
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 459, 2017 Ç.S. RepinON PROJECTORS TO SUBSPACES OF VECTORVALUED FUNCTIONS SUBJECT TO CONDITIONS OFTHE DIVERGENCE FREE TYPEAbstrat. We study operators projeting a vetor valued funtionv ∈ W 1;2(
;Rd) to subspaes formed by the ondition that thedivergene is orthogonal to a ertain amount (�nite or in�nite) oftest funtions. The ondition that divergene is equal to zero almosteverywhere presents the �rst (narrowest) limit ase while the inte-gral ondition of zero mean divergene generates the other (widest)ase. Estimates of the distane between v and the respetive pro-jetion PSv on suh a subspae are important for analysis of variousmathematial models related to inompressible media problems (es-peially in the ontext of a posteriori error estimates, see [15{17℄).We establish di�erent forms of suh estimates, whih ontain onlyloal onstants assoiated with the stability (LBB) inequalities forsubdomains. The approah developed in the paper also yields twosided bounds of the inf{sup (LBB) onstant.
§1. IntrodutionWe study operators PSv that projet a funtion v ∈ V :=W 1;2(
;Rd) toa subspae S ontaining solenoidal (divergene free) funtions or funtionssubjet to weaker (integral) onditions of the divergene free type. Thefuntion v additionally satis�es zero boundary onditions on the wholeboundary � (in this ase v ∈ W 1;20 (
;Rd)) or on a measurable part �0 ⊂ �(then v ∈ W 1;20;�0(
;Rd)).It is assumed that 
 is a bounded and onneted domain in Rd (d > 2)with Lipshitz ontinuous boundary and ‖ · ‖ denotes the L2 { norm over
. The projetion is onsidered with respet to the norm equivalent to thenorm of V and is de�ned by the relation

‖∇(v − PSv)‖ = infw∈S

‖∇(v − w)‖; (1)Key words and phrases: divergene free funtions, mathematial models of inom-pressible media, the LBB ondition.The researh was partially supported by RFBR grant No. 17-01-00099-a.83



84 S. REPINwhere, in partiular, we an set
S = S0(
;Rd) := {v ∈ W 1;2(
;Rd); div v = 0; v = 0 on�} :Heneforth, the quantityd(v; S) := ‖∇(v − PSv)‖is alled the distane between v and the set S.In our analysis, the following result plays a prinipal role.Theorem 1 ( [1, 9℄ ). For any f ∈ L̃2(
) := L2(
) ⊥ R there exists avetor valued funtion wf ∈ V0 :=W 1;20 (
;Rd) suh thatdivwf = f and ‖∇wf‖ 6 C
‖f‖; (2)where C
 is a positive onstant depending on 
.This theorem is very important for the mathematial theory of visousinompressible uids (see, e.g., [8, 23℄). In fat, it is equivalent to the fol-lowing statement: for any v ∈ W 1;20 (
;Rd)d(v; S0(
;Rd)) 6 C
‖ div v‖: (3)Theorem 1 an be extended to Lq spaes for 1 < q < +∞ (see [2,13,14℄)and yields estimates of the distane analogous to (3) (see [19, 21℄).The estimate (3) also holds for vetor �elds vanishing only on �0 (inthis ase we assume that measRd−1�0 > 0). Letv ∈ W 1;20;�0(
;Rd) := {w ∈ W 1;2(
;Rd) | w = 0 on �0 ⊂ �}and additionally satisfy the ondition ∫� v · n ds = 0. Then (see [17℄)d(v; S0;�0(
;Rd)) 6 C
‖ div v‖; (4)where S0;�0(
;Rd) denotes the subset of W 1;20;�0(
;Rd) ontaining the di-vergene free �elds.Estimates (1) and (4) show that the distane to the set of divergenefree �elds is easy to estimate from above provided that the onstant C
 (ora suitable upper bound of it) is known. Getting quantitative estimates of

