁÓÓÍÏÔÒÉÍ ÍÁÔÒÉ�Õ A ∈ Mn(±1) Ó m0 ÏÔÒÉ�ÁÔÅÌØÎÙÍÉ ÜÌÅÍÅÎ-ÔÁÍÉ ÎÁ ÇÌÁ×ÎÏÊ ÄÉÁÇÏÎÁÌÉ ÔÁËÕÀ, ÞÔÏ ×ÓÅ ÏÓÔÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ ÍÁÔÒÉ-�Ù �ÏÌÏÖÉÔÅÌØÎÙ. �ÁË ËÁË kj = 0 ÄÌÑ ÌÀÂÏÇÏ j > m0, ÔÏ × ÆÏÒÍÕÌÅ(2.1) ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ perA ×ÓÅÇÏm0+1 ÎÅÎÕÌÅ×ÙÈ ÓÌÁÇÁÅÍÙÈ. úÁÍÅÔÉÍ,ÞÔÏ × A ÉÍÅÅÔÓÑ ÅÄÉÎÓÔ×ÅÎÎÁÑ ÏÔÒÉ�ÁÔÅÌØÎÁÑ ÞÁÓÔÉÞÎÁÑ ÏÂÏÂÝÅÎÎÁÑÄÉÁÇÏÎÁÌØ ÄÌÉÎÎÙ m0, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, km0 = 1.4. éÚ Ï�ÒÅÄÅÌÅÎÉÑ m0 ÓÌÅÄÕÅÔ, ÞÔÏ × (2.1) ×ÓÅ ÓÌÁÇÁÅÍÙÅ, ËÒÏ-ÍÅ �ÏÓÌÅÄÎÅÇÏ, ÄÅÌÑÔÓÑ ÎÁ 2n−⌊log2 n⌋+1. ðÏÓÌÅÄÎÅÅ ÓÌÁÇÁÅÍÏÅ, ÒÁ×ÎÏÅ(−2)m0 · (n−m0)!, ÎÁ 2n−⌊log2 n⌋+1 ÎÅ ÄÅÌÉÔÓÑ. óÌÅÄÏ×ÁÔÅÌØÎÏ, perA ÎÅÄÅÌÉÔÓÑ ÎÁ 2n−⌊log2 n⌋+1. �÷ ËÁÞÅÓÔ×Å �ÒÉÍÅÒÁ ÉÓ�ÏÌØÚÏ×ÁÎÉÑ �ÏÌÕÞÅÎÎÏÇÏ ÒÅÚÕÌØÔÁÔÁ ÄÏ-ËÁÖÅÍ, ÞÔÏ �ÅÒÍÁÎÅÎÔ ÍÁÔÒÉ� Ï�ÒÅÄÅÌÅÎÎÏÇÏ ×ÉÄÁ ÎÅ ÄÅÌÉÔÓÑ ÎÁ2n−⌊log2 n⌋+1. äÌÑ ÜÔÏÇÏ ÎÁÍ �ÏÎÁÄÏÂÉÔÓÑ ÓÌÅÄÕÀÝÁÑ ÌÅÍÍÁ.ìÅÍÍÁ 3.4 ([6℄). ðÕÓÔØ n = at−1at−2 : : : a1a0 É k = bq−1bq−2 : : : b1b0,t > q, { Ä×ÏÉÞÎÙÅ �ÒÅÄÓÔÁ×ÌÅÎÉÑ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ n É k ÓÏÏÔ×ÅÔ-ÓÔ×ÅÎÎÏ, ÇÄÅ n > k. �ÏÇÄÁ
(nk) ÎÅÞÅÔÎÏ ⇐⇒ bi 6 ai ÄÌÑ ×ÓÅÈ i ∈ {0; 1; 2; : : : ; q − 1}:ìÅÍÍÁ 3.5. ðÕÓÔØ 2t−1 6 n < 2t−1 + 2t−2 − 1 É A ∈Mn(±1). éÍÅÀÔÍÅÓÔÏ ÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ.(1) åÓÌÉ ËÏÌÉÞÅÓÔ×Ï ÏÔÒÉ�ÁÔÅÌØÎÙÈ ÞÁÓÔÉÞÎÙÈ ÏÂÏÂÝÅÎÎÙÈ ÄÉÁ-ÇÏÎÁÌÅÊ ÄÌÉÎÙ n− 2t−1 + 1 ÎÅÞÅÔÎÏ, ÔÏper(A) ...= 2n−t+2:(2) åÓÌÉ ÉÚ ÍÁÔÒÉ�Ù A ÍÏÖÎÏ �ÅÒÅÓÔÁÎÏ×ËÏÊ ÓÔÒÏË É ÓÔÏÌÂ-�Ï× �ÏÌÕÞÉÔØ ÍÁÔÒÉ�Õ, Õ ËÏÔÏÒÏÊ ×ÓÅ ÏÔÒÉ�ÁÔÅÌØÎÙÅ ÜÌÅ-ÍÅÎÔÙ ÒÁÓ�ÏÌÏÖÅÎÙ ÎÁ ÇÌÁ×ÎÏÊ ÄÉÁÇÏÎÁÌÉ, ÔÏ Å£ �ÅÒÍÁÎÅÎÔÎÅ ÄÅÌÉÔÓÑ ÎÁ 2n−t+2 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÚÎÁÞÅÎÉÅËÁÖÄÏÇÏ ÒÁÚÒÑÄÁ × Ä×ÏÉÞÎÏÍ ÒÁÚÌÏÖÅÎÉÉ ËÏÌÉÞÅÓÔ×Á ÏÔÒÉ-�ÁÔÅÌØÎÙÈ ÜÌÅÍÅÎÔÏ× A ÎÅ ÍÅÎØÛÅ, ÞÅÍ ÚÎÁÞÅÎÉÅ ÔÏÇÏ ÖÅÒÁÚÒÑÄÁ × Ä×ÏÉÞÎÏÍ ÒÁÚÌÏÖÅÎÉÉ n− 2t−1 + 1.



