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§1. IntrodutionLet us onsider the following 3D Stokes system with drift�tv + b · ∇v − �v + ∇q = 0;div v = 0; (1.1)where b is a given vetor �eld and v and q are unknown veloity �eld andpressure.Our interest in (1.1) is related to possible regularity improvements inthe Navier-Stokes borderline ase b ∈ L∞(BMO−1), at least in the size ofa possible singular set. Hene we assume throughout this note thatdiv b = 0: (1.2)There are di�erent de�nitions of the spae BMO−1, see for example Koh& Tataru [10℄. In our 3D ase, it is onvenient to use the following one:there exists a tensor d ∈ BMO suh thatb = div d (1.3)in the sense of distributions, while ondition (1.2) implies its skew-sym-metry. Equivalently, there exists a divergene free �eld ! ∈ BMO suhthat b = rot!. Then dij = �ijk!k, where (�ijk) is the Levi-Civita tensor.Key words and phrases: Stokes system with drift, reverse H�older inequality, higherintegrability.The authors are indebted to Piotr Haj lasz in relation to loal maximal funtions.J. Burzak was supported by MNiSW "Mobilno�s� Plus" grant 1289/MOB/IV/2015/0.G. Seregin was supported in parts by the grant RFBR 17-01-00099-a and by the Programof the Presidium of the Russian Aademy of Sienes No.1 \Fundamental Mathematisand its Appliations" under grant PRAS-18-01.37



38 J. BURCZAK, G. SEREGINThe relationship between b and d shows that one may reast (1.1) asa generalised Stokes system with the main part A = Id +D, where D =(Dijkl) with Dijkl = Æikdjl ∈ L∞(BMO). A general A ∈ L∞(BMO) isnaturally too rough even to de�ne a standard weak solution. But hereskew-symmetry omes again to our aid. Namely, we have the followingestimate ∫

Rn (D∇u) : ∇v dx 6 ‖d‖BMO‖∇u‖2‖∇v‖2 (1.4)for any u; v ∈ C∞0 (R3), whih an be dedued from the results of Maz'ya& Verbitsky [12℄. A related disussion may be found in Silvestre, �Sver�ak,Zlato�s & oauthor [16℄. We give a straightforward proof of (1.4) in theAppendix I for ompleteness.It is important to keep in mind that over the entirety of this note,while we refer to b ∈ L∞(BMO−1) satisfying (1.2), we automatially on-sider (1.3) with the related D.Among other interesting ases, in whih the system (1.1) plays an impor-tant part, there is the question about potential Type I blowup of solutionsto the Navier-Stokes system, ompare the reent paper [14℄ by Shonbek& oauthor about a Liouville-type theorem via duality.For the aount of the ahievable regularity results for the salar ver-sion of the problem (1.1) with the strutural restrition (1.2) but with nopressure, i.e. �tu+ b · ∇u− �u = 0; div b = 0;we refer to [16℄. The essene of its results reads: among L∞(X) spaes forb, X = BMO−1 is the widest one, where loal `deep' regularity resultsfor u are available (e.g. Harnak inequality) and the hoie of BMO−1 islose to being sharp. See also Nazarov & Ural'tseva [13℄ for b in spae-timeMorrey spaes on the same sale and Liskevih & Zhang [11℄ for similarresults under a `form boundedness assumption' on b. One should in addi-tion mention Friedlander & Viol [4℄, where H�older ontinuity of solutionsto the related Cauhy problem was proved, with b ∈ L∞(BMO−1).In relation to the full system (1.1-1.2), the urrent best result for theassoiated Cauhy problem is Silvestre & Viol [18℄. The authors show forb ∈ Lp(M�), a Lebesgue-Morrey sale of spaes, that there exists a C(C�)solution. However, for the endpoint of this sale, i.e. for L∞(M−1), M−1 ⊃L3, in order to onlude with the same result, an additional smallnessassumption is needed (whih is automatially satis�ed for C(L3), but not



LlogL-INTEGRABILITY OF THE VELOCITY GRADIENT 39for L∞(L3)). For the loal setting, we refer to Zhang [22℄, where b mustbelong to a ertain Kato lass.Let us onlude with two remarks. Firstly, as already seen above, for asale of spaes, the regularity results in the endpoint ase L∞(X) are sub-stantially more diÆult and even likely not always to hold. Seondly, theresult of Esauriaza, �Sver�ak & oauthor [3℄, where b = v ∈ L∞(L3) suÆesto obtain regularity, utilises essentially the nonlinear struture. Hene tostudy regularity of solutions to (1.1) with (1.2), even with L∞(L3), oneneeds di�erent ideas.
§2. Main ResultsWe write B(x0; R) for the ball with radius R entred at x0 ∈ R