C
 is a pratially important and mathematially interesting problem. Ithave attrated a serious attention (see [4{7,11, 22℄ and other publiationsited therein). For plane domains, whih are star shaped with respet toa ball, omputable and rather eÆient majorants of C
 has been reentlyobtained in [3℄. However, in general, �nding guaranteed majorants of C
in the dimensions larger than d = 2 is a very diÆult problem. To the best



ON PROJECTORS TO SUBSPACES OF VECTOR 85of the authors knowledge, the only one known result is presented in thepaper [12℄, whih is related to a speial lass of three dimensional domains.Theorem 1 is often used in the form of the so-alled the inf{sup (orLBB) ondition inf�∈L2(
)
{|�|}
=0;�6=0 supw∈V0w 6=0 ∫
 � divw dx

‖�‖ ‖∇w‖ > 
 > 0: (5)Here and later on,{|�|}
 := 1
|
|

∫
 � dx: In fat, (5) an be represented inthe form ‖�‖ 6 C
 |||� ||| (see [10℄), where
|||� ||| := supw∈V0 ∫
 � divw dx

‖∇w‖ : (6)It is not diÆult to show that 
 = (C
)−1, so that getting majorantsof C
 is equivalent to getting minorants of the LBB onstant 
 and viseversa.A variational priniple that ould be useful in numerial evaluation of
C
 has been reently derived in [20℄. In omputations, it will generatelower bounds for the onstant C
 (or upper bounds for 
).This paper suggests a way to dedue omputable majorants of the on-stant C
 (whih are valid for d > 2) and respetive estimates for projetors.The estimates are derived in two steps. First, we onsider projetors ona speially onstruted \intermediate spae" S�0;�0 (whih is wider thanS0;�0) and then �nd estimates of the distane between any v ∈ S�0;�0 andS0;�0(
;Rd). In short, the main idea an be desribed as follows.Note that formally S0;�0(
;Rd) an be de�ned as a subset ofW 1;20;�0(
;Rd)that ontains the funtions v satisfying the ondition

∫
 � div v dx = 0 (7)for any � ∈ L2(
) (or any � in a set dense in L2(
)). We introdue aolletion of subspaes de�ned by weaker onditions that require (7) to holdfor a ertain amount of test funtions �i only. Let the set � = {�i(x)}Ni=1ontain bounded and linearly independent funtions suh that ‖�i‖ = 1.



86 S. REPINLin� denotes the linear envelope based on these funtions, andS�0;�0(
;Rd) := w∈W 1;20;�0 (
;Rd) |
∫
 �i divw dx = 0 ∀ i = 1; 2; : : : ; N :If �0 = �, then there exists one funtion (�0 = 1) suh that (7) holds forany w. Therefore, in this ase, without a loss of generality we assume thatthe funtion in �0 are orthogonal to �0, (in other words {|�i|}
 = 0, forany i = 1; 2; : : : ; N). The respetive subspae is denoted by S�0;�(
;Rd).It is lear thatS0;�0(
;Rd) ⊂ S�0;�0(
;Rd) ⊂ W 1;20;�0(
;Rd): (8)This fat is important for our analysis beause estimates of the projetionS�0;�0(
;Rd) → S0;�0(
;Rd)are dedued relatively easy (see [19, 21℄ and Set. 4.1 of this paper).In Setion 2, we study the projetionW 1;20;�0(
;Rd) → S�0;�0(
;Rd)and �nd d(v; S) for S = S�0;�0 . Lemma 1 presents the respetive result,whih yields estimates of d(v; S�0;�0) that does not ontain "diÆult" on-stants 
 or C
. The main identity (9) ontains a matrix A formed byproduts of ertain funtions de�ned as exat solutions of auxiliary bound-ary value problems. In general, they an be found only approximately bysuitable numerial proedures. This brings ertain diÆulties, whih ouldbe avoided if we use known a posteriori error estimation methods and ex-pliitly estimate the respetive errors. However, in Setion 3 we suggest asimpler solution and show that d(v; S) for S = S�0;�0 an be estimated fromabove by a modi�ation of the method based on solutions of �nite dimen-sional problems (whih are indeed available). The respetive estimate (30)ontains the matrix An formed by these solutions and an additional termthat an be viewed as an interpolation error.Setion 4 ontains the main result. It presents an upper bound of thequantity ‖∇(v−PSv)‖ for the ase S = S0;�0 , whih is derived by ombiningthe results of Setions 2 and 4.1. In this way, the projetion estimate isderived in aordane with (8) using the intermediate spae S�0;�0 .Finally in Setion 5, we disuss relations between the above derivedestimates (of the distane to sets of vetor valued funtions satisfying the



