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§1. ÷×ÅÄÅÎÉÅðÁÄÁÀÝÁÑ �ÌÏÓËÁÑ ×ÏÌÎÁ ÒÁÓ�ÒÏÓÔÒÁÎÑÅÔÓÑ ÉÚ ÂÅÓËÏÎÅÞÎÏÓÔÉ É �Å-ÌÉËÏÍ ÏÓ×ÅÝÁÅÔ �Ï×ÅÒÈÎÏÓÔØ ×Ù�ÕËÌÏÇÏ ËÏÎÕÓÁ Ó ÉÍ�ÅÄÁÎÓÎÙÍ ËÒÁ-Å×ÙÍ ÕÓÌÏ×ÉÅÍ ÎÁ ÅÇÏ �Ï×ÅÒÈÎÏÓÔÉ. åÓÌÉ ËÏÎÕÓ ÕÚËÉÊ É ÇÌÁÄËÉÊ (ÚÁÉÓËÌÀÞÅÎÉÅÍ ÅÇÏ ×ÅÒÛÉÎÙ), ÔÏ ÏÔÒÁÖÅÎÎÙÅ ÌÕÞÉ ÄÁÌØÎÅÇÏ ÒÁÓÓÅÑÎÎÏ-ÇÏ �ÏÌÑ ÉÍÅÀÔ �ÏÞÔÉ ÔÅ ÖÅ ÓÁÍÙÅ ÎÁ�ÒÁ×ÌÅÎÉÑ ËÁË É ÌÕÞÉ �ÁÄÁÀÝÅÊ×ÏÌÎÙ, òÉÓ. 1. óÆÅÒÉÞÅÓËÁÑ ×ÏÌÎÁ, ÒÁÓÓÅÑÎÎÁÑ ÏÔ ×ÅÒÛÉÎÙ ËÏÎÕÓÁ ÉÒÁÓÓÍÁÔÒÉ×ÁÅÍÁÑ × ÎÅËÏÔÏÒÏÊ ÕÚËÏÊ ÏËÒÅÓÔÎÏÓÔÉ ËÏÎÕÓÁ (Ô.Å. ×Ï ×ÎÕ-ÔÒÅÎÎÏÓÔÉ ÂÏÌØÛÅÇÏ �ÕÎËÔÉÒÎÏÇÏ ËÏÎÕÓÁ ÎÁ òÉÓ. 1) ÔÁËÖÅ Ó×ÑÚÁÎÁÓ ÌÕÞÁÍÉ, ÉÍÅÀÝÉÍÉ ÎÁ�ÒÁ×ÌÅÎÉÑ ÂÌÉÚËÉÍÉ Ë ÔÅÍ, ÞÔÏ Õ �ÁÄÁÀÝÉÈÉ ÏÔÒÁÖÅÎÎÙÈ ÌÕÞÅÊ. óÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÆÁÚÏ×ÙÅ ÆÕÎË�ÉÉ ÜÔÉÈ ×ÏÌÎÂÌÉÚËÉ ÄÒÕÇ Ë ÄÒÕÇÕ, ÞÔÏ Ó ÆÉÚÉÞÅÓËÏÊ ÔÏÞËÉ ÚÒÅÎÉÑ ÏÚÎÁÞÁÅÔ, ÞÔÏ×ÏÌÎÙ ÉÎÔÅÒÆÅÒÉÒÕÀÔ. ÷ ÒÅÚÕÌØÔÁÔÅ, ×ÏÌÎÏ×ÁÑ ËÁÒÔÉÎÁ × ÎÅËÏÔÏÒÏÊÍÁÌÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÕÚËÏÇÏ ËÏÎÕÓÁ ÎÅ ÍÏÖÅÔ ÂÙÔØ �ÒÏÓÔÏÊ. ðÏ ÓÒÁ×ÎÅ-ÎÉÀ Ó ÉÚ×ÅÓÔÎÙÍÉ ÒÅÚÕÌØÔÁÔÁÍÉ [4℄; çÌÁ×Á 5, [3℄ ÅÅ ÉÚÕÞÅÎÉÅ ÔÒÅÂÕÅÔÎÅËÏÔÏÒÏÊ ÄÏ�ÏÌÎÉÔÅÌØÎÏÊ ÒÁÂÏÔÙ ÄÌÑ Ï�ÉÓÁÎÉÑ ÁÓÉÍ�ÔÏÔÉËÉ ÄÁÌØ-ÎÅÇÏ �ÏÌÑ.áÓÉÍ�ÔÏÔÉÞÅÓËÉÊ ÁÎÁÌÉÚ ÉÎÔÅÇÒÁÌØÎÏÇÏ �ÒÅÄÓÔÁ×ÌÅÎÉÑ úÏÍÍÅÒÆÅ-ÌØÄÁ (ÓÍ. [4℄; çÌÁ×Á 5) ÄÌÑ ×ÏÌÎÏ×ÏÇÏ �ÏÌÑ × ÜÔÏÍ ÓÌÕÞÁÅ �ÏÄÒÁÚÕÍÅ×ÁÅÔÉÓÓÌÅÄÏ×ÁÎÉÅ ÓÉÔÕÁ�ÉÉ, ËÏÇÄÁ ÏÓÏÂÅÎÎÏÓÔÉ �ÏÄÙÎÔÅÇÒÁÌØÎÏÇÏ ×ÙÒÁ-ÖÅÎÉÑ ÂÌÉÚËÉ Ë ÓÅÄÌÏ×ÙÍ ÔÏÞËÁÍ. ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, Ï�ÉÓÁÎÉÅ ÏÓÏ-ÂÅÎÎÏÓÔÅÊ ÂÁÚÉÒÕÅÔÓÑ ÎÁ ÉÚÕÞÅÎÉÉ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ æÕÒØÅ ÏÔ ÔÁË ÎÁ-ÚÙ×ÁÅÍÏÊ Ó�ÅËÔÒÁÌØÎÏÊ ÆÕÎË�ÉÉ. üÔÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ ×ÙÞÉÓÌÑÅÔÓÑ ÓÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ÁÓÉÍ�ÔÏÔÉËÉ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ ÄÌÑ ÕÒÁ×ÎÅÎÉÑ ìÁ�ÌÁÓÁ-âÅÌØÔÒÁÍÉ-çÅÌØÍÇÏÌØ�Á ÎÁ ÅÄÉÎÉÞÎÏÊ ÓÆÅÒÅ Ó ÍÁÌÙÍ ÏÔ×ÅÒÓÔÉÅÍ, ×Ù-ÒÅÚÁÎÎÙÍ ÕÚËÉÍ ËÏÎÕÓÏÍ Ó ×ÅÒÛÉÎÏÊ, �ÏÍÅÝÅÎÎÏÊ × �ÅÎÔÒ ÓÆÅÒÙ [4℄;ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÄÉÆÒÁË�ÉÑ, ÕÚËÉÊ ËÏÎÕÓ, ÉÍ�ÅÄÁÎÓÎÙÅ ÕÓÌÏ×ÉÑ, �ÒÉ�Ï×ÅÒÈ-ÎÏÓÔÎÙÊ ÓÌÏÊ.òÁÂÏÔÁ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÏÍ òÏÓÓÉÊÓËÏÇÏ îÁÕÞÎÏÇÏ æÏÎÄÁ RSCF 17-11-01126.195
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òÉÓ. 1. äÉÆÒÁË�ÉÑ ÎÁ ÕÚËÏÍ �ÅÌÉËÏÍ ÏÓ×ÅÝÅÎÎÏÍ ËÏ-ÎÕÓÅ S.