ë �åïòåíå ëòïê�åòá{óåêæ�åòá ï äåìéíïó�é 33äÏËÁÚÁÔÅÌØÓÔ×Ï. 1. ðÏ ÌÅÍÍÅ 3.1, per(A) ... 2n−t+2 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏ-ÇÄÁ, ËÏÇÄÁ ∑m∈M

km ... 2. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ ÍÎÏÖÅÓÔ×Á M, ÌÀÂÏÅ ÞÉÓÌÏm ∈ M �ÒÅÄÓÔÁ×ÉÍÏ × ×ÉÄÅm = n+2j−t−1
∑i=0 2i, ÇÄÅ j ∈ {0; 1; 2; : : : ; t−1}.�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÌÑ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÇÏ n ÍÎÏÖÅÓÔ×Ï M(n) ÓÏÓÔÏÉÔ ÉÚÏÄÎÏÇÏ ÜÌÅÍÅÎÔÁ m0 = n+ 2t−1 − t−1

∑i=0 2i = n−
t−2
∑i=0 2i. äÒÕÇÉÈ ÜÌÅÍÅÎÔÏ×× M ÎÅÔ, ÔÁË ËÁË ÅÓÌÉ j < t− 1, ÔÏn−m = −2j + t−1

∑i=0 2i > 2t−1 + 2t−2 − 1 = n:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÕÓÌÏ×ÉÅ ∑m∈M

km ...= 2 ÜË×É×ÁÌÅÎÔÎÏ ÔÏÍÕ, ÞÔÏ ËÏ-ÌÉÞÅÓÔ×Ï ÏÔÒÉ�ÁÔÅÌØÎÙÈ ÞÁÓÔÉÞÎÙÈ ÏÂÏÂÝÅÎÎÙÈ ÄÉÁÇÏÎÁÌÅÊ ÄÌÉÎÙm0 = n− 2t−1 + 1 ÎÅÞÅÔÎÏ.2. åÓÌÉ ÍÁÔÒÉ�Á A ÉÍÅÅÔ Õ�ÏÍÑÎÕÔÙÊ × ÕÓÌÏ×ÉÉ ×ÉÄ, ÔÏ ×ÓÅ Å£ ÏÔ-ÒÉ�ÁÔÅÌØÎÙÅ ÞÁÓÔÉÞÎÙÅ ÏÂÏÂÝ£ÎÎÙÅ ÄÉÁÇÏÎÁÌÉ ÄÌÉÎÙ n − 2t−1 + 1ÓÏÄÅÒÖÁÔÓÑ × ÓÁÍÏÊ ÄÌÉÎÎÏÊ ÏÔÒÉ�ÁÔÅÌØÎÏÊ ÞÁÓÔÉÞÎÏÊ ÏÂÏÂÝ£ÎÎÏÊÄÉÁÇÏÎÁÌÉ. ïÂÏÚÎÁÞÉÍ Å£ ÄÌÉÎÕ ÞÅÒÅÚ L. �ÏÇÄÁ ËÏÌÉÞÅÓÔ×Ï ÏÔÒÉ�Á-ÔÅÌØÎÙÈ ÞÁÓÔÉÞÎÙÈ ÏÂÏÂÝ£ÎÎÙÈ ÄÉÁÇÏÎÁÌÅÊ ÄÌÉÎÙ n− 2t−1+1 ÒÁ×ÎÏ
( Ln−2t−1+1). úÎÁÞÉÔ, ÓÏÇÌÁÓÎÏ ÄÏËÁÚÁÎÎÏÍÕ × �ÕÎËÔÅ 1, per(A) ÎÅ ÄÅÌÉÔ-ÓÑ ÎÁ 2n−t+2 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÞÉÓÌÏ ( Ln−2t−1+1) ÎÅÞ£ÔÎÏ, ÁÜÔÏ, ÓÏÇÌÁÓÎÏ ÌÅÍÍÅ 3.4, ÜË×É×ÁÌÅÎÔÎÏ ÕÓÌÏ×ÉÀ, ÓÆÏÒÍÕÌÉÒÏ×ÁÎÎÏÍÕ ×�ÕÎËÔÅ 2. �ðÒÏÉÌÌÀÓÔÒÉÒÕÅÍ �ÏÓÌÅÄÎÀÀ ÌÅÍÍÕ ÓÌÅÄÕÀÝÉÍ ËÏÎËÒÅÔÎÙÍ �ÒÉ-ÍÅÒÏÍ.ðÒÉÍÅÒ 3.6. ðÕÓÔØ n = 32 (ÉÌÉ 33; 34; : : : ; 45; 46 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ) ÉA ∈ 
n. per(A) ...= 2n−⌊log2 n⌋+1 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁÞÉÓÌÏ ÏÔÒÉ�ÁÔÅÌØÎÙÈ ÞÁÓÔÉÞÎÙÈ ÏÂÏÂÝ£ÎÎÙÈ ÄÉÁÇÏÎÁÌÅÊ ÄÌÉÎÙ 1(ÉÌÉ 2; 3; : : : ; 14; 15 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ) × ÍÁÔÒÉ�Å A ÎÅÞ£ÔÎÏ. (úÁÍÅÔÉÍ,ÞÔÏ ÞÉÓÌÏ ÏÔÒÉ�ÁÔÅÌØÎÙÈ ÞÁÓÔÉÞÎÙÈ ÏÂÏÂÝ£ÎÎÙÈ ÄÉÁÇÏÎÁÌÅÊ ÄÌÉÎÙ