ON PROJECTORS TO SUBSPACES OF VECTOR 87divergene free ondition in a weak form) and inf{sup onstants. Also, weshow that they yield two sided estimates of the onstant C
.
§2. Distane to the set S�0;�0(
; Rd)Our �rst goal is to �nd the distane between v ∈ W 1;20;�0(
;Rd) andS�0;�0(
;Rd).Lemma 1. For any v ∈ W 1;20;�0(
;Rd),d2(v; S�0;�0) = A−1b(div v) · b(div v); (9)where A = {aij}Ni;j=1 ; aij = ∫
 ∇u(i) : ∇u(j) dx;b(div v) = {bi}Ni=1 ; bi = ∫
 �i div v dx;and u(i) minimizes the funtionalJi(w) := 12‖∇w‖2 + ∫
 �i divw dx:on the set W 1;20;�0(
;Rd).Proof. It is not diÆult to see that12d2(v; S�0;�0)= infw∈W 1;20;�0 (
;Rd) sup�i∈Ri=1;2;:::;N 12‖∇(v − w)‖2 + N∑i=1 �i ∫
 �i divw dx= infw∈W 1;20;�0 (
;Rd) sup�i∈Ri=1;2;:::;N 12‖∇w‖2 + N∑i=1 �i ∫
 �i div(v − w)) dx= infw∈W 1;20;�0 (
;Rd) sup�i∈RN L(w;�); (10)

where L(w;�) := 12‖∇w‖2 − N∑i=1 �i ∫
 �i divw dx+ � · b(div v)



88 S. REPINand � = {�1; �2; : : : ; �N}. Evidently,12d2(v; S�0;�0) > sup�∈RN infw∈W 1;20;�0 (
;Rd) L(�; w): (11)Consider an auxiliary variational Problem P�. The problem is to �ndu� ∈ W 1;20;�0(
;Rd) suh that the funtional L(w;�) attains in�muminf P� := infw∈W 1;20;�0 (
;Rd)12‖∇w‖2 − N∑i=1 �i ∫
 �i divw dx+ � · b(div v):Due to well known results of onvex analysis, there exists a unique mini-mizer u� of this problem, whih satis�es the integral identity
∫
 ∇u� : ∇w dx = N∑i=1 �i ∫
 �i divw dx ∀w ∈ W 1;20;�0(
;Rd)and has the form u� = N∑i=1�iu(i), where
∫
 ∇u(i) : ∇w dx = ∫
 �i divw dx ∀w ∈ W 1;20;�0(
;Rd): (12)Therefore, for i; j = 1; 2; :::; N we have equivalent representations of theoeÆients aij = ∫
 �i div u(j) dx; bi = ∫
 ∇u(i) : ∇v dx: (13)Sine

‖∇u�‖2 = N∑i;j=1 aij�i�j = A� · �and N∑i=1 �i ∫
 �i div u� dx = N∑i;j=1 �i�j ∫
 �i div u(j) dx = A� · �;we �nd that inf P� = −12A� · �+ � · b(div v): (14)



