
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 458, 2017 Ç.ï. í. æÏÍÅÎËÏï óòåäîéè òéóóá ëïüææéãéåî�ï÷äúå�á-æõîëãéê üðû�åêîá
§1. ÷×ÅÄÅÎÉÅ, ÒÅÚÕÌØÔÁÔÙòÁÓÓÍÏÔÒÉÍ ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÕÀ ÁÒÉÆÍÅÔÉÞÅÓËÕÀ ÆÕÎË�ÉÀr3(n) := |{n1; n2; n3 ∈ Z : n21 + n22 + n23 = n}|:ðÕÓÔØ A3(x) = ∑06n6x r3(n):ðÏÌÏÖÉÍ P3(x) := A3(x) − 43�x3=2:éÚ×ÅÓÔÎÏ, ÞÔÏ P3(x) = O(x21=32+") [1℄, P3(x) = 
±(x1=2√logx) [2℄.îÅÄÁ×ÎÏ Á×ÔÏÒ ÓÒÁ×ÎÉÔÅÌØÎÏ ÌÅÇËÏ ÄÏËÁÚÁÌ [3℄, ÞÔÏ

∑06n6xP3(n) = 23�x3=2 +	3(x);	3(x) = O(x5=4+"):�Å�ÅÒØ ÍÙ ÄÏËÁÚÙ×ÁÅÍ ÂÏÌÅÅ ÓÉÌØÎÙÊ ÒÅÚÕÌØÔÁÔ.�ÅÏÒÅÍÁ 1. ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ	3(x) = O(x log x):üÔÁ Ï�ÅÎËÁ �ÒÁËÔÉÞÅÓËÉ ÎÅÕÌÕÞÛÁÅÍÁ, �ÏÓËÏÌØËÕ ÉÚ ÓÆÏÒÍÕÌÉÒÏ-×ÁÎÎÙÈ ÎÉÖÅ ÒÅÚÕÌØÔÁÔÏ× (1.4) ÉÍÅÅÍlim supx→∞

	3(x)x = +∞;lim infx→∞

	3(x)x = −∞:ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÍÎÏÇÏÍÅÒÎÙÅ ÛÁÒÙ, ÄÚÅÔÁ-ÆÕÎË�ÉÉ ü�ÛÔÅÊÎÁ, ÓÒÅÄÎÉÅòÉÓÓÁ. 218



ï óòåäîéè òéóóá 219�ÅÏÒÅÍÁ 1 ÂÕÄÅÔ ÓÌÅÄÏ×ÁÔØ ÉÚ ÔÅÏÒÅÍÙ 2, × ËÏÔÏÒÏÊ ÉÚÕÞÁÀÔÓÑ �ÒÉ0 < � 6 1 ÓÒÅÄÎÉÅ òÉÓÓÁ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÄÚÅÔÁ-ÆÕÎË�ÉÉ ü�ÛÔÅÊÎÁ�3(s), D�(x; �3) := 1�(�+ 1) ∑n6x(x− n)�r3(n) (� > 0);ÚÄÅÓØ �3(s) = ∞∑n=1 r3(n)ns (� = Re s > 32): (1.1)èÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ, ÞÔÏ r3(n) = O(n1=2+"): (1.2)ðÒÉ ÜÔÏÍ " ÏÚÎÁÞÁÅÔ �ÒÏÉÚ×ÏÌØÎÏ ÍÁÌÏÅ �ÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ, ËÏÔÏÒÏÅÎÅ ÏÂÑÚÁÔÅÌØÎÏ ÏÄÎÏ É ÔÏ ÖÅ × ËÁÖÄÏÍ �ÏÑ×ÌÅÎÉÉ. éÚÕÞÅÎÉÀ ÓÒÅÄÎÉÈòÉÓÓÁ ÓÒÁÚÕ ÄÌÑ ÄÚÅÔÁ-ÆÕÎË�ÉÊ ü�ÛÔÅÊÎÁ�Q(s) = ∞∑n=1 rQ(n)n−s (Re s > k=2)�ÏÌÏÖÉÔÅÌØÎÙÈ Ë×ÁÄÒÁÔÉÞÎÙÈ ÆÏÒÍ Q ÏÔ k > 2 �ÅÒÅÍÅÎÎÙÈ Ó �ÅÌÙÍÉÒÁ�ÉÏÎÁÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ �ÏÓ×ÑÝÅÎÁ ÒÁÂÏÔÁ [4℄. óÆÏÒÍÕÌÉÒÕ-ÅÍ �ÏÌÕÞÅÎÎÙÊ ÔÁÍ ÒÅÚÕÌØÔÁÔ × ÓÌÕÞÁÅ k = 3, � > 0. éÍÅÅÍD�(x; �Q) := 1�(�+ 1) ∑′n6x(x − n)�rQ(n)= �x�+3=2�( 32 )�(�+ 52 ) + x��(�+ 1)�Q(0) + ��(x; �Q); (1.3)ÇÄÅ ��(x; �Q) = 
±(x1=2+�=2) (� > 0);��(x; �Q) = O((x1=2+�=2) (� > 1);�0(x; �Q) = O(x3=4):ðÏÓÌÅÄÎÑÑ Ï�ÅÎËÁ, �ÒÉÎÁÄÌÅÖÁÝÁÑ ìÁÎÄÁÕ, ÄÏ×ÅÄÅÎÁ ÄÏ O(x2=3+") ×ÒÁÂÏÔÅ [5℄. ÷ ÓÌÕÞÁÅ ��(x; �3), 0 6 � 6 1, × ÒÁÂÏÔÅ [6℄ �ÏÌÕÞÅÎÙ ÓÌÅÄÕ-ÀÝÉÅ 
±-ÒÅÚÕÌØÔÁÔÙ:lim supx→∞

��(x; �3)x1=2+�=2 = +∞; lim infx→∞

��(x; �3)x1=2+�=2 = −∞: (1.4)



220 ï. í. æïíåîëï�ÅÏÒÅÍÁ 2. æÏÒÍÕÌÁ (1.3) Ó�ÒÁ×ÅÄÌÉ×Á ÄÌÑ Q(x) = z21 + x22 + x23 ×ÓÌÕÞÁÅ 0 < � 6 1 Ó Ï�ÅÎËÏÊ ÏÓÔÁÔÏÞÎÏÇÏ ÞÌÅÎÁ��(x; �3) = 