3.Q(z0; R) = B(x0; R) × (t0 − R2; t0) is the (paraboli) ylinder with itsentre z0 = (x0; t0), where t0 ∈ R. For an open set 
 ⊂ R
3 and an interval℄T1; T2[, we write QT1;T2 = 
×℄T1; T2[.We use standard funtion spaes: L∞(℄T1; T2[ ;L2(
)) = L2;∞(QT1;T2),W 1;02 (QT1;T2) = {v;∇v ∈ L2(QT1;T2)}, et.In what follows we always adopt the following onvention�(z; �) = ‖b‖L∞(t−�2;t;BMO−1(B(x;�))) = ‖d‖L∞(t−�2;t;BMO(B(x;�)); (2.1)where d is related with b via (1.3). Naturally, the right-hand side of (2.1)is merely a seminorm for d, but the right-hand side is a proper norm forb, see e.g. [10℄.Where there is no danger of onfusion, we may sometimes suppressertain indies.De�nition 2.1 (Weak solution). Let us �x a spae-time domain QT1;T2 .A pair v = (vi) and q is a weak solution to (1.1) on QT1;T2 if and only if(i) v ∈ L2;∞(QT1;T2) ∩W 1;02 (QT1;T2) and q ∈ L2(QT1;T2);(ii) v and q satisfy (1.1) in the sense of distributions on QT1;T2 .Remark 2.2. The regularity lasses appearing in De�nition 2.1, in par-tiular L2 for the pressure q, agree with the existene result for the Cauhyproblem for (1.1) with a solenoidal drift b ∈ L∞(BMO−1), see Appendix II.Remark 2.3. Any weak solution to (1.1{1.2) on QT1;T2 satis�es the fol-lowing loal energy identity

∫
 '|v(x; t)|2dx+ 2 t∫0 ∫
 '|∇v|2dxdt′



40 J. BURCZAK, G. SEREGIN= t∫0 ∫
 (|v|2(�t + �)'− 2D∇v : v ⊗∇'+ 2qv · ∇')dxdt′for any t ∈ ℄T1; T2[ and any non-negative ' ∈ C∞0 (QT1;T2+1).The above remark follows from (1.4) and standard duality arguments.Observe that it renders a notion of a suitable weak solution redundant inour setting.Our �rst result is as follows.Proposition 2.4. For any l ∈ ℄6=5; 2[, any weak solution v and q to (1.1{1.2) on QT1;T2 satis�es1
|Q(�)| ∫Q(z0;�) |∇v|2dz

6 C(l)(�5(z0; 2�) + 1)( 1
|Q(2�)| ∫Q(z0;2�) |∇v|ldz) 2l+ C( 1

|Q(2�)| ∫Q(z0;2�) |q| dz)2 (2.2)on any Q(z0; 2�) ⊂ QT1;T2 , with onstants C(l) and C.A simple onsequene of Proposition 2.4 is as follows.Remark 2.5. Let b ∈ L∞(R;BMO−1(R3)) satisfy (1.2). Then any weaksolution to (1.1) on R
3 × R vanishes.Indeed, let �∞ = ‖b‖L∞(R;BMO−1(R3)), h = |∇v|s and M denote the(entred) maximal funtion with respet to paraboli ylinders (they sat-isfy the `doubling' assumptions on families of open sets, needed to pro-vide the usual maximal funtion theory, ompare Stein [21℄, §I.1). Propo-sition 2.4 givesM(h 2s )(z) 6 C(s;�∞)M 2s (h)(z) + CM2(q)(z):The strong Lp estimates for M imply

∫

R4 M(h 2s ) dz 6 C(s;�∞) ∫
R4 h 2s dz + C ∫

R4 |q|2dz



LlogL-INTEGRABILITY OF THE VELOCITY GRADIENT 41= C(s;�∞) ∫
R4 |∇v|2dz + C ∫

R4 |q|2dz 6 C:This means that both M(h 2s ) and h 2p are integrable. On the full spae ityields that h 2s ≡ 0, ompare [21℄, §I.8.14. Therefore v an only be time-dependant, but then our assumption v ∈ L2;∞ implies v ≡ 0.Our main result readsTheorem 2.6. Let b satisfy (1.2). Then, there exists a number C, suhthat any weak solution v and q to (1.1) in QT1;T2 satis�es
∫Q(z0;r) |∇v|2 log(1 + |∇v|2(|∇v|2)z0;r)dz

