
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 461, 2017 Ç.A. S. Mikhaylov, V. S. MikhaylovON AN INVERSE DYNAMIC PROBLEM FOR THEWAVE EQUATION WITH A POTENTIAL ON A REALLINEAbstrat. We onsider the inverse dynami problem for the waveequation with a potential on a real line. The forward initial-boundaryvalue problem is set up with a help of boundary triplets. As aninverse data we use an analog of a response operator (dynamiDirihlet-to-Neumann map). We derive equations of inverse prob-lem and also point out the relationship between dynami inverseproblem and spetral inverse problem from a matrix-valued mea-sure.
§1. IntrodutionFor a potential q ∈ C2(R)∩L1(R) we onsider an operator H in L2(R)given by (Hf)(x) = −f ′′(x) + q(x)f(x); x ∈ R;domH = {f ∈ H2(R) | f(0) = f ′(0) = 0}:Then (H∗f)(x) = −f ′′(x) + q(x)f(x); x ∈ R;domH∗ = {f ∈ L2(R) | f ∈ H2(−∞; 0); f ∈ H2(−∞; 0)}:For a ontinuous funtion g we denoteg± := lim"→0 g(0± "):Let B := R

2. The boundary operators �0;1 : domH∗ 7→ B are introduedby the rules�0w := (w+ − w−w′+ − w′
−

) ; �1w := 12 ( w′+ + w′
−

−w+ − w−

) :Key words and phrases: inverse problem, Shr�odinger operator, wave equation,Boundary Control method, boundary triplets.A. S. Mikhaylov and V. S. Mikhaylov were partly supported by RSF 17-11-01064.212



ON AN INVERSE DYNAMIC PROBLEM FOR THE WAVE EQUATION 213Integrating by parts for u; v ∈ domH∗ shows that the abstrat seondGreen identity holds:(H∗u; v)L2(R) − (u;H∗v)L2(R) = (�1u;�0v)B − (�0u;�1v)B :The mapping � := (�0�1) : domH∗ 7→ B ×Bevidently is surjetive. Then a triplet {B;�0;�1} is a boundary triplet forH∗ (see [9℄). With the help of boundary triplets one an desribe self-adjoint extensions of H , see [10,12,16℄. In [6℄ the authors used the oneptof boundary triplets to set up and study a boundary value problem forabstrat dynamial system with boundary ontrol in Hilbert spae, theyalso used it for the purpose of desribing the speial (wave) model of theone-dimensional Shr�odinger operator on an interval [8℄.Let T > 0 be �xed. We use the triplet {B;�0;�1} to set up the dynam-ial system with speial boundary ontrol (ating in the origin) for a waveequation with a potential on a real line:utt +H∗u = 0; t > 0; (1.1)(�0u)(t) = (f1(t)f ′2(t)) ; t > 0; (1.2)u( · ; 0) = ut( · ; 0) = 0: (1.3)Here the funtion F = (f1f2), f1 f2 ∈ L2(0; T ); is interpreted as a bound-ary ontrol. The solution to (1.1){(1.3) is denoted by uF : The responseoperator, the analog of a Dirihlet-to-Neumann map is introdued by therule (RTF ) (t) := (�1uF ) (t); t > 0:The speed of the wave propagation in the system (1.1){(1.3) equal to one,that is why the natural set up of the dynami inverse problem is to �nda potential q(x); x ∈ (−T; T ) from the knowledge of a response operatorR2T (f. [1, 3, 7℄).In the seond setion we derive the representation formula for the so-lution uF and introdue the operators of the Boundary Control method.In the third setion we derive Krein and Gelfand{Levitan equations ofthe dynami inverse problem and point out the the relationship betweendynami and spetral inverse problems.