O(x log x) (� = 1);O(x2=3+�=3+") (1=2) < � < 1);O(x3=4+�=4+") (0 < � 6 1=2): (1.5)ðÒÉ � = 1 ÉÚ (1.5) ÓÌÅÄÕÅÔ ÔÅÏÒÅÍÁ 1. äÅÊÓÔ×ÉÔÅÌØÎÏ, Ó×ÑÚØ 	3(x) É�1(x; �3) ÌÅÇËÏ ÕÓÍÁÔÒÉ×ÁÅÔÓÑ ÉÚ ÏÞÅ×ÉÄÎÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ (x { �ÅÌÏÅ�ÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ)
∑16n6x( ∑16m6n r3(m)) = ∑16m6x(x−m)r3(m):�ÅÏÒÅÍÁ 2 ÄÏËÁÚÙ×ÁÅÔÓÑ × §2. ÷ ÒÁÂÏÔÁÈ �Ï �ÒÏÂÌÅÍÅ ÛÁÒÁ (≡ �ÏÌÕ-ÞÅÎÉÅ ÎÁÉÌÕÞÛÅÊ Ï�ÅÎËÉ ÄÌÑ P3(x)) Á×ÔÏÒÙ (é. í. ÷ÉÎÏÇÒÁÄÏ×, þÅÎ,þÁÍÉÚÏ É é×ÁÎÅ�, èÉÓ{âÒÁÕÎ) ÉÓ�ÏÌØÚÏ×ÁÌÉ Ï�ÅÎËÉ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÙÈÓÕÍÍ ÔÉ�Á VK(R) = ∑n≍K r3(n)e(R√n);ÇÄÅ n ≍ K ÏÚÎÁÞÁÅÔ, ÞÔÏ 
1K < n < 
2K;
1, 
2 { ÎÅËÏÔÏÒÙÅ ËÏÎÓÔÁÎÔÙ.äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á (1.5) × ÓÌÕÞÁÅ 0 < � < 1 ÎÁÍ ÎÕÖÎÙ ÔÁËÉÅ ÖÅÏ�ÅÎËÉ.÷ §3 ÄÏËÁÚÁÎÙ ÔÅÏÒÅÍÙ 3{5, Ó×ÑÚÁÎÎÙÅ Ó ÒÁÓÓÍÏÔÒÅÎÎÙÍÉ ×ÙÛÅÆÁËÔÁÍÉ. éÚ ÏÂÝÉÈ ÔÅÏÒÅÍ ëÒÕ�ÉÞËÉ [7℄ ÓÌÅÄÕÅÔ, ÞÔÏx3=2 ≪

x∫0 |P3(y)| dy: (1.6)÷ ÔÅÏÒÅÍÅ 3 ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ ÄÏËÁÚÁÎ ÂÏÌÅÅ ÔÏÎËÉÊ ÒÅÚÕÌØÔÁÔ: Ó�ÒÁ-×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï x ≪
x+
̃x1=2∫x |�0(y; �3)| dy;ÇÄÅ 
̃ { ÎÅËÏÔÏÒÏÅ �ÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ. éÚ ÎÁÛÅÇÏ ÒÅÚÕÌØÔÁÔÁ ÓÌÅÄÕÅÔ,ËÓÔÁÔÉ, (1.6).



ï óòåäîéè òéóóá 221÷ ÔÅÏÒÅÍÅ 4 ÄÏËÁÚÁÎÏ ÎÁÌÉÞÉÅ ÄÌÑ 1=2 < � 6 1 �ÒÅÄÅÌØÎÏÇÏ ÒÁÓ�ÒÅ-ÄÅÌÅÎÉÑ Õ ×ÅÌÉÞÉÎÙ x−1=2−�=2��(x; �3).÷ ÔÅÏÒÅÍÅ 5 �ÏÌÕÞÅÎÁ ÎÏ×ÁÑ Ï�ÅÎËÁ Ó×ÅÒÈÕ ÉÎÔÅÇÒÁÌÁx∫0 P3(y) dyÉ ÁÓÉÍ�ÔÏÔÉÞÅÓËÁÑ ÆÏÒÍÕÌÁ ÄÌÑ ÓÕÍÍÙ
∑n6xn≡0 (mod p) P3(n)�ÒÉ ÒÁÓÔÕÝÅÍ x. ðÒÉ ÜÔÏÍ �ÒÏÓÔÏÅ p ÔÁËÖÅ ÍÏÖÅÔ ÒÁÓÔÉ. òÅÚÕÌØ-ÔÁÔ ÕÔÏÞÎÑÅÔ ÓÌÅÄÓÔ×ÉÅ 1 ÔÅÏÒÅÍÙ 3 [3℄ É ÔÅÏÒÅÍÕ 4 [3℄; ÄÏËÁÚÁÔÅÌØ-ÓÔ×Ï ÉÓ�ÏÌØÚÕÅÔ ÓÆÏÒÍÕÌÉÒÏ×ÁÎÎÕÀ ×ÙÛÅ ÔÅÏÒÅÍÕ 1. ÷ §4 �ÒÉ×ÅÄÅÎÏÕÔ×ÅÒÖÄÅÎÉÅ Ï ÓÕÍÍÁÈ òÉÓÓÁ ËÏÜÆÆÉ�ÉÅÎÔÏ× rk(n) ÄÚÅÔÁ-ÆÕÎË�ÉÉ ü�-ÛÔÅÊÎÁ �k(s) × ÓÌÕÞÁÅ k > 4.

§2. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2óÌÕÞÁÊ 1=2 < � 6 1. íÙ ÉÓ�ÏÌØÚÕÅÍ ÍÅÔÏÄ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅ-ÍÙ 12.4 ËÎÉÇÉ [8℄. ðÏ ÆÏÒÍÕÌÅ ÏÂÒÁÝÅÎÉÑ (ÓÍ, ÔÅÏÒÅÍÕ 3.1 ðÒÉÌÏ-ÖÅÎÉÑ × ËÎÉÇÅ [9, Ó. 376℄), �ÏÌÕÞÉÍ ÓÔÁÒÔÏ×ÕÀ ÆÏÒÍÕÌÕD�(x; �3) = I�(x; 32 + Æ)+O(T−�x 12+�+") +O(T−1−�x 32+�+Æ);ÇÄÅ T > 1, Æ { ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÏÅ �ÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ Ó Æ > " ÉI�(x; 32 + Æ) := 12�i 32+Æ+iT∫32+Æ−iT �(s)�(s+ �+ 1)�3(s)xs+� ds:ðÒÉ ÜÔÏÍ ÎÅÏÂÈÏÄÉÍÏ ÉÓ�ÏÌØÚÏ×ÁÔØ ÒÁÚÌÏÖÅÎÉÅ (1.1) É Ï�ÅÎËÕ (1.2).úÁÍÅÎÉÍ �ÕÔØ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ × I�(x; 32 + Æ) �ÒÑÍÏÕÇÏÌØÎÉËÏÍ, ÓÏÅÄÉ-ÎÑÀÝÉÍ ÔÏÞËÉ 3=2+Æ−iT ,−Æ−iT ,−Æ+iT É 3=2+Æ+iT . éÎÔÅÇÒÁÌÙ �ÏÇÏÒÉÚÏÎÔÁÌØÎÙÍ ÓÔÏÒÏÎÁÍ Ï�ÅÎÉ×ÁÀÔÓÑ �ÏÓÒÅÄÓÔ×ÏÍ Ï�ÅÎËÉ ×Ù�ÕËÌ-ÏÓÔÉ: �3(� + it) ≪ |t| 32+Æ−� (−Æ 6 � 6
32 + Æ):



