
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 458, 2017 Ç.î. ÷. ðÒÏÓËÕÒÉÎï ëõâéþåóëéè üëóðïîåîãéáìøîùè óõííáèé óõííáè çáõóóáäÌÑ ËÏÎÅÞÎÏÇÏ �ÏÌÑ Fq �ÏÒÑÄËÁ q, �ÕÓÔØ eq : Fq → C
? { ÎÅÔÒÉ×ÉÁÌØ-ÎÙÊ ÁÄÄÉÔÉ×ÎÙÊ ÈÁÒÁËÔÅÒ, � : F?q → C? { ÈÁÒÁËÔÅÒ ÍÕÌØÔÉ�ÌÉËÁÔÉ×-ÎÏÊ ÇÒÕ��Ù F?q �ÏÌÑ Fq. óÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÓÕÍÍÙ çÁÕÓÓÁ ÓÕÔØG(;�) = ∑z∈F?q eq(z)�(z) Ó  ∈ Fq (1)É, × ÞÁÓÔÎÏÓÔÉ, G(�) = G(1;�) = ∑z∈F?q eq(z)�(z): (2)åÓÌÉ q ≡ 1(mod 3), ÔÏ ÓÒÅÄÉ ÈÁÒÁËÔÅÒÏ× � ÇÒÕ��Ù F?q ÅÓÔØ Ä×Á ËÕ-ÂÉÞÅÓËÉÈ (Ô.Å. �ÏÒÑÄËÁ 3) ÈÁÒÁËÔÅÒÁ. ëÕÂÉÞÅÓËÉÍÉ ÎÁÚÙ×ÁÀÔ É ÓÏÏÔ-×ÅÔÓÔ×ÕÀÝÉÅ ÉÍ ÓÕÍÍÙ çÁÕÓÓÁ. óÌÅÄÕÑ ÓÔÁÎÄÁÒÔÎÏÊ �ÒÁËÔÉËÅ, �ÒÏ-ÄÏÌÖÉÍ ÈÁÒÁËÔÅÒÙ ÇÒÕ��Ù F?q ÄÏ ÆÕÎË�ÉÊ ÎÁ Fq, �ÏÌÁÇÁÑ �(0) = 1ÄÌÑ ÅÄÉÎÉÞÎÏÇÏ ÈÁÒÁËÔÅÒÁ � É �ÏÌÁÇÁÑ �(0) = 0 ÄÌÑ ×ÓÅÈ ÄÒÕÇÉÈ �.ðÏÌÏÖÉÍ C(w) = ∑z∈Fq eq(z3w − 3z) Ó w ∈ Fq; w 6= 0: (3)÷ ÜÔÏÊ ÓÔÁÔØÅ ÍÙ ×Ù×ÏÄÉÍ ÓÏÏÔÎÏÛÅÎÉÅ Ó×ÑÚÙ×ÁÀÝÅÅ ËÕÂÉÞÅÓËÉÅ ÜËÓ-�ÏÎÅÎ�ÉÁÌØÎÙÅ ÓÕÍÍÙ (3) Ó ËÕÂÉÞÅÓËÉÍÉ ÓÕÍÍÁÍÉ çÁÕÓÓÁ (1), (2).�ÅÏÒÅÍÁ. ðÕÓÔØ  { ËÕÂÉÞÅÓËÉÊ ÈÁÒÁËÔÅÒ �ÏÌÑ Fq, q ≡ 1(mod 3).äÌÑ ÌÀÂÙÈ a, b ∈ F?q ÉÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Ï1q ∑n∈F?q C(an)C(bn) (n) + 1q  (ab)G( )2 =  (ab) (a− b)G( ) (4)É, × ÞÁÓÔÎÏÓÔÉ, G( )2 = −

∑n∈F?q C(n)2  (n): (5)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÓÕÍÍÁ çÁÕÓÓÁ, ËÏÎÅÞÎÏÅ �ÏÌÅ, ËÕÂÉÞÅÓËÁÑ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÁÑÓÕÍÍÁ. 159



160 î. ÷. ðòïóëõòéîåÓÌÉ a = b, ÔÏ �ÒÁ×ÁÑ ÞÁÓÔØ (4) ÒÁ×ÎÁ 0, ÔÁË ËÁË  (0) = 0. æÏÒÍÕ-ÌÁ (5) ÅÓÔØ ÎÅ ÞÔÏ ÉÎÏÅ, ËÁË (4) Ó a = b = 1.÷×ÅÄ£Í × ÒÁÓÓÍÏÔÒÅÎÉÅ ÓÕÍÍÙ ëÌÏÓÔÅÒÍÁÎÁKl(w;�) = ∑x∈F?q eq(x−1 + wx)�(x)Ó �ÁÒÁÍÅÔÒÏÍ w ∈ Fq É Ó ÈÁÒÁËÔÅÒÏÍ � ÇÒÕ��Ù F?q . óÌÅÄÕÀÝÅÅ ÏÂÝÅÅÕÔ×ÅÒÖÄÅÎÉÅ ÄÏËÁÚÁÎÏ × ÒÁÂÏÔÅ Á×ÔÏÒÁ [1℄.ðÕÓÔØ � É � { ÈÁÒÁËÔÅÒÙ ÇÒÕ��Ù F?q , � = ��. �ÏÇÄÁ1q ∑n∈F?qKl(an;�)Kl(bn; �)�(n) + 1q G(a;�)G(b; �) = G(; �) (6)ÄÌÑ ×ÓÅÈ a; b ∈ Fq Ó ab 6= 0,  = a− b.äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á (4) ÍÙ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÜÔÏÊ ÆÏÒÍÕÌÏÊ Ó ËÕÂÉ-ÞÅÓËÉÍÉ ÈÁÒÁËÔÅÒÁÍÉ � É �. ðÒÉ ÜÔÏÍ ÓÕÍÍÙ ëÌÏÓÔÅÒÍÁÎÁ ÍÏÇÕÔÂÙÔØ ×ÙÒÁÖÅÎÙ ÞÅÒÅÚ ËÕÂÉÞÅÓËÉÅ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÙÅ ÓÕÍÍÙ ÓÌÅÄÕÀ-ÝÅÊ ÆÏÒÍÕÌÏÊ, �ÒÉÎÁÄÌÅÖÁÝÅÊ é×ÁÎ�Õ É äÀËÕ [2℄.ðÕÓÔØ  { ËÕÂÉÞÅÓËÉÊ ÈÁÒÁËÔÅÒ �ÏÌÑ Fq , q ≡ 1(mod 3). �ÏÇÄÁKl(w; ) =  (w)C(w) Ó ÌÀÂÙÍ w ∈ Fq; w 6= 0: (7)÷ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÜÔÏÊ ÆÏÒÍÕÌÙ, ÄÁÎÎÏÍ × [2℄, ÓÕÝÅÓÔ×ÅÎÎÕÀ ÒÏÌØÉÇÒÁÅÔ ÓÏÏÔÎÏÛÅÎÉÅ äÜ×ÅÎ�ÏÒÔÁ{èÁÓÓÅ.ðÕÓÔØ  É  { ËÕÂÉÞÅÓËÉÅ ÈÁÒÁËÔÅÒÙ ÇÒÕ��Ù F?q , q ≡ 1(mod 3).òÁÓÓÍÏÔÒÉÍ (6)  � =  , � =  , � =  2 =  . äÌÑ ÓÕÍÍ çÁÕÓÓÁ × (6)ÉÍÅÅÍ G(; �) =  (a− b)G( );G(a;�)G(b; �) =  (ab)G( )G( );ÔÁË ËÁË G(; �) = �()G(�) ÄÌÑ ×ÓÅÈ  ∈ Fq É ×ÓÅÈ ÈÁÒÁËÔÅÒÏ× �, ÉÓ-ËÌÀÞÁÑ ÅÄÉÎÉÞÎÙÊ. �ÁËÖÅ, ÓÍ. [4℄, ÅÓÌÉ ÈÁÒÁËÔÅÒ � ÎÅ ÅÄÉÎÉÞÎÙÊ,ÉÍÅÅÍ G(�) = �(−1)G(�) É |G(�)|2 = q:



ï ëõâéþåóëéè üëóðïîåîãéáìøîùè óõííáè 161÷ ÞÁÓÔÎÏÓÔÉ, G( ) = G( ), ÔÁË ËÁË  (−1) = 1. ðÒÉÎÑ× ÜÔÏ ×Ï ×ÎÉÍÁ-ÎÉÅ, ÍÙ ÍÏÖÅÍ �ÅÒÅ�ÉÓÁÔØ (6) ËÁË11q ∑n∈F?qKl(an; )Kl(bn; ) (n) + 1q  (ab)G( )2 =  (a− b)G( ): (8)ðÒÉÍÅÎÅÎÉÅÍ ÆÏÒÍÕÌÙ (7)   É Ó  , ÍÙ ÎÁÈÏÄÉÍ, ÞÔÏ ÓÕÍÍÁ �Ï n ×ÌÅ×ÏÊ ÞÁÓÔÉ (8) ÒÁ×ÎÁ
∑n∈F?qC(an)C(bn) (abn): (9)ðÏÄÓÔÁ×É× (9) × ÆÏÒÍÕÌÕ (8) É ÕÍÎÏÖÉ× ×ÓÅ ËÏÍ�ÏÎÅÎÔÙ ÆÏÒÍÕÌÙ ÎÁ (ab), �ÏÌÕÞÁÅÍ1q ∑n∈F?qC(an)C(bn) (n) + 1q  (ab)G( )2 =  (ab) (a− b)G( ) (10)É, × ÞÁÓÔÎÏÓÔÉ, �ÒÉ a = b = 1,