ON PROJECTORS TO SUBSPACES OF VECTOR 89Hene12d2(v; S�0;�0)
> sup�∈RN {−� · b(div v)− 12A� · �} = 12A−1b(div v) · b(div v) (15)and maximum is attained for� = �∗ := A−1b(div v):Notie that the inverse matrix A−1 exists. This fat follows from linearindependene of the system {�i}, whih yields linear independene of thetensor funtions {∇u(i)} in U := L2(
;M d×d). Indeed, assume that thereexist real numbers �i, i = 1; 2; :::; N not all equal to zero suh thatN∑i=1 �i∇u(i) = 0:Then (see (12)), for any w ∈ W 1;20;�0(
;Rd) we haveN∑i=1 �i ∫
 ∇u(i) : ∇w dx = ∫
 ( N∑i=1 �i�i) divw dx = 0: (16)It is not diÆult to see that (16) annot be true for a system of linearlyindependent �i. If � = �0, then this fat follows from Theorem 1. Indeed,in this ase the funtion g = N∑i=1�i�i has zero mean and we an �ndwg ∈ W 1;20 (
;Rd) suh that divwg = g. Then,

∫
 ( N∑i=1 �i�i)2 dx = 0; (17)i.e., N∑i=1�i�i = 0 almost everywhere and we arrive at the ontraditionwith linear independene of the system {�i}.If �0 ⊂ �, then the same onlusion follows by means of similar buta bit more ompliated arguments. Let g̃ := g − {|g|}
. There existswg̃ ∈ W 1;20 (
;Rd) satisfying divwg̃ = g̃. Let w1 ∈ W 1;2(
;Rd) be suhthat divw1 = 1 in 
 (it is lear that there exist an in�nite amount of



90 S. REPINfuntions satisfying this ondition). Consider the following auxiliary Stokesproblem � �w = ∇�p in 
;div �w = 0 in 
;�w = w1 on �0;�n = 0 on � \ �0 6= ∅:A solution to this problem exists and belongs to W 1;2(
;Rd). We setwg := wg̃ + {|g|} (w1 − �w) ∈ W 1;20;�0(
;Rd)and �nd that divwg = g: Hene, we again arrive at (17) and onludethat A is the Gram matrix for the system of tensor funtions {∇u(i)}ontaining linearly independent elements. It is positive de�nite and has aninverse A−1.Now we establish the inequality inverse to (15). Let �aij denote entriesof the matrix A−1. Then
∫
 �i div(v − u�∗) dx = ∫
 �i div v dx−

N∑j=1 �∗j ∫
 �i div u(j) dx= bi − N∑j=1 �∗jaij = bi − N∑j;k=1 �ajkbkaij= bi − N∑k=1 bk N∑j=1 �akjaji = bi − N∑k=1 bkÆki = 0Hene, v − u�∗ ∈ S�0;�0 : (18)Therefore,12d2(v; S�0;�0) 6
12‖∇u�∗‖2 = 12 N∑i;j=1 �∗i �∗j ∫
 ∇u(i) : ∇u(j) dx= 12A�∗ · �∗ = 12AA−1b(div v) ·A−1b(div v)= 12A−1b(div v) · b(div v): (19)



ON PROJECTORS TO SUBSPACES OF VECTOR 91Now (9) follows from (15) and (19). Finally, we onlude thatPS�0;�0 (v) = v − u�∗ = v − N∑i=1 N∑j=1 �aijbj(v)u(i): (20)
�

§3. Estimates based on solutions of finite dimensionalproblemsFrom the pratial point of view, it is preferable to replae ui (exatsolutions of boundary value problems) by solutions of some suitable �nitedimensional problems. Let V n0;�0 ⊂ W 1;20;�0 be a �nite dimensional spae(dimV n0;�0 = n) satisfying the onditionV n0;�0 ∩ S�0;�0(
;Rd) 6= ∅: (21)By In we denote a bounded operator mapping V0;�0 to V n0;�0 . Partiularforms of this operator an be di�erent (they depend on the interpolationmethod used). In this paper, we do not disuss these questions in detail.The most important property of In is that the omputation of vn := Inv isexpliit and does not require large expenditures. Then, for any v ∈ V0;�0the quantity �n := ‖∇(v − Inv)‖is known. Sineinfw∈S�0;�0 ‖∇(v − w)‖ 6 infw∈S�0;�0 ‖∇(vn − w)‖+ �n; (22)the estimation of d2(v; S�0;�0) is redued to the estimation of d2(vn; S�0;�0).In view of (21), there exists v̂n ∈ V n0;�0∩S�0;�0(
;Rd). Hene the problemof projeting vn to this subset of S�0;�0(
;Rd) is well posed. Moreover,12d2(vn; S�0;�0)
6 infwn∈V n0;�0 (
;Rd) sup�i∈Ri=1;2;:::;N 12‖∇(vn − wn)‖2 + N∑i=1 �i ∫
 �i divwn dx= infwn∈V n0;�0 (
;Rd) sup�i∈Ri=1;2;:::;N 12‖∇wn‖2 + N∑i=1 �i ∫
 �i div(vn − wn) dx