214 A. S. MIKHAYLOV, V. S. MIKHAYLOV
§2. Forward problem, operators of the BoundaryControl methodIt is straightforward to hek that when q = 0, the solution to (1.1){(1.3) is given by:uF (x; t) = 12f1(t− x)− 12f2(t− x); x > 0;

− 12f1(t+ x) − 12f2(t+ x); x < 0;0; 0 < t < |x|:Everywhere we onsider operators ating in L2−spaes, that is why it isreasonable to introdue the outer spae of the system (1.1){(1.3), the spaeof ontrols as FT := L2(0; T ;R2), F ∈ FT , F = (f1f2).Theorem 1. The solution to (1.1){(1.3) with a ontrol F ∈ FT ∩C∞0 (R+),admits the following representation:
uF (x; t) =





12f1(t− x)− 12f2(t− x)+ t∫x w1(x; s)f1(t− s)+w2(x; s)f2(t− s) ds; 0 < x < t;
− 12f1(t+ x)− 12f2(t+ x)+ t∫

−x w1(x; s)f1(t− s)+w2(x; s)f2(t− s) ds; 0 < −x < t;0; 0 < t < |x|: (2.1)
where kernels w1(x; t) and w2(x; t) satisfy the following Goursat problems:





w1tt(x; t)− w1xx(x; t) + q(x)w1(x; t); 0 < |x| < t;ddxw1(x; x) = − q(x)4 ; x > 0;ddxw1(x;−x) = − q(x)4 ; x < 0; (2.2)




w2tt(x; t)− w2xx(x; t) + q(x)w2(x; t); 0 < |x| < t;ddxw2(x; x) = q(x)4 ; x > 0;ddxw2(x;−x) = − q(x)4 ; x < 0: (2.3)



ON AN INVERSE DYNAMIC PROBLEM FOR THE WAVE EQUATION 215Proof. Take arbitrary F ∈ FT ∩C∞0 (0; T ;R2) and look for uF in the form(2.1). Then for x > 0 we have:uxx(x; t) = 12f ′′1 (t− x)− 12f ′′2 (t− x) − ddxw1(x; x)f1(t− x)+ w1(x; x)f ′1(t− x)− ddxw2(x; x)f2(t− x) + w2(x; x)f ′2(t− x)
− w1x(x; x)f1(t− x)− w2x(x; x)f2(t− x)+ t∫x w1xx(x; s)f1(t− s) + w2xx(x; s)f2(t− s) ds;utt(x; t) = 12f ′′1 (t− x)− 12f ′′2 (t− x) + w1(x; x)f ′1(t− x)+ w2(x; x)f ′2(t− x) + w1s(x; x)f1(t− x) + w2s(x; x)f2(t− x)+ t∫x (w1ss(x; s)f1(t− s) + w2ss(x; s)f2(t− s)) ds;Plugging these expressions into (1.1), we obtain that for x > 0 the followingrelation holds true:0 = t∫x ((w1ss(x; s) − w1xx(x; s) + q(x)w1(x; s))f1(t− s)+ (w2ss(x; s)− w2xx(x; s) + q(x)w2(x; s))f2(t− s)) ds+ f1(t− x)[2 ddxw1(x; x) + q(x)2 ]+ f2(t− x)[2 ddxw2(x; x) − q(x)2 ]: (2.4)

Similarly, for x < 0:uxx(x; t) =− 12f ′′1 (t+ x)− 12f ′′2 (t+ x)+ ddxw1(x;−x)f1(t+ x) + w1(x;−x)f ′1(t+ x)+ ddxw2(x;−x)f2(t+ x) + w2(x;−x)f ′2(t+ x)+ w1x(x;−x)f1(t+ x) + w2x(x;−x)f2(t+ x)



216 A. S. MIKHAYLOV, V. S. MIKHAYLOV+ t∫
−x w1xx(x; s)f1(t− s) + w2xx(x; s)f2(t− s) ds;utt(x; t) =− 12f ′′1 (t+ x)− 12f ′′2 (t+ x)+ w1(x;−x)f ′1(t+ x) + w2(x;−x)f ′2(t+ x)+ w1s(x;−x)f1(t+ x) + w2s(x;−x)f2(t+ x)+ t∫