∑n∈F?q |C(n)|2  (n) = −G( )2: (11)ïÞÅ×ÉÄÎÏ, ×ÓÅ ÓÕÍÍÙ (3) ×ÅÝÅÓÔ×ÅÎÎÙÅ. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á (4) É (5)ÏÓÔÁ£ÔÓÑ ÚÁÍÅÎÉÔØ C(bn) É |C(n)|2 ÎÁ C(bn) É C(n)2 × (10) É × (11).îÁÛÉÍ ÆÏÒÍÕÌÁÍ ÍÏÖÎÏ ÄÁÔØ ÉÎÏÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï, ÎÅ ÉÓ�ÏÌØÚÕ-ÀÝÅÅ ÓÕÍÍÙ ëÌÏÓÔÅÒÍÁÎÁ. ÷ÙÞÉÓÌÉÍ, ÎÁ�ÒÉÍÅÒ, ÌÅ×ÕÀ ÞÁÓÔØ × (11).÷ÍÅÓÔÏ ÓÕÍÍ ëÌÏÓÔÅÒÍÁÎÁ É ÆÏÒÍÕÌ (6) É (7) ÎÁÍ ÂÕÄÕÔ ÎÕÖÎÙ ÓÕÍÍÙñËÏÂÉ É ÆÏÒÍÕÌÙ (12) É (13).åÓÌÉ  { ËÕÂÉÞÅÓËÉÊ ÈÁÒÁËÔÅÒ ÇÒÕ��Ù F
?q , q ≡ 1 (mod 3), ÔÏ1q G( )3 = J( ;  ) (12)Ó ÓÕÍÍÏÊ ñËÏÂÉ × �ÒÁ×ÏÊ ÞÁÓÔÉ.îÁ�ÏÍÎÉÍ, ÞÔÏ ÓÕÍÍÁ ñËÏÂÉ J(�; �), ÄÌÑ �ÁÒÙ ÈÁÒÁËÔÅÒÏ× � É �ÇÒÕ��Ù F?q , Ï�ÒÅÄÅÌÑÅÔÓÑ ÒÁ×ÅÎÓÔ×ÏÍJ(�; �) = ∑z∈Fq �(z) �(1− z):1÷ [3℄ (ÌÅÍÍÁ 6) ÄÏËÁÚÁÎÁ ÆÏÒÍÕÌÁ, ËÏÔÏÒÁÑ, Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÏÂÏÚÎÁÞÅÎÉÊ, Ñ×ÌÑ-ÅÔÓÑ ÞÁÓÔÎÙÍ ÓÌÕÞÁÅÍ (8) ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÍ �ÒÏÓÔÏÍÕ q É a = b = 1.



162 î. ÷. ðòïóëõòéîó×ÏÊÓÔ×Á ÓÕÍÍ ñËÏÂÉ, ×ËÌÀÞÁÑ ÆÏÒÍÕÌÕ (12), ÓÍ. × [4℄. åÝ£ ÏÄÎÁ ÎÕÖ-ÎÁÑ ÎÁÍ ÆÏÒÍÕÌÁ ÄÏËÁÚÁÎÁ × [5℄.ðÕÓÔØ  { ËÕÂÉÞÅÓËÉÊ ÈÁÒÁËÔÅÒ ÇÒÕ��Ù F?q , q ≡ 1(mod 3). ó ÌÀÂÙ-ÍÉ a; d; ; d ∈ Fq ÉÍÅÅÍ
∑z∈Fq  (az3 + bz2 + z + d) = − (a) + h (�) J( ;  ); (13)ÇÄÅ � = b22 + 18abd− 4a3 − 4b3d − 27a2d4 ÅÓÔØ ÄÉÓËÒÉÍÉÎÁÎÔ ÂÉ-ÎÁÒÎÏÊ ËÕÂÉÞÅÓËÏÊ ÆÏÒÍÙ au3 + bu2v + uv2 + dv3 É h = 1, ÅÓÌÉ �ÏÌÅÒÁÚÌÏÖÅÎÉÑ ÜÔÏÊ ÆÏÒÍÙ ÅÓÔØ Fq ÉÌÉ Fq3 , h = −1, ÅÓÌÉ �ÏÌÅ ÒÁÚÌÏÖÅ-ÎÉÑ ÜÔÏÊ ÆÏÒÍÙ ÅÓÔØ Fq2 .ïÂÒÁÔÉÍÓÑ Ë ÌÅ×ÏÊ ÞÁÓÔÉ ÆÏÒÍÕÌÙ (11). éÍÅÅÍ