222 ï. í. æïíåîëïåÓÌÉ ÉÓËÌÀÞÉÔØ ÏËÒÅÓÔÎÏÓÔÉ �ÒÏÓÔÙÈ �ÏÌÀÓÏ× × ÔÏÞËÁÈ s = 0, s = 3=2,ÔÏ ÎÁ ÏÓÔÁ×ÛÅÊÓÑ ÞÁÓÔÉ �ÒÑÍÏÕÇÏÌØÎÉËÁ Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ
∣∣∣∣

�(s)�(s+ �+ 1)�3(s)xs+�∣∣∣∣ ≪ |t|−1−�|t| 32+Æ−�x�+�:óÌÅÄÏ×ÁÔÅÌØÎÏ, ÍÙ �ÏÌÕÞÁÅÍ��(x; �3) = I�(x;−Æ) +O(T−�x 12+�+")+O(T−1−�x 32+�+Æ) +O(T 12−�+2Æx�−Æ):ðÒÉ Ï�ÅÎÉ×ÁÎÉÉ I�(x;−Æ) ÉÓ�ÏÌØÚÕÅÍ ËÌÁÓÓÉÞÅÓËÉÊ ÒÅÚÕÌØÔÁÔ ×ÁÎ ÄÅÒëÏÒ�ÕÔÁ [8, ÌÅÍÍÁ 4.3℄:ðÕÓÔØ F (x) É G(x) { ×ÅÝÅÓÔ×ÅÎÎÙÅ ÆÕÎË�ÉÉ, G(x)=F ′(x) ÍÏÎÏÔÏÎÎÁÉ F ′(x)=G(x) > m > 0, ÉÌÉ 6 −m < 0. �ÏÇÄÁ
∣∣∣∣

b∫a G(x)eiF (x) dx∣∣∣∣ 6
4m:ðÏÄÓÔÁ×ÌÑÑ ÆÕÎË�ÉÏÎÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ�(s)�s �3(s) = �( 32 − s)� 32−s �3(32 − s)× �ÏÄÉÎÔÅÇÒÁÌØÎÏÅ ×ÙÒÁÖÅÎÉÅ ÉÎÔÅÇÒÁÌÁ I�(x;−Æ), ÉÍÅÅÍI�(x;−Æ)= 12�i ∞∑n=1 r3(n)x�−Æ+iT∫

−Æ−iT �(s)�(s+ �+ 1) �( 32 − s)�(s) xsn 32−s�−
32+2s ds= 12�i ∞∑n=1 r3(n)x��−

32n−
32 −Æ+iT∫Æ−iT �(s)�(s+ �+ 1) �( 32 − s)�(s) (�2xn)s ds: (2.1)îÁ�ÏÍÎÉÍ ÎÅËÏÔÏÒÙÅ ËÌÁÓÓÉÞÅÓËÉÅ ÓÏÏÔÎÏÛÅÎÉÑ ÄÌÑ ÇÁÍÍÁ-ÆÕÎË-�ÉÉ �(s) [10, Ó. 37℄: × ËÁÖÄÏÊ �ÏÓÔÏÑÎÎÏÊ �ÏÌÏÓÅ �1 6 � 6 �2 �ÒÉÒÁÓÔÕÝÅÍ t > 1 ÒÁ×ÎÏÍÅÒÎÏ ÉÍÅÅÍ�(� + ti) = 
(�)e− �2 tt�− 12 eti(log t−1)(1 +O(1t ));�(� − ti) = �
(�)e− �2 tt�− 12 e−ti(log t−1)(1 +O(1t ));
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 = 
(�) ÏÔ t ÎÅ ÚÁ×ÉÓÉÔ É �
 = �
(�) { ËÏÍ�ÌÅËÓÎÏ ÓÏ�ÒÑÖÅÎÎÏÅ ÞÉÓÌÏ.óÌÅÄÏ×ÁÔÅÌØÎÏ, �ÒÉ t > 1�(s)�(s+ �+ 1) = 
(�; �) 1t1+� (1 +O(1t ));�( 32 − s)�(s) = �(( 32 − �)− it)�(� + it)= �
( 32 − �)e−�2 tt 32−�− 12 e−ti(log t−1)(1 +O( 1t ))
(�)e−�2 tt�− 12 eti(log t−1)(1 +O( 1t ))= C(�)t 32−2�ei2t(− log t+1)(1 +O(1t )):òÁÓÓÍÏÔÒÉÍ ÉÎÔÅÇÒÁÌJ := −Æ+iT∫

−Æ−iT �(s)�(s+ �+ 1) �( 32 − s)�(s) (�2xn)s ds:ðÏÓËÏÌØËÕ s = � + it, � = −Æ, ÔÏ(�2xn)s = (�2xn)−Æeit log(�2xn):ðÏÌÏÖÉÍ F (t) = 2t(− log t+ 1) + t log(�2xn);ÔÏÇÄÁ F ′(t) = log �2xnt2 :�ÏÞËÁÍÉ −Æ + i, −Æ − i ÏÔÒÅÚÏË [−Æ + iT;−Æ − iT ℄ ÒÁÚÂÉ×ÁÅÔÓÑ ÎÁ ÔÒÉÏÔÒÅÚËÁ. óÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÉÎÔÅÇÒÁÌ J ÒÁÚÂÉ×ÁÅÔÓÑ ÎÁ ÔÒÉ. ðÏÄÒÏÂÎÏÉÚÕÞÉÍ ÏÄÉÎ ÉÚ ÎÉÈ: J1 = −Æ+iT∫

