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t. In the arti
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∪iPu
iPv where SU(D; h) is a spe
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 or skewsymmetri
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 subspa
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e � = SU(D; h) is a point group of a 
lassi
al algebrai
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osets {Pu
iPv} whi
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DOUBLE COSETS OF STABILIZERS 83Let V be a (left) linear spa
e over D of dimension d with a non-degenerate Hermitian or skew-Hermitian form h = ( ; ) with re-spe
t to the involution ? (here we also 
onsider symmetri
 and skew-symmetri
 forms over K as Hermitian or skew-Hermitian forms withD = F = K). We will 
all any linear spa
e over D with a form h(not ne
essarily non-degenerate) an h-spa
e.In [4℄ we have assumed that the h-spa
e V satis�es the T -
ondi-tion: ([1, IX, §4℄):For every x ∈ V there is an element � ∈ D su
h that � + ��? =h(x; x) where � = 1 if h is a Hermitian form and � = −1 if h is askew Hermitian form.In parti
ular, the T -
ondition holds if h is skew-Hermitian or
harK 6= 2.In this paper we assume that 
harK 6= 2.We denote by n the dimension of a maximal totally isotropi
subspa
e of V (Witt index). Below we assume n > 1.We denote by U(D;h) the group of isometries of the h-spa
e V(the unitary group). The spe
ial unitary group is the subgroup ofU(D;h) SU(D;h) := {g ∈ U(D;h) | Nrd g = 1}(here Nrd is the redu
ed norm; see [1, VIII, §12℄). We assumedimD V = d < ∞:There exists a simple algebrai
 group �̃ whi
h is de�ned over the�eld K su
h that � = �̃(K) = SU(D;h) (see [6, 8℄). The group �̃ isa group of the type Ar; Br; Cr, or Dr. In [4℄ we divided all possiblegroups into two sets: we say that we are in the Spe
ial Case if �̃ is agroup of the type Dn whi
h is 
ompletely split over a �eld K (thatis, � = SO2n(K)); in all other possibilities we say that we are in theGeneral Case.Let k 6 l be positive integers and let Ik; Il be the sets of alltotally isotropi
 subspa
es of dimensions k and l, respe
tively, and



84 N. GORDEEV, U. REHMANNlet v ∈ Ik, u ∈ Il. Further, let Pu; Pv be the stabilizers of the sub-spa
es u; v, respe
tively. Then there exist maximal K-de�ned para-boli
 subgroups P̃u; P̃v su
h that P̃u(K) = Pu, P̃v(K) = Pv . In [4℄we des
ribed the de
omposition � = ∪iPu
iPv in terms of the inter-se
tion distan
e din(u; g(v)) = dimu− dimu ∩ g(v)(see, [3, 4℄) and the Witt index of the unitary spa
e u+ g(v) whereg is a representative of Pu
iPv.Namely, let I(U) be the 
odimension of a maximal isotropi
 sub-spa
e U0 6 U and letXpq = {(p; q) | 0 6 p 6 min{k; n− l}; 0 6 q 6 k − p}be the set of integers. Then for the General Case we have (see [4℄)Theorem 1. The double 
osets Pu
Pv 
an be enumerated as follows:(i) � = ⋃(p;q)∈Xpq Pu
pqPv;(ii) g ∈ Pu
pqPv ⇔ din(g(v); u) = l−k+p+q and I(u+g(v)) = q.To formulate the result for the Spe
ial Case we need to des
ribethe di�eren
e between this Case and the General Case. In the Gen-eral Case all totally isotropi
 subspa
es of the same dimension be-long to a single �-orbit. In the Spe
ial Case we have two �-orbits oftotally isotropi
 spa
es of the maximal dimension n. We �x a max-imal totally isotropi
 subspa
e u0 and denote its �-orbit by I+n . By
I−n , we denote the other �-orbit. Two maximal isotropi
 subspasesu′; v′ belong to the same �-orbit if and only if sign (u′; v′) = 1 wheresign (u′; v′) = (−1)din(u′;v′) (see [4℄). Further, let vg := u+g(v) whereg ∈ �. There exists a unique maximal totally isotropi
 subspa
e vugin vg whi
h 
ontains the spa
e u ([4℄). In the Spe
ial Case whendimu < n and vug = n, the double 
oset of g is de�ned not onlyby dimvg; I(vg) but also by the \orientation" of vug , that is, eithervug ∈ I+n or vug ∈ I−n (see i1) below).Theorem 2. Let � = SO(V ) = SO2n(K) be a 
ompletely splitorthogonal group of the dimension 2n. The double 
osets Pu
Pv 
anbe enumerated in the following way:



DOUBLE COSETS OF STABILIZERS 85(i1) If 0 < n− l 6 k then� = ( ⋃06p6n−l;06q6k−p Pu
pqPv) ∪
( ⋃q6k+l−nPu
−n−l qPv):(i2) If k < n− l then� = ⋃06p6k;06q6k−pPu
pqPv:(i3) If l = n; k < n then� = ⋃q6kPu
qPv :(i4) If k = l = n then





� = ⋃06q=2m6nPu
qPv if sign (v; u) = 1;� = ⋃16q=2m+16nPu
qPv if sign (v; u) = −1:(ii1) g ∈ Pu
pqPv, p 6= n − l ⇔ din(g(v); u) = l − k + p + q andI(u + g(v)) = q, g ∈ Pu
n−l qPv ⇔ din(g(v); u) = n− k + qand I(u+ g(v)) = q, and vug ∈ I+n ,g∈Pu
−n−l qPv⇔din(g(v); u)=n−k+q and I(u+ g(v))=qand vug ∈ I−n ,(ii2) g ∈ Pu
pqPv ⇔ din(g(v); u)= l−k+p+q and I(u+ g(v))=q,(ii3) g ∈ Pu
qPv ⇔ din(g(v); u) = n− k + q and I(u+ g(v)) = q;(ii4) g ∈ Pu
qPv ⇔ din(g(v); u) = q = I(u+ g(v)):The main result. It is a well known fa
t that double 
osets of par-aboli
 subgroups of a simple algebrai
 group are lo
ally open subsetswith respe
t to the Zariski topology and their 
losures are unionsof double 
osets of the same paraboli
 subgroups (see [2℄). It givesan order on the set of su
h double 
osets whi
h, in the 
ase of stan-dard paraboli
 subgroups, is 
alled the \Bruhat order." This order
an be des
ribed in this 
ase in terms of the de
omposition of the



86 N. GORDEEV, U. REHMANNelements of the Weyl group whi
h 
orresponds to given 
osets ([2℄).Here we des
ribe the \Bruhat order" for double 
osets Pu
iPv of� = SU(D;h) in terms of the dimension and the Witt index of uni-tary subspa
es u + 
i(v) . We may de�ne the \Bruhat order"� onthe set {Pu
iPv}:Pu
Pv � Pu
′Pv ⇔ P̃u
P̃v ⊂ P̃u
′P̃v(here X is the Zariski 
losure of X). In this paper we 
onsider onlythose 
ases where the group �̃ is of the type Br; Cr;Dr (that is, the
ases where ? is an involution of the �rst kind). The 
ase where thegroup �̃ is of the type Ar will be 
onsidered in the next paper.Sin
e in the Spe
ial Case there appear the double 
osets Pu
±pqPvand we will 
all any double 
oset of the form Pu
+pqPv := Pu
pqPvpositive and Pu
−pqPv negative. Note, that most of all double 
osetsare positive ex
ept the Spe
ial Case i1), when p = n− l (note, thatpositivity or negativity here depends on our 
hoi
e of the \positive"orbit I+). However, when 
onsidering the whole massive of double
osets we will write Pu
±pqPv .The main result of this paper is the followingTheorem. Let �̃ be a simple algebrai
 group of type Br; Cr; or Drde�ned over a �eld K; 
harK 6= 2; and let � = �̃(K) = SU(D;h)be the group of spe
ial unitary transformations of a unitary spa
eV over a division algebra D with an involution. Further, let k 6 lbe integers and let v ∈ Ik; u ∈ Il. Let Pu; Pv be the stabilizers ofu; v. Then Pu = P̃u(K); Pv = P̃v(K) for some maximal K-de�nedparaboli
 subgroups P̃u; P̃v of the group �̃ andPu
±pqPv � Pu
±p′q′Pv ⇔ p+q 6 p′+q′ and q 6 q′ and (p; q) 6= (p′; q′)if Pu
±pqPv 6= Pu
±p′q′Pv.The proof of the Theorem is 
ontained in Se
. 3. In Se
tions 1, 2we 
olle
t more or less known fa
ts whi
h we use in the proof of theTheorem.