∑n∈F?q |C(n)|2 (n) = ∑n∈F?q {

∑y∈Fq eq(y3n − 3y)}{

∑z∈Fq eq(z3n − 3z)} (n)= ∑y;z∈Fq eq(−3y + 3z) ∑n∈F?q eq( y3n −
z3n ) (n)= ∑y;z∈Fq eq(−3y + 3z) ∑m∈F?q eq(m(y3 − z3)) (m)= ∑y;z∈Fq eq(−3y + 3z)G(y3 − z3; ) = G( )R( ); (14)ÇÄÅ �ÏÌÏÖÅÎÏ R( ) = ∑y;z∈Fq eq(−3y + 3z) (y3 − z3):÷ �ÏÓÌÅÄÎÅÊ ÓÕÍÍÅ ×ÙÄÅÌÉÍ ÓÌÁÇÁÅÍÙÅ Ó z = 0 É ÓÄÅÌÁÅÍ ÚÁÍÅÎÕ y = zu× ÓÌÁÇÁÅÍÙÈ Ó z 6= 0. �ÁË ÎÁÈÏÄÉÍR( ) = ∑y∈Fq eq(−3y) (y3) + ∑u;z∈Fqz 6=0 eq(−3zu+ 3z) (z3u3 − z3)= ∑y∈Fqy 6=0 eq(−3y) + ∑u;z∈Fqz 6=0 eq(−3zu+ 3z) (u3 − 1)= −1 + ∑u∈Fq  (u3 − 1) ∑z∈Fqz 6=0 eq(3z(1− u))



ï ëõâéþåóëéè üëóðïîåîãéáìøîùè óõííáè 163= −1− ∑u∈Fq  (u3 − 1) = −J( ;  ); (15)ÇÄÅ �ÏÓÌÅÄÎÅÅ ÒÁ×ÅÎÓÔ×Ï �ÏÌÕÞÅÎÏ �ÒÉÍÅÎÅÎÉÅÍ ÆÏÒÍÕÌÙ òÁÊÔÁ (13).éÚ (14) É (15) ÓÌÅÄÕÅÔ, ÞÔÏ ÌÅ×ÁÑ ÞÁÓÔØ × (11) ÒÁ×ÎÁG( ) J( ;  ): (16)�ÁË ËÁË G( ) = G( ) É |G( )|2 = q, ÉÚ ÆÏÒÍÕÌÙ (12) ÓÌÅÄÕÅÔ, ÞÔÏ (16)ÒÁ×ÎÏ G( )2, ËÁË É ÕÔ×ÅÒÖÄÁÅÔÓÑ × (11).ìÉÔÅÒÁÔÕÒÁ1. î. ÷. ðÒÏÓËÕÒÉÎ, ï ÓÕÍÍÁÈ ëÌÏÓÔÅÒÍÁÎÁ Ó ÈÁÒÁËÔÅÒÁÍÉ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ.ðïíé 302 (2003), 96{106. (English translation: Convolutions of twisted Klooster-man sums, Journal of Mathematial Sienes, 129, No. 3, 2005)2. W. Duke, H. Iwanie, A relation between ubi exponential and Kloosterman sums.| Contemporary Mathematis 143 (1993), 255{258.3. J. Booher, A. Etropolski, and A. Hittson, Evaluations of ubi twisted Kloostermansheaves. | International J. Number Theory 6 (2010), 1349{1365.4. K. Ireland, M. Rosen, A lassial introdution to modern number theory, Seond eq.Grad. Texts in Math., 84. Springer-Verlag, 1990.5. D. J. Wright, Cubi harater sums of ubi polynomials. | Pro. Amer. Math. So.100, No. 3 (1987), 409{413.Proskurin N. V. On ubi exponential sums and Gauss sums.Let eq be a nontrivial additive harater of a �nite �eld Fq of order q ≡ 1(mod 3), and let  be a ubi multipliative harater of Fq,  (0) = 0.Consider the ubi Gauss sum and the ubi exponential sumG( ) = ∑z∈Fq eq(z) (z); C(w) = ∑z∈Fq eq(z3w − 3z); w ∈ Fq; w 6= 0:For all nonzero a; b ∈ Fq, it is proved that1q ∑n C(an)C(bn) (n) + 1q  (ab)G( )2 =  (ab) (a− b)G( );where summation runs over all nonzero n ∈ Fq.ðÏÓÔÕ�ÉÌÏ 13 ÓÅÎÔÑÂÒÑ 2017 Ç.ó.-ðÅÔÅÒÂÕÒÇÓËÏÅ ÏÔÄÅÌÅÎÉÅíÁÔÅÍÁÔÉÞÅÓËÏÇÏ ÉÎÓÔÉÔÕÔÁÉÍ. ÷. á. óÔÅËÌÏ×Á òáîE-mail : np�pdmi.ras.ru


