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§1. ÷×ÅÄÅÎÉÅ÷ ÒÁÂÏÔÅ [1℄, ÓÍ. ÔÁËÖÅ ËÎÉÇÕ [2℄, �ÏÓÔÒÏÅÎÁ ÁÓÉÍ�ÔÏÔÉÞÅÓËÁÑ ÔÅÏ-ÒÉÑ ÒÅÚÏÎÁÎÓÎÏÇÏ ÔÕÎÎÅÌÉÒÏ×ÁÎÉÑ × Ä×ÕÍÅÒÎÙÈ Ë×ÁÎÔÏ×ÙÈ ×ÏÌÎÏ×ÏÄÁÈÓ ÏÄÎÉÍ ÒÅÚÏÎÁÔÏÒÏÍ, ÏÂÒÁÚÏ×ÁÎÎÙÍ Ä×ÕÍÑ ÓÕÖÅÎÉÑÍÉ ÍÁÌÏÇÏ ÄÉÁ-ÍÅÔÒÁ ". óÔÁÒÛÉÊ ÞÌÅÎ ÁÓÉÍ�ÔÏÔÉËÉ ÍÏÖÎÏ ÉÓ�ÏÌØÚÏ×ÁÔØ ÄÌÑ ×ÙÞÉ-ÓÌÅÎÉÑ ÈÁÒÁËÔÅÒÉÓÔÉË ÒÅÚÏÎÁÎÓÎÏÇÏ ÔÕÎÎÅÌÉÒÏ×ÁÎÉÑ �ÏÓÌÅ ÔÏÇÏ, ËÁËÞÉÓÌÅÎÎÏ ÎÁÊÄÅÎÙ ×ÈÏÄÑÝÉÅ × ÎÅÇÏ �ÏÓÔÏÑÎÎÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ. óÒÁ×-ÎÅÎÉÅ ÒÅÚÕÌØÔÁÔÏ×, �ÏÌÕÞÅÎÎÙÈ Ó �ÏÍÏÝØÀ ÁÓÉÍ�ÔÏÔÉËÉ É �ÕÔÅÍ �ÒÑ-ÍÏÇÏ ×ÙÞÉÓÌÅÎÉÑ ÍÁÔÒÉ�Ù ÒÁÓÓÅÑÎÉÑ, �ÏËÁÚÁÌÏ [1,2℄, ÞÔÏ �ÒÉ ÜÎÅÒÇÉÑÈÜÌÅËÔÒÏÎÏ× ÍÅÖÄÕ �ÅÒ×ÙÍ É ×ÔÏÒÙÍ �ÏÒÏÇÁÍÉ ÜÔÉ ÒÅÚÕÌØÔÁÔÙ Ó ÂÏÌØ-ÛÏÊ ÔÏÞÎÏÓÔØÀ ÓÏ×�ÁÄÁÀÔ × ÉÎÔÅÒ×ÁÌÅ 0:1 6 " 6 0:5 (ÛÉÒÉÎÁ ×ÏÌÎÏ-×ÏÄÁ �ÒÉÎÑÔÁ ÒÁ×ÎÏÊ 1). ðÒÉ ÍÅÎØÛÉÈ ÚÎÁÞÅÎÉÑÈ " �ÌÏÈÏ ÏÂÕÓÌÏ×ÌÅÎÞÉÓÌÅÎÎÙÊ ÍÅÔÏÄ, Á �ÒÉ ÂÏÌØÛÉÈ ÚÎÁÞÅÎÉÑÈ ÉÓÞÅÚÁÅÔ ÓÁÍÏ ÒÅÚÏÎÁÎÓ-ÎÏÅ ÔÕÎÎÅÌÉÒÏ×ÁÎÉÅ. ãÅÌØ ÎÁÓÔÏÑÝÅÊ ÓÔÁÔØÉ { ×ÙÑÓÎÉÔØ, ËÁË ×ÌÉÑÅÔÕ×ÅÌÉÞÅÎÉÅ ÜÎÅÒÇÉÉ ÜÌÅËÔÒÏÎÏ× ÎÁ ÓÏÇÌÁÓÏ×ÁÎÉÅ ÞÉÓÌÅÎÎÏÇÏ É ÁÓÉÍ-�ÔÏÔÉÞÅÓËÏÇÏ �ÏÄÈÏÄÏ×.ðÒÅÄ�ÏÌÁÇÁÅÔÓÑ, ÞÔÏ ×ÏÌÎÏ×ÏÄ ÓÉÍÍÅÔÒÉÞÅÎ ÏÔÎÏÓÉÔÅÌØÎÏ ËÏÏÒÄÉ-ÎÁÔÎÙÈ ÏÓÅÊ ÎÁ �ÌÏÓËÏÓÔÉ, Á ËÁÖÄÏÅ ÓÕÖÅÎÉÅ �ÒÉ ÓÔÒÅÍÌÅÎÉÉ ÅÇÏÛÉÒÉÎÙ " Ë ÎÕÌÀ, ÓÏ×�ÁÄÁÅÔ Ó �ÁÒÏÊ ×ÅÒÔÉËÁÌØÎÙÈ ÕÇÌÏ×. ÷ ÔÁËÏÍ(ÓÉÍÍÅÔÒÉÞÎÏÍ) ×ÏÌÎÏ×ÏÄÅ �ÒÉÈÏÄÑÝÁÑ ×ÏÌÎÁ, ÞÅÔÎÁÑ (ÓÏÏÔ×ÅÔÓÔ×ÅÎ-ÎÏ, ÎÅÞÅÔÎÁÑ) ÏÔÎÏÓÉÔÅÌØÎÏ ÅÇÏ ÏÓÉ, ÒÁÓÓÅÉ×ÁÅÔÓÑ ÔÏÌØËÏ �Ï ÞÅÔÎÙÍëÌÀÞÅ×ÙÅ ÓÌÏ×Á: Ë×ÁÎÔÏ×ÙÊ ×ÏÌÎÏ×ÏÄ, �ÅÒÅÍÅÎÎÏÅ ÓÅÞÅÎÉÅ, ÕÒÁ×ÎÅÎÉÅ çÅÌØÍ-ÇÏÌØ�Á, ÒÅÚÏÎÁÎÓÎÏÅ ÔÕÎÎÅÌÉÒÏ×ÁÎÉÅ, ÓÒÁ×ÎÅÎÉÅ ÁÓÉÍ�ÔÏÔÉËÉ É ×ÙÞÉÓÌÅÎÉÊ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ ÇÒÁÎÔÁ òîæ 17-11-01126.124
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òÉÓ. 1. Domain 
(ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, �Ï ÎÅÞÅÔÎÙÍ) ×ÏÌÎÁÍ. ðÏÜÔÏÍÕ �ÒÉ Õ×ÅÌÉÞÅÎÉÉ ÄÉÁ-�ÁÚÏÎÁ ÜÎÅÒÇÉÊ ÜÌÅËÔÒÏÎÏ× ÄÏ ÔÒÅÔØÅÇÏ �ÏÒÏÇÁ ÄÏ�ÏÌÎÉÔÅÌØÎÙÅ ËÁ-ÎÁÌÙ ÒÁÓÓÅÑÎÉÑ ÎÅ �ÏÑ×ÌÑÀÔÓÑ É ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÅ ÆÏÒÍÕÌÙ ÎÅ ÉÚÍÅ-ÎÑÀÔÓÑ. ïÄÎÁËÏ ÓÏÇÌÁÓÏ×ÁÎÉÅ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÈ É ÞÉÓÌÅÎÎÙÈ ÒÅÚÕÌØ-ÔÁÔÏ× ÕÈÕÄÛÁÅÔÓÑ. äÌÑ ÒÅÚÏÎÁÎÓÎÏÊ ÜÎÅÒÇÉÉ (ÔÏ ÅÓÔØ ÜÎÅÒÇÉÉ, �ÒÉËÏÔÏÒÏÊ ËÏÜÆÆÉ�ÉÅÎÔ �ÒÏÈÏÖÄÅÎÉÑ ÉÍÅÅÔ ÍÁËÓÉÍÕÍ) ÏÂÁ �ÏÄÈÏÄÁ �Ï-�ÒÅÖÎÅÍÕ ÄÁÀÔ ÄÏÓÔÁÔÏÞÎÏ ÂÌÉÚËÉÅ ÒÅÚÕÌØÔÁÔÙ; ÒÁÚÌÉÞÉÅ ÓÏÓÔÁ×ÌÑÅÔÍÅÎÅÅ 5% ÎÁ ×ÓÅÍ ÉÎÔÅÒ×ÁÌÅ 0:1 6 " 6 0:5. äÌÑ ÛÉÒÉÎÙ ÒÅÚÏÎÁÎÓÎÏÇÏ�ÉËÁ ÒÅÚÕÌØÔÁÔÙ ÂÌÉÚËÉ ÌÉÛØ �ÒÉ 0:1 6 " 6 0:15. ó ÒÏÓÔÏÍ " ÒÁÚÎÉ�ÁÍÅÖÄÕ ÞÉÓÌÅÎÎÙÍ É ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÍ ÒÅÚÕÌØÔÁÔÁÍÉ ÎÁÒÁÓÔÁÅÔ, É �ÒÉ" = 0:3 ÞÉÓÌÅÎÎÏÅ ÚÎÁÞÅÎÉÅ ÛÉÒÉÎÙ ÒÅÚÏÎÁÎÓÎÏÇÏ �ÉËÁ �ÏÞÔÉ ×Ä×ÏÅ�ÒÅ×ÏÓÈÏÄÉÔ ÁÓÉÍ�ÔÏÔÉÞÅÓËÏÅ. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÅÖÄÕ ×ÔÏÒÙÍ É ÔÒÅ-ÔØÉÍ �ÏÒÏÇÁÍÉ ÁÓÉÍ�ÔÏÔÉËÁ ÒÅÚÏÎÁÎÓÎÏÊ ÜÎÅÒÇÉÉ ÏÓÔÁÅÔÓÑ ÎÁÄÅÖÎÏÊ,Á ÁÓÉÍ�ÔÏÔÉËÁ ÛÉÒÉÎÙ ÒÅÚÏÎÁÎÓÎÏÇÏ �ÉËÁ ÔÒÅÂÕÅÔ ÕÔÏÞÎÅÎÉÑ.
§2. ðÏÓÔÁÎÏ×ËÁ ÚÁÄÁÞÉï�ÉÛÅÍ ÏÂÌÁÓÔØ G(") × R2, ÚÁÎÉÍÁÅÍÕÀ ×ÏÌÎÏ×ÏÄÏÍ. äÌÑ ÜÔÏÇÏ ××Å-ÄÅÍ ×Ó�ÏÍÏÇÁÔÅÌØÎÙÅ ÏÂÌÁÓÔÉ G É 
 × R2. ïÂÌÁÓÔØ G { �ÏÌÏÓÁG = {(x; y) ∈ R