92 S. REPIN= infwn∈V n0;�0 (
;Rd) sup�i∈RN L(wn;�) =: �n 6
12‖∇(vn − v̂n)‖2: (23)On the other hand,�n > sup�∈RN infwn∈V n0;�0 (
;Rd) L(�; wn): (24)From (24) it follows that for any ��n > infwn∈V n0;�0 (
;Rd)12‖∇wn‖2 − N∑i=1 �i ∫
 �i divwn dx+ � · b(div vn):Selet some � and onsider the auxiliary problem: �nd u�;n ∈ V n0;�0(
;Rd)suh that the funtional L(wn;�) : V n0;�0(
;Rd) → R attains in�mum withrespet to the �rst variable. The minimizer u�;n satis�es

∫
 ∇u�;n : ∇wn dx = N∑i=1 �i ∫
 �i divwn dx ∀w ∈ V n0;�0(
;Rd);where u�;n = N∑i=1 �iu(i)nand u(i) are solutions of the �nite dimensional problems
∫
 ∇u(i)n : ∇wn dx = ∫
 �i divwn dx ∀wn ∈ V n0;�0(
;Rd): (25)Hene

∇u�;n = N∑i=1 �i∇u(i)nand
‖∇u�;n‖2 = N∑i;j=1 anij�i�j = An� · �;where An = {anij}; anij = ∫
 ∇u(i)n : ∇u(j)n dx:In view of (25), we have



ON PROJECTORS TO SUBSPACES OF VECTOR 93N∑i=1 �i ∫
 �i div u�;h dx = N∑i;j=1 �i�j ∫
 �i div u(j)n dx = An� · �:Therefore,�n > sup�∈RN {� · b(div vn)− 12An� · �} = 12A−1n b(div vn) · b(div vn) (26)and maximum is attained if� = �∗n := A−1n b(div vn):Here we assume that the matrix An is invertible. Notie that the fun-tions u(i)n are known (they are solutions of �nite dimensional problems).Therefore, we do not need the argumentation used in the previous setionand an verify the invertibility of An diretly.In view of (25), ∫
 �i div u(j)n dx = anij and we �nd that
∫
 �i div(vn − u�∗n) dx = ∫
 �i div vn dx−

N∑j=1(�∗n)j ∫
 �i div u(j)n dx= bi − N∑j=1(�∗n)janij = bi − N∑j;k=1 �anjkbkanij = 0: (27)By (23) and (27), we obtain�n = infwn∈V n0;�0 (
;Rd) sup�i∈Ri=1;2;:::;N L(wn;�) 6 sup�i∈Ri=1;2;:::;N L(u�∗n ;�)= sup�i∈Ri=1;2;:::;N 12‖∇u�∗n‖2 + N∑i=1 �i ∫
 �i div(v − u�∗n) dx= 12‖∇u�∗n‖2 = 12An�∗n · �∗n = 12AnA−1n b(div v) ·A−1n b(div v)= 12A−1n b(div v) · b(div v): (28)
Now (26) and (28) imply�n = 12A−1n b(div vn) · b(div vn) (29)