çÌÁ×Á 5. òÁÚÍÅÒ ÏÔ×ÅÒÓÔÉÑ ÉÍÅÅÔ �ÏÒÑÄÏË O(�), ÇÄÅ � ≪ 1 { ÍÁÌÙÊ�ÁÒÁÍÅÔÒ ÚÁÄÁÞÉ, Ï�ÉÓÙ×ÁÀÝÉÊ \ÕÚÏÓÔØ" ËÏÎÕÓÁ.óÔÏÉÔ �ÒÏËÏÍÍÅÎÔÉÒÏ×ÁÔØ �ÒÅÄ�ÏÌÏÖÅÎÉÑ, ËÏÔÏÒÙÅ �ÏÄÒÁÚÕÍÅ×Á-ÀÔÓÑ �ÒÉ �ÏÓÔÒÏÅÎÉÉ �ÒÉÂÌÉÖÅÎÎÏÇÏ ÒÅÛÅÎÉÑ ÉÓÓÌÅÄÕÅÍÏÊ ÚÁÄÁÞÉ.æÏÒÍÁÌØÎÏÅ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÅ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ ÉÝÅÔÓÑ �ÒÉ � ≪ 1, Ô.Å.ÄÌÑ ÕÚËÏÇÏ ÉÍ�ÅÄÁÎÓÎÏÇÏ ËÏÎÕÓÁ. ïÄÎÁËÏ, ÍÙ ÚÁÉÎÔÅÒÅÓÏ×ÁÎÙ × Ï�É-ÓÁÎÉÉ ÄÁÌØÎÅÇÏ �ÏÌÑ (kr ≫ 1, kr { ×ÏÌÎÏ×ÏÅ ÒÁÓÓÔÏÑÎÉÅ ÏÔ ×ÅÒÛÉÎÙ) ×ÎÅËÏÔÏÒÏÊ ÏËÒÅÓÔÎÏÓÔÉ (�ÏÒÑÄËÁ O(�1−Æ), ÄÌÑ ÎÅËÏÔÏÒÏÇÏ Æ > 0) ËÏ-ÎÉÞÅÓËÏÊ �Ï×ÅÒÈÎÏÓÔÉ. ÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ ÓÎÁÞÁÌÁ ÉÓ�ÏÌØÚÕÅÍ ÁÓÉÍ-�ÔÏÔÉÞÅÓËÏÅ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ ÄÉÆÒÁË�ÉÉ �ÒÉ � ≪ 1, ÚÁÔÅÍ ÉÚÕÞÁÅÍÅÇÏ �ÒÉ kr ≫ 1. ðÏÒÑÄÏË ÜÔÉÈ Ä×ÕÈ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÙÈ ÁÓÉÍ�ÔÏÔÉÞÅ-ÓËÉÈ `�ÒÅÄÅÌÏ×' ÓÕÝÅÓÔ×ÅÎÅÎ, Á ÎÁ ÓÏÏÔÎÏÛÅÎÉÅ ÍÁÌÙÈ �ÁÒÁÍÅÔÒÏ× � É(kr)−1 ÎÅ ÎÁËÌÁÄÙ×ÁÅÔÓÑ �ÏËÁ ÎÉËÁËÉÈ ÏÇÒÁÎÉÞÅÎÉÊ. óÉÔÕÁ�ÉÑ, ËÏÇÄÁÌÉÂÏ ÜÔÉ �ÁÒÁÍÅÔÒÙ ÆÕÎË�ÉÏÎÁÌØÎÏ Ó×ÑÚÁÎÙ, ÌÉÂÏ �ÏÒÑÄÏË ÁÓÉÍ�ÔÏ-ÔÉÞÅÓËÉÈ �ÒÅÄÅÌÏ× ÄÒÕÇÏÊ, × ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÎÅ ÏÂÓÕÖÄÁÅÔÓÑ. ïÔÍÅÔÉÍ,ÞÔÏ ×ÙÒÁÖÅÎÉÑ ÄÌÑ ÄÁÌØÎÅÇÏ ÒÁÓÓÅÑÎÎÏÇÏ �ÏÌÑ, �ÏÌÕÞÅÎÎÙÅ × çÌÁ×Å 5ÉÚ [4℄ �ÒÉ kr → ∞ É � ∼ O(1), ÓÔÁÎÏ×ÑÔÓÑ ÆÏÒÍÁÌØÎÏ ÎÅ�ÒÉÍÅÎÉÍÙÍÉ�ÒÉ � → 0.÷ÏÓ�ÏÌØÚÕÅÍÓÑ ÓÆÅÒÉÞÅÓËÉÍÉ ËÏÏÒÄÉÎÁÔÁÍÉ (r; �; '), Ó×ÑÚÁÎÎÙÍÉ ÓÄÅËÁÒÔÏ×ÙÍÉ (òÉÓ.1) ÓÏÏÔÎÏÛÅÎÉÑÍÉX1 = r os' sin �; X2 = r sin' sin �; X3 = r os �:



÷ïìîï÷ïå ðïìå ÷âìéúé õúëïçï 197íÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ �ÌÏÓËÕÀ ×ÏÌÎÕ1 ËÏÔÏÒÁÑ �ÁÄÁÅÔ ÉÚ ÂÅÓËÏÎÅÞÎÏÓÔÉ�Ï ÎÁ�Ò×ÌÅÎÉÀ !0 = (�0; '0) (òÉÓ. 1)Ui(r; �; ') = exp{−ikr os �i(!; !0)}; (1)ÇÄÅ ! = (�; ') ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÎÁ�ÒÁ×ÌÅÎÉÀ ÎÁÂÌÀÄÅÎÉÑ, Éos �i(!; !0) = os � os �0 + sin � sin �0 os['− '0℄; �i(!; !0)ÓÏ×�ÁÄÁÅÔ Ó ÇÅÏÄÅÚÉÞÅÓËÉÍ ÒÁÓÓÔÏÑÎÉÅÍ ÍÅÖÄÕ Ä×ÕÍÑ ÔÏÞËÁÍÉ ! É !0,ËÏÔÏÒÏÅ ÔÁËÖÅ ÏÂÏÚÎÁÞÉÍ �(!; !0) = �i(!; !0). äÌÑ ËÒÕÇÏ×ÏÇÏ ËÏÎÕÓÁÕÒÁ×ÎÅÎÉÅ ÅÇÏ �Ï×ÅÒÈÎÏÓÔÉ S ÉÍÅÅÔ ×ÉÄ � = �1; r > 0 É ÄÌÑ ÕÚËÏ-ÇÏ ËÏÎÕÓÁ ÍÙ ÉÍÅÅÍ � = 2(� − �1) ≪ 1. ðÕÓÔØ � ËÒÉ×ÁÑ �ÅÒÅÓÅÞÅÎÉÑËÏÎÉÞÅÓËÏÊ �Ï×ÅÒÈÎÏÓÔÉ S É ÅÄÉÎÉÞÎÏÊ ÓÆÅÒÙ S2 Ó �ÅÎÔÒÏÍ × ×ÅÒ-ÛÉÎÅ ËÏÎÕÓÁ, � = S ∩ S2. `÷ÎÅÛÎÏÓÔØ' � ÜÔÏ ÏÂÌÁÓÔØ � ÎÁ�ÒÁ×ÌÅÎÉÊÎÁÂÌÀÄÅÎÉÑ ×ÏÌÎÏ×ÏÇÏ �ÏÌÑ. üÔÁ ÏÂÌÁÓÔØ ÔÒÁÄÉ�ÉÏÎÎÏ ÒÁÚÄÅÌÑÅÔÓÑ ÎÁ`ÏÁÚÉÓ' 
0 É ÏÓÔÁÌØÎÕÀ ÞÁÓÔØ 
1 = � \ 
0. ïÁÚÉÓ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ×ÓÅÍÎÁ�ÒÁ×ÌÅÎÉÑÍ ÎÁÂÌÀÄÅÎÉÑ, ÇÄÅ × ÄÁÌØÎÅÍ ÒÁÓÓÅÑÎÎÏÍ �ÏÌÅ ÎÁÂÌÀÄÁÅÔ-ÓÑ ÔÏÌØËÏ ÓÆÅÒÉÞÅÓËÁÑ ×ÏÌÎÁ ÏÔ ×ÅÒÛÉÎÙ. âÏÌÅÅ ÄÅÔÁÌØÎÏÅ Ï�ÉÓÁÎÉÅÏÁÚÉÓÁ ÒÁÓÓÍÏÔÒÅÎÏ × [4℄; çÌÁ×Á 5. ó ÎÁÛÅÍ ÓÌÕÞÁÅ ÔÏÎËÏÇÏ (ÕÚËÏÇÏ)ËÏÎÕÓÁ ÏÁÚÉÓ ÚÁÎÉÍÁÅÔ �ÏÞÔÉ ×ÓÅ � ÚÁ ÉÓËÌÀÞÅÎÉÅÍ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÍÁÌÏÊ ÞÁÓÔÉ 
1 = � \ 
0 ÎÁ S2. äÅÊÓÔ×ÉÔÅÌØÎÏ, × ÓÌÕÞÁÅ ËÒÕÇÏ×ÏÇÏËÏÎÕÓÁ É ÁËÓÉÁÌØÎÏ ÓÉÍÍÅÔÒÉÞÎÏÇÏ ÏÓ×ÅÝÅÎÉÑ ÏÁÚÉÓ Ñ×ÌÑÅÔÓÑ ÏÂÌÁ-ÓÔØÀ ÎÁ �, Ï�ÉÓÙ×ÁÅÍÏÊ ÎÅÒÁ×ÅÎÓÔ×ÏÍ � < �1 − �=2. ÷ ÜÔÏÍ ÓÌÕÞÁÅ
1 ÚÁÄÁÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×ÏÍ �1 > � > �1 − �=2. ÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÒÁÓ-ÓÍÁÔÒÉ×ÁÅÔÓÑ �ÒÏÉÚ×ÏÌØÎÙÊ ÔÏÎËÉÊ ×Ù�ÕËÌÙÊ ËÏÎÕÓ, É ÍÙ ÉÍÅÅÍ ÄÅ-ÌÏ Ó ÂÏÌÅÅ ÛÉÒÏËÏÊ ÏÂÌÁÓÔØÀ, ÞÅÍ 
1, ËÏÔÏÒÁÑ ÏÂÏÚÎÁÞÁÅÔÓÑ 
Æ. üÔÏÁÓÉÍ�ÔÏÔÉÞÅÓËÉ ÔÏÎËÁÑ ÏÂÌÁÓÔØ.2 óÔÏÉÔ ÔÁËÖÅ ÏÔÍÅÔÉÔØ, ÞÔÏ, ÅÓÌÉÔÏÎËÉÊ ËÏÎÕÓ �ÏÌÎÏÓÔØÀ ÏÓ×ÅÝÅÎ �ÁÄÁÀÝÅÊ �ÌÏÓËÏÊ ×ÏÌÎÏÊ, ÔÏÞËÁ !0�ÒÉÎÁÄÌÅÖÉÔ ÏÂÌÁÓÔÉ �i (�i ∈ �) ÓÉÍÍÅÔÒÉÞÎÏÊ ×ÎÅÛÎÏÓÔÉ S2 \ �ÏÔÎÏÓÉÔÅÌØÎÏ �ÅÎÔÒÁ ÅÄÉÎÉÞÎÏÊ ÓÆÅÒÙ.óÌÅÄÕÅÔ, ÏÄÎÁËÏ, Õ�ÏÍÑÎÕÔØ, ÞÔÏ ÁÓÉÍ�ÔÏÔÉËÁ ÄÁÌØÎÅÇÏ �ÏÌÑ × ÏÁÚÉ-ÓÅ �ÒÉ �ÏÌÎÏÍ ÏÓ×ÅÝÅÎÉÉ ÕÚËÏÇÏ ÉÍ�ÅÄÁÎÓÎÏÇÏ ×Ù�ÕËÌÏÇÏ ËÏÎÕÓÁ ÂÙÌÁ×ÙÞÉÓÌÅÎÁ × [3℄. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ÁÓÉÍ�ÔÏÔÉËÁ ÄÁÌØÎÅÇÏ �ÏÌÑ ÚÁÄÁÅÔÓÑ1ðÒÅÄ�ÏÌÁÇÁÅÔÓÑ ÇÁÒÍÏÎÉÞÅÓËÁÑ ÚÁ×ÉÓÉÍÏÓÔØ e−i!̂t ÏÔ ×ÒÅÍÅÎÉ, ËÏÔÏÒÁÑ Ï�ÕÝÅ-ÎÁ × ÒÁÂÏÔÅ.2ïÞÅ×ÉÄÎÏ, ÞÔÏ 
Æ Ñ×ÌÑÅÔÓÑ ËÏÌØ�ÏÍ ÎÁ S2 ÔÁËÉÍ, ÞÔÏ ÇÅÏÄÅÚÉÞÅÓËÏÅ ÒÁÓÓÔÏÑ-ÎÉÅ ÏÔ ËÁÖÄÏÊ ÔÏÞËÉ 
Æ ÄÏ `×Ù�ÕËÌÏÊ' ËÒÉ×ÏÊ �, Ô.Å. ÇÒÁÎÉ�Ù ×Ù�ÕËÌÏÊ ÏÂÌÁÓÔÉ,ÍÅÎØÛÅ, ÞÅÍ C�1−Æ ÄÌÑ ÍÁÌÏÇÏ Æ > 0 É ÎÅËÏÔÏÒÏÇÏ C > 0.