2 : x ∈ R = (−∞;+∞); y ∈ (−l=2; l=2)}:



126 í. í. ëáâáòäï÷, â. á. ðìáíåîå÷óëéê, é äò.
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òÉÓ. 2. ÷ÏÌÎÏ×ÏÄ G("):ïÂÌÁÓÔØ 
 �Ï �ÒÅÄ�ÏÌÏÖÅÎÉÀ ÓÉÍÍÅÔÒÉÞÎÁ ÏÔÎÏÓÉÔÅÌØÎÏ ËÏÏÒÄÉ-ÎÁÔÎÙÈ ÏÓÅÊ É ÓÏÄÅÒÖÉÔ Ä×ÏÊÎÏÊ ÕÇÏÌ K ÒÁÓÔ×ÏÒÁ !,K = {(x; y) ∈ R
2 : |y| < |x| tan (!=2)};×ÍÅÓÔÅ Ó ÎÅËÏÔÏÒÏÊ ÏËÒÅÓÔÎÏÓÔØÀ ÅÇÏ ×ÅÒÛÉÎÙ; ËÒÏÍÅ ÔÏÇÏ, ×ÎÅ ÄÏÓÔÁ-ÔÏÞÎÏ ÂÏÌØÛÏÇÏ ËÒÕÇÁ (Ó �ÅÎÔÒÏÍ × ÎÁÞÁÌÅ) 
 ÓÏ×�ÁÄÁÅÔ Ó K. çÒÁÎÉ�Á�
 ÏÂÌÁÓÔÉ 
 �ÒÅÄ�ÏÌÁÇÁÅÔÓÑ ÇÌÁÄËÏÊ (ÓÍ. òÉÓ. 1).ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ 
(") ÏÂÌÁÓÔØ, �ÏÌÕÞÅÎÎÕÀ ÉÚ 
 �ÒÅÏÂÒÁÚÏ×ÁÎÉÅÍ�ÏÄÏÂÉÑ Ó �ÅÎÔÒÏÍ × O É ËÏÜÆÆÉ�ÉÅÎÔÏÍ ". äÒÕÇÉÍÉ ÓÌÏ×ÁÍÉ, (x; y) ∈
(") ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ (x="; y=") ∈ 
. ðÕÓÔØ Kj É 
j(")ÏÂÏÚÎÁÞÁÀÔ K É 
("), ÓÄ×ÉÎÕÔÙÅ ÎÁ ×ÅËÔÏÒ rj = (−1)j(x0; 0), j = 1; 2.ðÏÌÏÖÉÍ (ÓÍ. òÉÓ. 2) G(") = G ∩
1(") ∩ 
2("):ïÔÍÅÔÉÍ, ÞÔÏ ÏÂÌÁÓÔØG(") ÓÉÍÍÅÔÒÉÞÎÁ ÏÔÎÏÓÉÔÅÌØÎÏ ËÏÏÒÄÉÎÁÔÎÙÈÏÓÅÊ.÷ÏÌÎÏ×ÁÑ ÆÕÎË�ÉÑ ÜÌÅËÔÒÏÎÁ Ó ÜÎÅÒÇÉÅÊ k2 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ËÒÁÅ×ÏÊÚÁÄÁÞÅ �u(x; y) + k2u(x; y) = 0; (x; y) ∈ G("); (2.1)u(x; y) = 0; (x; y) ∈ �G("):ëÒÏÍÅ ÔÏÇÏ, u �ÏÄÞÉÎÑÅÔÓÑ ÕÓÌÏ×ÉÑÍ ÉÚÌÕÞÅÎÉÑ ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ.þÔÏÂÙ ÓÆÏÒÍÕÌÉÒÏ×ÁÔØ ÜÔÉ ÕÓÌÏ×ÉÑ, ÒÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕv′′(y) + �2v(y) = 0; y ∈ (−l=2; l=2); (2.2)v(−l=2) = v(l=2) = 0:óÏÂÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ �2q = (�q=l)2 ÜÔÏÊ ÚÁÄÁÞÉ, ÇÄÅ q = 1; 2; : : :, ÎÁÚÙ×Á-ÀÔÓÑ �ÏÒÏÇÁÍÉ. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÞÉÓÌÏ k2 × (2.1) ÎÅ ÓÏ×�ÁÄÁÅÔ ÎÉ Ó



óòá÷îåîéå áóéíð�ï�éþåóëïçï é þéóìåîîïçï 127ÏÄÎÉÍ ÉÚ �ÏÒÏÇÏ×. ðÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍ ×ÅÝÅÓÔ×ÅÎÎÏÍ k ÓÕÝÅÓÔ×ÕÅÔ ËÏ-ÎÅÞÎÏÅ ÞÉÓÌÏ ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙÈ ÏÇÒÁÎÉÞÅÎÎÙÈ ×ÏÌÎÏ×ÙÈ ÆÕÎË�ÉÊ.÷ ËÁÞÅÓÔ×Å ÂÁÚÉÓÁ × ÌÉÎÅÊÎÏÍ �ÒÏÓÔÒÁÎÓÔ×Å ÔÁËÉÈ ÆÕÎË�ÉÊ ÍÏÖÎÏ×ÚÑÔØ ÎÁÂÏÒ ×ÏÌÎÏ×ÙÈ ÆÕÎË�ÉÊ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÕÓÌÏ×ÉÑÍ ÉÚÌÕÞÅ-ÎÉÑum(x; y) = 



ei�mx	m(y) + M∑j=1 Smj(k) e−i�jx	j(y)+O(eÆx); x → −∞;M∑j=1 Sm;M+j(k) ei�jx	j(y) +O(e−Æx); x → +∞;(2.3)
uM+m(x; y) = 