−Æ+i A(s) ds;ÇÄÅ A(s) = �(s)�(s+ �+ 1) �( 32 − s)�(s) (�2xn)s:éÍÅÅÍ J1 = C(−Æ; �) 1(�2xn)Æ T∫1 eiF (t){G(t)(1 +O(1t ))} dt;



224 ï. í. æïíåîëïÇÄÅ G(t) = t 12+2Æ−�.ðÕÓÔØ T 2=(�2x) = N + 12 , ÇÄÅ N { �ÅÌÏÅ ÞÉÓÌÏ; ÒÁÓÓÍÏÔÒÉÍ ÞÌÅÎÙ Ón > N . ï�ÅÎÉ×ÁÅÍ T∫1 eiF (t)G(t) dt:éÍÅÅÍ F ′(t) > log nN + 1 :íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ 1=2+2Æ−� < 0; ÔÏÇÄÁ G(t) ÕÂÙ×ÁÅÔ ÎÁ [1; T ℄ ÏÔ 1ÄÏ T 12+2Æ−�. óÌÅÄÏ×ÁÔÅÌØÎÏ, 1=G(t) ×ÏÚÒÁÓÔÁÅÔ ÎÁ [1; T ℄ Ó ÍÉÎÉÍÁÌØÎÙÍÚÎÁÞÅÎÉÅÍ 1, �ÏÜÔÏÍÕ ÉÍÅÅÍF ′(t)=G(t) > log nN + 12 ;ÏÔËÕÄÁ, �Ï ÒÅÚÕÌØÔÁÔÕ ×ÁÎ ÄÅÒ ëÏÒ�ÕÔÁ,
∣∣∣

T∫1 eiF (t)G(t) dt∣∣∣ 6
4log nN+ 12 :ïÞÅ×ÉÄÎÏ,

∣∣∣
T∫1 eiF (t)G(t)O(1t ) dt∣∣∣ ≪ 1:éÍÅÅÍ, ÄÁÌÅÅ, J2 = −Æ+i∫

−Æ−i A(s) ds ≪ 1;óÌÕÞÁÊ J3 = −Æ−i∫

−Æ−iT A(s) dsÁÎÁÌÏÇÉÞÅÎ J1.òÑÄ (2.1) ÒÁÚÏÂØÅÍ ÎÁ Ä×Á:I�(x;−Æ) = ∑n6N+ ∑n>N :



ï óòåäîéè òéóóá 225ó �ÏÍÏÝØÀ ÔÏÌØËÏ ÞÔÏ �ÏÌÕÞÅÎÎÙÈ ÎÅÒÁ×ÅÎÓÔ× Ï�ÅÎÉ×ÁÅÍ ∑n>N. éÍÅÅÍ
∑n>N ≪

∑n>N x�−Æ r3(n)n3=2+Æ{ 1log{n=(N + 12 )} + 1} ≪ x�−Æ :óÕÍÍÕ ∑n6N �ÒÅÄÓÔÁ×ÉÍ × ×ÉÄÅ
∑n6N = 12�i ∑n6N r3(n)x��−3=2n−3=2 −Æ+i∞∫

−Æ−i∞ A(s) ds
− 12�i ∑n6N r3(n)x��−3=2n−3=2{ Æ+i∞∫

−Æ+iT A(s) ds+ −Æ−iT∫

−Æ−i∞ A(s) ds}=: K0 − {K1 +K2}:òÁÓÓÍÏÔÒÉÍ ÓÕÍÍÕ K1 É ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÉÎÔÅÇÒÁÌ
∞∫T eiF (t)G(t) dt:÷ ÓÉÌÕ ÒÅÚÕÌØÔÁÔÁ ×ÁÎ ÄÅÒ ëÏÒ�ÕÔÁ,

∣∣∣
∞∫T eiF (t)G(t) dt∣∣∣ ≪ T 1=2+2Æ−�log{(N + 1=2)=n}ÏÔËÕÄÁ K1 ≪ ∑n6N x�−Æ r3(n)n3=2+Æ ≪ x�−Æ :K2 Ï�ÅÎÉ×ÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ. óÌÅÄÏ×ÁÔÅÌØÎÏ,

∑n6N = K0 +O(x�−Æ):óÕÍÍÁ K0 �ÏÓÌÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ s → 3=2− s ÒÁ×ÎÁK0 = 1�� ∑n6N r3(n)(�n)3=2+� · 12�i 3=2+Æ+i∞∫3=2+Æ−i∞ �(3=2− s)�(3=2− s+ �+ 1) �(s)�(3=2− s)
×(�x · �n)3=2+�−s ds:



226 ï. í. æïíåîëïðÕÓÔØ � { ÏÒÉÅÎÔÉÒÏ×ÁÎÎÁÑ ÌÏÍÁÎÁÑ Ó ×ÅÒÛÉÎÁÍÉ × ÔÏÞËÁÈ −1=2−i∞, −1=2− i4, 4− i4, 4 + i4, −1=2 + i4 É −1=2 + i∞. �ÏÇÄÁ K0 ÍÏÖÎÏ�ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ 1�� ∑n6N r3(n)(�n)3=2+� · f�(�x · �n);ÇÄÅ f�(y) = 12�i ∫� �(3=2− s)�(3=2− s+ �+ 1) �(s)�(3=2− s)y3=2+�−s ds:ðÒÉ � ∈ [0; 1℄ ×ÅÌÉÞÉÎÁ f�(y) ÂÙÌÁ ×ÙÞÉÓÌÅÎÁ × [2℄. ÷ ÒÅÚÕÌØÔÁÔÅ, ÉÍÅÅÍK0 = e′0(�)x1=2+�=2 ∑n6N r3(n)(�n)1+�=2
× 
os{2�√nx− (1 + �=2)�}+O(x�=2): (2.2)óÏÂÉÒÁÑ ÄÏËÁÚÁÎÎÏÅ, ÉÍÅÅÍ �ÒÉ 1=2 < � 6 1��(x; �3) = K0 +O(x�−Æ) +O(T−�x1=2+�+") +O(T−1−�x3=2+�+Æ):ðÏÓËÏÌØËÕ T ≍ √x√N , ÔÏ��(x; �3) = K0 +O(x�−Æ) +O(x1=2+�=2+"N−�=2)+O(x1+�=2+ÆN−1=2−�=2): (2.3)ðÅÒÅÈÏÄÉÍ Ë ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÔÅÏÒÅÍÙ 2. ðÒÉ ÔÒÁËÔÏ×ËÅ ÓÌÕÞÁÅ×1=2 < � < 1 É 0 < � 6 1=2 ÎÁÍ �ÏÔÒÅÂÕÅÔÓÑ ÌÅÍÍÁ 3.1 [11℄:�ÕÓÔØ VK(R) = ∑n≍K r3(n)e(R√n);ÔÏÇÄÁ ÄÌÑ R > 1VK(R) ≪ R5=4+"+K"min{R3=8K15=16+R1=8K17=16; R7=24K49=48+R5=24K53=48}: (2.4)÷ÙÂÉÒÁÑ × (2.2) É (2.3) N = x2=3, ÄÅÌÉÍ ÉÎÔÅÒ×ÁÌ ÓÕÍÍÉÒÏ×ÁÎÉÑ ÎÁÞÁÓÔÉ 1 6 n 6 x1=3, x1=3 6 n 6 x2=3. ðÅÒ×ÕÀ ÓÕÍÍÕ Ï�ÅÎÉ×ÁÅÍ ÔÒÉ×É-ÁÌØÎÏ, Á ×ÔÏÒÕÀ { Ó �ÏÍÏÝØÀ (2.4).÷ ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÁÅÍ (1.5) ÄÌÑ 1=2 < � < 1.óÌÕÞÁÊ � = 1 ÔÒÁËÔÕÅÔÓÑ �ÏÓÒÅÄÓÔ×ÏÍ ÁÂÅÌÅ×Á ÓÕÍÍÉÒÏ×ÁÎÉÑ ÂÅÚ�ÏÍÏÝÉ (2.4).