6 C(1 + �5(z0; 5r)) ∫Q(z0;5r) |∇v|2dz + C ∫Q(z0;5r) |q|2 dzfor any Q(z0; 5r) ⋐ QT1;T2 .Here, (f)z0;r is the mean value of funtion f over the paraboli ylinderQ(z0; r).We would like to notie that, in [2℄, the authors laim even a strongerresult about higher integrability of the veloity gradient.
§3. Proof of Proposition 2.4Over this proof, we will refer at ertain times to [15℄. Let us theneinitially observe, that however it deals with the ase b = v, all the ompu-tations are in fat performed there for (1.1{1.2).For an x0 ∈ R

3 and r < R, let 'x0;r;R(x) be a radial nonnegative smoothspae ut-o� funtion, suh that'x0;r;R ≡ 1 on B(x0; r); 'x0;r;R ≡ 0 outside B(x0; R);
|∇i'x0;r;R| 6

Ci(R− r)i :Let us introdue the related mean value of a funtion ffx0;r;R(t) = ∫B(x0;R) f(x; t)'2x0;r;R(x) dx( ∫B(x0;R) '2x0;r;R(x) dx)−1:



42 J. BURCZAK, G. SEREGINWe will also need a smooth nonnegative time ut-o� funtion �t0;r;R(t)with the following properties�t0;r;R(t) ≡ 1 for t 6 t0 −R2; �t0;r;R(t) ≡ 0 for t > t0 − r2;
|�t�t0;r;R(t)| 6

CR2 − r2 6
2C(R− r)2 :Together, let us write for brevity�z0;r;R(x; t) = �t0;r;R(t) 'x0;r;R(x):Finally, for a funtion f let us denote the osillations at z = (x; t) as followsf̂(z) = f(z) − fx0;r;R(t); �f(z) = f(z) − [f ℄x0;R(t);where [f ℄x0;R is the mean value of f over the ball B(x0; R).Keeping in mind Remark 2.3, it is straightforward to onlude thatLemma 2.1 of [15℄ (ompare also Lemma 2.3 of [16℄) holds in our ase inthe following form.Lemma 3.1. Let b ∈ L∞(T1; T2;BMO−1(
)) satisfy (1.2). Consider anyweak solution v and q of (1.1) on QT1;T2 . Let Q(z0; R) ⋐ QT1;T2 . Then forany t ∈ (t0 −R2; t0)12 ∫
 |v̂(x; t)|2�2z0;r;R(x; t) dx + t∫t0−R2 ∫
 |∇v|2�2z0;r;R dxdt′

6

t∫t0−R2 ∫
 (12 |v̂|2(� + �t′)�2z0;r;R − �djlvi;lv̂i(�2z0;r;R);j qv̂ · ∇�2z0;r;R)dxdt′:(3.1)Let us assume that Q(x0; R1) ⋐ QT1;T2 with R < R1 �xed. Reallthat by de�nition �(z0; R1) = ‖d‖L∞(t0−R21;t0;BMO(B(x0;R1)). Identiallyas in [15℄ its Lemma 2.1 implies (2.7) there, we obtain from (3.1) that forany s ∈ (1; 6=5)supt∈ ℄t0−R2;t0[ 12 ∫
 |v̂(x; t)|2�2z0;r;R(x; t) dx + t0∫t0−R2 ∫
 |∇v|2�2z0;r;R dz
6

CR− r ∫Q(z0;R) |q||v̂|�2t0;r;R 'x0;r;R dz



LlogL-INTEGRABILITY OF THE VELOCITY GRADIENT 43+C(s)(�(z0; R1)R 3s′R− r + R1+ 3s′(R − r)2 )( ∫Q(z0;R) |∇v|2 dz) 12
×
( t0∫t0−R2 ( ∫B(x0;R) |v̂(x; t)| 2s2−s dx) 2−ss dt) 12

6
CR − r ∫Q(z0;R) |q||v̂|�2t0;r;R 'x0;r;R dz + C(s) (�(z0; R1) + 1)R1+ 3s′(R− r)2

×
( ∫Q(z0;R) |∇v|2 dz) 12( t0∫t0−R2 ( ∫B(x0;R) |v̂(x; t)| 2s2−s dx) 2−ss dt) 12 : (3.2)