−x (w1ss(x; s)f1(t− s) + w2ss(x; s)f2(t− s)) ds:Then for x < 0 we have the equality:0 = t∫
−x ((w1ss(x; s)− w1xx(x; s) + q(x)w1(x; s))f1(t− s)+ (w2ss(x; s)− w2xx(x; s) + q(x)w2(x; s))f2(t− s)) ds+ f1(t+ x)[− 2 ddxw1(x;−x)− q(x)2 ]+ f2(t+ x)[− 2 ddxw2(x;−x)− q(x)2 ]: (2.5)

The ondition �0u = F at x = 0 yields thatu+( · ; t)− u−( · ; t) = f1(t)+ t∫0 (w1+(0; s)− w1−(0; s))f1(t− s)+ (w2+(0; s)− w2−(0; s))f2(t− s) ds;u+x ( · ; t)− u−x ( · ; t) = f ′2(t)+ t∫0 (w1+x (0; s)− w1−x (0; s))f1(t− s)+ (w2+x (0; s)− w2−x (0; s))f2(t− s) ds;



ON AN INVERSE DYNAMIC PROBLEM FOR THE WAVE EQUATION 217The above equalities imply the ontinuity of kernels w1; w2 at x = 0:w1+(0; s) = w1−(0; s); w2+(0; s) = w2−(0; s); (2.6)w1+x (0; s) = w1−x (0; s); w2+x (0; s) = w2−x (0; s): (2.7)Using the arbitrariness of F ∈ FT ∩C∞0 (0; T ;R2) in (2.4), (2.5) and onti-nuity onditions (2.6), (2.6), we obtain that w1; w2 satisfy (2.2), (2.3). �Remark 1. When F ∈ FT , the funtion uF de�ned by (2.1) is a general-ized solution to (1.1){(1.3).The response operator RT : FT 7→ FT with the domainDR = {FT ∩ C∞0 (0; T ;R2)}is de�ned by (RTF )(t) := (�1uF )(t); 0 < t < T:Representation (2.1) implies that the response operator has a form:(RTF )(t)=((R1F )(t)(R2F )(t))=−12 ( f ′1(t)
−f2(t))+R ∗

(f1f2)=−12f ′1(t)+ t∫0 (w1x(0; s)f1(t−s)+w2x(0; s)f2(t−s)) ds12f2(t)− t∫0 (w1(0; s)f1(t−s)+w2(0; s)f2(t−s)) ds 
 ; (2.8)where R(t) := (r11(t) r12(t)r21(t) r22(t)) = (w1x(0; t) w2x(0; t)

−w1(0; t) −w2(0; t))is a response matrix. We introdue the inner spae, the spae of states ofsystem (1.1){(1.3) as HT := L2(−T; T ). The representation (2.1) impliesthat uF ( · ; T ) ∈ HT .A ontrol operator W T : FT 7→ HT is de�ned by the formula W TF :=uF ( · ; T ). The reahable set is de�ned by the ruleUT :=W TFT = {uF ( · ; T ) ∣∣F ∈ FT} :We introdue the notations:S := 12 ( 1 −1
−1 −1) ; JT : FT 7→ FT ; (JTF ) (t) = F (T − t);and note that S = S∗; SS = 12I:



218 A. S. MIKHAYLOV, V. S. MIKHAYLOVIt will be onvenient for us to assoiate the outer spaeHT = L2(−T; T )with a vetor spae L2(0; T ;R2) by setting for a ∈ L2(−T; T ) (we keep thesame notation for a funtion)a=(a1(x)a2(x))∈ L2(0; T ;R2); a1(x) :=a(x); a2(x) :=a(−x); x∈(0; T ):Thus, bearing in mind this assoiation, we onsider the ontrol operatorW T , whih maps FT to HT = L2(0; T ;R2), ating (f. (2.1)) by the rule:
(W TF ) (x) = ( 12f1(T − x) − 12f2(T − x)