M∑j=1 SM+m;j(k) e−i�jx	j(y) +O(eÆx); x → −∞;e−i�mx	m(y) + M∑j=1 SM+m;M+j(k) ei�jx	j(y)+O(e−Æx); x → +∞;ÚÄÅÓØ M { ÞÉÓÌÏ �ÏÒÏÇÏ×, ÎÅ �ÒÅ×ÏÓÈÏÄÑÝÉÈ k2, �ÒÉÞÅÍ m = 1; 2; : : :,M; �m = (k2 − �2m)1=2, Á ÞÅÒÅÚ 	m ÏÂÏÚÎÁÞÅÎÁ ÓÏÂÓÔ×ÅÎÎÁÑ ÆÕÎË�ÉÑÚÁÄÁÞÉ (2.2), ÏÔ×ÅÞÁÀÝÁÑ ÞÉÓÌÕ �2m,	m(y) = { √1=l�m sin�my; m ÞÅÔÎÏÅ,√1=l�m 
os�my; m ÎÅÞÅÔÎÏÅ. (2.4)æÕÎË�ÉÑ Uj(x; y) = ei�jx	j(y) × �ÏÌÏÓÅ G �ÒÉ j = 1; : : : ;M Ñ×ÌÑ-ÅÔÓÑ ×ÏÌÎÏÊ, �ÒÉÈÏÄÑÝÅÊ ÉÚ −∞ É ÕÈÏÄÑÝÅÊ × +∞, Á UM+j(x; y) =e−i�jx	j(y) ÅÓÔØ ×ÏÌÎÁ, ÉÄÕÝÁÑ ÉÚ +∞ × −∞. íÁÔÒÉ�ÁS = ‖Smj‖m;j=1;:::;2MÓ ÜÌÅÍÅÎÔÁÍÉ ÉÚ ÆÏÒÍÕÌÙ (2.3) ÎÁÚÙ×ÁÅÔÓÑ ÍÁÔÒÉ�ÅÊ ÒÁÓÓÅÑÎÉÑ; ÏÎÁÕÎÉÔÁÒÎÁÑ. ÷ÅÌÉÞÉÎÙRm = M∑j=1 |Smj |2; Tm = M∑j=1 |Sm;M+j |2ÎÁÚÙ×ÁÀÔÓÑ ËÏÜÆÆÉ�ÉÅÎÔÏÍ ÏÔÒÁÖÅÎÉÑ É ËÏÜÆÆÉ�ÉÅÎÔÏÍ �ÒÏÈÏÖÄÅ-ÎÉÑ, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÄÌÑ ×ÏÌÎÙ Um, �ÒÉÈÏÄÑÝÅÊ × G(") ÉÚ −∞,



128 í. í. ëáâáòäï÷, â. á. ðìáíåîå÷óëéê, é äò.m = 1; : : : ;M . (áÎÁÌÏÇÉÞÎÙÅ Ï�ÒÅÄÅÌÅÎÉÑ ÍÏÖÎÏ ÄÁÔØ É ÄÌÑ ×ÏÌÎÙUM+m, �ÒÉÈÏÄÑÝÅÊ ÉÚ +∞.)ðÕÓÔØ (2�=l)2 < k2 < (3�=l)2, ÔÏ ÅÓÔØ k2 ÌÅÖÉÔ ÍÅÖÄÕ ×ÔÏÒÙÍ ÉÔÒÅÔØÉÍ �ÏÒÏÇÁÍÉ. �ÏÇÄÁ ×ÏÌÎÏ×ÁÑ ÆÕÎË�ÉÑ, Ï�ÉÓÙ×ÁÀÝÁÑ ÒÁÓÓÅÑÎÉÅ×ÏÌÎÙ U1, ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÑÍ ÉÚÌÕÞÅÎÉÑu1(x; y) = 



ei�1x	1(y) + S11(k) e−i�1x	1(y)+S12(k) e−i�2x	2(y) +O(eÆx); x → −∞;S13(k) ei�1x	1(y)+S14(k) ei�2x	2(y) +O(e−Æx); x → +∞:�ÁË ËÁË ÏÂÌÁÓÔØ G(") ÓÉÍÍÅÔÒÉÞÎÁ ÏÔÎÏÓÉÔÅÌØÎÏ ÏÓÉ x É ÆÕÎË�ÉÑ	1 ÞÅÔÎÁÑ, ÔÏ u1 { ÞÅÔÎÁÑ ÆÕÎË�ÉÑ �Ï �ÅÒÅÍÅÎÎÏÊ y. óÌÅÄÏ×ÁÔÅÌØÎÏ,ÁÓÉÍ�ÔÏÔÉËÁ u1 ÎÁ ÂÅÓËÏÎÅÞÎÏÓÔÉ ÍÏÖÅÔ ÓÏÄÅÒÖÁÔØ ÔÏÌØËÏ ÓÌÁÇÁÅÍÙÅ,ÞÅÔÎÙÅ ÏÔÎÏÓÉÔÅÌØÎÏ y. ðÏÜÔÏÍÕ ×ÏÌÎÏ×ÁÑ ÆÕÎË�ÉÑ u1 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔÕÓÌÏ×ÉÑÍu1(x; y) = {ei�1x	1(y) + S11(k) e−i�1x	1(y) +O(eÆx); x → −∞;S13(k) ei�1x	1(y) +O(e−Æx); x → +∞; (2.5)�ÅÒ×ÁÑ ÓÔÒÏËÁ ÍÁÔÒÉ�Ù ÒÁÓÓÅÑÎÉÑ ÉÍÅÅÔ ×ÉÄ (S11; 0; S13; 0), Á ËÏÜÆÆÉ-�ÉÅÎÔÙ ÏÔÒÁÖÅÎÉÑ É �ÒÏÈÏÖÄÅÎÉÑ ×ÙÞÉÓÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÁÍR1(k; ") = |S11(k; ")|2; T1(k; ") = |S13(k; ")|2:ãÅÌØ ÒÁÂÏÔÙ { ÎÁÊÔÉ \ÒÅÚÏÎÁÎÓÎÙÅ", ÚÎÁÞÅÎÉÑ kr = kr(") �ÁÒÁÍÅ-ÔÒÁ k, �ÒÉ ËÏÔÏÒÙÈ ËÏÜÆÆÉ�ÉÅÎÔ �ÒÏÈÏÖÄÅÎÉÑ ÉÍÅÅÔ ÌÏËÁÌØÎÙÊ ÍÁË-ÓÉÍÕÍ, É Ï�ÉÓÁÔØ �Ï×ÅÄÅÎÉÅ T1(k; ") ×ÂÌÉÚÉ kr(") �ÒÉ "→ 0.
§3. áÓÉÍ�ÔÏÔÉÞÅÓËÉÅ ÆÏÒÍÕÌÙ÷ ÜÔÏÍ �ÕÎËÔÅ �ÒÉ×ÅÄÅÎÙ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÅ ÆÏÒÍÕÌÙ ÄÌÑ ÈÁÒÁËÔÅ-ÒÉÓÔÉË ÒÅÚÏÎÁÎÓÎÏÇÏ ÔÕÎÎÅÌÉÒÏ×ÁÎÉÑ. üÔÉ ÆÏÒÍÕÌÙ ÓÏÄÅÒÖÁÔ ÎÅËÏ-ÔÏÒÙÅ �ÏÓÔÏÑÎÎÙÅ, Ï�ÒÅÄÅÌÑÅÍÙÅ ÇÅÏÍÅÔÒÉÅÊ ×ÏÌÎÏ×ÏÄÁ. óÎÁÞÁÌÁ ÍÙÆÏÒÍÕÌÉÒÕÅÍ \�ÒÅÄÅÌØÎÙÅ"ÚÁÄÁÞÉ × ÏÂÌÁÓÔÑÈ, ÎÅ ÚÁ×ÉÓÑÝÉÈ ÏÔ ", É××ÏÄÉÍ ÄÌÑ ÎÉÈ ÎÅËÏÔÏÒÙÅ Ó�Å�ÉÁÌØÎÙÅ ÒÅÛÅÎÉÑ. úÁÔÅÍ Ï�ÉÓÙ×ÁÅÍÁÓÉÍ�ÔÏÔÉËÕ ÒÅÚÏÎÁÎÓÎÏÇÏ ÔÕÎÎÅÌÉÒÏ×ÁÎÉÑ É ÕËÁÚÙ×ÁÅÍ, ËÁË �ÏÓÔÏ-ÑÎÎÙÅ ÉÚ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÈ ÆÏÒÍÕÌ Ó×ÑÚÁÎÙ ÓÏ Ó�Å�ÉÁÌØÎÙÍÉ ÒÅÛÅÎÉ-ÑÍÉ. üÔÁ Ó×ÑÚØ ÉÓ�ÏÌØÚÕÅÔÓÑ × ÄÁÌØÎÅÊÛÅÍ ÄÌÑ �ÒÉÂÌÉÖÅÎÎÏÇÏ ×ÙÞÉ-ÓÌÅÎÉÑ Õ�ÏÍÑÎÕÔÙÈ �ÏÓÔÏÑÎÎÙÈ.