198 í. á. ìñìéîï÷, ó. ÷. ðïìñîóëáñ×ÙÒÁÖÅÎÉÅÍU(r; �; ') = D(!; !0) exp{ikr}−ikr (1 +O( 1kr)) ; (2)ÇÄÅ ÄÉÆÒÁË�ÉÏÎÎÙÊ ËÏÜÆÆÉ�ÉÅÎÔ ÂÙÌ Ñ×ÎÏ ×ÙÞÉÓÌÅÎ (�ÒÉ � ≪ 1)D(!; !0) = − l�4� � (1 +O(� log�))[os �(!;O) + os �(O;!0)℄2 ; ! ∈ 
0;�(!;O) + �(O;!0) > �;ÇÄÅ � �Ï×ÅÒÈÎÏÓÔÎÙÊ ÉÍ�ÅÄÁÎÓ, l� ÄÌÉÎÁ � É O { ÔÏÞËÁ ×Ï ×ÎÅÛÎÏÓÔÉ �.æÏÒÍÕÌÁ ÄÌÑ D(!; !0) ÓÔÁÎÏ×ÉÔÓÑ ÎÅÎÅ�ÒÉÍÅÎÉÍÏÊ, ÅÓÌÉ ! �ÒÉÂÌÉÖÁ-ÅÔÓÑ Ë ÇÒÁÎÉ�Å 
0, Ô.Å. �(!;O) + �(O;!0) → �. áÎÁÌÏÇÉÞÎÙÅ ÒÅÚÕÌØÔÁ-ÔÙ ÉÚ×ÅÓÔÎÙ ÔÁËÖÅ ÄÌÑ ÉÄÅÁÌØÎÙÈ ÕÚËÉÈ ËÏÎÕÓÏ× [5℄, Ô.Å. Ó ÕÓÌÏ×ÉÑÍÉäÉÒÉÈÌÅ ÉÌÉ îÅÊÍÁÎÁ ÎÁ ÇÒÁÎÉ�Å.3÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ ÎÁÍÅÒÅÎÙ �ÏÌÕÞÉÔØ ×ÙÒÁÖÅÎÉÅ ÄÌÑ ÄÁÌØÎÅÇÏÒÁÓÓÅÑÎÎÏÇÏ �ÏÌÑ �ÒÉ ! ∈ 
Æ , Ô.Å. × ÎÅËÏÔÏÒÏÊ ÏËÒÅÓÔÎÏÓÔÉ ËÏÎÉÞÅÓËÏÊ�Ï×ÅÒÈÎÏÓÔÉ.
§2. æÏÒÍÕÌÉÒÏ×ËÁ É ÒÅÄÕË�ÉÑ Ë ÉÎÔÅÇÒÁÌØÎÏÍÕÕÒÁ×ÎÅÎÉÀ ÄÌÑ Ó�ÅËÔÒÁÌØÎÏÊ ÆÕÎË�ÉÉðÏÌÎÏÅ �ÏÌÅ Û(r; �; ') = Ui(r; �; ') + U(r; �; ') Ñ×ÌÑÅÔÓÑ ÓÕÍÍÏÊ �Á-ÄÁÀÝÅÊ ×ÏÌÎÙ Ui(r; �; ') (ÓÍ. (1)) É ÒÁÓÓÅÑÎÎÏÊ U(r; �; '). òÁÓÓÅÑÎÎÏÅ�ÏÌÅ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÒÁ×ÎÅÎÉÀ çÅÌØÍÇÏÌØ�Á(△+ k2)U(r; �; ') = 0; ! ∈ �; r > 0 (3)É �ÏÌÎÏÅ �ÏÌÅ �ÏÄÞÉÎÑÅÔÓÑ ÉÍ�ÅÄÁÎÓÎÏÍÕ ËÒÁÅ×ÏÍÕ ÕÓÌÏ×ÉÀ

(1r ��N − ik�) Û(r; �; ') = 0; ! ∈ �; r > 0; (4)ÇÄÅ N ÎÏÒÍÁÌØ Ë � × ËÁÓÁÔÅÌØÎÏÊ �ÌÏÓËÏÓÔÉ Ë S2, �ÏÄÒÁÚÕÍÅ×ÁÅÔÓÑ,ÞÔÏ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ íÅÊËÓÎÅÒÁ × ×ÅÒÛÉÎÅ, òÁÚÄÅÌ 5.1 × [1, 2, 4℄.÷ÏÌÎÏ×ÏÅ �ÏÌÅ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ ÉÚÌÕÞÅÎÉÑ, ×ÞÁÓÔÎÏÓÔÉ, × ÏÁÚÉÓÅ (Ô.Å. �ÒÉ ! ∈ 
0) ÏÎÏ ÉÍÅÅÔ ×ÉÄ (2). ÷ÉÄ ÁÓÉÍ�ÔÏ-ÔÉËÉ × ÕÚËÏÊ ÏËÒÅÓÔÎÏÓÔÉ ËÏÎÉÞÅÓËÏÊ �Ï×ÅÒÈÎÏÓÔÉ S, Ô.Å. �ÒÉ ! ∈ 
Æ ,Ñ×ÌÑÅÔÓÑ ÏÓÎÏ×ÎÏÊ �ÅÌØÀ ÉÓÓÌÅÄÏ×ÁÎÉÑ × ÎÁÛÅÊ ÒÁÂÏÔÅ.43òÁÂÏÔÁ [6℄, �Ï-×ÉÄÉÍÏÍÕ, ÎÕÖÄÁÅÔÓÑ × ÂÏÌÅÅ ÄÅÔÁÌØÎÏÍ ÏÂÏÓÎÏ×ÁÎÉÉ ÉÓ�ÏÌØÚÕ-ÅÍÏÇÏ �ÏÄÈÏÄÁ É ÒÅÚÕÌØÔÁÔÏ×.4óÔÏÉÔ ÏÔÍÅÔÉÔØ, ÞÔÏ ÍÙ ÉÝÅÍ ÁÓÉÍ�ÔÏÔÉËÕ ËÌÁÓÓÉÞÅÓËÏÇÏ ÒÅÛÅÎÉÑ ÒÁÓÓÍÁ-ÔÒÉ×ÁÅÍÏÊ ÚÁÄÁÞÉ.