− 12f1(T − x)− 12f2(T − x))+ T∫x w1(x; s)f1(T − s) + w2(x; s)f2(T − s) dsT∫x w1(−x; s)f1(T − s) + w2(−x; s)f2(T − s) ds :On introduing the operator W : FT 7→ HT = L2(0; T ;R2) de�ned by theformula (WF )(x) =  T∫x w1(x; s)f1(s) + w2(x; s)f2(s) dsT∫x w1(−x; s)f1(s) + w2(−x; s)f2(s) dsand noting that FT = HT , we an without abusing the notations rewriteW T in a form:W TF = S (I + 2SW )JTF = S (I +K) JTF; (2.9)whereK = 2SW; (KF )(x) = T∫x k11(x; s)f1(s) + k12(x; s)f2(s) dsT∫x k21(x; s)f1(s) + k22(x; s)f2(s) ds : (2.10)Theorem 2. The ontrol operator is a boundedly invertible isomorphismbetween FT and HT , and UT = HT .Proof. It is lear that in representation (2.9) eah of the operators S :
HT 7→ HT ; I + K : FT 7→ HT , JT : FT 7→ FT is boundedly invertibleisomorphism. �



ON AN INVERSE DYNAMIC PROBLEM FOR THE WAVE EQUATION 219The onneting operator CT : FT 7→ FT is introdued via the quadratiform: (CTF1; F2)FT = (uF1( · ; T ); uF2( · ; T ))
HT :The ruial fat in the Boundary Control method is that the onnetingoperator is expressed in terms of inverse dynami data:Theorem 3. The onneting operator CT admits the following represen-tation:

(CTF ) (t) = 12 (f1(t)f2(t))+ T∫0 C(t; s)(f1(s)f2(s)) ds;whereC1;1(t; s)=p1(2T−t−s)−p1(|t−s|); p1(s)= s∫0 r11(�) d�;C1;2(t; s)= p̃1(2T−t−s)−p̃1(t−s); p̃1(s)= s∫0 r12(�) d�; s > 0;
−

−s∫0 r12(�) d�; s < 0;C2;1(t; s)=−r̃21(t−s)−r̃21(2T−t−s); r̃21(s)={ r21(s); s > 0;
−r21(−s); s < 0;C2;2(t; s) = −r22(|t− s|)− r22(2T − t− s):Proof. We take F;G ∈ FT ∩ C∞0 (0; T ;R2) and introdue the Blagoves-henskii funtion by setting	(t; s) = (uF ( · ; t); uG( · ; s))

HT ; s; t > 0:Our aim is to show that 	 satisfy the wave equation. Indeed, using thatuFtt = −H∗uF and the Green identity, we an evaluate:	tt(t; s)−	ss(t; s)=(−H∗uF ( · ; t); uG( · ; s))
HT+(uF ( · ; t); H∗uG( · ; s))

HT=((�0uF )(t); (�1uG)(s))B −
((�1uF )(t); (�0uG)(s))B=: P (t; s):Note that 	 satisfy 	(0; s) = 	t(0; s) = 0; and that	(T; T ) = (uF ( · ; T ); uG( · ; T ))

HT = (CTF;G)
FT :



220 A. S. MIKHAYLOV, V. S. MIKHAYLOVSo, by d'Alembert formula:
(CTF;G)

FT = T∫0 2T−�∫� P (�; �) d� d�: (2.11)We rewrite the right hand side:P (t; s) = ((f1(t)f ′2(t)) ; (RG)(s))B −
((RF )(t);(g1(s)g′2(s)))B ; (2.12)and ontinue the funtions g1; g2 (we keep the same notations) from (0; T )to the interval (0; 2T ) by the rule:g1(s) = { g1(s); 0 < s < T;

