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t. The system of equations, des
ribing motion of 
uids ofMaxwell type is 
onsidered��t v + v · ∇v −

t
∫0 K(t− �)�v(x; �) d� +∇p = f(x; t); div v = 0:Here K(t) is exponential series K(t) = ∞

∑s=1�se−�st. The existen
eof weak solution for initial boundary value problemv(x; 0) = v0(x); v · n|�
 = 0; rot v|�
 = 0is proved.
§1. Introdu
tionConsider the system of equations whi
h des
ribes Maxwell 
ows. Thissystem has a form��tv + v · ∇v − t
∫0 K(t− �)�v(x; �) d� +∇p = f(x; t) (1)div v = 0 (2)The kernel K(�) is represented here as a sumK(�) = ∞
∑s=1 �se−�s� ; �s; �s > 0: (3)The system is 
onsidered in a domain 
 ⊂ R2 with smooth boundary�
 from 
lass C1. Here v(x; t) is a velo
ity, p(x; t) is a pressure, f(x; t) isa ve
tor of external for
es.Su
h systems des
ribe motion of 
uids with in�nite numbers of relax-ation and retardation times. These 
uids have property: when the stressKey words and phrases: nonnewtonian 
uids, integro-di�erential equations.140



THE WEAK SOLUTIONS 141equals zero then the velo
ity de
reases like exponent. And 
onversely whenthe velo
ity is zero then the stress vanishes with respe
t to exponential low.System (1,2) with the kernel K represented in the form of �nite sumK(�) = m
∑s=1 �se−�s� ; �s; �s > 0 (4)was studied in the papers of Oskolkov, Cotsiolis and other authors [2, 3℄.The authors introdu
ed m new variables (where m is the number of thesummands in sum (4)). In the 
ase when the number of the summands isin�nite su
h method 
an not be applied.If we omit the nonlinear term, then the system may be redu
ed to theGurtin-Pipkin equation in the spa
e of solenoidal ve
tors. Su
h equationswere investigated in the papers of Vlasov, Ivanov and some other [8, 10℄.For the sake of simpli
ity we introdu
e the notationKv(x; t) = t

∫0 K(t− �)v(x; �) d� (5)We 
onsider boundary value problem for arbitrary bounded domain
 ⊂ R2, �
 ∈ C1 v · n|�
 = 0; rot v|�
 = 0 (6)Here by the operator rot we mean the s
alar operator in two-dimensionalspa
e rot v = ��x1 v2 − ��x2 v1Let the fun
tion v(x; t) satisfy initial 
onditionv|t=0 = v0 (7)Use the notation. Symbol ‖ : ‖2;
 is used for the norm in the spa
e L2(
),and ‖ : ‖p;q is the norm in the spa
e Lq(0; T ;Lp(
)). The s
alar produ
tin the spa
e L2(
) is denoted (u; v)
. The expression (ux; vx)
 is used forthe sum 2
∑i=1(uxi ; vxi)
 = (ux; vx)
: (8)By J :(
) we denote the spa
e of in�nite di�erentiable �nite solenoidalfun
tions J :(
) = {u ∈ �C∞(
)|div u = 0} (9)



142 N. A. KARAZEEVA�J(
) is a supplement of J :(
) in L2-norm. The symbol �J1(n) is used forthe spa
e �J1(n)(
) = {u|u ∈ W 12 (
); div u = 0; u · n|�
 = 0}: (10)And by J1(
) we denote a supplement J :(
) in W 12 -norm.Hopf introdu
ed the notion of weak solution for the Navier{Sto
kesequations [5, 6℄. We introdu
e similar notion for Maxwell 
ows. Fun
tionv(x; t) is a weak solution for of problem (1), (2), (6),(7), if v satis�es theintegral identity
∫QT (−v�t − vkv�xk + (Kvx)�x) dx dt = ∫QT f� (11)for any solenoidal �(x; t) ∈ L2(0; T ; �J1(n)) whi
h equals zero on the endsof 
ylinder QT , �(x; 0) = �(x; T ) = 0, and su
h that �x;�t ∈ L2(QT ).Moreover v should satisfy initial 
onditions (7) in the following sense

‖v(x; t)− v0‖2;
 → 0; t → +0: (12)The main result of the paper is the following theoremTheorem 1. Let f ∈ L2(QT ), fx ∈ L2(QT ), v0 ∈ �J1(n). Let the 
oeÆ
ients�s,�s satisfy
∞
∑s=1 �s�s <∞; ∞