ï óòåäîéè òéóóá 227óÌÕÞÁÊ 0 6 � 6 1=2. íÙ ÉÓ�ÏÌØÚÕÅÍ ÏÂÏÚÎÁÞÅÎÉÑ É ÒÅÚÕÌØÔÁÔÙ ìÁÕ[12℄. ëÁË É × [12℄, ×ÍÅÓÔÏ ÒÑÄÁ �3(s) ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÒÑÄ '3(s) =
∞∑n=1 r3(n)�−sn , ÇÄÅ �n = �n. òÏÌØ ��(x; �3) × (1.3) ÔÅ�ÅÒØ ÂÕÄÅÔ ÉÇÒÁÔØ��(y;'3). ðÕÓÔØ X > y > 
X , Z > 2y > 
Z, ÇÄÅ 0 < 
 < 1 { ÁÂÓÏÌÀÔÎÁÑËÏÎÓÔÁÎÔÁ.÷ ÔÅÏÒÅÍÅ 1 [12℄ ÄÏËÁÚÁÎÏ, ÞÔÏ��(y;'3) = E1;�(y;X) +R1;�(y;X;Z) +H1;�(y;X);ÇÄÅE1;�(y;X) = e0(�)y 12+ 12� 2∫1 ∑�n<uX r3(n)�1+�=2n

× 
os(2(�ny)1=2 + (−1− �=2)�)du;R1;�(y;X:Z) = 
0(�)y�=2 ∑�n<Z r3(n)�n
×

2∫1 ∞∫uX t−�=2−1 sin(2(y1=2 − �1=2n )t1=2 − ��2 ) dt du;H1;�(y;X) = e1(�)y 12� 2∫1 ∑�n<uX r3(n)�3=2+�=2n
× 
os(2(�ny)1=2 + (−1=2− �=2)�)du+O(1);ÚÎÁÞÅÎÉÑ e0(�), 
0(�) É e1(�) ÓÍ. × [12℄.÷ÅÌÉÞÉÎÕ E1;�(y;X) Ï�ÅÎÉ×ÁÅÍ Ó �ÏÍÏÝØÀ (2.4); �ÏÌÕÞÁÅÍE1;�(y;X) = O(y3=4+�=4):÷ R1;�(y;X;Z) ÉÎÔÅÇÒÁÌ 2∫1 ∞∫uX : : : dtdu = O(1);�ÏÓËÏÌØËÕ � > 0. óÌÅÄÏ×ÁÔÅÌØÎÏ,R1;�(y;X:Z) = O(y1=2+�=2):



228 ï. í. æïíåîëïîÁËÏÎÅ�, H1;�(y;X) = O(y�=2): �

§3. �ÅÏÒÅÍÙ 3{5�ÅÏÒÅÍÁ 3. ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ïx ≪
x+
̃x1=2∫x |�0(y; �3)|dy;ÇÄÅ 
̃ { ÎÅËÏÔÏÒÏÅ �ÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ. �Ï ÖÅ ÎÅÒÁ×ÅÎÓÔ×Ï Ó�ÒÁ-×ÅÄÌÉ×Ï ÄÌÑ P3(y).äÏËÁÚÁÔÅÌØÓÔ×Ï. íÙ ÉÓ�ÏÌØÚÕÅÍ ÍÅÔÏÄ �ÏÎÇÁ [13℄, ËÏÔÏÒÙÊ ÉÚÌÁÇÁ-ÅÔÓÑ ÔÁËÖÅ × ÒÁÂÏÔÅ [14℄.ðÒÅÄÓÔÁ×ÉÍ ÆÕÎË�ÉÏÎÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ ÄÌÑ �3(s) × ×ÉÄÅ12�i�3(32 − s) = f(�3; s)�3(s);ÇÄÅ f(�3; s) = 12�i� 32−s �(s)�( 32 − s) :òÁÓÓÍÏÔÒÉÍ �� (� = 0; 1; 2; 3; : : : ), ÏÒÉÅÎÔÉÒÏ×ÁÎÎÕÀ ÌÏÍÁÎÕÀ Ó ×ÅÒ-ÛÉÎÁÍÉ × ÔÏÞËÁÈ

−12 − �− i∞; − 12 − �− i(4 + �); 4 + �− i(4 + �);4 + �+ i(4 + �); − 12 − �+ i(4 + �); −12 − �+ i∞:÷×ÅÄÅÍ ÔÅ�ÅÒØ ×ÅÌÉÞÉÎÕ (ÏÓÎÏ×Õ ÍÅÔÏÄÁ �ÏÎÇÁ)I�3 ; �(n; x) = ∫�� x�+3=2−sn−sf(�3; s) �(3=2− s)�(�+ 1 + 3=2− s) ds;ÔÅÓÎÏ Ó×ÑÚÁÎÎÕÀ Ó ÆÕÎË�ÉÅÊ f�(y), ÉÚÕÞÅÎÎÏÊ èÁÆÎÅÒÏÍ [15℄ É ìÁÕ É�ÚÁÎÇÏÍ [2℄.ëÁË ÌÅÇËÏ ×ÉÄÅÔØ, I�3 ;�(n; x) = f�(�2nx)n3=2+� ;