−g1(2T − s); T < s < 2T;g2(s) = {g2(s); 0 < s < T;g2(2T − s); T < s < 2T: (2.13)After suh a ontinuation the seond term in (2.12) beome odd in s withrespet to s = T and disappears after integration in (2.11), so we ome tothe following expression for the quadrati form:
(CTF;G)

FT = T∫0 2T−�∫� ((f1(�)f ′2(�)) ; (RG)(�))B d� d�: (2.14)Integrating by parts in (2.14) and using that CT = (CT )∗ and arbitrarinessof F yields
(CTG) (�) =  2T−�∫� (R1G)(�) d�(R2G)(�) + (R2G)(2T − �) : (2.15)



ON AN INVERSE DYNAMIC PROBLEM FOR THE WAVE EQUATION 221Evaluating (2.15) making use of (2.8) and ontinuation of g1, g2 (2.13), weobtain that(CTG)(�) = 12 (g1(�)g2(�))+ 12 2T−�∫� �∫0 (r11(s)g1(� − s) + r12(s)g2(� − s)) ds
−

�∫0 (r21(s)g1(� − s) + r22(s)g2(� − s)) ds  (2.16)+ 02T−�∫0 (r21(s)g1(2T − � − s) + r22(s)g2(2T − � − s)) ds :Consider the term2T−�∫� �∫0 r11(s)g1(� − s) ds d� = I(2T − �)− I(�); (2.17)where I(�) = �∫0 �∫� r11(� − �)g1(�) d� d�:We evaluate (2.17) using that g1 is odd with respet to T :I(�) = �∫0 |�−�|∫0 r11(�) d�g1(�) d� = �∫0 p1(|� − �|)g1(�) d�; (2.18)where p1(s) = s∫0 r11(�) d�: We an rewrite the �rst term in (2.17) in aform:I(2T − �) =  T∫0 + 2T−�∫� 


2T−�−�∫0 r11(�) d�g1(�) d�= T∫0 p1(2T − � − �)g1(�) d� −
T∫� p1(�− �)g1(�) d�: (2.19)



222 A. S. MIKHAYLOV, V. S. MIKHAYLOVThen from (2.18) and (2.19) we obtain that2T−�∫� �∫0 r11(s)g1(�− s) ds d� = T∫0 (p1(2T − � − �)− p1(|�− � |)g1(�)) d�;whih proves the formula for C11. Now we onsider the term2T−�∫� �∫0 r12(s)g2(� − s) ds d�: (2.20)Note that it has the same struture as (2.17), but we should take intoaount that g2(s) is odd with respet to s = T . Counting this, we havethat: I(2T − �) = T∫0 p2(2T − � − �)g2(�) d�+ T∫� p2(�− �)g2(�) d�;where p2(s) = s∫0 r12(�) d�: ThenI(2T − �)− I(�) = T∫0 p2(2T − � − �)g2(�) d�+ T∫� p2(�− �)g2(�) d� −
T∫0 p2(|�− � |)g2(�) d�; (2.21)After we introdue the notationp̃1(s) = s∫0 r12(�) d�; s > 0;

−
−s∫0 r12(�) d�; s < 0; = { p2(s); s > 0;

−p2(−s); s < 0;we an rewrite (2.20), taking into aount (2.21), as2T−�∫� �∫0 r12(s)g2(� − s) ds d� = T∫0 (p̃1(2T − � − �)− p̃1(� − �)) g2(�) d�;whih proves the formula for C12. Similarly one an prove formulas forC21; C22. �



ON AN INVERSE DYNAMIC PROBLEM FOR THE WAVE EQUATION 223We note that the symmetry of CT implies the restrition on the entries,spei�ally, the following relation should hold:C2;1(t; s) = C1;2(t; s):This equality is equivalent to
−r̃21(t− s)− r̃21(2T − t− s) = p̃1(2T − t− s)− p̃1(s− t);whih yields:

−r̃21(s) = p̃1(s):Remark 2. The omponents of the response matrix have to be onnetedby the relation: r′21(s) = −r12(s); s > 0:
§3. Dynami inverse problemIn this setion we derive equations of inverse dynami problem, usingthem we answer the question on reovering a potential q(x), x ∈ (−T; T )from the response operator R2T .3.1. Krein equations. Let y(x) be a solution to the following Cauhyproblem: {

−y′′ + qy = 0; x ∈ (−T; T );y(0) = 0; y′(0) = 1: (3.1)We set up the speial ontrol problem: to �nd F ∈ FT suh thatW TF =y in HT . By Theorem 2, suh a ontrol F exists, but we an say even more:Theorem 4. The solution to a speial ontrol problem is a unique solutionto the following equation:
(CTF ) (t) = (T − t)(10) ; t ∈ (0; T ): (3.2)Proof. We observe that if G ∈ FT ∩ C∞0 (0; T ;R2), then integration byparts shows that uG(x; T ) = T∫0 (T − t)uGtt(x; t) dt:



224 A. S. MIKHAYLOV, V. S. MIKHAYLOVUsing this observation, we an evaluate the quadrati form:(CTF;G)FT = (W TF;W TG)HT = (y( · ); uG( · ; T ))
HT= T∫

−T y(x) T∫0 (T − t)uGtt(x; t) dt dx= T∫0 (T − t) (y( · );−H∗uG( · ; t))
HT dx dt= T∫0 (t− T )[((�0y( · ))(t); (�1uG)(t))B

−
((�1y( · ))(t); (�0uG) (t))B] dt= T∫0 (T − t)((10) ;(g1(t)g′2(t))) dt;from where (3.2) follows due to the arbitrariness of G. �Representation formulas (2.1) imply that that the solution F to a speialontrol problem satis�es relations:y(T ) = uF (T; T ) = 12f1(0)− 12f2(0);y(−T ) = uF (−T; T ) = −12f1(0)− 12f2(0):Thus solving (3.2) for all T ∈ (0; T ), we reover the solution y(x) to (3.1)on the interval (−T; T ). Then the potential q(x); x ∈ (−T; T ) an bereovered as q(x) = y′′(x)y(x) , x ∈ (−T; T ).3.2. Gelfand{Levitan equations. We introdue the notation:CT = 12(I + C); (CF )(t) = 2 T∫0 C(t; s)(f1f2) ds: (3.3)



ON AN INVERSE DYNAMIC PROBLEM FOR THE WAVE EQUATION 225For F;G ∈ FT we set W TF = a, W TG = b, where a; b ∈ HT , on usingthe ontrollability (Theorem 2), we have that (see (2.9))F = JT (I +K)−1S−1a = 2JT (I +K)−1Sa;G = JT (I +K)−1S−1b = 2JT (I +K)−1Sb:Using above representations we an rewrite the quadrati form as:(CTF;G)HT = (12(I + C)2JT (I +K)−1Sa; 2JT (I +K)−1Sb)
HT= (2((I +K)−1)∗JT (I + C)JT (I +K)−1Sa; Sb)
HT (3.4)On the other hand:

(CTF;G)
HT = (W TF;W TG)

HT = (a; b)HT = (2Sa; Sb)HT : (3.5)On omparing (3.4) and (3.5), we obtain the following operator identity:
((I +K)−1)∗ JT (I + C)JT (I +K)−1 = I: (3.6)We introdue the following notationsI +M = (I +K)−1; (3.7)(MF )(x) =  T∫x m11(x; s)f1(s) +m12(x; s)f2(s) dsT∫x m21(x; s)f1(s) +m22(x; s)f2(s) ds(M∗a)(t) =  t∫0 m11(x; t)a1(x) +m21(x; t)a2(s) dxt∫0 m12(x; t)a1(s) +m22(x; t)a2(x) dx :It is easy to hek that on a diagonal the kernels of operators K and Msatisfy a relationmij(x; x) = −kij(x; x); i; j = {1; 2}; x ∈ (0; T ): (3.8)Rewritten in new notations, the operator equality (3.6), has a form:(I +M)∗(I + C̃)(I +M) = I; (3.9)where C̃ = JTCJT ; (C̃F) (t) = T∫0 C̃(t; s)F (s) ds: (3.10)