34 í. ÷. âõäòå÷éþ, á. ü. çõ�åòíáî, ë. á. �áòáîéî1 { ÜÔÏ ÎÁ ÓÁÍÏÍ ÄÅÌÅ ÞÉÓÌÏ ÜÌÅÍÅÎÔÏ×, ÒÁ×ÎÙÈ ÍÉÎÕÓ ÅÄÉÎÉ�Å). îÁ-�ÒÉÍÅÒ, ÓÌÅÄÕÀÝÁÑ ÍÁÔÒÉ�Á �ÏÒÑÄËÁ 33


























































1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 −1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1



























































(3.2)
ÉÍÅÅÔ 9 ÏÔÒÉ�ÁÔÅÌØÎÙÈ ÞÁÓÔÉÞÎÙÈ ÏÂÏÂÝ£ÎÎÙÈ ÄÉÁÇÏÎÁÌÅÊ ÄÌÉÎÙ 2,É �ÏÜÔÏÍÕ �ÅÒÍÁÎÅÎÔ ÜÔÏÊ ÍÁÔÒÉ�Ù ÎÅ ÄÅÌÉÔÓÑ ÎÁ 2n−⌊log2 n⌋+1 = 229.ìÉÔÅÒÁÔÕÒÁ1. í. ÷. âÕÄÒÅ×ÉÞ, á. ü. çÕÔÅÒÍÁÎ, ë. á. �ÁÒÁÎÉÎ, ï ÄÅÌÉÍÏÓÔÉ �ÁÒÍÁÎÅÎÔÁ(±1)-ÍÁÔÒÉ�Ù. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 439 (2015), 26{37.2. S. A. Cook, The omplexity of theorem proving proedures. | Pro. 3rd Ann.ACM Symp. Theory Comput. (1971), 151{158.3. ä. ë. æÁÄÄÅÅ×, é. ó. óÏÍÉÎÓËÉÊ, óÂÏÒÎÉË ÚÁÄÁÞ �Ï ×ÙÓÛÅÊ ÁÌÇÅÂÒÅ, éÚÄÁ-ÎÉÅ 9, îÁÕËÁ, í., 1968.4. R. A. Brualdi, H. J. Ryser, Combinatorial Matrix Theory. Cambridge Univ. Press,1991.5. R. A. Brualdi, M. Newman, Some theorems on the permanent. | J. Res. Nat.Bur. Stand. 69B, No. 3 (1965), 159{163.6. N. Fine, Binomial oeÆients modulo a prime. | Amer. Math. Monthly 54 (1947),589{592.7. M. R. Garey, D. S. Johnson, Computers and Intratability: a Guide to the Theoryof NP -Completness. W. H. Freeman, San Franiso, 1979.
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