We deal with the pressure part also in a similar way as in [15℄, pp. 332{333. Again, as in the ase of (3.1), the only di�erene is our use of a ut-o�funtion between any r < R, as opposed to a uto� between R and 2Rin [15℄. Nevertheless, let us present details for larity. Sine div v = 0, (1.1)implies that for any ' ∈ C∞0 (
) and a. a. t ∈℄T1; T2[
∫
 q(x; t)�'(x) dx = ∫
 �djl(x; t)vi;l(x; t)';ij(x) dx:De�ne qG as the solution to the related very weak homogenous boundaryproblem in B(x0; R1):

∫B(x0;R1) qG(x; t)�'(x) dx = ∫B(x0;R1) �djl(x; t)vi;l(x; t)';ij(x) dxfor all ' ∈ W 22s2−s (B(x0; R1)) satisfying boundary ondition '(x; t) = 0 asx ∈ �B(x0; R1): The dual estimate implies then for a.a. t
( ∫B(x0;R1) |qG(x; t)| 2s3s−2 dx) 3s−22s

6 C(s)R 3s′1 �(z0; R1)( ∫B(x0;R1) |∇v(x; t)|2dx) 12 (3.3)



44 J. BURCZAK, G. SEREGIN(ompare (2.11) of [15℄). The remainder qH = q − qG is harmoni onB(x0; R1). Sine R < R1, we have then
‖qH(·; t)‖L∞(B(x0;R)) 6

C(R1 −R)3 ∫B(x0;R1) |qH(x; t)| dx
6

C(R1 −R)3 ∫B(x0;R1) (|q(x; t)| + |qG(x; t)|) dx:Use of (3.3) above implies
‖qH(·; t)‖L∞(B(x0;R)) 6

C(R1 −R)3 ∫B(x0;R1) |q(x; t)| dx+ C(s)�(z0; R1)R 321(R1 −R)3 ( ∫B(x0;R1) |∇v(x; t)|2dx) 12 : (3.4)We intend to use the above formulas to estimate the pressure part of (3.2).Before that, sine q = qG + qH , we rewrite it as followsCR− r ∫Q(z0;R)|q||v̂|�2t0;r;R'x0;r;R dz
6

CR− r t0∫t0−R2( ∫B(x0;R)|qG(x; t)| 2s3s−2 dx) 3s−22s ( ∫B(x0;R)|v̂(x; t)| 2s2−s dx) 2−s2s dt+ CR− r t0∫t0−R2‖qH(·; t)‖L∞(B(x0;R))( ∫B(x0;R)|v̂(x; t)�z0;r;R(x; t)|dx)dt= I + II: (3.5)We estimate I using (3.3)
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I 6

C(s)R 3s′1 �(z0; R1)R − r ( ∫Q(z0;R1) |∇v|2dz) 12
×
( t0∫t0−R21 ( ∫B(x0;R) |v̂(x; t)| 2s2−s dx) 2−ss dt) 12and II using (3.4) and next the H�older inequalityII 6

CR− r t0∫t0−R2 ( 1(R1 −R)3 ∫B(x0;R1) |q(x; t)| dx)
×
( ∫B(x0;R) |v̂(x; t)�t0;r;R(x; t)| dx)dt+ CR− r t0∫t0−R2 C(s)�(z0; R1)R 321(R1 −R)3 ( ∫B(x0;R1) |∇v(x; t)|2dx) 12

×
( ∫B(x0;R) |v̂(x; t)| dx)dt

6 supt∈ ℄t0−R2;t0[( ∫B(x0;R) |v̂(x; t)|2�2t0;r;R(x; t) dx) 12 CR− r R 32(R1 −R)3
∫QR1 (z0) |q| dz + CR− r C(s)�(z0; R1)R 321(R1 −R)3 R 32+ 3s′ ( ∫Q(z0;R1) |∇v|2dz) 12

×
( t0∫t0−R21 ( ∫B(x0;R) |v̂(x; t)| 2s2−s dx) 2−ss dt) 12 :Finally, applying the above estimates of I and II to (3.5), we ontrol thepressure term in (3.2) and arrive, after absorbing the sup term into the