DOUBLE COSETS OF STABILIZERS 87Notations and terminology.Unitary transformations.K is a �eld with 
harK 6= 2;Ks;K are, respe
tively, the separable or algebrai
 
losure of K;D is a division algebra over the 
enter K with an involution ? ofthe �rst kind (possibly, D = K and ? is a trivial involution);V is a left linear spa
e over D of the dimension d = dimD V < ∞with a non-degenerated symmetri
 or skew-symmetri
 Hermitianform h = ( ; );U(D;h) is the group of unitary transformations of V and� := SU(D;h) := {g ∈ U(D;h) | Nrd g = 1}is a spe
ial unitary group (Nrd g is a redu
ed norm of g ∈ GLd(D)(see [6℄, [1, VIII, §12℄));n is the dimension of a maximal totally isotropi
 subspa
e of V(Witt index);
Ik is the set of all totally isotropi
 subspa
es of V of dimensionk 6 n;
I+n ; I−n are di�erent �-orbits of maximal totally isotropi
 sub-spa
es of V in the Spe
ial Case (see [4℄); moreover, we assume belowthat I+n is the �-orbit of V +n = 〈e1; : : : ; en〉 and I−n is the �-orbitof V −n = 〈e1; : : : ; en−1; fn〉 where {ei; fj} is a �xed basis of V su
hthat (ei; ej) = (fi; fj) = 0 for every i; j and (ei; fj) = Æij (see [4℄);here k 6 l 6 n; u ∈ Il; v ∈ Ik and Pv; Pu are the stabilizers of v; uin �;if U 6 V , then I(U) is the 
odimension of a maximal totallyisotropi
 subspa
e U0 6 U ;H2 = 〈e; f〉; (e; e) = (f; f) = 0; (e; f) = 1 is the hyperboli
 plane;H2s = H2 + · · ·+H2︸ ︷︷ ︸s−times is the 2s dimensional hyperboli
 spa
e.Algebrai
 groups.Here �̃ is a K-de�ned simple algebrai
 group of the type Br, Cr,Dr su
h that �̃(K) = � (see [6, 8℄); we use terminology of [7℄, inparti
ular, we identify the algebrai
 group �̃ with �̃(K);for every subset X ⊂ �̃ we denote by X the Zariski 
losure of X;



88 N. GORDEEV, U. REHMANNGa is the one dimensional additive group: Ga(K) = K+.
§1. Unitary groups over division algebras with aninvolutionHere we use the notations and assumptions that have been madeabove.Division algebras with involutions.There is a map i : D → M
(Ks) whi
h is indu
ed by the isomor-phism D⊗K Ks ≈ M
(Ks). Sin
e ? is an involution of the �rst kindwe may 
hoose the latter isomorphism and extend ? on M
(Ks) sothat X? = Xt (1.1)where Xt is the transposed matrix of X (in this 
ase the involution? is 
alled of the �rst type (orthogonal type) ), orX? = J
XtJ−1
 (1.2)where J
 = ( 0 
2 E 
2

−E 
2 0 
2 ) ;and 0 
2 ; E 
2 ∈ M 
2 (Ks) is, respe
tively, the zero matrix and the iden-tity matrix (in this 
ase the involution ? is 
alled of the se
ond type(symple
ti
 type) (see [6, 5℄). Note thatJ t
 = J−1
 : (1.3)If ? is an involution of the �rst kind then 
 = 2s for some s > 1(see [5, I. §2, Corollary 2.8℄).Unitary spa
es over division algebras with involutions.The h-spa
e V has the Witt de
ompositionV = V[⊥AV⊥V [(here X⊥Y denotes the dire
t sum of the orthogonal subspa
esX;Y 6 V ) where V[; V [ are maximal totally isotropi
 subspa
essu
h that V[⊥V [ ≈ H2n (hereH2n is a hyperboli
 spa
e of dimension2n and AV is an anisotropi
 spa
e). Let {e1; : : : ; en}, {l1; : : : ld−2n},



DOUBLE COSETS OF STABILIZERS 89
{f1; : : : ; fn} be a basis of V[; AV ; V [ su
h that (ei; fj) = Æij . Thenthe Gram matrix of h for this basis e1; : : : ; en; l1; : : : ld−2n; fn; : : : ; f1of V has the formSh = 


0n×n 0n×(d−2n) In0(d−2n)×n A 0(d−2n)×n
±In 0n×(d−2n) 0n×n 

 ∈ GLd(D) (1.4)where In = 


0 0 · · · 0 10 0 · · · 1 0
· · ·1 0 · · · 0 0 ∈ GLn(D);A ∈ GL(d−2n)×(d−2n)(D); (A?)t = ±A; 0a×b ∈ Ma×b(D)is the zero matrix.The 
hosen inje
tion i : D → M
(Ks) indu
es an inje
tion i∗ :Md(D) → M
d(Ks) where the entry mpq ∈ D of a matrix M ∈GLd(D) is repla
ed by the matrix i(mpq). (We may extend the em-bedding i : D → M
(Ks) not only for the map i∗ : Md(D) → M
d(Ks)but for every embedding Mp×q(D) → M
p×
q(Ks) by repla
ing anyentry aij of a matrix over D by the matrix i(aij :) We also denotethis embedding by i∗. Sin
e i is a ring homomorphism we havei∗(XY Z) = i∗(X)i∗(Y )i∗(Z) for any matri
es X;Y;Z over D su
hthat the multipli
ation XY Z is de�ned.)Theni∗(Sh) = 


0
n×
n 0
n×
(d−2n) i∗(In)0
(d−2n)×
n i∗(A) 0
(d−2n)×
ni∗(±In) 0
n×
(d−2n) 0
n×
n 

 ∈ GL
d(Ks)where i∗(In) = 


0 0 · · · 0 E
0 0 · · · E
 0
· · ·E
 0 · · · 0 0 

 ∈ GL
n(Ks);E
 ∈ GL
(Ks) is the identity matrix.