94 S. REPINand (22) yields the desired estimated(v; S�0;�0) 6
(A−1n b(div vn) · b(div vn))1=2 + �n: (30)

§4. Estimates of the distane to S0;�0(
; Rd)In order to dedue an upper bound of the distane to S0;�0(
;Rd), weapply ideas of domain deomposition (see also [18, 19, 21℄ and some otherpubliations). Let 
 = N⋃i=1
i; (31)where 
i are onneted Lipshitz subdomains for whih the respetiveonstants C
i in (2) (or some suitable majorants of them) are known.4.1. Theorem 1 for deomposed domains.Lemma 2. Let 
 satisfy (31) andf = N∑i=1 fi; fi ∈ L2(
); {|fi|}
 = 0; (32)where suppfi ⊂ 
i ⊂ 
 for all i = 1; 2; :::; N .There exists vf ∈ W 1;20 (
i;Rd) suh that div vf = f and
‖∇vf‖ 6

N∑i=1 C
i‖fi‖
: (33)Proof. For any fi satisfying (32), we have vfi ∈ W 1;20 (
i;Rd) suh thatdiv vfi = fi in 
iand
‖∇vfi‖
i 6 C
i‖fi‖
i :We extend vfi to 
 by zero and set vf = N∑i=1 vfi . Then, div vf = f and

‖∇vf‖ 6

N∑i=1 ‖∇vfi‖
i = N∑i=1 C
i‖fi‖
i :Thus, we obtain (33). �



ON PROJECTORS TO SUBSPACES OF VECTOR 95Corollary 1. Let v ∈ S�0;�0 and �i(x) be a olletion of bounded funtionssuh that supp�i = 
i ⊂ 
 and N∑i=1 �i(x) = 1: (34)Set fi = �i div v and f = N∑i=1 fi = div v. Sine v ∈ S�0;�0 , we see that
∫
 fidx = ∫
 �i div v dx = 0 i = 1; 2; :::; N:Lemma 2 guarantees existene of vf ∈ W 1;20 (
i;Rd) suh thatdiv vf = f and ‖∇vf‖ 6

N∑i=1 C
i‖�i div v‖
:Then v0 = v − vf ∈ S0;�0 and
‖∇(v − v0)‖ 6

N∑i=1 C
i‖�i div v‖
:We onlude that the projetion of v ∈ S�0;�0 meets the estimate
‖∇(v − PS0;�0 v)‖ 6

N∑i=1 C
i‖�i div v‖
: (35)4.2. Distane to S0;�0(
;Rd). Now we will use Lemma 2 and dedue anestimate of the distane between v ∈ W 1;20;�0 and the set of divergene free�elds S0;�0(
;Rd), whih is based on loal onstants C
i .Theorem 2. Let v ∈ W 1;20;�0 and �i satisfy (34). Then,d(v; S0;�0(
;Rd)) 6

(A−1b(div v) · b(div v))1=2+ N∑i=1 C
i(‖�i div v‖2 − 2A−1b(div v) ·�(i)+A−1D(i)A−1b(div v) · b(div v))1=2; (36)



96 S. REPINwhere �(i) = {�(i)j }; {�(i)j } := ∫
 �2i div v div u(j) dx;D(i) = {D(i)jk }; D(i)jk := ∫
 �2i div u(j) div u(k) dx:Proof. In view of (18), ṽ = v − u�∗ ∈ S�0;�0 . We use (35) and �nd that
‖∇(v − PS0;�0 v)‖ = infv0∈S0;�0 ‖∇(v − v0)‖

6 ‖∇u�∗‖+ infv0∈S0;�0 ‖∇(ṽ − v0)‖
6
(A−1b(div v) · b(div v))1=2+ N∑i=1 C
i‖�i (div v − div u�∗)‖
: (37)