∑s=1 �s < ∞ (13)Then initial boundary value problem has a weak solution in QT = 
×[0; T ℄.This solution v ∈ L∞(0; T ; �J1(n)(
)), furthermorevx ∈ L∞(0; T ; �J(
)).
§2. A priori estimatesIn this se
tion we obtain some a priori estimates for the solutions ofinitial boundary value problem (6), (7).At �rst we multiply equation (1) by v in the spa
eL2(
) (By equation(2) the nonlinear term vanishes)12 ddt‖v‖22;
 + (Kvx; vx)
 = (f; v)
: (14)Then transform the term with the operator K. This operator 
ommu-tates with the di�erential operator ��x . Moreover for solenoidal ve
tors itholds



THE WEAK SOLUTIONS 143(Kvx; vx)
=( ��x (Kv); vx)
=(rot (Kv); rot v)
=(Krot v; rot v)
:(15)Let us introdu
e new fun
tion �s�s = t
∫0 e−�s(t−�)v(x; �) d� (16)Then we have ��t�s = v − �s�s (17)Substitution of fun
tion (16) into (14) yields12‖v‖22;
+ t

∫0 ∞
∑s=1 �se−�s(t−�)rot v(x; �) d�; rot v(x; t)
 = (f; v)
 (18)With the help of the new fun
tion �s we transform the se
ond termin (14)(Krot v; rot v)
 =  t

∫0 ∞
∑s=1 �se−�s(t−�)rot v(x; �) d�; rot v(x; t)
= ( ∞

∑s=1 �srot �s; ��t rot �s + �srot �s)
= 12 ddt ∞
∑s=1 �s‖rot �s‖22;
 + ∞

∑s=1 �s�s‖rot �s‖22;
 (19)Thus by (19) and (14) we get12 ddt‖v‖22;
+12 ddt ∞
∑s=1 �s‖rot �s‖22;
+ ∞

∑s=1 �s�s‖rot �s‖22;
 = (f; v)
 (20)Identity (20) implies estimates of the norms ‖v(t)‖2;
 and ‖rot �s‖2;
.Indeed let us introdu
e the fun
tion ��(t) = ‖v(t)‖22;
 + ∞
∑s=1 �s‖rot �s‖22;
 (21)



144 N. A. KARAZEEVAWith the help of the fun
tion �(t) identity (20) may be re-written in thisway 12 ddt� + ∞
∑s=1 �s�s‖rot �s‖22;
 6 ‖f(t)‖22;
 + � (22)By (22) and by Gronwall lemma we havesupt∈[0;T ℄[‖v(t)‖22;
 + ∞

∑s=1 �s‖rot �s‖22;
℄ 6 C1; (23)where C1 = et(�(0) + t
∫0 ‖f‖22;
). Sin
e rot �s(0) = 0, thenC1 = et‖v0‖22;
 + t

∫0 ‖f‖22;
 : (24)Now let us apply the operator rot to both sides of equation (1) and multiplythe obtained expression by rot v12 ddt‖rot v‖22;
 − (K�rot v; rot v)
 = (rot f; rot v)
 (25)Pro
eeding in the similar way we transform the se
ond term in (25)
− (K�rot v; rot v)
 = (K�v;�v)
= ( ∞

∑s=1 �s��s;�v)
 = ( ∞
∑s=1 �s��s; ��t��s + �s��s)
= 12 ddt( ∞

∑s=1 �s‖��s‖22;
)+ ∞
∑s=1 �s�s‖��s‖22;
 (26)Thus the following inequality is true12 ddt‖rot v‖22;
 + 12 ddt ( ∞

∑s=1 �s‖��s‖22;
)+ ∞
∑s=1 �s�s‖��s‖22;


6 ‖rot v‖22;
 + ‖rot f‖22;
 (27)De�ne a new fun
tion �(t)�(t) = ‖rot v(t)‖22;
 + ∞
∑s=1 �s‖��s(t)‖22;
 (28)



THE WEAK SOLUTIONS 145With the help of the fun
tion � we redu
e (25) to the relationddt � + ∞
∑s=1 �s�s‖��s‖22;
 6 ‖rot f‖22;
 + � (29)By virtue of Gronwall lemma inequality (29) yields the estimatesupt∈[0;T ℄[‖rot v‖22;
 + ∞