ï óòåäîéè òéóóá 229ÇÄÅ (× ÏÂÏÚÎÁÞÅÎÉÑÈ [2℄) �ÒÉ � = 0; 1; 2; : : :f�(y) = ∑�=0;1 e�(�)y��−�=2 
os(hy1=2 + k�(�)�) +O(y��−1);O(: : : ) ÎÅ ÚÁ×ÉÓÉÔ ÏÔ �, ÅÓÌÉ � �ÒÉÎÁÄÌÅÖÉÔ ÆÉËÓÉÒÏ×ÁÎÎÏÍÕ ËÏÎÅÞÎÏ-ÍÕ ÉÎÔÅÒ×ÁÌÕ; �� = 1=2 + �=2, e0(�) = 1=√2� É e1(�) { Ë×ÁÄÒÁÔÉÞÎÙÊ�ÏÌÉÎÏÍ ÏÔ �2.ðÒÏÉÚ×ÏÄÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ×ÙÞÉÓÌÅÎÉÑ, �ÏÌÕÞÁÅÍ ÆÏÒÍÕÌÕI�3;�(n; x) = √�2 �� x1=2+�=2n1 + �=2 
os{2�√nx− (1 + �=2)�}+O{(�+ 1)2�� x�=2n3=2+�=2}; (3.1)ÇÄÅ � = 0; 1; 2; 3; : : : ; n = 1; 2; 3; : : : . îÁÍ ÎÅÏÂÈÏÄÉÍÙ ÔÁËÖÅ ÓÌÅÄÕÀÝÉÅÒÁ×ÅÎÓÔ×Á. ðÒÉ N > 0, �ÅÌÏÍ h > 2 É min(x; x + hy) > 0 ÉÍÅÅÍy∫0 : : : y∫0 �0(x+ y1 + · · ·+ yh; �3)dy1 : : : dyh = �3(0) · yh+ ∑n6N r3(n) y∫0 : : : y∫0 I�3;0(n; x+ y1 + · · ·+ yh)dy1 : : : dyh+ h∑l=0(−1)h−l (hl) ∑n>N r3(n)I�3 ;h(n; x+ ly); (3.2)�ÒÉ j = 0; 1; 2; : : : É min(u; u+ y) > 0 ÉÍÅÅÍy∫0 I�3;j(n; u+ y1)dy1 = I�3;j+1(n; u+ y)− I�3;j+1(n; u): (3.3)�Å�ÅÒØ ÍÏÖÎÏ �ÒÉÓÔÕ�ÁÔØ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ Ë ×Ù×ÏÄÕ ÔÅÏÒÅÍÙ 3, �ÒÉ-ÞÅÍ ÒÁ×ÅÎÓÔ×Á (3.1){(3.3) ÂÕÄÕÔ ÉÇÒÁÔØ ×ÁÖÎÕÀ ÒÏÌØ. ðÒÉ×ÅÄÅÍ ÓÔÁÒ-ÔÏ×ÏÅ ÓÏÏÔÎÏÛÅÎÉÅ. ðÕÓÔØ x 6 X 6 2x, 1 6 u 6 x, �ÅÌÏÅ h > 2;



230 ï. í. æïíåîëï×ÅÌÉÞÉÎÁ j = 0; 1 ×ÙÂÉÒÁÅÔÓÑ ÎÉÖÅ. éÍÅÅÍ(−1)j u∫0 { y∫0 : : : y∫0 �0(X + y1 + · · ·+ yh; �3)dy1 : : : dyh}dy= (−1)j u∫0 {�3(0) · yh + h∑l=0(−1)h−l (hl) ∞∑n=1 I�3;h(n;X + ly)}dy= (−1)h+ 1�3(0)uh+1 + u{(−1)j+hr3(1)I�3;h(1; X)+ (−1j+h ∞∑n=2 r3(n)I�3;h(n;X)}+ h∑l=1 (−1)j+h−ll (hl) ∞∑n=1 r3(n){I�3;h+1(n;X + lu)− I�3;h+1(n;X)}:ðÏÓËÏÌØËÕ �3(0) = −1, Á × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÉÓ�ÏÌØÚÕÅÔÓÑ �ÏÌÏÖÉÔÅÌØ-ÎÏÓÔØ ËÏÜÆÆÉ�ÉÅÎÔÁ �ÒÉ uh+1, ÍÙ �ÏÌÏÖÉÍ j = 1. úÁÔÅÍ �ÒÉÍÅÎÑÅÍÔÒÀË �ÏÎÇÁ (ËÏÔÏÒÙÊ ×ÏÓ�ÒÏÉÚ×ÅÄÅÎ, × ÞÁÓÔÎÏÓÔÉ, × [14℄), �ÒÉÞÅÍ �ÅÎ-ÔÒÁÌØÎÕÀ ÒÏÌØ ÉÇÒÁÅÔ ÆÏÒÍÕÌÁ (3.1). ðÏÌÕÞÁÅÍ ÎÅÒÁ×ÅÎÓÔ×Ï
′x1=2∫0 { y∫0 : : : y∫0 �0(Xq + y1 + · · ·+ yh; �3)dy1 : : : dyh}dy ≫ x1=2+(h+1)=2;ÇÄÅ Xq , x + 1 6 Xq 6 x + 2x1=2, h É 
′ > 0 ×ÙÂÉÒÁÀÔÓÑ Ó�Å�ÉÁÌØÎÙÍÏÂÒÁÚÏÍ. ïÔÓÀÄÁ ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ïx ≪
x+
̃x1=2∫x |�0(y; �3)|dy;ÇÄÅ 
̃ = h
′ + 2. ��ÅÏÒÅÍÁ 4. æÉËÓÉÒÕÅÍ �, 1=2 < � 6 1. ÷ÅÌÉÞÉÎÁ x−1=2−�=2��(x; �3)ÉÍÅÅÔ �ÒÅÄÅÌØÎÏÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÅ Ó �ÌÏÔÎÏÓÔØÀ p(�); ÉÎÁÞÅ ÇÏ×ÏÒÑ,ÄÌÑ ÌÀÂÏÇÏ ÉÎÔÅÒ×ÁÌÁ I Ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅX−1mes{x ∈ [1; X ℄ : x−1=2−�=2��(x; �3) ∈ I} −→