226 A. S. MIKHAYLOV, V. S. MIKHAYLOVThe relation (3.9) is equivalent to the equalityM∗ + (I +M)∗ (M + C̃ + C̃M) = 0: (3.11)On introduing a funtion�(x; s) = m(x; s) + C̃(x; s) + T∫0 C̃(x; �)m(�; s) d�; x; s ∈ (0; T );we an write down an equality on the kernel for the operator in the lefthand side in (3.11) M∗ +�+M∗� = 0:m(s; x) + �(x; s) + t∫0 m(�; x)�(�; s) d� = 0; x; s ∈ (0; T ):Sine m(s; x) = 0 when x < s, we obtain that � satis�es the relation:�(x; s) + t∫0 m(�; x)�(�; s) d� = 0; x < s:Thus the funtion � satis�es a Volterra equation of a seond kind, and dueto this we obtain that �(x; s) = 0 for x < s, whih immediately yields thefollowing equation on the matrix funtion m:m(x; s) + C̃(x; s) + T∫0 C̃(x; �)m(�; s) d� = 0; 0 < x < s < T: (3.12)As a result we an formulate the followingTheorem 5. The matrix kernel of the operator M (3.7) satisfy the Gel-fand{Levitan equation (3.12), where the kernel C̃ is de�ned by (3.3), (3.10).Solving this equation, one an reover the potential using relations betweenkernels (2.10), (3.8) and relations on diagonals {x = t}; {−x = t} in(2.2), (2.3): q(x) = 2 ddx (m11(x; x) −m12(x; x)) ; x ∈ (0; T );q(−x) = −2 ddx (m11(x; x) +m12(x; x)) ; x ∈ (0; T ):



ON AN INVERSE DYNAMIC PROBLEM FOR THE WAVE EQUATION 2273.3. Relationship between dynami and spetral inverse data.The problem of �nding relationships between di�erent types of inverse datais very important in inverse problems theory. We an mention [2,4,5,14,15℄on some reent results in this diretion. Below we show the relationshipbetween the dynami response funtion and matrix spetral measure.Consider two solution to the equation
−�′′ + q(x)� = ��; −∞ < x <∞; (3.13)satisfying the Cauhy data:'(0; �) = 0; '′(0; �) = 1; �(0; �) = −1; �′(0; �) = 0:Note that �0' = 0; �0� = 0; �1' = (10) ; �1� = (01) :We �x some N > 0 and presribe self-adjoint boundary onditions atx = ±N : a1�(−N; �) + b1�′(−N; �) = 0; a21 + b21 6= 0; (3.14)a2�(N; �) + b2�′(N; �) = 0; a22 + b22 6= 0: (3.15)Eigenvalues and normalized eigenfuntions of (3.13), (3.14), (3.15) are de-noted by {�n; yn}∞n=1: Let �n; n ∈ R be suh thatyn(x) = �n'(x; �n) + n�(x; �n); then �1yn = (�nn) :Let F ∈ FT ∩ C∞0 (0; T ;R2), and vF be a solution to (1.1){(1.3), (3.14),(3.15), i.e., a solution to the initial boundary value problem for a waveequation on the interval (−N;N). Multiplying the wave equation for vFby yn and integrating by parts, we get the following relation:0 = T∫

−T vFttyn dx−
N∫

−N vFxxyn dx+ N∫
−N q(x)vF yn dx= N∫

−N vFttyn dx+ (vF ; Hyn) + (�1vF ;�0yn)B − (�0vF ;�1yn)B= T∫
−T vFttyn dx+ �n(vF ; yn)− ((f1(t)f ′2(t)) ;(�nn))B :