÷ïìîï÷ïå ðïìå ÷âìéúé õúëïçï 199äÅÔÁÌÉ ×ÙÞÉÓÌÅÎÉÊ × ÏÓÔÁ×ÛÅÊÓÑ ÞÁÓÔÉ ÜÔÏÇÏ ÒÁÚÄÅÌÁ ÔÒÁÄÉ�ÉÏÎÎÙÉ �Ï ÞÁÓÔÑÍ ÍÏÇÕÔ ÂÙÔØ ÎÁÊÄÅÎÙ × [4, 7℄ É [3℄.5 ðÁÄÁÀÝÁÑ �ÌÏÓËÁÑ×ÏÌÎÁ ÄÏ�ÕÓËÁÅÔ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÔÁË ÎÁÚÙ×ÁÅÍÙÍ ÉÎÔÅÇÒÁÌÏÍ ÷ÁÔÓÏÎÁ-âÅÓÓÅÌÑ Ui(r; �; ') = 4i√�2 ∫C0 � e−i��=2ui�(!; !0)J�(kr)√
−ikr d�; (5)ÇÄÅ ui�(!; !0) = −P�−1=2(− os �i(!;!0))4 os�� , P�−1=2(x) ÆÕÎË�ÉÑ ìÅÖÁÎÄÒÁ. C0ËÏÎÔÕÒ, ÏÈ×ÁÔÙ×ÁÀÝÉÊ �ÏÌÏÖÉÔÅÌØÎÕÀ ÞÁÓÔØ ×ÅÝÅÓÔ×ÅÎÎÏÊ ÏÓÉ, ÓÍ.[4, 7℄. ðÒÅÄÓÔÁ×ÌÅÎÉÅ ÄÌÑ ÒÁÓÓÅÑÎÎÏÇÏ �ÏÌÑ �ÒÉÎÉÍÁÅÔ �ÏÈÏÖÉÊ ×ÉÄU(r; �; ') = 4i√�2 ∫C0 � e−i��=2u�(!; !0)J�(kr)√
−ikr d�; (6)ÇÄÅ u�(!; !0) ÎÅÉÚ×ÅÓÔÎÁÑ (Ó�ÅËÔÒÁÌØÎÁÑ) ÆÕÎË�ÉÑ.éÓ�ÏÌØÚÕÑ �ÒÅÄÓÔÁ×ÌÅÎÉÑ (6), (5) × ÚÁÄÁÞÅ (3), (4), �ÒÉÈÏÄÉÍ Ë ÕÒÁ×-ÎÅÎÉÀ (△! + (�2 − 1=4))u�(!; !0) = 0 ; (7)× � É Ë ËÒÁÅ×ÏÍÕ ÕÓÌÏ×ÉÀ ÎÁ ��û�(!; !0)�N ∣∣∣∣� = �2i i∞∫

−i∞ d� � sin�� û� (!; !0)|�os�� + os�� ; � ∈ �Æ (8)Ó û�(!; !0) = u�(!; !0) + ui�(!; !0), �Æ = {� ∈ C : | Im(�)| < Æ0}ÄÌÑ ÎÅËÏÔÏÒÏÇÏ ÍÁÌÏÇÏ �ÏÌÏÖÉÔÅÌØÎÏÇÏ Æ0. õÓÌÏ×ÉÅ (8) ÎÅÌÏËÁÌØÎÏ �Ï(Ó�ÅËÔÒÁÌØÎÏÊ) �ÅÒÅÍÅÎÎÏÊ �.äÌÑ ÄÁÌØÎÅÊÛÉÈ ×ÙÞÉÓÌÅÎÉÊ �ÏÌÅÚÎÏ ××ÅÓÔÉ ÆÏÒÍÁÌØÎÙÊ ÉÎÔÅÇÒÁ-ÌØÎÙÊ Ï�ÅÒÁÔÏÒ
Av�(!; !0)|� = 12i i∞∫

−i∞ d� � sin�� v� (!; !0)|�os�� + os�� ; (9)ÇÄÅ � �ÒÉÎÁÄÌÅÖÉÔ ÍÎÉÍÏÊ ÏÓÉ, ÔÏÇÄÁ ÉÚ (8) ÉÍÅÅÍ�û�(!; !0)�N ∣∣∣∣� = � Aû�(!; !0)|� :5÷ ÄÁÎÎÏÍ ÒÁÚÄÅÌÅ ÍÙ × ÄÅÊÓÔ×ÉÔÅÌØÎÏÓÔÉ ÎÅ ÉÓ�ÏÌØÚÕÅÍ ÔÏ, ÞÔÏ ËÏÎÕÓ ÕÚËÉÊ,É ÒÅÚÕÌØÔÁÔÙ ÉÚ×ÅÓÔÎÙ ÄÌÑ �ÒÏÚ×ÏÌØÎÏÇÏ ÇÌÁÄËÏÇÏ ×Ù�ÕËÌÏÇÏ ËÏÎÕÓÁ.



200 í. á. ìñìéîï÷, ó. ÷. ðïìñîóëáñëÌÁÓÓ ÆÕÎË�ÉÊ, × ËÏÔÏÒÏÍ ÉÝÅÔÓÑ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ (7), (8), �ÏÄÒÏÂÎÏÏ�ÉÓÁÎ × çÌÁ×Å 5 × [4℄ É ÂÏÌÅÅ ÄÅÔÁÌÎÏ × [7℄.éÚ ÚÁÄÁÞÉ (7), (8) ÓÌÅÄÕÅÔ �ÒÅÄÓÔÁ×ÌÅÎÉÅ (ÓÍ. [3℄)�! u�(!; !0) = ∫� dls (�g�(!; s)�N u�(s; !0)− �Au�(s; !0)g�(!; s))+	�(!; !0); (10)ÇÄÅ g�(s; !) = −P�−1=2(− os �(s;!))4 os�� , �! = 1=2 �ÒÉ ! ∈ � É �! = 1 �ÒÉ! ∈ �,	�(!; !0) = ∫� dls (�ui�(!0; s)�N g�(s; !)− �Aui�(s; !0) g�(!; s)) :éÎÔÅÇÒÉÒÏ×ÁÎÉÅ × ÆÏÒÍÕÌÅ (10) �ÒÏ×ÏÄÉÔÓÑ ×ÄÏÌØ ÚÁÍËÎÕÔÏÊ ËÒÉ×ÏÊ� ÎÁ S2.åÓÌÉ ! ∈ �, �ÒÅÄÓÔÁ×ÌÅÎÉÅ (10) �ÒÅÏÂÒÁÚÕÅÔÓÑ × ÉÎÔÅÇÒÁÌØÎÏÅ ÕÒÁ×-ÎÅÎÉÅ ×ÔÏÒÏÇÏ ÒÏÄÁ ÄÌÑ u�(·; !0). åÇÏ ÁÓÉÍÔÏÔÉÞÅÓËÏÅ ÒÅÛÅÎÉÅ �ÒÉ� → 0 ÏÂÓÕÖÄÁÅÔÓÑ × [3℄ É × ÓÔÁÒÛÅÍ �ÒÉÂÌÉÖÅÎÉÉ Ó�ÅËÔÒÁÌØÎÁÑ ÆÕÎË-�ÉÑ ÄÁÅÔÓÑ ×ÙÒÁÖÅÎÉÅÍu�(!; !0) = 	�(!; !0)(1 +O(� log�)); (11)óÔÏÉÔ ÎÁ�ÏÍÎÉÔØ, ÞÔÏ ! ∈ 
Æ ; !0 ∈ �0× ÆÏÒÍÕÌÅ (11), ÔÁË ÞÔÏ �(!;O) + �(O;!0) = � +O(�1−Æ) .äÌÑ ÄÁÌØÎÅÊÛÅÇÏ ÉÚÕÞÅÎÉÑ ÁÓÉÍ�ÔÏÔÉËÉ ÄÁÌØÎÅÇÏ ÒÁÓÓÅÑÎÎÏÇÏ �Ï-ÌÑ, ÏÓÎÏ×ÁÎÎÏÊ ÎÁ �ÒÉÂÌÉÖÅÎÎÏÍ ÒÅÛÅÎÉÉ ÚÁÄÁÞÉ ÄÌÑ Ó�ÅËÔÒÁÌØÎÏÊÆÕÎË�ÉÉ, ÎÁÍ ÎÕÖÎÙ ÎÅËÏÔÏÒÙÅ Ï�ÅÎËÉ ÄÌÑ (11) �ÒÉ � → i∞.
§3. îÅËÏÔÏÒÙÅ Ï�ÅÎËÉ �ÒÉÂÌÉÖÅÎÎÏÊ Ó�ÅËÔÒÁÌØÎÏÊÆÕÎË�ÉÉ (11)úÁ�ÉÛÅÍ ×ÙÒÁÖÅÎÉÅ (11) × ×ÉÄÅu�(!; !0) = ∫� dlsW�(s; !; !0)(1 +O(� log�)) (12)