90 N. GORDEEV, U. REHMANNThe adjoint involution ⊛ on M
d(Ks) and the group �̃.We may extend the involution ? from D on a simple algebraM
d(Ks) a

ording to formulas (1.1) or (1.2) on ea
h blo
k. Considerthe 
ases:i. ? is an involution of the �rst type and h is a symmetri
 form. ThenA?t = A and in the down-left 
orner of the matrix Sh we have In(see (1.4)). Sin
e the involution ? is of the �rst type its extension onM
(Ks) is a transposition of matri
es. Every matrix of M
d(Ks) maybe 
onsidered as d×d-blo
k-matrix X = (Xij) where ea
h entry Xijis a matrix from M
(Ks). PutX⊛ = (Xij)⊛ := (X?ij)t:Then if we 
onsiderX as a matrix of M
d(Ks) we will haveX⊛ = Xt.In parti
ular, i∗(Sh)⊛ = i∗(Sh)t = i∗(Sh):Thus,
{X ∈ SLd
(Ks) | Xi∗(Sh)X⊛ = Xi∗(Sh)Xt = i∗(Sh)}= SOd
(Ks; i∗(Sh)):ii. ? is an involution of the se
ond type and h is a skew-symmetri
form. Then A?t = −A and in the down-left 
orner of the matrix Shwe have −In (see (1.4)). Sin
e the involution ? is of the se
ond type,its extension on M
(Ks) is a transformation (1.2). If X = (Xij) ∈Md(M
(Ks)) with Xij ∈ M
(Ks) then X?ij = J
XtijJ−1
 . Let us putX⊛ = (Xij)⊛ := (X?ij)t = (J
d(Xtij)J−1
d )t= (J−1
d )tXtJ t
d = J
dXtJ−1
d ;where J
d = 



J
 0
 · · · 0
0
 J
 0
 · · ·
· · ·0
 · · · 0
 J
 

(see (1.2)). Sin
e h is a skew-symmetri
 form we havei∗(Sh)⊛ = J
d(i∗(Sh)t)J−1
d = −(i∗(Sh))



DOUBLE COSETS OF STABILIZERS 91and therefore J
d(i∗(Sh))t = −(i∗(Sh)J
d:The matrix J = J
d is skew-symmetri
. Hen
e(i∗(Sh)J )t = J t(i∗(Sh))t = −J (i∗(Sh))t= −(−(i∗(Sh)J ) = i∗(Sh)Jand therefore i∗(Sh)J ∈ M
d(Ks) is a symmetri
 matrix. Now wehave
{X ∈ SLd
(Ks) | Xi∗(Sh)X⊛ = i∗(Sh)}= {X ∈ SLd
(Ks) | Xi∗(Sh)JXt = i∗(Sh)J }= SOd
(Ks; i∗(Sh)J ):iii. ? is an involution of the �rst type and h is a skew-symmetri
form. The same arguments as above imply that i∗(Sh) is a skew-symmetri
 matrix and

{X ∈ SLd
(Ks) | Xi∗(Sh)X⊛ = Xi∗(Sh)Xt = i∗(Sh)} = Spd
(Ks):iv. ? is an involution of the se
ond type and h is a symmetri
form. The same arguments as above imply that i∗(Sh)J is a skew-symmetri
 matrix and
{X∈SLd
(Ks) | Xi∗(Sh)X⊛=Xi∗(Sh)JXt= i∗(Sh)J }=Spd
(Ks):The adjoint involution ⊛ de�nes a simple algebrai
 group �̃ ofthe type Br; Cr;Dr whi
h is de�ned by equations over Ks. Sin
e
harK 6= 2 the group �̃ is de�ned and 
ompletely split overKs. Also,�̃(Ks) is dense in �̃ and is Gal(Ks=K)-stable. Hen
e �̃ is a K-de�-ned group ([7, 11.2.8℄). The Galois group G = Gal(Ks=K) a
ts on�̃(Ks) in the following way. The isomorphism D ⊗K Ks ≈ M
(Ks)indu
es the a
tion of G (namely, G a
ts on the right arguments ofD ⊗K Ks) su
h that M
(Ks)G = D. The group �̃(Ks) is presentedby 
-blo
k matri
es (see i.-iv.) and the group G operates on ea
hblo
k. Thus, the invariant subgroup �(Ks)G is the group SU(D;h).



92 N. GORDEEV, U. REHMANNThe 
omparison of the unitary spa
e V and orthogonal or symple
ti
spa
es V s and V .We �x a basis B = {e1; : : : ; en; l1; : : : ld−2n; fn; : : : ; f1} of the lin-ear spa
e V su
h that the Gram matrix of h in this basis is Sh (see(1.4)). Let Vs (respe
tively V ) be the linear spa
e over the �eld Ks(respe
tively K) of the dimension 
d with the �xed basis :
Bs(=B)={e11; e12; : : : e1
; e21; e22 : : : e2
; : : : ; en1; en2 : : : ; en
;l11; l12; : : : l1
; l21; l22 : : : l2
; : : : ; ld−2n 1; ld−2n 2 : : : ; ld−2n 
;fn1; fn2; : : : fn
; fn−1 1; fn−1 2 : : : fn−1 
; : : : ; f11; f12 : : : ; f1
}: (1.5)We 
onsider the spa
e V s (resp. V ) as an orthogonal or a sym-ple
ti
 spa
e whi
h 
orresponds to the matrix i∗(Sh) or i∗(Sh)J(see i.-iv.) in the basis Bs (resp. B). We denote the 
orrespondingbilinear form on Vs (resp. V ) by ( ; )s (resp. ( ; )alg).For every ve
torx = n∑i=1 aiei + d−2n∑i=1 bili + 1∑i=n 
ifi ∈ V;where ai; bi; 
i ∈ D, we put[x℄=(i∗(a1); : : : ; i∗(an); i∗(b1); : : : i∗(bd−2n); i∗(
1); : : : ; i∗(
n))

∈M
×
d(Ks): (1.6)Thus, [x℄ is the matrix that 
orresponds to the row of 
oordinates(x) = (a1; : : : ; an; b1; : : : ; bd−2n; 
1; : : : ; 
n) (1.7)of the ve
tor x in the basis B. Let [x℄j be the jth-row of the ma-trix [x℄. Then the row [x℄sj de�nes a ve
tor in Vsxsj = [x℄jBts:(Here we multiply the row of length 
d of elements of Ks with the
olumn of elements of the basis Bs. Thus we get a ve
tor in Vs).We de�ne the ve
tor xs = (xs1; xs2; : : : ; xs
) ∈ V 
s wherexsj = the j-s row of the matrix [x℄:



DOUBLE COSETS OF STABILIZERS 93Denote the \Gram" matrix byG(xs; ys) := ((xsi ; ysj )s) ∈ M
×
(Ks):Proposition 3. If x; y ∈ V , then the matrix i∗((x; y)) 
oin
ideswith the Gram matrix G(xs; ys) up to permutations and 
hangingthe signs of 
olumns.Proof. Let (x); (y) be rows of 
oordinates of x; y in the basis B(see (1.7)) and [x℄; [y℄ ∈ M
×
d(Ks) be the 
orresponding matri
esof the form (1.6). Then (x; y) = (x)Sh(y?)t:Thus i∗((x; y)) = i∗(x)i∗(Sh)i∗((y)?)t): (1.8)Now we 
onsider the 
ases i. or iii. Then S = i∗(Sh) is a symmetri
matrix or a skew symmetri
 matrix over Ks and i∗((y)?)t) = i∗((y))t(re
all that, in these 
ases, for every 
omponent yi ∈ D of (y) wehave i(y?i ) = i(yi)t ). Then from (1.8) we havei∗((x; y)) = [x℄S[y℄t: (1.9)The de�nition of the Gram matrix G(xs; ys) implies that its ij-entryis equal to [x℄iS[y℄tj. Now we have the statement from (1.9).Now we 
onsider the 
ases ii. or iv. Then SJ = i∗(Sh)J is asymmetri
 matrix or a skew symmetri
 matrix over Ks andi∗((y)?)t) = J i∗((y))tJ−1
(re
all that in these 
ases, for every 
omponent yi ∈ D of (y), wehave i(y?i ) = J
i(yi)tJ−1
 ). Then from (1.8) we havei∗((x; y)) = [x℄SJ [y℄tJ−1
 : (1.10)The de�nition of the Gram matrix G(xs; ys) implies that its ij-entryis equal to [x℄iSJ [y℄tj . Now we have the statement from (1.10) be-
ause the right multipli
ation by J−1
 is equivalent to a permutationof 
olumns and their multipli
ation for ±1. �



94 N. GORDEEV, U. REHMANNCorollary 4.(x; y) = 0 ⇔ (xsi ; ysj )s = 0 for every i; j = 1; : : : ; 

⇔ (xsi ; ysj )alg = 0 for every i; j = 1; : : : ; 
:Proof. From Proposition 3(x; y) = 0 ⇔ i∗((x; y)) = zero matrix ⇔ G(xs; ys) = zero matrix:Now the statement follows from the de�nition of G(xs; ys). �The 
orresponden
e between totally isotropi
 subspa
es in V andin V s. Let U 6 V and let Us 6 Vs be the subspa
es generated(over Ks) by all xsj ; j = 1; : : : ; 
, where x ∈ V . The subspa
e of Vwhi
h is generated (over K) by the same ve
tors will be denotedby U . If U = 〈l1; : : : ; lk〉 then Us is generated by ve
tors lsij for alli = 1; : : : ; k; j = 1; : : : ; 
 ( here lsij is the ve
tor in V s whi
h 
orre-sponds to the jth row of the matrix [li℄). (Indeed, the 
oordinatesin the basis Bs of ve
tors lsij are rows of the matri
es [li℄. Fur-ther, if ai ∈ D then the rows of the matrix [aili℄ = i(ai)[li℄ arelinear 
ombinations over Ks of the rows [li℄. Then for any ve
torx = ∑i aili the rows of [x℄ are linear 
ombinations over Ks of therows of [li℄; i = 1; : : : ; k.) Note that ve
tors lsij are linearly indepen-dent over K. (It is obvious if {l1; : : : ; lk} is a part of the basis B.) Onthe other hand, there exists a non-degenerate matrix T ∈ GLk(D)su
h that the elements of the 
olumn



b1b2:::bk = T 


l1l2:::lk are a part of the basis B:Then the de�nition of the operations x → [x℄; T → i∗(T ) impliesB = 


[b1℄[b2℄:::[bk℄ = i∗(T )[l1℄[l2℄:::[lk℄ :
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e b1; : : : ; bk ∈ B, the rows of the matrix B ∈ M
k×
d(K) arelinearly independent and hen
e the rows of the matrix



[l1℄[l2℄:::[lk℄ ∈ M
k×
d(K)are also linearly independent. But the rows of this matrix are exa
tlythe 
oordinates of the ve
tors lsij .) Hen
edimKs Us = 
dimD U:The same arguments showdimK U = 
dimD U:Proposition 5. Let U 6 V be a totally isotropi
 subspa
e withrespe
t to the form h = ( ; ). Then Us (respe
tively, U) is a to-tally isotropi
 subspa
e of Vs (respe
tively, V ) with respe
t to theform ( ; )s (respe
tively, ( ; )alg).Proof. This follows dire
tly from Corollary 4. �Re
all that a pseudo-hyperboli
 subspa
e U 6 V is a linear sub-spa
e su
h that U = radU⊥H2swhere radU is the radi
al of U and H2s = H2 ⊥ H2 ⊥ · · · ⊥ H2is the orthogonal sum of s hyperboli
 surfa
es ([4℄). Note that allpseudo-hyperboli
 subspa
es with given dimU and I(U) are in thesame SU(D;h)-orbit ex
ept when D = K and h is a totally splitsymmetri
 form, SU(D;h) = SO2n(K), and dimU = n; I(U) = 0([4, Proposition 3.1℄).Further, if U1; U2 6 V are totally isotropi
, then U = U1 + U2 isa pseudo-hyperboli
 subspa
e of V ([4℄, Lemma 4.1)Proposition 6. Let U1; U26V be totally isotropi
 spa
es and U =U1 + U2. Then U = U1 + U2 andI(U) = 
I(U):



96 N. GORDEEV, U. REHMANNProof. If D = K, then V = V ⊗K K and the statement is obvious.In other 
ases, the SU(D;h)-orbit of the pair (U1; U2) is uniquelyde�ned by dim(U1+U2) and I(U1+U2) (see [3, Lemma 1.2 and The-orem 1, 2 below℄). Thus, we may assume that U1; U2 are generatedby elements of the basis B and therefore U1; U2 are generated overK by elements of the basis Balg = Bs. Then the basis of U1 + U2
an be 
hosen among the elements of Balg = Bs. The de�nition of
Balg = Bs implies the statement. �

§2. Maximal paraboli
 subgroups P̃u; P̃vProposition 7. There exists a maximal paraboli
 subgroup P̃v of �̃whi
h is de�ned over K and su
h that Pv = P̃v(K). Moreover,P̃v(Ks) = {g ∈ �̃(Ks) | g(vs) = vs}; P̃v = {g ∈ �̃ | g(v) = v}:Proof. The stabilizer of v in the group �̃ = �̃(K) is a maximalparaboli
 subgroup be
ause v is a totally isotropi
 subspa
e v 6 V(see Proposition 5). Let us denote this group by P̃v. Sin
e �̃ is de�nedand 
ompletely split over Ks, the group P̃v is also de�ned over Ks.Then P̃v(Ks) = {g ∈ �̃(Ks) 6 GL(V ) | g(v) = v}:However, the spa
e v = vs ⊗Ks K is generated by the same basis asvs, and for every g ∈ GL
d(Ks) 6 GL
d(K) we haveg(v) = v ⇔ g(vs) = vs:Hen
e P̃v(Ks) = {g ∈ �̃(Ks) 6 GL(Vs) | g(vs) = vs}:Now we assume that v = 〈e1; : : : ; ek〉 where k 6 n. The stabilizerStv in the group SL
d is the 
losed subgroup whi
h is de�ned by zeroequations xij = 0 for the appropriate entries of matri
es. Obviously,this algebrai
 group is a K-de�ned subgroup of SL
d andStv(Ks) = Stvs := {g ∈ SL
d(Ks) | g(vs) = vs}:



DOUBLE COSETS OF STABILIZERS 97The equations xij = 0 de�ning the group Stv preserve the 
-blo
kstru
ture of SL
d, and therefore the group Stvs is G-stable. Nowwe have P̃v = �̃ ∩ Stv. Note that P̃v is a Ks-de�ned group andtherefore P̃v(Ks) = �(Ks) ∩ Stv(Ks). Sin
e �̃(Ks) and Stvs are
G-stable groups the group P̃v(Ks) is G-stable and therefore P̃v is aK-de�ned algebrai
 group ([7, 11.2.8℄) su
h thatP̃v(K) = P̃v(Ks)G = �̃(K) ∩ Stv(K): �The double 
osets P̃u
P̃v and Pu
Pv. Note that Theorems 1,2 holdfor groups �̃ and �̃(Ks) (here D = K or D = Ks and ? is a trivialinvolution). Re
all that double 
osets P̃u
iP̃v are lo
ally 
losed sets.Proposition 8. Suppose P̃u
P̃v ∩ � 6= ∅. Then the double 
osetP̃u
P̃v is K-de�ned.Proof. Suppose P̃u
P̃v = P̃u
′P̃v for some 
′ ∈ �. Consider thea
tion of �̃ × �̃ on �̃ by left-right multipli
ations: (g1; g2)(x) =g1xg−12 . Sin
e �̃ is a K-de�ned group this a
tion endows �̃ withthe stru
ture of �̃ × �̃ spa
e, de�ned over K. Then �̃ is also aP̃u × P̃v-spa
e whi
h is also de�ned over K be
ause P̃u × P̃v is aK-de�ned subgroup of �̃. The set P̃u
′P̃v is an orbit in �̃ of theelement 
′ ∈ �̃(K) = �. Hen
e P̃u
′P̃v is K-de�ned ([7, Proposi-tion 12.1.2, ii℄). �De�nition 9. We say that the double 
oset P̃u
P̃v is properly K-de�ned if P̃u
P̃v ∩ � 6= ∅.Proposition 10. If the double 
oset P̃u
P̃v is properly K-de�nedand 
 ∈ � then P̃u
P̃v(K) = Pu
Pv:Proof. We have P̃u
P̃v(K) = P̃u
P̃v ∩ �(be
ause of Proposition 8). If we are in the Spe
ial Case the group �is a Chevalley group where ea
h double 
oset P̃u
P̃v 
an be de�ned