óòá÷îåîéå áóéíð�ï�éþåóëïçï é þéóìåîîïçï 1293.1. ó�Å�ÉÁÌØÎÙÅ ÒÅÛÅÎÉÑ �ÒÅÄÅÌØÎÙÈ ÚÁÄÁÞ. òÁÓÓÍÏÔÒÉÍ �ÒÅ-ÄÅÌØÎÕÀ ÏÂÌÁÓÔØG(0; 0) (òÉÓ 3), ÓÏÓÔÏÑÝÕÀ ÉÚ ÎÅÏÇÒÁÎÉÞÅÎÎÙÈ ÞÁÓÔÅÊG1, G2 É ÏÇÒÁÎÉÞÅÎÎÏÇÏ ÒÅÚÏÎÁÔÏÒÁ G0. ëÒÁÅ×ÙÅ ÚÁÄÁÞÉ�v(x; y) + k2v(x; y) = 0; (x; y) ∈ Gj ; v(x; y) = 0; (x; y) ∈ �Gj ; (3.1)ÇÄÅ j = 0; 1; 2, ÎÁÚÙ×ÁÀÔÓÑ �ÒÅÄÅÌØÎÙÍÉ ÚÁÄÁÞÁÍÉ �ÅÒ×ÏÇÏ ÒÏÄÁ.ðÕÓÔØ k2e { �ÒÏÓÔÏÅ ÓÏÂÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ Ï�ÅÒÁÔÏÒÁ −� Ó ÕÓÌÏ×ÉÅÍäÉÒÉÈÌÅ × ÒÅÚÏÎÁÔÏÒÅ G0, Á ve { ÓÏÂÓÔ×ÅÎÎÁÑ ÆÕÎË�ÉÑ, ÏÔ×ÅÞÁÀÝÁÑÞÉÓÌÕ k2e É ÎÏÒÍÉÒÏ×ÁÎÎÁÑ ÕÓÌÏ×ÉÅÍ ∫G0 |ve|2dx = 1. ÷ÂÌÉÚÉ ÔÏÞÅË O1É O2 Ó�ÒÁ×ÅÄÌÉ×Ù ÒÁÚÌÏÖÅÎÉÑve(x; y) ∼ {b1J̃�=!(ker1)�('1); r1 → 0;b2J̃�=!(ker2)�(� − '2); r2 → 0: (3.2)úÄÅÓØ (rj ; 'j) { �ÏÌÑÒÎÙÅ ËÏÏÒÄÉÎÁÔÙ Ó �ÅÎÔÒÏÍ × Oj , bj { �ÏÓÔÏÑÎ-ÎÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ, J̃� ÏÂÏÚÎÁÞÁÅÔ ÆÕÎË�ÉÀ âÅÓÓÅÌÑ, ÕÍÎÏÖÅÎÎÕÀ ÎÁÎÅËÏÔÏÒÕÀ �ÏÓÔÏÑÎÎÕÀ ÔÁË, ÞÔÏÂÙ J̃�(kr) = r� + o(r�) É, ÎÁËÏÎÅ�,�(') = �−1=2 
os (�'=!). íÙ ÓÞÉÔÁÅÍ, ÞÔÏ bj 6= 0; ÜÔÏ ×ÅÒÎÏ, ÎÁ�ÒÉ-ÍÅÒ, ÄÌÑ ÓÏÂÓÔ×ÅÎÎÏÊ ÆÕÎË�ÉÉ, ÏÔ×ÅÞÁÀÝÅÊ ÎÁÉÍÅÎØÛÅÍÕ ÓÏÂÓÔ×ÅÎÎÏ-ÍÕ ÞÉÓÌÕ ÒÅÚÏÎÁÔÏÒÁ. �ÁË ËÁË ÒÅÚÏÎÁÔÏÒ ÓÉÍÍÅÔÒÉÞÅÎ ÏÔÎÏÓÉÔÅÌØÎÏ�ÒÅÏÂÒÁÚÏ×ÁÎÉÑ (x; y) 7→ (−x; y), ÔÏ b1=b2 = ±1.÷ ÏÂÌÁÓÔÉ G1 ××ÅÄÅÍ ÒÅÛÅÎÉÅ V1 ÚÁÄÁÞÉ (3.1), ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÅ ÎÁÂÅÓËÏÎÅÞÎÏÓÔÉ ÕÓÌÏ×ÉÀ ÉÚÌÕÞÅÎÉÑV1(x) = ei�1x	1(y) + S011(k) e−i�1x	1(y) +O(eÆx); x → −∞; (3.3)ÇÄÅ �1, 	1 É Æ { ÔÅ ÖÅ, ÞÔÏ É × (2.5). ïÔÍÅÔÉÍ, ÞÔÏ �ÒÉ (2�=l)2 <k2 < (3�=l)2 × ÁÓÉÍ�ÔÏÔÉËÅ (3.3) ÍÏÖÅÔ �ÒÉÓÕÔÓÔ×Ï×ÁÔØ ÓÌÁÇÁÅÍÏÅ
O

1
O

2

G
1

G
0

G
2

òÉÓ. 3. The domain G(0):