÷ïìîï÷ïå ðïìå ÷âìéúé õúëïçï 201Ó W�(s; !; !0) = P�−1=2(− os �(!; s))4 os��
×





�2i i∞∫

−i∞ d� � tan�� P�−1=2(− os �(!0; s))os�� + os��
−��(s; !0)�N P 1�−1=2(− os �(!0; s))4 os�� } ;ÇÄÅ ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ ddxP�−1=2(x) = −

P 1�−1=2(x)√1− x2 :íÙ ÚÁÉÎÔÅÒÅÓÏ×ÁÎÙ × Ï�ÅÎËÅ W�(s; !; !0); ËÏÔÏÒÁÑ ÒÁ×ÎÏÍÅÒÎÁ �Ï s ∈� ÄÌÑ ! ∈ 
Æ ; !0 ∈ �0 �ÒÉ � → i∞.åÓÌÉ ! ∈ 
Æ ; !0 ∈ �0 , ÍÙ ÍÏÖÅÍ ÕÔ×ÅÒÖÄÁÔØ, ÞÔÏ �(!0; s) < � −a0� ÄÌÑ ÎÅËÏÔÏÒÏÇÏ �ÏÌÏÖÉÔÅÌØÎÏÇÏ a0 É �(!; s) > A0� ÄÌÑ ÎÅËÏÔÏÒÏÇÏ�ÏÌÏÖÉÔÅÌØÎÏÇÏ A0. ÷ ÒÅÚÕÌØÔÁÔÅ ÍÙ ÉÍÅÅÍ
− os �(!0; s) = os[� − �(!0; s)℄ < 1− a1�2;É
− os �(!; s) = os[� − �(!; s)℄ > −1 +A1�2ÄÌÑ ÎÅËÏÔÏÒÙÈ �ÏÌÏÖÉÔÅÌØÎÙÈ a1 É A1. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ � ÍÁÌÙÊ,ÎÏ ÆÉËÓÉÒÏ×ÁÎÎÙÊ �ÁÒÁÍÅÔÒ.íÙ ×ÉÄÉÍ, ÞÔÏ ÁÒÇÕÍÅÎÔÙ ×P 1�−1=2(− os �(!0; s)) É P�−1=2(− os �(!; s))ÔÁËÏ×Ù, ÞÔÏ �ÒÉÍÅÎÉÍÁ ÁÓÉÍ�ÔÏÔÔÉËÁ [8℄, 8.721(3)P��−1=2(os') = √ �2 sin' �(� + �+ 1=2)�(� + 1)

× os(�'+ ��2 − �4) (1 +O(1=�)) (13)�ÒÉ � → i∞ É 0 < � 6 ' 6 �− �, |�| ≫ 1=� � > 0 ÍÁÌÏÅ. ÷ �ÏÓÌÅÄÕÀÝÉÈÏ�ÅÎËÁÈ ÍÙ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÁÓÉÍ�ÔÏÔÉËÏÊ (13).�ÁËÉÍ ÏÂÒÁÚÏÍ, ÉÍÅÅÍW�(s; !; !0) = P�−1=2(− os �(!; s))4 os�� {I(�; s; !0)− �ui�(s; !0)�N }



202 í. á. ìñìéîï÷, ó. ÷. ðïìñîóëáñÓ I(�; s; !0) = �2i i∞∫
−i∞ d� � tan�� P�−1=2(− os �(!0; s))os�� + os�� :óÎÁÞÁÌÁ ÒÁÓÓÍÏÔÒÉÍ Ï�ÅÎËÕ ÉÎÔÅÇÒÁÌÁ I(�; s; !0), �ÒÅÄÓÔÁ×É× ÅÇÏËÁËI(�; s; !0) = �i iA∫0 d� � tan�� P�−1=2(− os �(!0; s))os�� + os��+ �i i∞∫iA d� � tan��P�−1=2(− os �(!0; s))os�� + os�� ;ÇÄÅ A ÄÏÓÔÁÔÏÞÎÏ ×ÅÌÉËÏ. ðÅÒ×ÏÅ ÓÌÁÇÁÅÍÏÅ × �ÒÁ×ÏÊ ÞÁÓÔÉ �ÏÓÌÅÄ-ÎÅÇÏ ÒÁ×ÅÎÓÔ×Á Ï�ÅÎÉ×ÁÅÔÓÑ ËÁË O ( 1os�� ) �ÒÉ � → i∞. äÌÑ ×ÔÏÒÏÇÏÓÌÁÇÁÅÍÏÇÏ ÉÍÅÅÍ�4i i∞∫iA d� � tan��P�−1=2(− os �(!0; s))os�� + os��= C ∞∫A dt√t tanh�t os(it[� − �(!0; s)℄− �=4)osh�t+ os�� (1 +O1(1=t))= C1 ∞∫A dt√t tanh�t exp[t(� − �)℄)osh�t+ os�� (1 +O1(1=t))= C2 ∞∫0 dt√t sinh�t[osh�t℄−aosh�t+ os�� (1 +O1(1=t)) +O( 1os��)= C4 ∞∫1 dp (log(p+√p2 − 1))1=2pa(p+ q) (1 +O1(1= log p)) +O(1q) ;ÇÄÅ 0 < a = �(!0; s)=� < 1 É p = osh�t, q = os �, Á ÏÂÏÚÎÁÞÅÎÉÅO1(1=t) ÉÓ�ÏÌØÚÕÅÔÓÑ ÄÌÑ ÆÕÎË�ÉÉ, ËÏÔÏÒÁÑ ÉÍÅÅÔ ÁÓÉÍ�ÔÏÔÉËÕ C=t



÷ïìîï÷ïå ðïìå ÷âìéúé õúëïçï 203�ÒÉ ÂÏÌØÛÉÈ t. ðÏÓÌÅÄÎÉÊ ÉÎÔÅÇÒÁÌ ÄÏ�ÕÓËÁÅÔ Ï�ÅÎËÕ
∞∫1 dp (log(p+√p2 − 1))1=2pa(p+ q) = C5 ∞∫1 dp (log p)1=2pa(p+ q) (1 +O1(1= log p))= C6√log qqa (1 +O( 1log q))�ÒÉ q → ∞, � → i∞. üÔÁ Ï�ÅÎËÁ ÍÏÖÅÔ ÂÙÔØ ×Ù×ÅÄÅÎÁ, ÎÁ�ÒÉÍÅÒ, ÎÁÓÌÅÄÕÀÝÅÍ �ÕÔÉ. òÁÓÓÍÏÔÒÉÍ ÔÏÖÄÅÓÔ×Ï (ÓÍ. ÔÁËÖÅ [2℄, ðÒÉÌÏÖÅÎÉÑ)