∫I p(�)d�



ï óòåäîéè òéóóá 231�ÒÉ X → ∞. ðÌÏÔÎÏÓÔØ p(�) É ÅÅ �ÒÏÉÚ×ÏÄÎÙÅ ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÓÌÏ-×ÉÀ ÕÂÙ×ÁÎÉÑ dkd�k P (�) ≪ (1 + |�|)−AÄÌÑ k = 0; 1; 2; : : : É ÌÀÂÏÊ ËÏÎÓÔÁÎÔÙ A, �ÒÉÞÅÍ ≪-ËÏÎÓÔÁÎÔÁ ÚÁ×É-ÓÉÔ ÏÔ A É k. ëÒÏÍÅ ÔÏÇÏ, p(�) �ÒÏÄÏÌÖÁÅÔÓÑ ÎÁ ×ÓÀ �ÌÏÓËÏÓÔØ CËÁË �ÅÌÁÑ ÆÕÎË�ÉÑ.äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ, ËÏÔÏÒÏÅ ÉÓ�ÏÌØÚÕÅÔ ÍÅÔÏÄ èÉÓ{âÒÁÕÎÁ[16℄, ÚÄÅÓØ ÎÅ �ÒÉ×ÏÄÉÔÓÑ. óÄÅÌÁÅÍ ÔÏÌØËÏ ÎÅÓËÏÌØËÏ ÚÁÍÅÞÁÎÉÊ. èÉÓ{âÒÁÕÎ, ÄÏËÁÚÙ×ÁÑ ÎÁÌÉÞÉÅ �ÒÅÄÅÌØÎÏÇÏ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ Õ ÆÕÎË�ÉÉ F (t),�ÒÅÄ�ÏÌÏÖÉÌ, ÞÔÏ F (t) Á��ÒÏËÓÉÍÉÒÕÅÔÓÑ × ÓÒÅÄÎÅÍ ÏÓ�ÉÌÌÉÒÕÀÝÉÍÒÑÄÏÍ (ÓÍ. �ÒÅÄ�ÏÌÏÖÅÎÉÅ (H) É ÂÏÌÅÅ ÔÏÎËÕÀ ÌÅÍÍÕ 1 × ÒÁÂÏÔÅ [16℄). ÷ÎÁÛÅÍ ÓÌÕÞÁÅ ÕËÁÚÁÎÎÁÑ Á��ÒÏËÓÉÍÁ�ÉÑ ÇÁÒÁÎÔÉÒÕÅÔÓÑ ÆÏÒÍÕÌÏÊ (2.3)�ÒÉ N = x:��(x; �3) = (2��=2)−1x1=2+�=2
×

∑n6x r3(n)(�n)1+�=2 
os{2�√nx− (1 + �=2)�}+O(x�−Æ);× ËÏÔÏÒÏÊ ÏÓÔÁÔÏÞÎÙÊ ÞÌÅÎ ÅÓÔØ o(x1=2+�=2) (ÓÒ. [16, Ó. 408{409℄.�ÅÏÒÅÍÁ 5. (i) x∫0 P3(y) dy ≪ x logx:(ii) ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ
∑16k6xP3(pk) = (1 + 2L(p)p−2)23�p1=2x3=2 +O((px)7=6);ÇÄÅ p > 2 { �ÒÏÓÔÏÅ ÞÉÓÌÏ, x ≫ p2; L(p) = 0, ÅÓÌÉ p = 2 ÉÌÉ p ≡ 1(mod 4); L(3) = 1; L(p) = p · h(−p), ÅÓÌÉ p > 7 É p ≡ 3 (mod 4),�ÒÉÞÅÍ h(−p) ÏÂÏÚÎÁÞÁÅÔ ÞÉÓÌÏ ËÌÁÓÓÏ× ÍÎÉÍÏÇÏ Ë×ÁÄÒÁÔÉÞÎÏÇÏ �ÏÌÑÄÉÓËÒÉÍÉÎÁÎÔÁ −p, O { ËÏÎÓÔÁÎÔÁ ÁÂÓÏÌÀÔÎÁÑ.äÏËÁÚÁÔÅÌØÓÔ×Ï ÓÌÅÄÕÅÔ ÒÁÓÓÕÖÄÅÎÉÑÍ ÒÁÂÏÔÙ [3℄ 
 ÉÓ�ÏÌØÚÏ×ÁÎÉ-ÅÍ ÔÅÏÒÅÍÙ 1 ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ; (i) É (ii) ÕÓÉÌÉ×ÁÀÔ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏÓÌÅÄÓÔ×ÉÅ 1 É ÔÅÏÒÅÍÕ 4 ÒÁÂÏÔÙ [3℄.
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§4. äÚÅÔÁ-ÆÕÎË�ÉÑ ü�ÛÔÅÊÎÁ �k(s), k > 4ðÕÓÔØ rk(n) ÏÚÎÁÞÁÅÔ ÞÉÓÌÏ �ÅÌÙÈ ÔÏÞÅË ÎÁ k-ÍÅÒÎÏÊ ÓÆÅÒÅ ÒÁÄÉÕÓÁ√n. ðÏÒÏÖÄÁÀÝÁÑ ÆÕÎË�ÉÑ�k(s) = ∞∑n=1 rk(n)n−s; k > 2;ÅÓÔØ ÄÚÅÔÁ-ÆÕÎË�ÉÑ ü�ÛÔÅÊÎÁ. �k(s) ÄÏ�ÕÓËÁÅÔ ÁÎÁÌÉÔÉÞÅÓËÏÅ �ÒÏÄÏÌ-ÖÅÎÉÅ ÎÁ ×ÓÀ ËÏÍ�ÌÅËÓÎÕÀ �ÌÏÓËÏÓÔØ Ó ÅÄÉÎÓÔ×ÅÎÎÏÊ ÏÓÏÂÅÎÎÏÓÔØÀ {�ÒÏÓÔÙÍ �ÏÌÀÓÏÍ Ó ×ÙÞÅÔÏÍ �k=2=�(k=2) × ÔÏÞËÅ s = k=2; �k(s) ÉÍÅÅÔÆÕÎË�ÉÏÎÁÌØÎÏÅ ÕÒÁ×ÎÅÎÉÅ�−s�(s)�k(s) = �−( k2−s)�(k2 − s)�k(k2 − s):òÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ ÒÁÚÌÏÖÅÎÉÑ ÓÒÅÄÎÉÈ òÉÓÓÁ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÆÕÎË�ÉÊ�k(s), k > 4: ��(x; �k) := 1�(�+ 1) ∑06n6x rk(n)(x − n)�

− �k=2xk=2+��(�+ 1 + k=2) − x��(�+ 1)�k(0) (� > 0)Ó rk(0) = 1 É k > 4. âÙÌÏ ÄÏËÁÚÁÎÏ × [4℄, ÞÔÏ ÅÓÌÉ � > 12 (k − 1), ÔÏ��(x; �k) = {O{x(k−1)=4+�=2};
±{x(k−1)=4+�=2};ÉÎÁÞÅ ÇÏ×ÏÒÑ, Ï�ÅÎËÉ ÏËÏÎÞÁÔÅÌØÎÙÅ.åÓÌÉ ÖÅ � 6 12 (k − 1), ÔÏ × [6℄ �ÏÌÕÞÅÎÙ ÔÏÌØËÏ ÏÍÅÇÁ-ÒÅÚÕÌØÔÁÔÙ:lim supx→∞

��(x; �k)x(k−1)=4+�=2 = +∞;lim infx→∞

��(x; �k)x(k−1)=4+�=2 = −∞:äÌÑ �ÏÌÎÏÔÙ ËÁÒÔÉÎÙ �ÒÉ×ÅÄÅÍ Ï�ÅÎËÉ ÄÌÑ Pk(x) (k > 4), ÏÓÔÁ-ÔÏÞÎÏÇÏ ÞÌÅÎÁ × ÆÏÒÍÕÌÅ ÓÞÅÔÁ ÞÉÓÌÁ �ÅÌÙÈ ÔÏÞÅË × k-ÍÅÒÎÏÍ ÛÁÒÅÒÁÄÉÕÓÁ √x. ÷ÁÌØÆÉÛ [17℄ �ÏËÁÚÁÌ, ÞÔÏP4(x) = O(x log2=3 x);



ï óòåäîéè òéóóá 233ÜÔÏ �ÏÞÔÉ ÏËÏÎÞÁÔÅÌØÎÁÑ Ï�ÅÎËÁ. ÷ ÓÌÕÞÁÅ k > 4 ÉÍÅÅÔÓÑ ÏËÏÎÞÁÔÅÌØ-ÎÙÊ ÒÅÚÕÌØÔÁÔ (÷ÁÌØÆÉÛ, ìÁÎÄÁÕ (ÓÍ. [10℄)):Pk(x) = O(x k2−1):÷ ÄÁÎÎÏÊ ÔÅÍÁÔÉËÅ ÎÁÍÉ �ÏÌÕÞÅÎÏ ÓÌÅÄÕÀÝÅÅðÒÅÄÌÏÖÅÎÉÅ 1. äÌÑ k > 4 É 1 6 � 6 12 (k − 1) Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ��(x; �k) = O(x�+(k−3)=2+"):äÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÉ×ÏÄÉÔÓÑ ×ËÒÁÔ�Å �ÏÓËÏÌØËÕ ÓÈÏÄÎÏÅ ÕÔ×ÅÒÖÄÅ-ÎÉÅ ×Ù×ÏÄÉÔÓÑ × ÎÁÛÅÊ ÒÁÂÏÔÅ [18, ÔÅÏÒÅÍÁ 1℄. óÄÅÌÁÅÍ ÔÏÌØËÏ ÎÅ-ÓËÏÌØËÏ �ÏÑÓÎÅÎÉÊ.úÁÄÁÞÁ Ó×ÏÄÉÔÓÑ Ë Ï�ÅÎËÅ ×ÅÌÉÞÉÎÙx�+� ∞∫

−∞

|�k(�+ it)|1 + t1+� dt; (4.1)ÇÄÅ � ×ÙÂÉÒÁÅÔÓÑ Ó�Å�ÉÁÌØÎÙÍ ÏÂÒÁÚÏÍ. éÚ ÒÅÚÕÌØÔÁÔÏ× ÒÁÂÏÔÙ [19,Ó. 218℄ ÓÌÅÄÕÅÔ, ÞÔÏ ÅÓÌÉ k > 3 É Æ > 0 { ËÏÎÓÔÁÎÔÁ, ÔÏ �ÒÉ ×Ù�ÏÌÎÅÎÉÉÎÅÒÁ×ÅÎÓÔ× 12 + "0 6
k − 12 − Æ 6

k − 12 − "0Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ1T 2T∫T ∣∣∣�k(k − 12 − Æ + it)∣∣∣ dt ≪ T Æ; (4.2)ÚÄÅÓØ "0 > 0 { ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÁÑ ËÏÎÓÔÁÎÔÁ. ðÕÓÔØ k > 4. ðÏÌÏÖÉÍÆ = 1 − "1, � = k−12 − Æ = k−32 + "1, ÇÄÅ × ÓÌÕÞÁÅ k = 4 "1 = "0, ÁÄÌÑ k > 5 "1 { ÓËÏÌØ ÕÇÏÄÎÏ ÍÁÌÁÑ �ÏÌÏÖÉÔÅÌØÎÁÑ ËÏÎÓÔÁÎÔÁ. �ÏÇÄÁÉÚ (4.2) ÓÌÅÄÕÅÔ ÓÈÏÄÉÍÏÓÔØ ÉÎÔÅÇÒÁÌÁ × (4.1). õÞÉÔÙ×ÁÑ ×ÙÂÒÁÎÎÏÅ �,ÄÏËÁÚÙ×ÁÅÍ ÕÔ×ÅÒÖÄÅÎÉÅ. �úÁÍÅÞÁÎÉÅ 1. ï�ÅÎËÉ �ÒÅÄÌÏÖÅÎÉÑ 1 ÎÅÏËÏÎÞÁÔÅÌØÎÙÅ. éÈ ÍÏÖÎÏÓÕÝÅÓÔ×ÅÎÎÏ ÕÌÕÞÛÉÔØ.
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ï óòåäîéè òéóóá 235�k(s) = ∞∑n=1 rk(n)n−s; k > 2;is Epstein's zeta-fun
tion. Let k = 3. We 
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±(x1=2+�=2) (� > 0):In §2 one proves that��(x; �3) = 




O(x log x) (� = 1);O(x2=3+�=3+") (1=2 < � < 1);O(x3=4+�=4+") (0 < � 6 1=2):In §3 one mentions a few examples for whi
h results of §2 are appli
able.In §4 one investigates Riesz means of the 
oeÆ
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