130 í. í. ëáâáòäï÷, â. á. ðìáíåîå÷óëéê, é äò.S012(k) e−i�2x	2(y). îÏ ÔÁË ËÁË ÏÂÌÁÓÔØ G1 ÓÉÍÍÅÔÒÉÞÎÁ ÏÔÎÏÓÉÔÅÌØÎÏÏÓÉ y, ÔÏ S012 = 0. ÷ ÏËÒÅÓÔÎÏÓÔÉ ÔÏÞËÉ O1 ÉÍÅÅÔ ÍÅÓÔÏ �ÒÅÄÓÔÁ×ÌÅÎÉÅV1(x) = s1(k)J̃�=!(kr1)�(� − '1) +O(r2�=!1 ); r1 → 0; (3.4)ÇÄÅ ÆÕÎË�ÉÉ J̃�=!, � É ËÏÏÒÄÉÎÁÔÙ (r1; '1) { ÔÅ ÖÅ, ÞÔÏ É × ÆÏÒÍÕ-ÌÅ (3.2).÷ ÏÂÌÁÓÔÉ 
, ××ÅÄÅÎÎÏÊ × �. 2, ÒÁÓÓÍÏÔÒÉÍ ËÒÁÅ×ÕÀ ÚÁÄÁÞÕ�w(�; �) = 0; (�; �) ∈ 
; w(�; �) = 0 (�; �) ∈ �
; (3.5)ËÏÔÏÒÁÑ ÎÁÚÙ×ÁÅÔÓÑ �ÒÅÄÅÌØÎÏÊ ÚÁÄÁÞÅÊ ×ÔÏÒÏÇÏ ÒÏÄÁ; ÞÅÒÅÚ (�; �) ÏÂÏ-ÚÎÁÞÁÀÔÓÑ ÄÅËÁÒÔÏ×Ù ËÏÏÒÄÉÎÁÔÙ Ó ÎÁÞÁÌÏÍ × �ÅÎÔÒÅ ÓÉÍÍÅÔÒÉÉ OÏÂÌÁÓÔÉ 
. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ wr ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ (3.5), ÕÄÏ×ÌÅÔ×ÏÒÑÀ-ÝÅÅ �ÒÉ � := dist {(�; �); O} → ∞ ÕÓÌÏ×ÉÑÍwr(�; �) = {��−�=!�(') +O(�−3�=!); � > 0;(��=! + ��−�=!)�(� − ') +O(�−3�=!); � < 0; (3.6)ÚÄÅÓØ ÆÕÎË�ÉÑ � ÔÁ ÖÅ, ÞÔÏ É × ÆÏÒÍÕÌÅ (3.2); ËÏÜÆÆÉ�ÉÅÎÔÙ � É �ÚÁ×ÉÓÑÔ ÔÏÌØËÏ ÏÔ ÆÏÒÍÙ ÏÂÌÁÓÔÉ 
 É �ÏÄÌÅÖÁÔ ×ÙÞÉÓÌÅÎÉÀ.3.2. áÓÉÍ�ÔÏÔÉÞÅÓËÉÅ ÆÏÒÍÕÌÙ. ðÕÓÔØ k2e { �ÒÏÓÔÏÅ ÓÏÂÓÔ×ÅÎÎÏÅÞÉÓÌÏ ÚÁÄÁÞÉ (3.1) × ÒÅÚÏÎÁÔÏÒÅ G0. �ÏÇÄÁ ÒÅÚÏÎÁÎÓÎÏÅ ÚÎÁÞÅÎÉÅ k2res�ÁÒÁÍÅÔÒÁ k2 ×ÙÞÉÓÌÑÅÔÓÑ �Ï ÆÏÒÍÕÌÅk2res = k2e − 2�b21"2�=! +O ("2�=!+2−�) ;ÇÄÅ � { ÍÁÌÏÅ �ÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ. ðÒÉ k2 − k2e = O("2�=!) ËÏÜÆÆÉ-�ÉÅÎÔ �ÒÏÈÏÖÄÅÎÉÑ ÄÏ�ÕÓËÁÅÔ �ÒÅÄÓÔÁ×ÌÅÎÉÅT1(k; ") = 11 + P 2(k2 − k2res"4�=! )2 (1 +O("� ));ÇÄÅ P = (b1�|s1(ke)|)−2, ÞÉÓÌÏ � { ÔÏ ÖÅ, ÞÔÏ É ×ÙÛÅ. �ÁËÉÍ ÏÂÒÁÚÏÍ,T1 ÉÍÅÅÔ �ÉË �ÒÉ k2 = k2r , ÛÉÒÉÎÁ ËÏÔÏÒÏÇÏ ÎÁ �ÏÌÕ×ÙÓÏÔÅ ÒÁ×ÎÁ�(") = (2=P )"4�=!: (3.7)
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§4. ÷ÙÞÉÓÌÅÎÉÅ ËÏÎÓÔÁÎÔ × ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÈ ÆÏÒÍÕÌÁÈçÌÁ×ÎÙÅ ÞÁÓÔÉ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÈ ÆÏÒÍÕÌ, �ÒÉ×ÅÄÅÎÎÙÈ × �ÕÎËÔÅ 3.2,ÓÏÄÅÒÖÁÔ �ÏÓÔÏÑÎÎÙÅ �, �, b1, |s1(ke)|. þÔÏÂÙ ÉÈ ×ÙÞÉÓÌÉÔØ, ÎÅÏÂÈÏ-ÄÉÍÏ ÞÉÓÌÅÎÎÏ ÒÅÛÉÔØ ÎÅËÏÔÏÒÙÅ ËÒÁÅ×ÙÅ ÚÁÄÁÞÉ. îÉÖÅ ÍÙ ÆÏÒÍÕ-ÌÉÒÕÅÍ ÔÒÅÂÕÅÍÙÅ ÚÁÄÁÞÉ É Ï�ÉÓÙ×ÁÅÍ, ËÁË ÉÚ �ÏÌÕÞÅÎÎÙÈ ÞÉÓÌÅÎÎÙÈÒÅÛÅÎÉÊ ÉÚ×ÌÅÞØ ÔÒÅÂÕÅÍÙÅ �ÏÓÔÏÑÎÎÙÅ. óÏÄÅÒÖÁÎÉÅ ÜÔÏÇÏ �ÕÎËÔÁ�ÏÌÎÏÓÔØÀ ÓÏ×�ÁÄÁÅÔ Ó ÓÏÄÅÒÖÁÎÉÅÍ �. 5.6.1 [2℄, ÍÙ �ÒÉ×ÏÄÉÍ ÅÇÏ ÄÌÑÕÄÏÂÓÔ×Á ÞÉÔÁÔÅÌÑ.4.1. ÷ÙÞÉÓÌÅÎÉÅ b1. äÌÑ ÔÏÇÏ, ÞÔÏÂÙ ÎÁÊÔÉ b1 × (3.2), ÒÅÛÁÅÍ Ó�ÅË-ÔÒÁÌØÎÕÀ ÚÁÄÁÞÕ�v + k2v = 0 × G0; v = 0 ÎÁ �G0;ËÁË ÏÂÙÞÎÏ, ÍÅÔÏÄÏÍ ËÏÎÅÞÎÙÈ ÜÌÅÍÅÎÔÏ×. ðÕÓÔØ ve { ÓÏÂÓÔ×ÅÎÎÁÑÆÕÎË�ÉÑ, ÏÔ×ÅÞÁÀÝÁÑ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÞÉÓÌÕ k2e É ÎÏÒÍÉÒÏ×ÁÎÎÁÑ ÕÓÌÏ-×ÉÅÍ ∫G0 |ve|2dx = 1. �ÏÇÄÁ b1 ÍÏÖÎÏ �ÒÉÂÌÉÖÅÎÎÏ Ï�ÒÅÄÅÌÉÔØ ÒÁ×ÅÎ-ÓÔ×ÏÍ b1 = "−�=! ve(−x0 + "; 0)�(0) = √�"−�=!ve(−x0 + "; 0):4.2. ÷ÙÞÉÓÌÅÎÉÅ s1. ïÂÏÚÎÁÞÉÍ ÕÓÅÞÅÎÎÕÀ ÏÂÌÁÓÔØG1∩{(x; y) : x >
−x0−R} ÞÅÒÅÚGR1 É �ÏÌÏÖÉÍ �R := �G1∩{(x; y) : x = −x0−R}. ÷×ÅÄÅÍËÒÁÅ×ÕÀ ÚÁÄÁÞÕ�V (x; y) + k2V (x; y) = 0; (x; y) ∈ GR1 ;V (x; y) = 0; (x; y) ∈ �GR1 \ �R;�nV (x; y) + i�1V (x; y) = 2i�1ei�1R	1(y); (x; y) ∈ �R:òÅÛÅÎÉÅ V ÏÔÙÓËÉ×ÁÅÔÓÑ ÍÅÔÏÄÏÍ ËÏÎÅÞÎÙÈ ÜÌÅÍÅÎÔÏ×. íÏÖÎÏ �ÏÌÏ-ÖÉÔØ s1 = √�"−�=!V (−x0 − "; 0):4.3. ÷ÙÞÉÓÌÅÎÉÅ � É �. ÷×ÅÄÅÍ ËÒÁÅ×ÕÀ ÚÁÄÁÞÕ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑËÏÎÓÔÁÎÔ � É � × ÆÏÒÍÕÌÅ (3.6). ðÏÌÏÖÉÍ 
R := 
 ∩ {(r; ') : r < R} É�R := �
 ∩ {(r; ') : r = R}. òÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕ�w(�; �) = 0; (�; �) ∈ 
R;w(�; �) = 0; (�; �) ∈ �
R\�R;�nw(�; �) + �w(�; �) = g(�; �); (�; �) ∈ �R: (4.1)åÓÌÉ w { ÒÅÛÅÎÉÅ ÜÔÏÊ ÚÁÄÁÞÉ É � > 0, ÔÏ

‖w;L2(�R)‖ 6 �−1‖g;L2(�R)‖: (4.2)



132 í. í. ëáâáòäï÷, â. á. ðìáíåîå÷óëéê, é äò.÷ ÓÁÍÏÍ ÄÅÌÅ, �ÏÄÓÔÁ×ÌÑÑ u = v = w × ÆÏÒÍÕÌÕ çÒÉÎÁ(△u; v)
R = (�nu; v)�
R − (∇u;∇v)
R= (�nu; v)�
R\�R + (�nu+ �u; v)�R − �(u; v)�R − (∇u;∇v)
R ;�ÏÌÕÞÁÅÍ 0 = (g; w)�R − �‖w;L2(�R)‖2 − ‖∇w;L2(
R)‖2:üÔÏ ÓÏÏÔÎÏÛÅÎÉÅ É ÏÞÅ×ÉÄÎÙÅ ÎÅÒÁ×ÅÎÓÔ×Á�‖w;L2(�R)‖2 6 �‖w;L2(�R)‖2 + ‖∇w;L2(
R)‖2= (g; w)�R 6 ‖w;L2(�R)‖ ‖g;L2(�R)‖�ÒÉ×ÏÄÑÔ Ë Ï�ÅÎËÅ (4.2).ïÂÏÚÎÁÞÉÍ ÌÅ×ÕÀ (�ÒÁ×ÕÀ) ÞÁÓÔØ �R ÞÅÒÅÚ �R− (�R+). ðÕÓÔØ W {ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ (4.1) �ÒÉ� = �=!R; g|�R
−

= 0 É g|�R+ = (2�=!)R(�=!)−1�('):�ÁË ËÁË ÁÓÉÍ�ÔÏÔÉËÕ (3.6) ÍÏÖÎÏ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÔØ, ÔÏ ÒÁÚÎÏÓÔØwr − W ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÚÁÄÁÞÅ (4.1) Ó ÆÕÎË�ÉÅÊ g = O(R−(3�=!)−1).óÏÇÌÁÓÎÏ (4.2),
‖wr −W ;L2(�R)‖ 6 
!R� R−(3�=!)−1 = 
′R−3�=!�ÒÉ R → +∞. íÙ ÎÁÈÏÄÉÍ W ÍÅÔÏÄÏÍ ËÏÎÅÞÎÙÈ ÜÌÅÍÅÎÔÏ× É Ï�ÒÅÄÅ-ÌÑÅÍ � ÒÁ×ÅÎÓÔ×ÏÍ� = W (−R; 0)�(0) R�=! = √�W (−R; 0)R�=!:ñÓÎÏ, ÞÔÏ ‖(wr − R�=!�(')) − (W − R�=!�('));L2(�R+)‖ 6 
′R−3�=!,�ÏÜÔÏÍÕ �ÏÌÏÖÉÍ� = W (R; 0)−R�=!�(0)�(0) R�=! = √�W (R; 0)R�=! −R2�=!:
§5. ÷ÙÞÉÓÌÅÎÉÅ ÍÁÔÒÉ�Ù ÒÁÓÓÅÑÎÉÑï�ÉÛÅÍ ÍÅÔÏÄ ×ÙÞÉÓÌÅÎÉÑ ÍÁÔÒÉ�Ù ÒÁÓÓÅÑÎÉÑ (ÓÍ. [3℄, [2℄) × �ÒÅÄ-�ÏÌÏÖÅÎÉÉ, ÞÔÏ k2 ÌÅÖÉÔ ÍÅÖÄÕ ×ÔÏÒÙÍ É ÔÒÅÔØÉÍ �ÏÒÏÇÁÍÉ. ðÏÌÏ-ÖÉÍG(";R) = G(") ∩ {(x; y) : −R < x < R}; �R = �R1 ⋃�R2 ;�R1 = �G(";R) ∩ {(x; y) : x = −R}; �R2 = �G(";R) ∩ {(x; y) : x = R}