∞∫1 p−ap+ q dp = q−a ( �sin�a − 11− a) + q−a (1− qa−11− a )+ q−a 1=q∫0 y1−a1 + ydy�ÏÌÕÞÁÅÍÏÅ ÉÚ 3.222(2) × [8℄.6 ÷ ÜÔÏÍ ÔÏÖÄÅÓÔ×Å ×ÙÞÉÓÌÉÍ �ÒÏÉÚ×ÏÄ-ÎÕÀ dbdab ÏÔ ÏÂÅÉÈ ÞÁÓÔÅÊ �ÒÉ ÎÁÔÕÒÁÌØÎÙÈ b, ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÁÎÁÌÉÔÉ-ÞÅÓËÉÍ �ÒÏÄÏÌÖÅÎÉÅÍ ÎÁ ×ÅÝÅÓÔ×ÅÎÎÙÅ b ∈ (0; 1℄ É ×ÏÚØÍÅÍ b = 1=2,ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÉÍÅÅÍ
∞∫1 dp (log p)1=2pa(p+ q) = C6√log qqa (1 +O( 1log q)) :÷ÏÓ�ÏÌØÚÕÅÍÓÑ ÁÓÉÍ�ÔÏÔÉËÏÊ (13) É Ï�ÅÎËÏÊ ÄÌÑI(�; s; !0) = C7√� wI(s; !; !0)os[��(!0; s)℄ (1 +O(1�)) ;ÔÏÇÄÁ �ÒÉÄÅÍ ËW�(s; !; !0) = w0(s; !; !0)os[��(!0; s)℄ os[��(!; s)℄ (1 +O( 1�))= w(s; !; !0)os[�(�(!0; s) + �(!; s))℄ (1 +O( 1�))ÒÁ×ÎÏÍÅÒÎÏ �Ï s ∈ � É ! ∈ 
Æ ; !0 ∈ �0 �ÒÉ � → i∞, w0 É w;wI ÎÅ�ÒÅ-ÒÙ×ÎÙÅ ÆÕÎË�ÉÉ Ó×ÏÉÈ ÁÒÇÕÍÅÎÔÏ×. äÌÑ ÄÁÌØÎÅÊÛÅÇÏ ÕÄÏÂÎÏ ××ÅÓÔÉÏÂÏÚÎÁÞÅÎÉÅ �∗(s; !; !0) = �(!0; s) + �(!; s):6óÌÕÞÁÊ a → 1− 0 ÍÏÖÅÔ ÒÁÓÓÍÏÔÒÅÎ ËÁË �ÒÅÄÅÌØÎÙÊ.



204 í. á. ìñìéîï÷, ó. ÷. ðïìñîóëáñ
§4. ðÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ Ó�ÅËÔÒÁÌØÎÏÊ ÆÕÎË�ÉÉ ÉÔÒÁÎÓÆÏÒÍÁÎÔÁ úÏÍÍÅÒÆÅÌØÄÁðÒÅÄÓÔÁ×ÌÅÎÉÅ úÏÍÍÅÒÆÅÌØÄÁ ÄÌÑ ÒÁÓÓÅÑÎÎÏÇÏ �ÏÌÑ �ÒÉÎÉÍÁÅÔ ×ÉÄ(ÓÍ. çÌÁ×Õ 5 × [4, 7℄)U(r; �; ') = 12�i ∫ e−ikr os�

√
−ikr �(�; !; !0) d�; (14)ÇÄÅ �(�; !; !0) = √2� i∞∫

−i∞ �ei��u�(!; !0) d�
|Re(�)| < �∗(!; !0) É �∗(!; !0) = mins∈�(�(!0; s) + �(!; s)),  { Ä×ÕÈ-�ÅÔÌÅ×ÏÊ ËÏÎÔÕÒ úÏÍÍÅÒÆÅÌØÄÁ [4℄. áÎÁÌÏÇÉÞÎÏ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÅÍ �ÏÞÁÓÔÑÍ ÉÚ (14) ÉÍÅÅÍU(r; �; ') = √

−ikr2�i ∫ e−ikr os� sin��̃(�; !; !0) d�;ÇÄÅ̃�(�; !; !0) = √2�i i∞∫
−i∞ ei��u�(!; !0) d�;�(�; !; !0) = ��� �̃(�; !; !0):�ÒÁÎÓÆÏÒÍÁÎÔÙ úÏÍÍÅÒÆÅÌØÄÁ �(�; !; !0) É �̃(�; !; !0) × (14) ÄÏÌÖ-ÎÙ ÂÙÔØ ÁÎÁÌÉÔÉÞÅÓËÉ �ÒÏÄÏÌÖÅÎÙ ÉÚ �ÏÌÏÓÙ |Re(�)| < �∗(!; !0), ÇÄÅÏÎÉ Ñ×ÌÑÀÔÓÑ ÇÏÌÏÍÏÒÆÎÙÍÉ ÆÕÎË�ÉÑÍÉ, ÎÁ ÂÏÌÅÅ ÛÉÒÏËÕÀ �ÏÌÏÓÕ,ÅÓÌÉ ÜÔÏ ÎÅÏÂÈÏÄÉÍÏ. ÷ ÎÁÛÅÍ ÓÌÕÞÁÅ Ó�ÅËÔÒÁÌØÎÁÑ ÆÕÎË�ÉÑ × ÉÎÔÅ-ÇÒÁÌÅ æÕÒØÅ ÄÌÑ ÔÒÁÎÓÆÏÒÍÁÎÔ úÏÍÍÅÒÆÅÌØÄÁ ÚÁÄÁÅÔÓÑ Ñ×ÎÙÍ ×ÙÒÁ-ÖÅÎÉÅÍ (12).éÍÅÅÍ�(�; !; !0) = √2�i i∞∫

−i∞ 

 dd�ei�� ∫� dlsW�(s; !; !0) d� (1 +O(� log �))= √2�i ∫� dls dd� 


i∞∫
−i∞ ei��W�(s; !; !0)d� (1 +O(� log �));



÷ïìîï÷ïå ðïìå ÷âìéúé õúëïçï 205ÇÄÅ ÉÚÍÅÎÅÎÉÅ �ÏÒÑÄËÏ× ÉÎÔÅÇÒÉÒÏ×ÁÎÉÊ É ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ Ï�ÒÁ×-ÄÁÎÏ. ÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÅ�̃(s; �; !; !0) = 1i i∞∫
−i∞ ei��W�(s; !; !0) d� :úÁÍÅÞÁÎÉÅ. ÷ Ñ×ÎÏÊ É ÆÏÒÍÁÌØÎÏ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉ ÜË×É×ÁÌÅÎÔÎÏÊÆÏÒÍÅ �ÒÉÂÌÉÖÅÎÎÉÅ (11) ÚÁ�ÉÓÙ×ÁÅÔÓÑ ËÁËu�(!; !0)=−l�g�(!;O)(�Aui�(O;!0)− �ui�(!0; s)�N ∣∣∣∣s→O) (1+O(� log�));ÇÄÅ l� ÄÌÉÎÁ � É O ÔÏÞËÁ ×ÎÕÔÒÉ S2 \ �.ðÏÜÔÏÍÕ, ÉÍÅÅÍ (ÚÁÍÅÎÁ s → O, l� = ∫� dls)�(�; !; !0) = l�√2�i dd� 


i∞∫

−i∞ ei��W�(O;!; !0) d� 
 (1 +O(� log�)):ðÒÅÏÂÒÁÚÕÅÍ ÉÎÔÅÇÒÁÌ �̃(s; �; !; !0), ËÏÔÏÒÙÊ Ñ×ÌÑÅÔÓÑ �ÒÅÏÂÒÁÚÏ-×ÁÎÉÅÍ æÕÒØÅ ÏÔ W�(s; !; !0), ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÁÓÉÍ�ÔÏÔÉËÏÊ (14)�̃(s; �; !; !0) = 1i i∞∫

−i∞ d� os(��) w(s; !; !0)os[��∗(s; !; !0)℄ (1 +O( 1�)) :÷×ÉÄÕ Ï�ÅÎÏË ÉÚ �ÒÅÄÙÄÕÝÅÇÏ ÒÁÚÄÅÌÁ, �ÏÓÌÅÄÎÉÊ ÉÎÔÅÇÒÁÌ ÁÂÓÏÌÀÔÎÏÓÈÏÄÉÔÓÑ É Ñ×ÌÑÅÔÓÑ ÇÏÌÏÍÏÒÆÎÏÊ ÆÕÎË�ÉÅÊ �ÒÉ |Re(�)| < �∗. ðÏÌÏ-ÓÁ |Re(�)| < �∗, ÇÄÅ �(�; !; !0) ÔÁËÖÅ Ï�ÒÅÄÅÌÅÎÁ É ÒÅÇÕÌÑÒÎÁ, ÍÏÖÅÔÂÙÔØ ÒÁÓÛÉÒÅÎÁ ÎÁ |Re(�)| < 3�=2 Ó �ÏÍÏÝØÀ ÁÎÁÌÉÔÉÞÅÓËÏÇÏ �ÒÏÄÏÌ-ÖÅÎÉÑ. ïÄÎÁËÏ, ÍÙ ÄÏÌÖÎÙ Ï�ÒÅÄÅÌÉÔØ ÔÉ� É �ÏÌÏÖÅÎÉÅ ÏÓÏÂÅÎÎÏÓÔÉ�(�; !; !0) ÎÁ ÇÒÁÎÉ�Å �ÏÌÏÓÙ ÇÏÌÏÍÏÒÆÎÏÓÔÉ. äÌÑ ÜÔÏÇÏ, ×ÏÓ�ÏÌÚÕÅÍ-ÓÑ ÆÏÒÍÕÌÏÊ 3.981(3) ÉÚ [8℄
∞∫0 os(ax)osh(bx) dx = �2bseh(�a2b )�ÒÉ Re b > a > 0 É ÅÅ ÁÎÁÌÉÔÉÞÅÓËÉÍ �ÒÏÄÏÌÖÅÎÉÅÍ �Ï � = −ia �ÏÌÏÓÕ

|Re�| < Re b.