228 A. S. MIKHAYLOV, V. S. MIKHAYLOVLooking for the solution to (1.1){(1.3) in a formvF = ∞∑k=1 k(t)yk(x); (3.16)we plug (3.16) into (1.1) and multiply by yn to get:N∫
−N ∞∑k=1 ′′k(t)yk(x)yn(x) dx + N∫

−N ∞∑k=1 k(t)yk(x)�nyn(x) dx= ((f1(t)f ′2(t)) ;(�nn))B :Thus we obtain that n(t), n > 1; satis�es the following Cauhy problem:



′′n(t) + �nn(t) = ((f1(t)f ′2(t)) ;(�nn))B ;n(0) = 0; ′n(0) = 0:the solution of whih is given by the formulan(t) = t∫0 sin√�n(t− s)√�n (f1(s)�n + f ′2(s)n) ds:Then for vF (3.16) we have the expansion:vF (x; t)= ∞∑k=1 t∫0 sin√�n(t−s)√�n (f1(s)�n+f ′2n) ds (�n'(x; �n)+n�(x; �n))= ∞∑k=1 t∫0 sin√�n(t− s)√�n ((�nn)⊗(�nn)(f1(s)f ′2(s));('(x; �n)�(x; �n)))= ∞∫

−∞

t∫0 sin√�(t− s)√� (d�N (�)(f1(s)f ′2(s)) ;('(x; �)�(x; �))) : (3.17)Where d�N (�) is a matrix measure (see [13℄). Due to the �nite speed ofthe wave propagation in system (1.1){(1.3) (equal to one), we have therelation vF ( · ; t) = uF ( · ; t); for t < N; (3.18)



ON AN INVERSE DYNAMIC PROBLEM FOR THE WAVE EQUATION 229and for T < N holds that R2TF = �1vF . Thus the response operator RTfor T < 2N , is given by(RF )(t) = �1vF = ∞∑k=1 k(t)�1yk =∑ k(t)(�kk)= ∞∑k=1 t∫0 sin√�k(t− s)√�k (f1(s)�k + f ′2k) ds(�kk)= ∞∫

−∞

t∫0 sin√�(t− s)√� d�N (�)(f1(s)f ′2(s)) ds; 0 < t < 2N: (3.19)Taking F;G ∈ FT ∩C∞0 (0; T ;R2), for T < N we evaluate the quadratiform using (3.17) and (3.18):(CTF;G)FT = (uF ; uG)HT = (vF ; vG)HT (3.20)= ∞∑k=1 T∫0 T∫0 sin√�n(t− s)√�n (f1�n + f ′2n) ds sin√�n(t− �)√�n (g1�n + g′2n) d�= T∫0 T∫0 ∞∫

−∞

sin√�(t− s)√� sin√�(t− �)√� (d�N (�)(f1(s)f ′2(s)) ;(g1(�)g′2(�))) ds d�We observe that in view of the unite speed of wave propagation in sys-tem (1.1){(1.3), in representation formulas for response operator (3.19) andfor onneting operator (3.20), we an substitute d�N (�) by any d�M (�),M > N , where d�M (�) orresponds to some selfadjoint boundary ondi-tions at ±M , or we an let N go to in�nity, and substitute d�N (�) by alimit measure d�(�) (see [13℄).The inverse problem for a Shr�odinger operator on a half-line from aspetral measure is solved in [11℄, in [13℄ the inverse spetral problem for aShr�odinger operator on a real line from a matrix measure is disussed, butsome questions remain open. At the same time, in the ase of a half-linein [1, 2, 14℄ the authors established the relationships between the dynamiand spetral inverse problems.Remark 3. The ontrol, response and onneting operators admit repre-sentations in terms of spetral inverse data (matrix measure d�(�)), see(3.17), (3.19) and (3.20). This irumstane makes it possible to assume



230 A. S. MIKHAYLOV, V. S. MIKHAYLOVthat the progress in studying the inverse spetral problem from a matrixmeasure will be greatly stimulated by the progress in studying the inversedynami problem in the spirit of [1, 2, 14℄.
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