óòá÷îåîéå áóéíð�ï�éþåóëïçï é þéóìåîîïçï 133�ÒÉ ÂÏÌØÛÉÈ R. ÷ ËÁÞÅÓÔ×Å �ÒÉÂÌÉÖÅÎÉÑ ÄÌÑ ÓÔÒÏËÉ (S11; S12; S13; S14)ÍÁÔÒÉ�Ù ÒÁÓÓÅÑÎÉÑ S = S(k) �ÒÅÄÌÁÇÁÅÔÓÑ ÍÉÎÉÍÉÚÁÔÏÒ ÎÅËÏÔÏÒÏÇÏË×ÁÄÒÁÔÉÞÎÏÇÏ ÆÕÎË�ÉÏÎÁÌÁ. þÔÏÂÙ �ÏÓÔÒÏÉÔØ ÜÔÏÔ ÆÕÎË�ÉÏÎÁÌ, ××Å-ÄÅÍ ËÒÁÅ×ÕÀ ÚÁÄÁÞÕ(−�− k2)XR(x; y) = 0; (x; y) ∈ GR;
XR(x; y) = 0; (x; y) ∈ �GR \ �R;(�n + i�)XR(x; y) = i(−�1 + �)e−i�1R	1(y)+ a1i(�1 + �)ei�1R	1(y)+ a2i(�2 + �)ei�2R	2(y); (x; y) ∈ �R1 ;(�n + i�)XR(x; y) = a3i(�1 + �)ei�1R	1(y)+ a4i(�2 + �)ei�2R	2(y); (x; y) ∈ �R2 ; (5.1)

ÇÄÅ � ∈ R \ {0} { �ÒÏÉÚ×ÏÌØÎÏÅ ÆÉËÓÉÒÏ×ÁÎÎÏÅ ÞÉÓÌÏ, É a1, a2, a3, a4 {ËÏÍ�ÌÅËÓÎÙÅ ÞÉÓÌÁ. ðÒÉÂÌÉÖÅÎÉÅÍ ÄÌÑ ÓÔÒÏËÉ (S11; S12; S13; S14) ÓÌÕ-ÖÉÔ ÍÉÎÉÍÉÚÁÔÏÒ a0(R) = (a01(R); a02(R); a03(R); a04(R)) ÆÕÎË�ÉÏÎÁÌÁJR(a1; a2; a3; a4) = ‖XR−e−i�1R	1−a1ei�1R	1−a2ei�2R	2;L2(�R1 )‖2+ ‖XR − a3ei�1R	1 − a4ei�2R	2;L2(�R2 )‖2; (5.2)ÇÄÅ XRl { ÒÅÛÅÎÉÅ ËÒÁÅ×ÏÊ ÚÁÄÁÞÉ (5.1). ðÕÓÔØ [k21 ; k22 ℄ { ÏÔÒÅÚÏË ÎÅ-�ÒÅÒÙ×ÎÏÇÏ Ó�ÅËÔÒÁ, ÌÅÖÁÝÉÊ ÍÅÖÄÕ ×ÔÏÒÙÍ É ÔÒÅÔØÉÍ �ÏÒÏÇÁÍÉ ÉÎÅ ÓÏÄÅÒÖÁÝÉÊ �ÏÒÏÇÏ×. óÏÇÌÁÓÎÏ [3℄ (ÓÍ. ÔÁËÖÅ [2℄), ÓÕÝÅÓÔ×ÕÀÔ ÔÁ-ËÉÅ �ÏÌÏÖÉÔÅÌØÎÙÅ �ÏÓÔÏÑÎÎÙÅ � É R0, ÚÁ×ÉÓÑÝÉÅ ÔÏÌØËÏ ÏÔ ×ÙÂÏÒÁÏÔÒÅÚËÁ [k21 ; k22 ℄, ÞÔÏ |a0j (R; k)− S1j(k)| 6 
 exp{−�R} �ÒÉ ×ÓÅÈ R > R0É k2 ∈ [k21 ; k22 ℄.äÌÑ ÔÏÇÏ, ÞÔÏÂÙ ×ÙÒÁÚÉÔØ XR ÞÅÒÅÚ a1; a2; a3; a4, ÒÁÓÓÍÏÔÒÉÍ ËÒÁ-Å×ÙÅ ÚÁÄÁÞÉ(−�− k2)v±l (x; y) = 0; (x; y) ∈ GR;v±l (x; y) = 0; (x; y) ∈ �GR \ �R;(�n + i�)v±l (x; y) = 0; (x; y) ∈ �R2 ;(�n + i�)v±l (x; y) = i(∓�l + �)e∓i�lR	l(y); (x; y) ∈ �R1 ; l = 1; 2; (5.3)



134 í. í. ëáâáòäï÷, â. á. ðìáíåîå÷óëéê, é äò.É (−�− k2)v±l+2(x; y) = 0; (x; y) ∈ GR;v±l+2(x; y) = 0; (x; y) ∈ �GR \ �R;(�n + i�)v±l+2(x; y) = 0; (x; y) ∈ �R1 ;(�n + i�)v±l+2(x; y) = i(∓�l + �)e∓i�lR	l(y); (x; y) ∈ �R2 ; l = 1; 2: (5.4)ðÕÓÔØ v±j;R, j = 1; 2; 3; 4 { ÒÅÛÅÎÉÑ ÚÁÄÁÞ (5.3){(5.4), ÔÏÇÄÁ XR = v+1;R+4∑j=1 ajv−j;R ðÒÉ ÜÔÏÍ ÆÕÎË�ÉÏÎÁÌ (5.2) ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØ × ×ÉÄÅJR(a; k) = 〈aER(k); a〉+ 2Re 〈FR(k); a〉+ GR(k);ÇÄÅ 〈 · ; · 〉 { ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ × C
M , ER { ÍÁÔÒÉ�Á ÒÁÚÍÅÒÁ 4×4,

FR { ÓÔÒÏËÁ ÄÌÉÎÙ 4, Á GR { ÞÉÓÌÏ, Ï�ÒÅÄÅÌÅÎÎÙÅ ÒÁ×ÅÎÓÔ×ÁÍÉ
ERlm = ((v−l − ei�lR	l); (v−m − ei�mR	m))�R1 + (v−l ; v−m)�R2 ;
ERl+2;m = (v−l+2; (v−m − ei�mR	m))�R1 + ((v−l+2 − ei�lR	l); v−m)�R2 ;
ERl;m+2 = ((v−l − ei�lR	l); v−m+2)�R1 + (v−l ; (v−m+2 − ei�mR	m))�R2 ;
ERl+2;m+2 = (v−l+2; v−m+2)�R1 + ((v−l+2 − ei�lR	l); (v−m+2 − ei�mR	m))�R2 ;
FRm = ((v+1 − e−i�1R	1); (v−m − ei�mR	m))�R1 + (v+1 ; v−m)�R2 ;
FRm+2 = ((v+1 − e−i�1R	1); v−m+2)�R1 + (v+1 ; (v−m+2 − ei�mR	m))�R2 ;
GR = ((v+1 − e−i�1R	1); (v+1 − e−i�1R	1))�R1 + (v+1 ; v+1 )�R2 ;ÇÄÅ l É m �ÒÉÎÉÍÁÀÔ ÚÎÁÞÅÎÉÑ 1 ÉÌÉ 2. íÉÎÉÍÕÍ ÆÕÎË�ÉÏÎÁÌÁ ÄÏÓÔÉ-ÇÁÅÔÓÑ ÎÁ ÓÔÒÏËÅ a0 = a0(R; k), ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÊ ÓÉÓÔÅÍÅ a0(R; k)ER+