46 J. BURCZAK, G. SEREGINleft-hand side, atsupt∈ ℄t0−r2;t0[ 14 ∫B(x0;r) |v̂(x; t)|2dx+ ∫Q(z0;r) |∇v|2dz
6 C(s)(�(z0; R1) + 1)( R1+ 3s′(R−r)2 + R 3s′1R− r + 1R− r R 321(R1−R)3R 32+ 3s′ )
×
( ∫Q(z0;R1) |∇v|2dz) 12( t0∫t0−R21 ( ∫B(x0;R1) |v̂(x; t)| 2s2−s dx) 2−ss dt) 12+ C(R− r)2 R3(R1 −R)6 ( ∫Q(z0;R1) |q| dz)2:

(3.6)
Choosing R = R1+r2 we havesupt∈(t0−r2;t0) 14 ∫B(x0;r) |v̂(x; t)|2dx+ ∫Q(z0;r) |∇v|2dz

6 C(s)(�(z0; R1) + 1)R 3s′ −11 R41(R1 − r)4 ( ∫Q(z0;R1) |∇v|2dz) 12
×
( t0∫t0−R21 ( ∫B(x0;R1) |v̂(x; t)| 2s2−s dx) 2−ss dt) 12+C R31(R1 − r)8 ( ∫Q(z0;R1) |q| dz)2;

(3.7)
valid for any R1 > r. The estimate (3.7) ounterparts (2.13) of [15℄.We will use (3.7) twofold. Before doing so, observe that the Sobolev andH�older inequalities yield forl = 6s12 − 7s ∈ ℄1; 2[ (3.8)the inequality t0∫t0−r2 ( ∫B(x0;r) |v̂(x; t)| 2s2−s dx) 2−ss dt
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6 C(s) r 2(l−1)l supt∈ ℄t0−r2;t0[( ∫B(x0;r) |v̂(x; t)|2dx) 12( ∫Q(z0;r) |∇v|ldz) 1l ; (3.9)ompare estimate of I∗ on p.335 of of [15℄ (l is denoted as r there).Let us return to (3.7). Firstly, using the Poinar�e-Sobolev inequality

( ∫B(x0;R1) |v̂(x; t)| 2s2−s dx) 2−ss
6 CR 6−4ss1 ∫B(x0;R1) |∇v(x; t)|2dx;we estimate only the evolutionary part of (3.7) to getsupt∈ ℄t0−r2;t0[ 14 ∫B(x0;r) |v̂(x; t)|2dx

6 C(s)(�(z0; R1) + 1) R41(R1 − r)4 ( ∫Q(z0;R1) |∇v|2dz)+ C R31(R1 − r)8 ( ∫Q(z0;R1) |q| dz)2: (3.10)The above estimate in the sup term of (3.9) yieldst0∫t0−r2 ( ∫B(x0;r) |v̂(x; t)| 2s2−s dx) 2−ss dt
6 C(s)(� 12 (z0; R1) + 1)R 2(l−1)l1 ( R21(R1 − r)2 ( ∫Q(z0;R1) |∇v|2dz) 12+ C R 321(R1 − r)4 ( ∫Q(z0;R1) |q| dz))( ∫Q(z0;R1) |∇v|ldz) 1l : (3.11)



48 J. BURCZAK, G. SEREGINSeondly, let us rewrite (3.7) for any r > � in plae of R1 > r, droppingthis time the evolutionary term
∫Q(z0;�)|∇v|2dz 6 C(s)(�(z0; r) + 1)r 3s′ −1 r4(r−�)4( ∫Q(z0;r)|∇v|2dz) 12

×
( t0∫t0−r2( ∫B(x0;r)|v̂(x; t)| 2s2−s dx) 2−ss dt) 12+C r3(r−�)8( ∫Q(z0;r)|q|dz)2 (3.12)and use for its right-hand side (3.11). Together with hoosing r = R1+�2we arrive at
∫Q(z0;�) |∇v|2dz 6

12 ∫Q(z0;R1) |∇v|2dz+ C(s)(�5(z0; R1) + 1)R4( 3s′ − 1l )1 R201(R1 − �)20 ( ∫Q(z0;R1) |∇v|ldz) 2l+ C R31(R1 − �)8 ( ∫Q(z0;R1) |q| dz)2; (3.13)
valid for any R1 > � suh that Q(x0; R1) ⋐ QT1;T2 .In order to deal with the �rst term on the right-hand side of (3.13), letus use the following lemma.Lemma 3.2. For 0 6 t0 < t1, let h : [t0; t1℄ → R be a nonnegativebounded funtion. Suppose that there exists Æ ∈ [0; 1) suh that for anyt0 6 t < s 6 t1 the following inequality is valid:h(t) 6 Æh(s) + N∑i=1 Ai(s)(s− t)�i ;in whih �i > 0, Ai : [t0; t1℄ → R is a bounded inreasing funtion,i = 1; : : :N . Then, there exists a onstant CÆ suh that for any t0 6t < s 6 t1 h(t) 6 CÆ N∑i=1 Ai(s)(s− t)�i :