206 í. á. ìñìéîï÷, ó. ÷. ðïìñîóëáñ�ÏÇÄÁ �ÏÌÕÞÁÅÍ, ÞÔÏ � = �∗ �ÒÏÓÔÏÊ �ÏÌÀÓ ÄÌÑ�̃(s; �; !; !0); �̃(s; �; !; !0) = O(1=(�− �∗))ÉÌÉ �̃(s; �; !; !0) = O ([os(�=2)− os(�∗=2)℄−1) ;ÅÓÌÉ � ÎÁÈÏÄÉÔÓÑ × ÏËÒÅÓÔÎÏÓÔÉ �∗. éÚ �ÏÓÌÅÄÎÅÊ Ï�ÅÎËÉ ÌÅÇËÏ �ÏÌÕ-ÞÁÅÍ, ÞÔÏ �̃(�; s; !; !0)[os(�=2) − os(�∗(s; !; !0)=2)℄ ÇÏÌÏÍÏÒÆÎÁ × ÎÅ-ËÏÔÏÒÏÊ ÏËÒÅÓÔÎÏÓÔÉ � = �∗. �ÁË ËÁË �∗(s; !; !0) = �(!; s) + �(s; !0) =�+O(�1−Æ) , ÔÏ �̃(�; s; !; !0)[os(�=2)− os(�∗(s; !; !0)=2)℄ ÔÁËÖÅ ÇÏÌÏ-ÍÏÒÆÎÁ É × ÎÅËÏÔÏÒÏÊ ÍÁÌÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞËÉ � = �.÷ ÒÅÚÕÌØÔÁÔÅ ÉÚ�(�; !; !0) = ��� �̃(�; !; !0) = √2�i ��� ∫� dls�̃(�; !; !0)�ÏÌÕÞÁÅÍ�(�; !; !0) = √2�i ∫� dls ( 	1(�; s; !; !0)[os(�=2)− os(�∗(s; !; !0)=2)℄+	2(�; s; !; !0) 12 sin(�=2)[os(�=2)− os(�∗(s; !; !0)=2)℄2) ; (15)ÇÄÅ 	2(�; s; !; !0) = �̃(�; s; !; !0)[os(�=2)− os(�∗(s; !; !0)=2)℄É 	1(�; s; !; !0) = ���	2(�; s; !; !0)ÇÏÌÏÍÏÒÆÎÙ × ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞËÉ � = � É �∗ ∼ �.åÓÌÉ �∗ > � + Æ1, Æ1 > 0, ÔÏ �(�; !; !0) ÇÏÌÏÍÏÒÆÎÁ × ÏËÒÅÓÔÎÏÓÔÉ� = � É �(�; !; !0) = √2�i ∫� dls ( 	1(�; s; !; !0)(− os(�∗(s; !; !0)=2))+ 12	2(�; s; !; !0)os2(�∗(s; !; !0)=2)) : (16)



÷ïìîï÷ïå ðïìå ÷âìéúé õúëïçï 207

-

6

π Re(α)

Im(α)
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?

γ′

θ∗

�?-r

1

òÉÓ. 2. ëÏÎÔÕÒ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ′.
§5. äÁÌØÎÅÅ �ÏÌÅ × ÍÁÌÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÕÚËÏÇÏÉÍ�ÅÄÁÎÓÎÏÇÏ ËÏÎÕÓÁíÙ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÉÎÔÅÇÒÁÌØÎÙÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅÍ (14) É ÄÅÆÏÒÍÉ-ÒÕÅÍ ËÏÎÔÕÒ úÏÍÍÅÒÆÅÌØÄÁ × ËÏÎÔÕÒÙ ÂÙÓÔÒÅÊÛÅÇÏ Ó�ÕÓËÁ, ÉÍÅÅÍ7U(r; �; ') = √2�i ∫� dls 1�i

×
∫′

e−ikr(2 os2 �=2−1)
√
−ikr ( 	1(�; s; !; !0) 12 sin(�=2)12 sin(�=2)[os(�=2)− os(�∗(s; !; !0)=2)℄+	2(�; s; !; !0) 12 sin(�=2)[os(�=2)− os(�∗(s; !; !0)=2)℄2) d�(1 +O(� log�));(17)7æÕÎË�ÉÑ �(�; !; !0) ÎÅÞÅÔÎÁ �Ï �, ÔÁË ÞÔÏ ÄÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ×ËÌÁÄÔÏÌØËÏ ÓÔÁ�ÉÏÎÁÒÎÏÊ ÔÏÞËÉ +� ÉÎÔÅÇÒÁÌÁ úÏÍÍÅÒÆÅÌØÄÁ, ÚÁÔÅÍ ÕÍÎÏÖÉÔØ ÒÅÚÕÌØ-ÔÁÔ ÎÁ Ä×Á.
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òÉÓ. 3. ëÏÎÔÕÒ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �′ É �ÏÌÏÖÅÎÉÅ �ÏÌÀ-ÓÁ t∗ÇÄÅ ′ ËÏÎÔÕÒ ÎÁÉÂÙÓÔÒÅÊÛÅÇÏ Ó�ÕÓËÁ, ÏÈ×ÁÔÙ×ÁÀÝÉÊ �ÏÌÀÓ ÄÌÑ�(�; !; !0) × (15), ÓÍ. òÉÓ. 2. ÷ÎÅ ×ÅÝÅÓÔ×ÅÎÎÏÊ ÏÓÉ ËÏÎÔÕÒ ′ ÓÏ×�Á-ÄÁÅÔ Ó ËÒÉ×ÏÊ Re� = �− gd(Im�), ËÏÎÔÕÒÏÍ ÎÁÉÂÙÓÔÒÅÊÛÅÇÏ Ó�ÕÓËÁ.íÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ ÔÏÖÄÅÓÔ×ÏÍ kr os� = −kr + 2kr os2(�=2) × ÜËÓ-�ÏÎÅÎÔÅ É, ÚÁÔÅÍ, �ÏÍÅÎÑÌÉ �ÏÒÑÄËÉ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ.éÎÔÅÇÒÉÒÏ×ÁÎÉÅ �Ï � ÄÏÓÔÁÔÏÞÎÏ �ÒÏ×ÏÄÉÔØ �Ï ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞ-ËÉ � ÒÁÚÍÅÒÁ �ÏÒÑÄËÁ O([kr℄−1=2+Æ) �ÒÉ kr → ∞ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑÓÔÁÒÛÅÇÏ ÞÌÅÎÁ ÁÓÉÍ�ÔÏÔÉËÉ ÉÎÔÅÇÒÁÌÁ úÏÍÍÅÒÆÅÌØÄÁ. ðÕÓÔØ B�(�)ËÒÕÇ Ó �ÅÔÒÏÍ × ÔÏÞËÅ � = � ÒÁÄÉÕÓÁ � = O([kr℄−1=2+Æ). úÁÍÅÎÉÍ2	1(�; s; !; !0)= sin(�=2); 	2(�; s; !; !0) ÉÈ ÚÎÁÞÅÎÉÑÍÉ × ÔÏÞËÅ � = �,ÞÔÏ ×ÎÏÓÉÔ �ÏÇÒÅÛÎÏÓÔØ �ÏÒÑÄËÁ O([kr℄−1=2+Æ). ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ0 < � < Const[kr℄−1=2+Æ ÔÁË, ÞÔÏ �∗ ∈ B�(�). úÁÍÅÔÉÍ, ÞÔÏ ÂÅÓËÏÎÅÞ-ÎÙÅ ÕÞÁÓÔËÉ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ×ÎÅ ËÒÕÇÁ B�(�) ×ÎÏÓÑÔ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÏÍÁÌÙÊ ×ËÌÁÄ × ÓÔÁÒÛÉÊ ÞÌÅÎ ÁÓÉÍ�ÔÏÔÉËÉ.