∑s=1 �s‖��s‖22;
℄ 6 C2 (30)
§3. Proof of the theoremThe theorem is proved by the Galerkin method. Let hl(x) be funda-mental system of fun
tions in the spa
e �J1(n). Then initial data v0(x) maybe expressed as a limit of �nite sums in L2-topologyv0N = N

∑l=1 C0lNhl → v0; N → ∞ (31)We shall seek the approximations vN for the solution of problem (1),(2),(6), (7) likevN (x; t) = N
∑l=1 ClN (t)hl(x) N = 1; 2; : : : (32)Then the fun
tions ClN (t) should satisfy the initial 
onditionsClN (0) = C0lN ; l = 1; 2; : : : ; N: (33)We shall try to �nd vN whi
h satisfy the following integral identity(vNt ; hl)
+(vNk vNxk ; hl)
+(KvNx ; hlx)
 = (f; hl)
; l = 1; 2; : : : ; N: (34)Substitution (32) into (34) yieldsddtClN (t) + N

∑i;j=1 alijCiN (t)CjN (t) + N
∑i=1(K[Cil(t)hlx℄; hlx) = (f; hl); (35)where alij are 
onstants.System (35) is the system of ordinary integro-di�erential equations. It
an be solved lo
ally by method of su

esive approximations of Pi
ard.The global existen
e of a solution is dedu
ed from boundedness of ClN .Indeed the fun
tions ClN (t) are bounded be
ause vN are bounded. The last
on
lusion may be proved in the following way. Let us multiply identity



146 N. A. KARAZEEVA(34) by ClN (t) and summarize with respe
t to l = 1; : : : ; N .The fun
tionsvN satisfy (34) so vN satisfy integral identity (11). Thus (23) is true forvN and the norms ‖vN‖2;
 and the 
oeÆ
ients ClN (t) 
an be estimatedby the 
onstant C1.As a result of this we have 
onstru
ted the sequen
e vN , N = 1; : : :,su
h that the norms ‖vN‖2;∞ and ‖vNx ‖2;∞ are bounded.Then for T < ∞we get the estimates for the norms ‖vN‖2;QT and ‖vNx ‖2;QT . They will beestimated by the 
onstant √TC1. Sin
e a bounded set in the Hilbert spa
eis weakly 
ompa
t then we may 
hoose a weakly 
onverging subsequen
evNk from the sequen
e vN . (Let us denote this sequen
e also by vN .)Reasoning in similar way we may aÆrm that vNx 
onverges to vx weakly inL2(QT ). Moreover the sequen
e of produ
ts {vNvNx } is also bounded andwe may 
hoose the subsequen
e su
h that vNvNx 
onverges weakly to vvxin the spa
e L2(QT ).Furthermore the set {KvN}, N = 1; : : : is also bounded be
ause theoperator K is 
ontinuous in L2(QT ). Pro
eeding in similar way we provethat KvN 
onverges weakly to Kv in L2(QT ).This 
onvergen
e is enough to 
ome to the limit with respe
t to N → ∞in the relation
∫QT (−vN�t − vNk vN�xk + (KvNx )�x) dx dt = ∫QT f� (36)for any �(x; t) ∈ L2(0; T ; �J1(n)(
)) su
h that �x;�t ∈ L2(QT )and �(x; 0) = �(x; T ) = 0: Boundary 
ondition (6) and in
ompressibil-ity 
ondition (2) are ful�lled for the limit fun
tion v.Now we shall prove that v satis�es initial 
ondition (12). We knewthat ‖vN(x; t) − v0(x)‖2;
 → 0 when N → ∞. Moreover we proved thatvN (x; t)− v(x; t) 
onverges weakly in L2(
) for any t. Thus we have weak
onvergen
e of v(x; t)−v0(x) to zero when t → 0. So we get that ‖v0‖2;
 6limt→0 ‖v(x; t)‖2;
. On the other hand vN satis�es inequality (23). Passageto the limit in (23) when N → ∞ gives

‖v(x; t)‖22;
 6 ‖v0‖22;
 + t
∫0 ‖f‖22;
; (37)and so limt→0 ‖v(x; t)‖2;
 6 ‖v0‖2;
: Consequently we get the existen
eof limit ‖v(x; t)‖2;
 when t → 0 and limt→0 ‖v(x; t)‖2;
 = ‖v0‖2;
: Weak
onvergen
e and 
onvergen
e of norms yield (12).
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