LlogL-INTEGRABILITY OF THE VELOCITY GRADIENT 49The proof is the same as in the lassial ase of onstant Ai's, see p. 161of Giaquinta [5℄.Invoking Lemma 3.2 withh(�) = ∫Q�(z0) |∇v|2dz;A1(�) = C(s)(�5(z0; �) + 1)�20+4( 3s′ − 1l )( ∫Q�(z0) |∇v|ldz) 2l ; �1 = 20;A2(�) = �3( ∫Q�(z0) |q| dz)2; �2 = 8;we dispose of the �rst term on the right-hand side of (3.13). Consequently,hoosing R1 = 2� we have1
|Q(�)| ∫Q(z0;�) |∇v|2dz
6 C(s)(�5(z0; 2�) + 1)�4(− 1p+ 3s′ )�−5� 10p ( 1

|Q(2�)| ∫Q(z0;2�) |∇v|ldz) 2l+ C( 1
|Q(2�)| ∫Q(z0;2�) |q| dz)2;whih in tandem with (3.8) and s ∈ (1; 6=5) implies (2.2). Proposition 2.4is proven.

§4. Proof of Theorem 2.6For simpliity of the Calder�on-Zygmund argument below, let us use inwhat follows both the usual (paraboli) ylinders Q(z0; R) = B(x0; R)×℄t0 −R2; t0[ and the related (paraboli) ubes C(z0; R) = {maxi=1;2;3 |xi −xi0| < R}×℄t0 −R2; t0[.Let us introdueDe�nition 4.1 (Loal maximal funtion). Let G ⊂ R
d be a �xed open setand f ∈ L1(G). The loal maximal funtion MG is given by(MGf)(z) = sup{(|f |)C : ubes C suh that z ∈ C ⊂ G};



50 J. BURCZAK, G. SEREGINwhere (g)! denotes the mean value of g in !.The following is trueLemma 4.2. Let C0 be a paraboli ube. Then2−9 ∫C0 (MC0f) dz 6

∫C0 |f | log(e+ |f |(|f |)C0 )dz 6 29 ∫C0 (MC0f) dz:This result is lassial in the ase of the entred maximal funtion Mon R
d, under an additional restrition that f is ompatly supported, seeTheorem 1 of Stein [19℄. Lifting the ompat support assumption by usingthe loal maximal funtion MG seems virtually untapped in appliationsfor PDEs, despite being apparently useful (in our ase, trying to produeompatly supported funtions, one may try to e.g. double-loalise theestimates, whih results in a saling mismath on the whole spae). A rangeof results losely related to Lemma 4.2 an be found in works by Iwaniewith oauthors, e.g. [1,6{8℄. Sine these papers are inspired however moreby geometry-related onsiderations, the needed by us result seems not tobe expliitly stated there. Let us therefore present the proof of Lemma4.2, emphasising that it was essentially provided to us by Piotr Haj lasz.To this end we need the following Calder�on-Zygmund deomposition onubesLemma 4.3. Let C0 be a paraboli ube and f ∈ L1(C0). Fix any t >(|f |)C0 . Then there exists a sequene of pairwise disjoint paraboli ubes

{Ci}, Ci ⊂ C0, i ∈ N, suh that
|f | 6 t almost everywhere on C0 \ ⋃i∈N

Ci (4.1a)t < (|f |)Ci 6 28t: (4.1b)The only di�erene from the lassial proof as in Stein [20℄ §I.3.2 is abigger onstant of (4.1b), related to the paraboliity of ubes.Proof of Lemma 4.2. Let us de�ne Et = {z ∈ C0 : (MC0f)(z) > t}. Inthe setting of Lemma 4.3, the left inequality of (4.1b) implies ⋃i∈N

Ci ⊂ Et.Hene �(Et) >
∑i∈N

�(Ci) > 2−8∑i∈N

1t ∫Ci |f | dz = 2−8 1t ∫

⋃i∈N

Ci |f | dz;