98 N. GORDEEV, U. REHMANNby the same element 
 ∈ � as a 
orresponding 
oset Pu
Pv, andtherefore P̃u
P̃v ∩ � = Pu
Pv: (2.1)Now we assume � being in the General Case. Then every double
oset Pu
Pv = Pu
pqPv is uniquely de�ned by dim(u + 
(v)) =l + p + q and q = I(u + g(v)). We have the in
lusion Pu
Pv ⊂P̃u
P̃v∩�. Suppose 
′ ∈ P̃u
P̃v∩�; 
′ =∈ Pu
Pv. Then 
′ ∈ Pu
p′q′Pvwhere (p′; q′) 6= (p; q). Thus, P̃u
pqP̃v = P̃u
p′q′ P̃v. However, Propo-sitions 7, 6 and Theorems 1, 2 imply that any double 
oset P̃u
P̃vuniquely de�nes the numbers 
q = I(u+
(v));dim(u+
(v))−
l−
q.This is a 
ontradi
tion. Hen
e we have (2.1). �If the group � is in the Spe
ial Case then we have a one-to-one
orresponden
e between double 
osets Pu
Pv of � and P̃u
P̃v of �̃.Let � and �̃ be in the General Case. Then Propositions 6, 10 andTheorem 1 show that the double 
oset P̃u
P̃v is properly K-de�nedif and only ifP̃u
P̃v = P̃u
p′q′P̃v; p′ = 
p; q′ = 
q; (p; q) ∈ Xpq: (2.2)Let � be in the General Case and �̃ be in the Spe
ial Case. Thenin �̃ we may have negative 
osets if and only if the spa
e (�u+g(�v)�u)is a maximal totally isotropi
 subspa
e whi
h belongs to a negative�̃-orbit. However, all subspa
es of the form �w, where w ∈ Ir, arein the same �-orbit if the number r is �xed (be
ause � is in theGeneral Case). Thus, we always may assume that we 
hoose theorientation in �̃ su
h that all properly K-de�ned double 
osets arepositive. Also, in the Spe
ial Case i4. we have sign (�u; �v) = 1 be
ause
 = 2s | din(�u; �v). Hen
e Theorems 1, 2 imply that we also have (2.2)when � is in the General Case and �̃ is in the Spe
ial Case. We getProposition 11. Suppose � is in the General Case. Then the double
oset P̃u
P̃v is properly K-de�ned if and only ifP̃u
P̃v = P̃u
p′q′ P̃v; p′ = 
p; q′ = 
q; (p; q) ∈ Xpq:
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§3. The proof of the TheoremWe have to prove the result on adheren
e of properly K-de�neddouble 
osets P̃u
P̃v . Thus, if we prove the 
orresponding result onadheren
e of all double 
osets of �̃ we will have our statement. Wemay and we will assume that D = K = K and � = �̃, Pu = P̃u,Pv = P̃v.Re
all that, for g ∈ �, we write vg = u+ g(v).Lemma 12. Let r be a non-negative integer. ThenSr = 〈g ∈ � | dimF vg 6 r}; Tr = 〈g ∈ � | I(vg) 6 r}are 
losed subsets of �.Proof. Let r1; : : : ; rl be any �xed basis of u and let s1; : : : ; sk be any�xed basis of v. For g ∈ � put t1 = g(s1); : : : ; tk = g(sk): Further,let us �x a basis of V and let Xg ∈ M(k+l)×d(K) be the matrix whi
h
onsists of the rows of 
oordinates of t1; : : : ; tk; r1; : : : ; rl in our �xedbasis of V . Then dimK vg = rankKXg: Hen
eg ∈ Sr ⇔ every minor of the rank r + 1 of the matrix Xgis equal to zero:Thus, the set Sr is de�ned by the system of algebrai
 equations onthe entries of M(k+l)×d(K). Sin
e the values of entries of the matrixXg 
an be expressed as polynomials on entries of g ∈ � 6 GL(V )the set Sr is de�ned by the system of algebrai
 equations on entriesof GL(V ). Thus, Sr is a 
losed subset of �.Now let Mg = (mij) be the l× k-matrix where mij = (ri; tj). Wehave rankMg = q = I(vg): (3.1)Indeed, we may 
hange the basis r1; : : : ; rl of u for a basis r′1; : : : ; r′land the basis t1; : : : ; tk of g(v) by a basis t′1; : : : ; t′k su
h that the



100 N. GORDEEV, U. REHMANNmatrix M ′g = ((r′i; t′j)) will have the blo
k-formM ′g = 


Eq | 0(k−q)×q
−−−− | − −−−−−0(l−q)×q | 0(l−q)×(k−q) 

where q = I(vg). Obviously,rankM ′g = q and M ′g = AMgBfor some A ∈ GLl(K); B ∈ GLk(K): (3.2)Now (3.1) follows from (3.2).The equality (3.1) impliesg ∈ Tr ⇔ every minor of the rank r + 1 of the matrix Mgis equal to zero:The same arguments as above show that Tr is a 
losed subset of �.
�Now we prove the impli
ationPu
±pqPv ⊂ Pu
±p′q′Pv ⇒ p+ q 6 p′ + q′; q 6 q′: (3.3)We haveg ∈ Pv
±p′q′PvTheorems 1,2

⇒ dim vg = l + p′ + q′ ⇒ g ∈ Sl+p′+q′Lemma12
⇒ Pu
±p′q′Pv ⊂ Sl+p′+q′ ⇒ Pu
±pqPv ⊂ Sl+p′+q′Theorems 1,2
⇒ p+ q 6 p′ + q′: (3.4)Further,g ∈ Pv
±p′q′Pv Theorems 1,2

⇒ g ∈ Tq′ Lemma12
⇒ Pu
±p′q′Pv ⊂ Tq′

⇒ Pu
±pqPv ⊂ Tq′ ⇒ q 6 q′: (3.5)From (3.4) and (3.5) we get the impli
ation (3.3).