÷ïìîï÷ïå ðïìå ÷âìéúé õúëïçï 209�ÁËÉÍ ÏÂÒÁÚÏÍ, �ÏÌÕÞÉÍU(r; �; ') ∼ −
√ 2� eikr ∫� dls

×
∫′∩B�(�) e−2ikr os2 �=2

√
−ikr ( 2	1(�; s; !; !0) 12 sin(�=2)[os(�=2)− os(�∗(s; !; !0)=2)℄ (18)+	2(�; s; !; !0) 12 sin(�=2)[os(�=2)− os(�∗(s; !; !0)=2)℄2) d�(1 +O(� log�));�∗ = � +O(�1−Æ) > 0 �ÒÉ ! ∈ 
Æ ; !0 ∈ �0 .÷×ÅÄÅÍ ÚÁÍÅÎÕ �ÅÒÅÍÅÎÎÏÊ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �Ï �, t = √2ikr os�=2,ÉÍÅÅÍU(r; �; ') ∼ −

√ 2� eikr ∫� dls ( (−2)	1(�; s; !; !0)√
−ikr F1(t∗(s))+√2i	2(�; s; !; !0)F2(t∗(s))) (1 +O(� log�)); (19)t∗(s) = √2ikr os[�∗(s; !; !0)=2℄, ! = (�; '), ËÏÎÔÕÒ �′ �ÏËÁÚÁÎ ÎÁ òÉÓ.3, ÓÍ. ÔÁËÖÅ [9℄, �ÁÒÁÇÒÁÆ 7,F1(t∗) = ∫�′

e−t2(t− t∗) dt; F2(t∗) = ∫�′

e−t2[t− t∗℄2 dt:åÓÌÉ �∗ > �+ Æ1, ÔÏ t∗ → −ei�=4∞ (òÉÓ. 3), ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÁÓÉÍ�ÔÏ-ÔÉËÁÍÉ F1(t∗) = √�t∗ (1 +O( 1t2
∗

)) ;F2(t∗) = −
√�t2
∗

(1 +O( 1t2
∗

))É ÆÏÒÍÕÌÏÊ (16), �ÒÉÈÏÄÉÍ Ë ×ÙÒÁÖÅÎÉÀ ÄÌÑ ÄÁÌØÎÅÇÏ �ÏÌÑ × ÏÁÚÉÓÅ(ÓÍ. (2))U(r; !; !0) = −
√ 2��(�; !; !0)exp{ikr}−ikr (1 +O( 1kr)) ;D(!; !0) = −

√ 2� �(�; !; !0) ÄÉÆÒÁË�ÉÏÎÎÙÊ ËÏÜÆÆÉ�ÉÅÎÔ ÓÆÅÒÉÞÅ-ÓËÏÊ ×ÏÌÎÙ ÏÔ ×ÅÒÛÉÎÙ ËÏÎÕÓÁ.



210 í. á. ìñìéîï÷, ó. ÷. ðïìñîóëáñúÁÍÅÞÁÎÉÅ. ðÏ-×ÉÄÉÍÏÍÕ, ×ÏÚÍÏÖÎÏ ÆÏÒÍÁÌØÎÏÅ Õ�ÒÏÝÅÎÉÅ ÆÏÒÍÕ-ÌÙ (19) �ÏÄÓÔÁÎÏ×ËÏÊ ÁÒÇÕÍÅÎÔÁ ÆÕÎË�ÉÊ s → O, ÚÁÍÅÎÑÑ ÉÎÔÅÇÒÁÌÎÁ l� = ∫� dls, �ÒÉ � ≪ 1.áÓÉÍ�ÔÏÔÉÞÅÓËÁÑ ÆÏÒÍÕÌÁ (19) �ÒÅÄÓÔÁ×ÌÑÅÔ ÏÓÎÏ×ÎÏÊ ÒÅÚÕÌØÔÁÔÒÁÂÏÔÙ. ïÎÁ Ï�ÉÓÙ×ÁÅÔ ×ÏÌÎÏ×ÏÅ �Ï×ÅÄÅÎÉÅ ÄÁÌØÎÅÇÏ ÒÁÓÓÅÑÎÎÏÇÏ �Ï-ÌÑ × ÎÅËÏÔÏÒÏÊ ÍÁÌÏÊ ÏËÒÅÓÔÎÏÓÔÉ ÕÚËÏÇÏ ËÏÎÕÓÁ  ÉÍ�ÅÄÁÎÓÎÙÍ ËÒÁÅ-×ÙÍ ÕÓÌÏ×ÉÅÍ. ïÂÌÁÓÔØ �ÒÉÍÅÎÉÍÏÓÔÉ ÁÓÉÍ�ÔÏÔÉËÉ ÏÂÓÕÖÄÁÌÁÓØ ×Ù-ÛÅ. ÷ ÞÁÓÔÎÏÓÔÉ, ÄÌÑ ÌÀÂÏÇÏ kr ≫ 1 ÎÁÊÄÅÔÓÑ ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÅ �ÉÚ ÉÎÔÅÒ×ÁÌÁ 0 < � < C[kr℄−1=2+Æ ÔÁËÏÅ, ÞÔÏ ÁÓÉÍ�ÔÏÔÉÞÅÓËÁÑ ÆÏÒ-ÍÕÌÁ (19) × ÓÔÁÒÛÅÍ �ÏÒÑÄËÅ �ÒÁ×ÉÌØÎÏ Ï�ÉÓÙ×ÁÅÔ ×ÏÌÎÏ×ÏÅ �ÏÌÅ �ÒÉ! ∈ 
Æ ; !0 ∈ �0 . úÁÍÅÔÉÍ, ÞÔÏ �ÒÉ �∗ ∼ � + O([kr℄−1=2) ÒÁÓÓÅÑÎ-ÎÏÅ �ÏÌÅ U(r; �; ') × (19) ÆÏÒÍÁÌØÎÏ ÎÅ ÕÂÙ×ÁÅÔ �ÒÉ kr → ∞. ïÄ-ÎÁËÏ, U(r; �; ') = O(�) �ÒÉ � ≪ 1, �ÒÉÞÅÍ, ËÁË ÕÖÅ ÂÙÌÏ ÏÔÍÅÞÅÎÏ0 < � < C[kr℄−1=2+Æ . ÷ÙÞÉÓÌÉÔÅÌØÎÙÅ ÁÓ�ÅËÔÙ, Ó×ÑÚÁÎÎÙÅ Ó �ÒÉÍÅ-ÎÅÎÉÅÍ ÆÏÒÍÕÌÙ (19) ÄÌÑ ÒÁÓÞÅÔÁ ×ÏÌÎÏ×ÏÇÏ �ÏÌÑ, ÍÙ ÒÁÓÓÍÏÔÒÉÍ ×�ÒÏÄÏÌÖÅÎÉÉ ÜÔÏÇÏ ÉÓÓÌÅÄÏ×ÁÎÉÑ.ìÉÔÅÒÁÔÕÒÁ1. V. M. Babih , M. A. Lyalinov, V. E. Grikurov Di�ration Theory. The Sommerfeld-Malyuzhinets Tehnique. Alpha Siene Ser. Wave Phenom., Alpha Siene OxfordUK, 20082. J-M. L. Bernard, M�ethode analytique et transform�ees fontionnelles pour la di�ra-tion d'ondes par une singularit�e onique: �equation int�egrale de noyau non osillantpour le as d'imp�edane onstante, rapport CEA-R-5764, Editions Dist-Salay, 1997.(erratum in J Phys A, 32 L45), an extended version in Advaned Theory of Di�ra-tion by a Semi-in�nite Impedane Cone Alpha Siene Ser Wave Phenom AlphaSiene Oxford UK, 20143. J-M. L. Bernard, M. A. Lyalinov Di�ration of aousti waves by an impedane oneof an arbitrary ross-setion. Wave Motion, (erratum : p.177 replae O(1= os(�(�−b))) by O(�d sin(��)= os(�(� − b)))), 33 2001, 155{181.4. M. A. Lyalinov, N. Y. Zhu Sattering of Waves by Wedges and Cones with ImpedaneBoundary Conditions (Mario Boella Series on Eletromagnetism in Information &Communiation) Edison NJ SiTeh-IET USA, 20135. V. M. Babih, Di�ration of a plane wave by a narrow angle one in the ase of theDirihlet boundary onditions. | J. Math. Si. 86, No 3 (1997), 2657{2663.6. é. ÷. áÎÄÒÏÎÏ×, äÉÆÒÁË�ÉÑ ÎÁ ÕÚËÏÍ ËÏÎÕÓÅ �ÒÉ ÎÁËÌÏÎÎÏÍ �ÁÄÅÎÉÉ. | úÁ�.ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé, 451 (2016), 5{137. M. A. Lyalinov, Aousti sattering by a semi-in�nite angular setor with impedaneboundary onditions, submitted to IMA Journ. (2017)8. I. S. Gradshteyn, I. M. Ryzhik Table of Integrals, Series and Produts, 4th ed.Aademi Press, Orlando, 1980.
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