FR = 0.
§6. óÒÁ×ÎÅÎÉÅ ÁÓÉÍ�ÔÏÔÉËÉ É ÞÉÓÌÅÎÎÙÈ ÒÅÚÕÌØÔÁÔÏ×óÎÁÞÁÌÁ Ï�ÉÛÅÍ ÒÅÚÕÌØÔÁÔÙ, �ÏÌÕÞÅÎÎÙÅ �ÕÔÅÍ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ-ÇÏ ×ÙÞÉÓÌÅÎÉÑ ÍÁÔÒÉ�Ù ÒÁÓÓÅÑÎÉÑ. ûÉÒÉÎÁ ×ÏÌÎÏ×ÏÄÁ ×ÄÁÌÉ ÏÔ ÓÕÖÅ-ÎÉÊ �ÒÉÎÑÔÁ ÒÁ×ÎÏÊ ÅÄÉÎÉ�Å, ÒÁÓÓÔÏÑÎÉÅ ÍÅÖÄÕ ÓÕÖÅÎÉÑÍÉ ÒÁ×ÎÏ 2,ÒÁÓÔ×ÏÒ ÓÕÖÅÎÉÊ ! = 0:8�. íÙ ×ÙÞÉÓÌÑÅÍ ËÏÜÆÆÉ�ÉÅÎÔ �ÒÏÈÏÖÄÅ-ÎÉÑ T1 �ÒÉ " = 0:1; 0:2; 0:3; 0:4; 0:5. äÌÑ " < 0:1 ÔÅÒÑÅÔÓÑ ÔÏÞÎÏÓÔØ
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òÉÓ. 4. ëÏÜÆÆÉ�ÉÅÎÔ �ÒÏÈÏÖÄÅÎÉÑ T1(k2) �ÒÉ " = 0:1; 0:2; 0:3; 0:4; 0:5.×ÙÞÉÓÌÅÎÉÊ, Á �ÒÉ " > 0:5 ÉÓÞÅÚÁÅÔ ÓÁÍÏ Ñ×ÌÅÎÉÅ ÒÅÚÏÎÁÎÓÎÏÇÏ ÔÕÎÎÅ-ÌÉÒÏ×ÁÎÉÑ. éÓÞÅÚÎÏ×ÅÎÉÅ ÒÅÚÏÎÁÎÓÎÏÇÏ ÔÕÎÎÅÌÉÒÏ×ÁÎÉÑ ÍÏÖÎÏ ÏÂßÑÓ-ÎÉÔØ ÔÅÍ ÏÂÓÔÏÑÔÅÌØÓÔ×ÏÍ, ÞÔÏ �ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÍ ÚÎÁÞÅÎÉÉ "ÓÕÖÅÎÉÅ �ÅÒÅÓÔÁÅÔ ÂÙÔØ ÜÆÆÅËÔÉ×ÎÙÍ �ÏÔÅÎ�ÉÁÌØÎÙÍ ÂÁÒØÅÒÏÍ ÄÌÑ�ÒÏÄÏÌØÎÏÇÏ Ä×ÉÖÅÎÉÑ ÜÌÅËÔÒÏÎÏ× É ×ÅÒÏÑÔÎÏÓÔØ �ÒÏÈÏÖÄÅÎÉÑ ÜÌÅË-ÔÒÏÎÏ× ÓË×ÏÚØ ÓÕÖÅÎÉÅ ÓÔÁÎÏ×ÉÔÓÑ ÂÌÉÚËÏÊ Ë ÅÄÉÎÉ�Å. ðÒÉ ÜÎÅÒÇÉÑÈÜÌÅËÔÒÏÎÏ× ×ÙÛÅ ×ÔÏÒÏÇÏ �ÏÒÏÇÁ �ÒÅÄÅÌØÎÏÅ ÚÎÁÞÅÎÉÅ ", ÄÏ ËÏÔÏÒÏÇÏÒÅÚÏÎÁÎÓÎÏÅ ÔÕÎÎÅÌÉÒÏ×ÁÎÉÅ ÅÝÅ ÎÁÂÌÀÄÁÅÔÓÑ, ÒÁ×ÎÏ �ÒÉÂÌÉÚÉÔÅÌØ-ÎÏ �ÏÌÏ×ÉÎÅ ÛÉÒÉÎÙ ×ÏÌÎÏ×ÏÄÁ (×ÄÁÌÉ ÏÔ ÓÕÖÅÎÉÊ), ×ÙÛÅ ÔÒÅÔØÅÇÏ�ÏÒÏÇÁ { ÔÒÅÔÉ ÛÉÒÉÎÙ ×ÏÌÎÏ×ÏÄÁ É Ô. Ä.�ÁÂÌÉ�Á 1. óÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ É ÓÏÂÓÔ×ÅÎÎÙÅÆÕÎË�ÉÉ ÚÁÄÁÞÉ × ÒÅÚÏÎÁÔÏÒÅ G0.1 2 3 4 51 k2e = 12:65 k2e = 20:99 k2e = 34:84 k2e = 54:09 k2e = 78:522 k2e = 42:46 k2e = 51:40 k2e = 66:26 k2e = 86:99 k2e > �23