Consider the last term in the right hand side. We have
∫
 �2i div v div u�∗dx = ∫
 �2i div v N∑j=1 �∗j div u(j)dx= N∑j=1 �∗j ∫
 �2i div v div u(j)dx= N∑j;k=1 �ajkbk�(i)j = A−1b(div v) ·�(i)and
∫
 |�i div u�∗ |2dx = N∑j;k=1�∗j�∗k ∫
 �2i div u(k) div u(j)dx= N∑j;k=1D(i)jk �∗j�∗k = D(i)�∗ · �∗= A−1D(i)A−1b(div v) · b(div v):
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∫
 �2i (div v − div u�∗)2 dx = ‖�i div v‖2 − 2A−1b(div v) ·�(i)+A−1D(i)A−1b(div v) · b(div v): (38)Now (36) follows from (37) and (38). �Remark 1. Notie that b(div v) = 0 for any v ∈ S�0;�0 . Hene in this ase(36) is redued to (35).4.3. Partiular ase. Consider a partiular but important ase, where
i are disjoint sets: 
i ∩ 
i = 0 if i 6= jand �i(x) oinides with the harakteristi funtion�i(x) := {1 if x ∈ 
i;0 if x 6∈ 
i: (39)In this ase, instead of (33), we have the estimate

‖∇vf‖2 6

N∑i=1 C
2
i‖fi‖2; (40)where we set fi = {div v in 
i;0 in 
 \ 
i:Now the spae S�0;�0(
;Rd) ontains vetor valued funtions with zeromean divergene in the subdomains 
i:S�0;�0(
;Rd) = {w ∈ W 1;20;�0(
;Rd) | {|divw|}
i = 0 ∀ i = 1; 2; :::; N} :For v ∈ S�0;�0(
;Rd), we have the estimate

‖∇(v − PS0;�0 v)‖2 6

N∑i=1 C
2
i‖div v‖2
i : (41)



98 S. REPINTheorem 3. Let v ∈ W 1;20;�0(
;Rd) and �i satisfy (39). Then,d2(v; S1;20;�0) 6 �A−1b(div v) · b(div v)+ �′
N∑i=1 C

2
i(‖ div v‖2
i − 2A−1b(div v) ·�(i)+A−1D(i)A−1b(div v) · b(div v)); (42)where �; �′ > 1 are two onjugate numbers ( 1� + 1�′ = 1) and�(i)j = ∫
i div v div u(j)dx; D(i)jk = ∫
i div u(j) div u(k)dx;aij = ∫
i div ujdx; bi = ∫
i div vdx = |
i| {|div v|}
i :Proof. The funtion ṽ = v − u�∗ = v − N∑i=1 �∗i u(i)belongs to the set S�0;�0(
;Rd). Therefore,
‖∇(v − PS0;�0 v)‖2 = infv0∈S0;�0 ‖∇(v − v0)‖2

6 �‖∇u�∗‖2 + infv0∈S0;�0 �′‖∇(ṽ − v0)‖2
6 �A−1b(div v) · b(div v)+ �′

N∑i=1 C
2
i‖ div(v − u�∗)‖2
i : (43)Now (38), (40), and (43) yield (42). �Remark 2. If v ∈ S�0;�0 then b(div v) = 0 and we an tend � to +∞. Wesee that (42) is redued to (41).

§5. Estimates of C
First, we notie that an estimate of the distane to the set S�0;� impliesan analog of Theorem 1 and a ertain related inf{sup ondition.
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) with zero mean, there exists wf ∈ V0 suhthat
∫
 �i(divwf − f) dx = 0 ∀�i ∈ � (44)and

‖∇wf‖2 = A−1b(f) · b(f); (45)where bi = ∫
 �if dx.Proof. There exists vf ∈ V0 suh that div vf = f . In view of Lemma 1,there exists v0 ∈ S�0;� suh that
‖∇(vf − v0)‖2 = A−1b(div vf ) · b(div vf ) (46)and