DOUBLE COSETS OF STABILIZERS 101Let us provePu
±pqPv ⊂ Pu
±p′q′Pv ⇐ p+ q 6 p′ + q′; q 6 q′ (3.6)for two di�erent pairs (p; q) 6= (p′; q′).Re
all that by the symbol Xpq we denote the set of all pairs(p; q) in the General Case su
h that there exists a 
orrespondingdouble 
oset Pu
pqPv of �. By the same symbol we also denotebelow the set of all pairs (p; q) in the Spe
ial Case su
h that thereexists a 
orresponding double 
oset Pu
pqPv of �. We may see fromTheorem 2 that the des
ription of Xpq in the Spe
ial Case is thesame as in the General Case(p; q) ∈ Xpq ⇔ 0 6 p 6 min{k; n− l}; 0 6 q 6 k − p (3.7)ex
ept for the Spe
ial Case i4) when Xpq 
onsists of the pairs (0; q)where q 6 n and all q are odd or all q are even.Lemma 13. Assume we are in the General Case or in the Spe
ialCase but not in (i4). Further, let (p′; q′) ∈ Xpq and let (p′′; q′′) be apair of non-negative integers su
h thatp′′ + q′′ 6 p′ + q′; p′′ 6 min{k; n− l}:Then (p′′; q′′) ∈ Xpq:Proof. The inequality 0 6 p′′ 6 n−l holds be
ause of the 
onditionsof the Lemma. Suppose, q′′ > k − p′′. Then p′ + q′ > p′′ + q′′ > kand therefore q′ > k− p′ whi
h is a 
ontradi
tion to (3.7). Thus, wealso have q′′ 6 k − p′′ and, by (3.7), (p′′; q′′) ∈ Xpq. �Lemma 14. Suppose the impli
ation (3.6) holds for all su
h 
ases:
ase 1: q′ = q + 1; p′ + 1 = p,
ase 2: q′ = q; p′ = p+ 1,
ase 3: p′ = p; q′ = q + 1,
ase 4: (only for the 
ase (i4) of Theorem 2) p′ = p = 0; q′ = q+2.Then the impli
ation (3.6) holds for any possible pairs (p; q) 6=(p′; q′) ∈ Xpq, where p+ q 6 p′ + q′; q 6 q′.



102 N. GORDEEV, U. REHMANNProof. Note that ifp+ q 6 p′′ + q′′ 6 p′ + q′ and q 6 q′′ 6 q′;then we have the impli
ation




Pu
±pqPv ⊂ Pu
±p′′q′′PvandPu
±p′′q′′Pv ⊂ Pu
±p′q′Pv ⇒ Pu
±pqPv ⊂ Pu
±p′q′Pv: (3.8)Consider the General Case or in the Spe
ial Case (i1){(i3).Let q′ = q (or p′ = p). Then p′ > p (resp. q′ > q). Put p′′ =p′ − 1; q′′ = q (resp. q′′ = q′ − 1; p′ = p). Then p′′ > p (resp. q′′ > q)and the pair (p′′; q′′) satis�es the 
onditions of Lemma (13) andtherefore (p′′; q′′) ∈ Xpq.Consider the Spe
ial Case (i4). Then p′ = p = 0 and thereforeq′ > q+2. Put p′′ = 0; q′′ = q′−2. Then (p′′; q′′) ∈ Xpq (Theorem 2).Using the assertion for 
ase 2 (resp. 
ase 3) or for 
ase 4 (if weare in the Spe
ial Case (i4), (3.8) and the indu
tion on p′ − p (resp.q′ − q) we 
an get the statement for p; q; p′; q′.If q′ > q and p′ > p, we put q′′ = q′; p′′ = p′−1. Lemma 13 implies(p′′; q′′) ∈ Xpq. Using the 
ase 2, (3.8) and the indu
tion we 
an getthe previous 
ase q′ > q; p′ = p.If q′ > q and p′ < p, we put q′′ = q′ − 1; p′′ = p′ + 1. Sin
ep′′ = p′ + 1 6 p 6 n − l and p′′ + q′′ = p′ + q′ Lemma (13) implies(p′′; q′′) ∈ Xpq. Using the 
ase 1, (3.8) and the indu
tion on min{q′−q; p− p′} we 
an get one of the previous 
ases. �Lemma 15. Suppose the numbers p; q; p′; q′ satisfy one of the 
on-ditions of 
ases of Lemma 14: Then there exists a morphism � :Ga → � su
h that�(�) ∈ Pu
±p′q′Pv for every � 6= 0and �(0) ∈ Pu
±pqPv.Proof. Re
all V = 〈e1; : : : ; en; f1; : : : fn〉



DOUBLE COSETS OF STABILIZERS 103or V = 〈e1; : : : ; en; e0; f1; : : : fn〉;where (ei; ej) = (fi; fj) = 0; (ei; fj) = Æij ; (e0; e0) = 1. We mayassume u = 〈e1; : : : ; el〉:Further, we use the following s
heme of the proof. We point out thesubspa
e v0 whi
h is generated by some elements of the basis ei; fjand su
h thatdim(u+ v0) = l + p+ q;I(u+ v0) = q; v0 = 
(v) for some 
 ∈ �: (3.9)Then we de�ne the morphism � : Ga → � su
h that the elementsg� = �(�) satisfy the following 
onditions: g0 = 1 anddim(u+ g�(v0)) = l + p′ + q′;I(u+ g�(v0)) = q′; for every 0 6= � ∈ K: (3.10)Then (3.9), (3.10) imply that the map � : Ga → �, whi
h is de�nedby the formula �(�) = g�
, satis�es the 
ondition of the statementof the Lemma.The map � : Ga → � will be 
onstru
ted below by the followings
heme. We point out the subspa
e U 6 V whi
h is either the hy-perboli
 spa
e of dimension 2; 4 or an orthogonal subspa
e of thedimension 3, and we 
onstru
t the appropriate map � : Ga → �where � is the subgroup of � 
onsisting of orthogonal or symple
ti
transformations of V whi
h are trivial on U⊥. Here we have to pointout only the values g�(x) for elements of a �xed basis of U .Below the 
onsideration of 
ases 1.{4. has a splitting into sub
aseswhi
h we have numerated using the lexi
ographi
al order.Case 1. q′ = q + 1; p′ + 1 = p.



104 N. GORDEEV, U. REHMANNSub
ase 1:1: Pu
±pqPv = Pu
pqPv and Pu
±p′q′Pv = Pu
p′q′Pv (that is,both double 
osets are positive). Putv0 := 〈f1; : : : ; fq〉+ 〈el+1; : : : ; el+p〉+{
〈el; el−1; : : : ; el−(k−p−q)+1〉 if k − p− q > 0;
{0} if k − p− q = 0:Sin
e q < l − (k − p − q) + 1 = l − k + p + q + 1 the spa
e v0is totally isotropi
 and v0 satis�es the 
onditions (3.9). Note thatl−k+p+q+1 > q+1 (be
ause p = p′+1 > 0) and q+1 = q′ 6 k 6 l.Hen
e eq+1 =∈ v0; eq+1 ∈ u: (3.11)Put U := 〈eq+1; fq+1〉 + 〈el+p; fl+p〉 = H4, and for every � ∈ K wemay de�ne the element g� ∈ SL(V ) by the formulag�(el+p) = el+p + �fq+1; g�(fq+1) = fq+1;g�(eq+1) = eq+1 ± �fl+p; g�(fl+p) = fl+pand g�(x) = x for every x ∈ U⊥. It is easy to see that g� ∈ � (withan appropriate 
hoi
e of signs in g�(eq+1) = eq+1 ± �fl+p).Further, the 
onstru
tion of g� impliesg�(v0) = 〈el−k+p+q+1; : : : ; el+p−1; el+p + �fq+1; f1: : : : ; fq〉:Then, if � 6= 0 we have (see (3.11))u+ g�(v0)= 〈e1; f1〉⊥ · · · ⊥〈eq; fq〉⊥〈eq+1; el+p + �fq+1〉︸ ︷︷ ︸=H2(q+1)