136 í. í. ëáâáòäï÷, â. á. ðìáíåîå÷óëéê, é äò.íÅÖÄÕ ×ÔÏÒÙÍ É ÔÒÅÔØÉÍ �ÏÒÏÇÁÍÉ (�2 := (2�=l)2 = 39; 48 É �3 :=(3�=l)2 = 88; 83) ÉÍÅÀÔÓÑ Ä×Á ÓÏÂÓÔ×ÅÎÎÙÈ ÞÉÓÌÁ ÚÁËÒÙÔÏÇÏ ÒÅÚÏÎÁÔÏ-ÒÁ k2e;1 = 54; 09 É k2e;2 = 78; 52, ËÏÔÏÒÙÍ ÏÔ×ÅÞÁÀÔ ÓÏÂÓÔ×ÅÎÎÙÅ ÆÕÎË-�ÉÉ, ÞÅÔÎÙÅ ÏÔÎÏÓÉÔÅÌØÎÏ ÏÓÉ ×ÏÌÎÏ×ÏÄÁ (ÓÍ. �ÁÂÌÉ�Õ 1). îÁ ÒÉÓÕÎËÅ(òÉÓ. 4) �ÒÉ " = 0:1 �ÒÉÓÕÔÓÔ×ÕÀÔ Ä×Á ÏÓÔÒÙÈ �ÉËÁ × ÔÏÞËÁÈ, �ÒÁËÔÉ-ÞÅÓËÉ ÓÏ×�ÁÄÁÀÝÉÈ Ó ÓÏÂÓÔ×ÅÎÎÙÍÉ ÞÉÓÌÁÍÉ ÒÅÚÏÎÁÔÏÒÁ. ðÒÉ Õ×ÅÌÉ-ÞÅÎÉÉ " ÄÏ ÚÎÁÞÅÎÉÑ 0:3 �ÉËÉ ÓÍÅÝÁÀÔÓÑ ×ÌÅ×Ï É ÏÓÔÁÀÔÓÑ ÄÏÓÔÁÔÏÞ-ÎÏ ÏÓÔÒÙÍÉ. ðÒÉ " = 0:4 ÛÉÒÉÎÁ �ÉËÏ× ÚÎÁÞÉÔÅÌØÎÏ Õ×ÅÌÉÞÅÎÁ. ðÒÉ" = 0:5 ÜÆÆÅËÔ ÒÅÚÏÎÁÎÓÎÏÇÏ ÔÕÎÎÅÌÉÒÏ×ÁÎÉÑ �ÏÞÔÉ ÎÅ ÎÁÂÌÀÄÁÅÔÓÑ.ëÒÏÍÅ ÔÏÇÏ, ÍÅÖÄÕ �2 É �3 �ÒÉÓÕÔÓÔ×ÕÀÔ ÓÏÂÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ ÒÅÚÏ-ÎÁÔÏÒÁ, ËÏÔÏÒÙÍ ÏÔ×ÅÞÁÀÔ ÓÏÂÓÔ×ÅÎÎÙÅ ÆÕÎË�ÉÉ, ÎÅÞÅÔÎÙÅ ÏÔÎÏÓÉ-ÔÅÌØÎÏ ÏÓÉ ×ÏÌÎÏ×ÏÄÁ (�ÁÂÌÉ�Á 1). ïÄÎÁËÏ, ÜÔÉ ÓÏÂÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ ÎÅ×ÌÉÑÀÔ ÎÁ ÒÁÓÓÅÑÎÉÅ ×ÏÌÎÙ U1 (ÞÅÔÎÏÊ ÏÔÎÏÓÉÔÅÌØÎÏ ÏÓÉ ×ÏÌÎÏ×ÏÄÁ).áÓÉÍ�ÔÏÔÉÞÅÓËÉÅ ÆÏÒÍÕÌÙ × �. 3.2 ÏÂÅÓ�ÅÞÉ×ÁÀÔ ÒÅÚÏÎÁÎÓÎÙÊ �ÉË×ÂÌÉÚÉ ÓÏÂÓÔ×ÅÎÎÏÇÏ ÞÉÓÌÁ ÒÅÚÏÎÁÔÏÒÁ �ÒÉ ÕÓÌÏ×ÉÉ, ÞÔÏ × ÒÁÚÌÏÖÅ-ÎÉÉ (3.2) ÄÌÑ ÓÏÂÓÔ×ÅÎÎÏÊ ÆÕÎË�ÉÉ �ÏÓÔÏÑÎÎÙÅ b1 É b2 ÏÔÌÉÞÎÙ ÏÔÎÕÌÑ. åÓÌÉ ÖÅ ÓÏÂÓÔ×ÅÎÎÁÑ ÆÕÎË�ÉÑ ÎÅÞÅÔÎÁÑ ÏÔÎÏÓÉÔÅÌØÎÏ ÏÓÉ ×ÏÌ-ÎÏ×ÏÄÁ, ÔÏ ÏÂÅ ÔÁËÉÅ �ÏÓÔÏÑÎÎÙÅ ÁÎÎÕÌÉÒÕÀÔÓÑ É ÒÅÚÏÎÁÎÓÎÏÇÏ �ÉËÁÎÅÔ.
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òÉÓ. 5. áÓÉÍ�ÔÏÔÉÞÅÓËÉÅ (Ó�ÌÏÛÎÁÑ ÌÉÎÉÑ) É ÞÉÓÌÅÎ-ÎÙÅ (Ú×ÅÚÄÏÞËÉ) ÚÎÁÞÅÎÉÑ ÒÅÚÏÎÁÎÓÎÏÊ ÜÎÅÒÇÉÉ k2res.äÁÌÅÅ ÍÙ ÇÌÁ×ÎÙÍ ÏÂÒÁÚÏÍ ÏÂÓÕÖÄÁÅÍ ÒÅÚÏÎÁÎÓÎÙÊ �ÉË ×ÂÌÉÚÉ ÓÏÂ-ÓÔ×ÅÎÎÏÇÏ ÞÉÓÌÁ k2e;1 = 54; 09. òÉÓÕÎÏË 5 ÄÅÍÏÎÓÔÒÉÒÕÅÔ ÈÏÒÏÛÅÅ ÓÏ-ÇÌÁÓÏ×ÁÎÉÅ ÞÉÓÌÅÎÎÏÇÏ É ÁÓÉÍ�ÔÏÔÏÔÉÞÅÓËÏÇÏ Ï�ÉÓÁÎÉÊ ÒÅÚÏÎÁÎÓÎÏÊ
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òÉÓ. 6. áÓÉÍ�ÔÏÔÉÞÅÓËÉÅ (Ó�ÌÏÛÎÁÑ ÌÉÎÉÑ) É ÞÉÓÌÅÎ-ÎÙÅ (Ú×ÅÚÄÏÞËÉ) ÚÎÁÞÅÎÉÑ ÛÉÒÉÎÙ � ÒÅÚÏÎÁÎÓÎÏÇÏ �É-ËÁ.
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òÉÓ. 7. æÏÒÍÁ ÒÅÚÏÎÁÎÓÎÏÇÏ �ÉËÁ, ÎÁÊÄÅÎÎÁÑ Ó �ÏÍÏ-ÝØÀ ÁÓÉÍ�ÔÏÔÉËÉ (Ó�ÌÏÛÎÁÑ ÌÉÎÉÑ) É ÞÉÓÌÅÎÎÏ (ÔÏÞ-ËÉ) �ÒÉ " = 0:1.ÜÎÅÒÇÉÉ ÄÌÑ ÜÔÏÇÏ ÓÌÕÞÁÑ. ÷ ÉÎÔÅÒ×ÁÌÅ 0:1 6 " 6 0:5 ÉÍÅÅÍ
|k2res;a(")− k2res;n(")|=k2res;a(") < 0:05:îÁ ÒÉÓÕÎËÅ 6 �ÏËÁÚÁÎÁ ÚÁ×ÉÓÉÍÏÓÔØ ÌÏÇÁÒÉÆÍÁ ÛÉÒÉÎÙ ÒÅÚÏÎÁÎÓÎÏÇÏ�ÉËÁ ÏÔ ln ". ðÒÅÄÓËÁÚÙ×ÁÅÍÁÑ ÁÓÉÍ�ÔÏÔÉËÏÊ ÌÉÎÅÊÎÁÑ ÚÁ×ÉÓÉÍÏÓÔØÉÍÅÅÔ ÍÅÓÔÏ É ÄÌÑ ÞÉÓÌÅÎÎÙÈ ÒÅÚÕÌØÔÁÔÏ×. ðÒÉ " = 0:1 ÁÓÉÍ�ÔÏÔÉ-ÞÅÓËÏÅ É ÞÉÓÌÅÎÎÏÅ ÚÎÁÞÅÎÉÅ ÛÉÒÉÎÙ ÒÅÚÏÎÁÎÓÎÏÇÏ �ÉËÁ ÓÏÇÌÁÓÕÀÔÓÑÄÏÓÔÁÔÏÞÎÏ ÈÏÒÏÛÏ (ÓÍ. òÉÓ. 7). ó ÒÏÓÔÏÍ " \ÞÉÓÌÅÎÎÙÊ" ÒÅÚÏÎÁÎÓÎÙÊ�ÉË ÂÙÓÔÒÏ ÒÁÓ�ÌÙ×ÁÅÔÓÑ �Ï ÓÒÁ×ÎÅÎÉÀ Ó ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÍ (òÉÓÕÎ-ËÉ 8{9). äÌÑ ×ÔÏÒÏÇÏ �ÉËÁ ÒÁÓ�ÌÙ×ÁÎÉÅ �ÒÏÉÓÈÏÄÉÔ ÅÝÅ ÂÙÓÔÒÅÅ.
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òÉÓ. 8. æÏÒÍÁ ÒÅÚÏÎÁÎÓÎÏÇÏ �ÉËÁ, ÎÁÊÄÅÎÎÁÑ Ó �ÏÍÏ-ÝØÀ ÁÓÉÍ�ÔÏÔÉËÉ (Ó�ÌÏÛÎÁÑ ÌÉÎÉÑ) É ÞÉÓÌÅÎÎÏ (ÔÏÞ-ËÉ) �ÒÉ " = 0:2.
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òÉÓ. 9. æÏÒÍÁ ÒÅÚÏÎÁÎÓÎÏÇÏ �ÉËÁ, ÎÁÊÄÅÎÎÁÑ Ó �ÏÍÏ-ÝØÀ ÁÓÉÍ�ÔÏÔÉËÉ (Ó�ÌÏÛÎÁÑ ÌÉÎÉÑ) É ÞÉÓÌÅÎÎÏ (ÔÏÞ-ËÉ) �ÒÉ " = 0:3. ìÉÔÅÒÁÔÕÒÁ1. ì. í. âÁÓËÉÎ, í. M. ëÁÂÁÒÄÏ×, ð. îÅÊÔÔÁÁÎÍÑËÉ, â. á. ðÌÁÍÅÎÅ×ÓËÉÊ, ï. ÷.óÁÒÁÆÁÎÏ×, áÓÉÍ�ÔÏÔÉËÁ É ÞÉÓÌÅÎÎÏÅ ÉÓÓÌÅÄÏ×ÁÎÉÅ ÒÅÚÏÎÁÎÓÎÏÇÏ ÔÕÎÎÅÌÉÒÏ-×ÁÎÉÑ × Ä×ÕÍÅÒÎÙÈ Ë×ÁÎÔÏ×ÙÈ ×ÏÌÎÏ×ÏÄÁÈ �ÅÒÅÍÅÎÎÏÇÏ ÓÅÞÅÎÉÑ. |ö. ×ÙÞÉÓÌ.ÍÁÔÅÍ. ÍÁÔÅÍ. ÆÉÚ. 53, No. 11 (2013), 1835{1855.2. L. Baskin, P. Neittaanm�aki, B. Plamenevskii, O. Sarafanov, Resonant Tunneling:Quantum Waveguides of Variable Cross-Se
tions. | Asymptoti
s, Numeri
s, Appli-
ations. Le
t. Not. Numer. Methods Engineering and S
ien
es, Springer, 2015.3. â. á. ðÌÁÍÅÎÅ×ÓËÉÊ, ï. ÷. óÁÒÁÆÁÎÏ×, ï ÍÅÔÏÄÅ ×ÙÞÉÓÌÅÎÉÑ ÍÁÔÒÉ� ÒÁÓÓÅÑÎÉÑÄÌÑ ×ÏÌÎÏ×ÏÄÏ×. | áÌÇÅÂÒÁ É ÁÎÁÌÉÚ 23, No. 1 (2011), 200{231.
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 and numeri
al approa
hes to the study of theresonant tunneling in a two-dimensional symmetri
 quantum waveguide ofvariable 
ross-se
tionÀThe waveguide 
oin
ides with a strip having two narrows of width ". Anele
tron wave fun
tion satis�es the Diri
hlet boundary value problem forthe Helmholtz equation. The part of the waveguide between the narrowsserves as a resonator and 
onditions for the ele
tron resonant tunneling
an o

ur. In the paper, asymptoti
 formulas as " → 0 for 
hara
teristi
sof the resonant tunneling are used. The asymptoti
 results are 
omparedwith numeri
al ones obtained with approximate 
al
ulation of the s
atter-ing matrix for energies in the interval between the se
ond and the thirdthresholds. The 
omparison allows to state an interval of ", where the as-ymptoti
 and numeri
al approa
hes agree. The suggested methods 
an beapplied to more 
ompli
ated models than one 
onsidered in the paper. Inparti
ular, the same approa
h 
an be used for asymptoti
 and numeri-
al analysis of the tunneling in three-dimensional quantum waveguides ofvariable 
ross-se
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