LlogL-INTEGRABILITY OF THE VELOCITY GRADIENT 51with the latter inequality given by the right inequality of (4.1b). SineLemma 4.3 implies also that ⋃i∈N

Ci ⊃ {z ∈ C0 : |f | > t} up to a zero-measure set (onsidering (4.1a) and omplements), we have in tandem withthe above inequality that�(Et) > 2−8 1t ∫

{z∈C0: |f |>t} |f | dz; (4.2)valid for any t > (|f |)C0 =: �. It holds28 ∫C0 MC0fdz = 28 ∞∫0 �(Et) dt > ��(E�) + ∞∫� �(Et) dt
>

∫

{z∈C0: |f |>�}

|f | dz + ∫ ∞� 1t ( ∫

{z∈C0:|f |>t} |f | dz)dt;see (4.2) for the last inequality. We estimate the last integral above withhelp of the Tonelli theorem and �nd that28 ∫C0 MC0fdz >

∫

{z∈C0: |f |>�}

|f | dz + ∫

{z∈C0: |f |>�}

|f | log |f |� dz
> 2−1 ∫

{z∈C0: |f |>�}

|f | log(e+ |f |� ) dz:Sine also29 ∫C0 MC0fdz > 29 ∫

{z∈C0: |f |6�}

|f | dz
>

∫

{z∈C0: |f |6�}

|f | log(e+ 1) dz >

∫

{z∈C0: |f |6�}

|f | log(e+ |f |� ) dz;we have the right (less standard) inequality of the thesis. The remainingleft inequality follows in fat from the original [19℄. Indeed, also for the loalmaximal funtion, one has the usual weak-type estimate (i.e. a pratialreverse to (4.2)) �(Et) 6 28 1t ∫{z∈C0: |f |> t2 } |f |;



52 J. BURCZAK, G. SEREGINby the Vitali overing of Et. Along the previous lines utilising (4.2), withinequalities reversed, we prove now the remaining left inequality of Lemma4.2 (in fat, not needed for our further purposes). �Let us return to the proof of Theorem 2.6. We �x a paraboli ubeC1 = C(z1; R1) suh that C ′1 = C(z1; 3R1) ⋐ QT1;T2 . Proposition 2.4,rewritten for ubes, yields for �1 = �(z0; 2R1)1
|C(�)| ∫C(z0;�) |∇v|2dz 6 (l)(�51 + 1)( 1

|C(2√2�)| ∫C(z0;2√2�) |∇v|ldz) 2l+ ( 1
|C(2√2�)| ∫C(z0;2√2�) |q| dz)2for all C(z0; �) ⊂ C1.Sine all the domains of integration of the right-hand remain within inC(z1; 2 √2R1), we an introdue there into integrals a smooth funtion  suh that  ≡ 1 on C(z1; 2√2R1) and  ≡ 0 outside C ′1. Hene1

|C(�)| ∫C(z0;�) |∇v|2dz 6 (l)(�51 + 1)( 1
|C(2√2�)| ∫C(z0;2√2�) |∇v|l dz) 2l+ ( 1

|C(2√2�)| ∫C(z0;2√2�) |q| dz)2for all C(z0; �) ⊂ C1.Realling De�niton 4.1 we have thenMC1(|∇v|2)(z)
6 (l)(�51 + 1)M 2lC(z1;2√2R1)(|∇v|l )(z) + M2C(z1;2√2R1)(|q| )(z)
6 (l)(�51 + 1)M 2l

R4(|∇v|l )(z) + M2
R4(|q| )(z)and onsequently

∫C1 MC1(|∇v|2) dz 6 (l)(�51 + 1) ∫
R4 M 2l

R4(|∇v|l ) dz +  ∫
R4 M2

R4(|q| ) dz:



LlogL-INTEGRABILITY OF THE VELOCITY GRADIENT 53Observe that MR4 is the usual non-entred maximal funtion with respetto paraboli ubes. Sine it enjoys the strong Lp-property, ompare [21℄
§I.3.1, the above inequality implies

∫C1 MC1(|∇v|2) dz 6 (l)(�51 + 1) ∫
R4 |∇v|2 2l dz +  ∫

R4 |q|2 2 dz
6 (l)(�51 + 1) ∫C′1 |∇v|2 dz +  ∫C′1 |q|2 dz <∞;hene Lemma 4.2 yields