∫
 �i div(vf − v0) dx = ∫
 �i f dx (47)Set wf = vf − v0 (notie that divwf 6= f !). We see that (44) and (45)follow from (46) and (47). �Remark 3. Lemma 3 imposes muh weaker onditions on wf (in om-parison with Theorem 1), namely, instead of divf = f it is required thatdivwf − f must be orthogonal to any funtion in the set �. As a result,
‖∇wf‖ is expliitly de�ned by (45) without using the onstant 
.Let |A−1| 6 A. ThenA−1b(f) · b(f) 6 A |b(f)|2 6 A N∑i=1 ‖�i‖2‖f‖2 6 NA ‖f‖2and (45) infers the estimate

‖∇wf‖ 6 CA‖f‖; (48)where CA = √NA.Assume that f ∈ Lin� and � is formed by an orthogonal system. Thenf =∑i �i�i; ‖f‖2 =∑i �2i = � · � bi = ∫
 �if dx = �i:



100 S. REPINWe haveA−1b(f) · b(f) = N∑i;j=1 �aijbibj = N∑ij=1 �aij�i�j 6 A ‖f‖2:Hene in this ase, CA = √A.Remark 4. Let � ∈ Lin�. In view of Lemma 3, there exists w� ∈ V0 suhthat
∫
 �i(divw� − �) dx = 0 i = 1; 2; :::; N (49)and ‖∇w�‖2 = A−1b(�) · b(�): By (49) we onlude that

∫
 � divw� dx = ‖�‖2and obtain an abridged form of the inf{sup onditioninf�∈Lin��6=0 supw∈V0w 6=0 ∫
 � divw dx
‖�‖‖∇w‖ > inf�∈Lin��6=0 ∫
 � divw� dx

‖�‖‖∇w�‖ = inf�∈Lin��6=0 ‖�‖
‖∇w�‖ ;whih generates the probleminf�∈Lin��6=0 ‖�‖2A−1b(�) · b(�) =: (�
)2 : (50)It is lear that �
 de�ned by (50) is larger than 
. Hene 1�
 generatesa minorant of C
. If � is the orthonormal system, then �
 = 1A .In order to dedue a majorant of C
 we reall that C
 is the best(minimal) onstant in (3) (or in (4) in the ase of funtions vanishing ona part of the boundary). Let us estimate the right hand side of (43) andrepresent it in the form (3).Let m := maxi |
i|1=2 and  := maxi C
i :We haveA−1b(div v) · b(div v) 6 A |b(div v)|2 6 Am2‖ div v‖2: (51)
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|�∗i |2 6

( N∑j=1 �aij ∫
j div vdx)2 6

( N∑j=1 |�aij ||
j |1=2‖ div v‖
j)2 6 �2i ‖ div v‖2;where �2i := N∑j=1 |�aij |2|
j |:Then
|�∗| 6 |�| ‖ div v‖; (52)where � ∈ RN is the vetor with the omponents �i.Next, let � and �′ be two onjugate positive numbers. Sine

‖ div(v − u�∗)‖2
i 6 �‖ div v‖2
i + �′‖ div u�∗‖2
i= �‖ div v‖2
i + �′
∑j;k �∗j�∗k ∫
i div u(j) div u(k)dx;we �nd thatN∑i=1‖ div(v − u�∗)‖2
i= �‖ div v‖2 + �′

∑j;k �∗j�∗k∑i ∫
i div u(j) div u(k)dx= �‖ div v‖2 + �′
∑j;k �∗j�∗k ∫
 div u(j) div u(k)dx

6 �‖ div v‖2 + �′
∑j;k Dik�∗j�∗k

6 �‖ div v‖2 + �′|D||�∗|2 6 (� + �′|D||�|2)‖ div v‖2;
(53)

where |D| denotes the norm of the matrix D with the entriesDjk = ∫
 div u(j) div u(k)dx:Now (43), (51), (52), and (52) imply the estimate
‖∇(v − PS0;�0 v)‖2 6

(�m2A + �′2� + �′�′2|D||�|2) ‖ div v‖2:



102 S. REPINMinimization with respet to � and � yieldsd(v; S0;�0(
;Rd)) 6 C‖ div v‖; (54)where
C = m1=2A + (1 + |�| |D|1=2) : (55)This quantity gives an upper bound of C
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