⊥〈eq+2; : : : ; el+p−1〉and therefore we have (3.10). For � = 0 we have g� = g0 = 1and therefore we have (3.9) instead of (3.10). Sin
e v0 is a totallyisotropi
 spa
e of dimension k 6 l < n (be
ause l + p 6 n andp > 1) there is an element 
 ∈ � su
h that v0 = 
(v). Hen
e themap � : Ga → �, de�ned by the formula �(�) = 
�
, is a morphismand it satis�es the 
ondition of the Lemma.
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ase 1:2: Pu
±pqPv = Pu
−pqPv and Pu
±p′q′Pv = Pu
p′q′Pv wherep = n − l > 0 (see Theorem 2, i1.), p′ = n − l − 1 (that is, onedouble 
oset is negative and one is positive). Note that the 
asePu
±pqPv = Pu
pqPv and Pu
±p′q′Pv = Pu
−p′q′Pv is impossible herebe
ause if p′ = n− l then p = p′+1 > n− l, yielding a 
ontradi
tionto 3.7.Re
all that an element g ∈ � belongs to a negative double 
osetonly if vug ∈ I−n (see Theorem 2, i1.).Putv0 = 〈f1; : : : ; fq〉+ 〈el+1; : : : ; en−1; fn〉+{
〈el; el−1; : : : ; en+q−k+1〉 if k + l − n− q > 0;
{0} if k + l − n− q = 0:Sin
e q < n + q − k + 1, the spa
e v0 is totally isotropi
. Also, v0satis�es the 
ondition (3.9), and(u+ g0(v0))u = 〈e1; : : : ; en−1; fn〉 ∈ I−n :Further, n− k + q + 1 > q + 1 (be
ause k 6 l < n) and q + 1 =q′ 6 k 6 l. Hen
e we have (3.11).Put U = 〈eq+1; fq+1〉+ 〈en; fn〉 = H4, and for every � ∈ K de�nethe element g� ∈ SL(V ) by the formulag�(fn) = fn + �fq+1; g�(fq+1) = fq+1;g�(eq+1) = eq+1 ± �en; g�(en) = enand g�(x) = x for every x ∈ U⊥. Then g� ∈ � (with an appropriate
hoi
e of signs in g�(eq+1) = eq+1 ± �en).Further, the 
onstru
tion of g� impliesg�(v0) = 〈en+q−k+1; : : : ; en−1; fn + �fq+1; f1: : : : ; fq〉:



106 N. GORDEEV, U. REHMANNThen, if � 6= 0, we have (see (3.11))u+ g�(v0)= 〈e1; f1〉⊥ · · · ⊥〈eq; fq〉⊥〈eq+1; fn + �fq+1〉︸ ︷︷ ︸=H2(q+1)
⊥〈eq+2; : : : ; en−1〉and therefore we have (3.10). For � = 0 we have g� = g0 = 1 and(3.9). Sin
e k 6 l < n there is an element 
 ∈ � su
h that v0 = 
(v).Also, (u+ g�(v0))u = 〈e1; : : : ; en−1〉 =∈ I−n :Case 2. q′ = q; p′ = p+ 1.Sub
ase 2:1: Pu
±pqPv = Pu
pqPv and Pu
±p′q′Pv = Pu
p′q′Pv (that is,both double 
osets are positive). Here we putv0 := 〈f1; : : : ; fq〉+ 〈el+1; : : : el+p〉+ 〈el; : : : ; el−k+p+q+1〉;and U := 〈el−k+p+q+1; fl−k+p+q+1〉+ 〈el+p+1; fl+p+1〉(sin
e q′ + p′ 6 k then q + (p+ 1) 6 k and therefore k − p− q > 0and l − k + p+ q + 1 6 l < l + p+ 1) andg�(el−k+p+q+1) := el−k+p+q+1 + �el+p+1;g�(el+p+1) := el+p+1;g�(fl+p+1) := fl+p+1 ± �fl−k+p+q+1;g�(fl−k+p+q+1) := fl−k+p+q+1:Then we haveu+ g�(v0) = 〈e1; : : : ; el+p+1〉+ 〈f1; : : : ; fq〉and (3.10).Sub
ase 2:2: Pu
±pqPv = Pu
pqPv and Pu
±p′q′Pv = Pu
−p′q′Pv, wherep′ = n− l > 0; p = n− l−1 (that is, one double 
oset is positive andone is negative). This is only one possibility in the 
ase p′ = p+1 forthe pair of double 
osets of the di�erent signs (be
ause p < p′ 6 n−l,see 3.7). Here k 6 l < n and p′ > 0 (be
ause the negative 
osets do



DOUBLE COSETS OF STABILIZERS 107appear only in the Spe
ial Case i1)). Hen
e q 6 n− k + q 6 l < n.Put v0 := 〈f1; : : : ; fq〉+ 〈el+1; : : : en−1〉+ 〈el; : : : ; en−k+q〉;U := 〈en−k+q; fn−k+q〉+ 〈en; fn〉;g�(en−k+q) = en−k+q + �fn; g�(fn) = fn;g�(en) = en ± �fn−k+q; g�(fn−k+q) = fn−k+q:We have u+ g�(v0) = 〈e1; : : : ; en−1; fn〉+ 〈f1; : : : ; fq〉and (3.10) and (u+ g�(v0))u = 〈e1; : : : ; en−1; fn〉 ∈ I−n .Case 3. q′ = q + 1; p′ = p.Sub
ase 3:1 : Pu
±pqPv = Pu
pqPv and Pu
±p′q′Pv = Pu
p′q′Pv (thatis, both double 
osets are positive). Here again v0 := 〈f1; : : : ; fq〉 +
〈el+1; : : : el+p〉+ 〈el; : : : ; el−k+p+q+1〉 and k− p− q > k− p− q′ > 0.Sub
ase 3:1:1: q + 1 < l. Put U := 〈el; fl〉+ 〈eq+1; fq+1〉,g�(el) := el + �fq+1; g�(fq+1) := fq+1;g�(eq+1) := eq+1 ± �fl; g�(fl) := fl:Then for � 6= 0u+ g�(v0) = 〈e1; : : : ; el+p〉+ 〈f1; : : : ; fq; fq+1〉and (3.10).Sub
ase 3:1:2: q + 1 = l. Then l = k = q + 1, p = 0, v0 = 〈f1, : : :,fl−1, el〉.Sub
ase 3:1:2:1: l = q + 1 < n. Put U = 〈el; fl〉⊥〈el+1; fl+1〉 andg�(el) = el ± �el+1 ± �fl+1 ± �2fl;g�(el+1) = el+1 ± �fl ± �2fl+1; g�(fl) = fl; g�(fl+1) = fl+1 ± �fl:Thenu+ g�(v0) = 〈e1; : : : ; el〉+ 〈f1; : : : ; fl−1; el ± �el+1 ± �fl+1 ± �2fl〉



108 N. GORDEEV, U. REHMANNand we have (3.10).Sub
ase 3:1:2:2. l = k = q + 1 = n. Then we are in the GeneralCase. (Indeed, in the Spe
ial Case the assumption l = k = n impliesthat the values of the parameter q are all odd or all even.). Thus,� = Sp2n(K) or � = SO2n+1(K).We have here u = 〈e1; : : : ; en〉 and v0 = 〈f1; : : : ; fn−1; en〉.If � = Sp2n(K) put U := 〈en; fn〉 andg�(en) = en + �fn; g�(fn) = fn:Then u+ g�(v0) = 〈e1; : : : ; en〉+ 〈en + �fn; f1; : : : ; fn−1〉 = Vand we have (3.10).If � = SO2n+1(K), put U := 〈en; e0; fn〉 andg�(en) := en + �e0 − �22 fn; g�(e0) := e0 − �fn; g�(fn) := fn:Thenu+ g�(v0) = 〈e1; : : : ; en〉+ 〈en + �e0 − �22 fn; f1; : : : ; fn−1〉and we have (3.10).Sub
ase 3:2: Pu
±pqPv = Pu
−pqPv and Pu
±p′q′Pv = Pu
−p′q′Pv (thatis, both double 
osets are negative). Here n − l = p = p′ > 0 andk − p− q > 0 (be
ause k − p− q′ > 0). Also,l − k + p+ q + 1 = l − k + (n− l) + q + 1 = n− k + q + 1 > q + 1(be
ause k 6 l < n). Putv0 := 〈f1; : : : ; fq; el+1; : : : ; en−1; fn; el; : : : ; el−k+p+q+1〉;U := 〈el; fl〉+ 〈eq+1; fq+1〉and g�(el) = el + �fq+1; g�(fq+1) = fq+1;g�(eq+1) = eq+1 ± �fl; g�(fl) = fl:



DOUBLE COSETS OF STABILIZERS 109Then u+ g�(v0) = 〈e1; : : : ; en−1; fn〉+ 〈el + �fq+1; f1; : : : ; fq〉and we have (3.10) and(u+ v0)u = (u+ g�(v0))u = 〈e1; : : : ; en−1; fn〉 ∈ I−n :Sub
ase 3.3. Pu
±pqPv = Pu
pqPv and Pu
±p′q′Pv = Pu
−p′q′Pv (thatis, the �rst 
oset is positive and the se
ond is negative). Here n− l =p = p′ > 0 and k − p− q > 0 (be
ause k − p− q′ > 0). Also,l − k + p+ q + 1 = l − k + (n− l) + q + 1 = n− k + q + 1 > q + 1(be
ause k 6 l < n), and we putv0 := 〈f1; : : : ; fq; el+1; : : : ; en; el; : : : ; el−k+p+q+1〉;U := 〈el; fl〉+ 〈en; fn〉;g�(el) :=el + �fn; g�(fn) :=fn; g�(en) :=en − �fl; g�(fl) :=fl:Then u+ g�(v0) = 〈e1; : : : ; en−1; fn; f1; : : : ; fq; en − �fl〉and we have (3.10) and(u+ v0)u = 〈e1; : : : ; en〉 ∈ I+n ;(u+ g�(v0))u = 〈e1; : : : ; en−1; fn〉 ∈ I−n :Sub
ase 3.4. Pu
±pqPv = Pu
−pqPv and Pu
±p′q′Pv = Pu
p′q′Pv (that is,the �rst 
oset is negative and the se
ond is positive). Here we putv0 := 〈f1; : : : ; fq; el+1; : : : ; en−1; fn; el; : : : ; el−k+p+q+1〉;U := 〈el; fl〉+ 〈en; fn〉;g�(fn) := fn+�fl; g�(en) := en; g�(el) = el−�en; g�(fl) = fl:Then u+ g�(v0) := 〈e1; : : : ; en−1; en; f1; : : : ; fq; fn + �fl〉



110 N. GORDEEV, U. REHMANNand we have (3.10) and (u + v0)u = 〈e1; : : : ; en−1; fn〉 ∈ I−n ; (u +g�(v0))u = 〈e1; : : : ; en−1; en〉 ∈ I+n .Case 4: k = l = n; p = p′ = 0 and q + 2 6 n. Here we putv0 = 〈f1; : : : ; fq; en; : : : ; eq+1〉;U := 〈eq+1; fq+1〉+ 〈en; fn〉;g�(en) := en + �fq+1; g�(fq+1) := fq+1;g�(eq+1) := eq+1 − �fn; g�(fn) := fn:Then u+ g�(v0) = 〈e1; : : : ; en−1; en; f1; : : : ; fq; fq+1; fn〉and we have (3.10). Note, that we take u = 〈e1; : : : ; en〉 ∈ I+n and wehave sign (u; v) = (−1)din(u;v0) = (−1)q. Also, Theorem 2, (i4) im-plies that q is odd if and only if sign (u; v) = −1. Thus, the subspa
esv; v0 both are 
ontained in I−n or in I+n and therefore v0 = 
(v) forsome 
 ∈ �. �Now we 
an prove the impli
ation (3.6). Lemma 14 redu
es thegeneral 
ase to one of the 
ases 1.-4. of the Lemma 15. Lemma 15shows that for 
ases 1.-4. we have the morphism � : Ga → � of theirredu
ible variety Ga su
h that �(�) ∈ Pu
±p′q′Pv for � 6= 0 and�(0) ∈ Pu
±pqPv. Then we have the in
lusionPu
±pqPv ⊂ Pu
±p′q′Pv:We may �nish the proof of the theorem by a 
omparison of thedouble 
osets Pu
±pqPv.Lemma 16. Pu
pqPv * Pu
−pqPv and Pu
−pqPv * Pu
pqPv.Proof. Sin
e we 
onsider double 
osets of di�erent signs we arein the Spe
ial Case i1). Hen
e p = n − l > 0. We may assumeu = 〈e1; : : : ; el〉; l < n. Letv
pq = u+ 
pq(v); v
−pq = u+ 
−pq(v):



DOUBLE COSETS OF STABILIZERS 111Then vu
pq ∈ I+n and vu
−pq ∈ I−n (Theorem 2, (ii1)).Put v0 = 〈e1; : : : ; ek〉. Sin
e k 6 l < n, there is an element � ∈ �su
h that �(v0) = v. Obviously, Pv = �Pv0�−1. Hen
ePu
±pqPv = Pu
±pq�Pv0�−1: (3.12)Consider the pair of isotropi
 subspa
es u; v0. We haveu+ 
pq�(v0) = u+ 
pq(v) = v
pq ;u+ 
−pq�(v0) = u+ 
−pq(v) = v
−pq : (3.13)Put �
pq = 
pq�, �
−pq = 
−pq�. The formulas (3.13) show that Pu�
±pqPv0are positive and negative double 
osets whi
h 
orrespond to thepair (u; v0) and to the parameters (p; q) (that is, dim(u + g(v0)) =l+p+q; I(u+g(v0)) = q for every g ∈ Pu�
±pqPv0). Now (3.12) showsthat we may prove our statement for the 
ase v = v0.Let � ∈ O2n(K) be the orthogonal transformation su
h that�(ei) = ei; �(fi) = fi for every i < nand �(en) = fn; �(fn) = en:The de�nitions of u; v = v0 and � imply �(u) = u; �(v) = v andtherefore �Pu�−1 = Pu, �Pv�−1 = Pv. Let us show�Pu
pqPv�−1 = Pu
−pqPv : (3.14)We have�Pu
pqPv�−1 = �Pu�−1(�
pq�−1)�Pv�−1 = Pu(�
pq�−1)Pvand therefore to prove (3.14) we have to prove�
pq�−1 ∈ Pu
−pqPv: (3.15)First of all, note that �(I+n ) = I−n : (3.16)(Indeed, the de�nition of � implies �(V +n ) = V −n . Sin
eO2n(K) = 〈�〉 · SO2n(K) and � = SO2n(K)⊳ O2n(K)then for every g ∈ � there is an element h ∈ � su
h that �g =h� . Now, if w = g(V +n ) ∈ I+n then �(w) = �g(V +n ) = h�(V +n ) =h(V −n ) ∈ I−n .)



112 N. GORDEEV, U. REHMANNFurther,�(v
pq ) = �(u+ 
pq(v)) = u+ �
pq(v) = u+ (�
pq�−1)(v):Hen
edim(u+(�
pq�−1)(v)) = l+p+q; I(u+(�
pq�−1)(v)) = q: (3.17)Further, vu
pq ∈ I+n be
ause 
pq is an element of the positive double
oset and �(vu
pq ) = vu�
pq�−1 ∈ I−n ;be
ause of (3.16). Thus,�
pq�−1 ∈ Pu
−pqPv:Hen
e we have (3.14) therefore the lo
ally 
losed setsPu
pqPv and Pu
−pqPvhave the same dimension. It impliesPu
pqPv * Pu
−pqPvand Pu
−pqPv * Pu
pqPv:Now the Theorem has been proved. �Referen
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