∫C1 |∇v| log (e+ |∇v|(|∇v|)C1 )dz 6 29(l)(�51 + 1) ∫C′1 |∇v|2 dz + 29 ∫C′1 |q|2 dz:Returning to paraboli ylinders gives Theorem 2.6.
§5. Appendix IHere, we are going to prove (1.4). Indeed, we have(D∇u) : ∇v = ui;ldjlvi;j = ui;l�jlsvi;j!s:Sine ! is an BMO funtion, it suÆes to show that for any s = 1; 2; 3,the funtion x 7→ ui;l(x)�jlsvi;j(x)belongs to the Hardy spae and to �nd the orresponding estimates, om-pare e.g. §VII.3 of [20℄ about duality between Hardy and BMO spaes. Tothis end, let us �x a standard molli�er �% and onsider the funtionHs(x) := sup%>0 |(�% ? (ui;l�jlsvi;j))(x)|:Taking into aount properties of the Levi-Civita tensor, we haveHs(x) = sup%>0 |(�% ? (ui�jlsvi;j);l)(x)|;where u = u− [u℄B(x;%). After integration by parts and applying the esti-mate |∇�%| 6 %−4, we �ndHs(x) 6 sup%>0 % 1

|B(%)| ∫B(x;%) |u||∇v|dy
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6
%( 1

|B(%)| ∫B(x;%) |u|3dy) 13
×
( 1
|B(%)| ∫B(x;%) |∇v| 32 dy) 23 :Now, we an use Poinar�e-Sobolev inequality and pass to the standardentred (Hardy-Littlewood) maximal funtions, denoted by M , thus ob-tainingHs(x) 6  sup%>0( 1

|B(%)| ∫B(x;%) |∇u| 32 dy) 23( 1
|B(%)| ∫B(x;%) |∇v| 32 dy) 23

6 M 23 (|∇u| 32 )(x)M 23 (|∇v| 32 )(x):Integration over R
3, together with Lp-estimates for maximal funtionsgives us

‖Hs‖1 6 (∫
R3 M 43 (|∇u| 32 )(x)dx) 12 (∫

R3 M 43 (|∇v| 32 )(x)dx) 12
6 ‖∇u‖2‖∇v‖2;for any s = 1; 2; 3. Therefore, by de�nition, for any s = 1; 2; 3, Hs be-longs to the Hardy spae. Now, estimate (1.4) follows from duality betweenHardy and BMO spaes.

§6. Appendix IIHere we state an existene theorem for the Cauhy problem for system(1.1), ompare Remark 2.2. To this end we need to introdue ertain energyspaes. First, we letC∞0;0(
) = {v ∈ C∞0 (
) : divv = 0}and then
◦Jp(
) = [C∞0;0(
)℄Lp(
);

◦J1p(
) is the losure of the set C∞0;0(
) with respet to the semi-norm
|v|p;1;
 = (∫
 |∇v|pdx) 1p :If 
 = R

3, we shall drop 
 in the notation of the spaes. We denote R
3×R+briey by Q+.



LlogL-INTEGRABILITY OF THE VELOCITY GRADIENT 55Theorem 6.1. Given a divergene free drift b ∈ L∞(BMO)−1 and initialveloity u0 ∈ ◦J2, there exists a unique pair v and q satisfying the followingproperties:(i) v ∈ L∞(0;∞; ◦J2) ∩ L2(0;∞; ◦J12); q ∈ L2(Q+);(ii) v and q satisfy the problem (1.1) in the sense of distributions;(iii) the funtion t 7→ ∫

R3 v(x; t) · w(x)dxis ontinuous at any t > 0 for eah w ∈ L2(R3);(iv) ‖v(·; t) − u0(·)‖2 → 0 as t→ 0;(v) for all t > 012 ∫
R3 |v(x; t)|2dx+ t∫0 ∫R3 |∇v|2dxdt′ 6

12 ∫
R3 |u0|2dx;(vi) for all t > 0

∫

R3 '|v(x; t)|2dx+ 2 t∫0 ∫R3 '|∇v|2dxdt′= t∫0 ∫R3 (|v|2(�t + �)'− 2D∇v : v ⊗∇'+ 2qv · ∇')dxdt′for any non-negative ' ∈ C∞0 (Q+).The proof of the theorem relies essentially on the estimate (1.4). Observethat it is also appliable to the pressure equation
−�q = div (D∇v)hene gives the estimate for the pressure

‖q‖2;Q+ 6 ‖d‖L∞(BMO)‖∇v‖2;Q+ :Further details are standard.
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