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AN INVERSE FACTORIAL SERIES FOR A GENERAL
GAMMA RATIO AND RELATED PROPERTIES OF
THE NORLUND-BERNOULLI POLYNOMIALS

ABsSTRACT. We find an inverse factorial series expansion for the ra-
tio of products of gamma functions whose arguments are linear func-
tions of the variable. We give a recurrence relation for the coefficients
in terms of the Ngrlund—Bernoulli polynomials and determine quite
precisely the half-plane of convergence. Our results complement nat-
urally a number of previous investigations of the gamma ratios which
began in the 1930ies. The expansion obtained in this paper plays a
crucial role in the study of the behavior of the delta-neutral Fox’s H
function in the neighborhood of it’s finite singular point. We further
apply a particular case of the inverse factorial series expansion to de-
rive a possibly new identity for the Ngrlund—Bernoulli polynomials.
Bibliography: 49 titles.

§1. INTRODUCTION

For a given complex sequence by, by, b, . .. the inverse factorial series is
defined by
> bpn! >
Q(Z) = Z = an(Z,TL+].), (1)
n=0 (Z)n+1 n=0

where (2)p11 = 2(z+1)--- (2 + n) and B(z,y) is Euler’s beta function.
Certain variations in the denominator are possible: for instance, one can
consider (z + a)p41 or z(z +w) -+ (z+wn) or I'(z +a+ n)/T(z +b) in
place of (2),+1 for some (usually real) numbers a,b and w > 0. This type
of series had been used already by Stirling around 1730, but their rigorous
theory was developed around the turn of 20th century by Landau [21],
Ngrlund [28,29] and Nielsen [27]. See also [22, Chap. X] for detailed ac-
count of this theory or [33, Sec. 4.7] and [45, Sec. 46] for a more concise
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introduction. If the series in (1) converges for some value of z, then its do-
main of convergence has the form {z : Rez > A}\{0,—1, ...} for some real
X called the abscissa of convergence. As the sequence {(2),},}5%, is an
asymptotic sequence for |z| — oo in {z : | arg(z)| < m —e}, the series (1) is
an asymptotic series as |z| — oo regardless of its convergence. The idea to
convert the Poincaré asymptotic series > a2 ~* into a convergent inverse
factorial series goes back at least to 1912 paper of G. N. Watson [44]. It
has been revived more recently in [10] and [46] and combined with Borel-
Laplace summation in the former reference. Inverse factorial series play an
important role in solution of difference equations [9, 29].

In this note we exploit similar ideas (resummation of Poincaré type
series into convergent inverse factorial series) to derive the inverse factorial
series expansion of the function

ﬁ F(AkZ + ak)
W) = p @
1:[ F(B]Z + b])

with explicit formulas for the coefficients and precise determination of the
convergence domain. Here Aj, B; are positive, while a, b; are complex
numbers, p = 12[ A,‘?’“ 12[ B]-_Bj. This expansion was instrumental in the
k=1 j=1
study of the behavior of Fox’s H function H2:)(t) (defined below) in the
neighborhood of the singular point ¢ = p undertaken by us in [18]. Hence,
this note also fills a gap in the proof of [18, Theorem 1]. The problem of
expanding the function W (z) and its particular cases in inverse factorial
series has been considered previously by a number of authors. Probably,
the first appearance of such expansion is in Ford’s book [13], where the in-
verse factorial series for W(z) with p=¢ =2, A1 = Ao = By = By = 1/2
and a1 + as = by + b2 was found and proved to be asymptotic. No ex-
plicit formulas for the coefficients were given. This was improved by Van
Engen in [42], where the author found the coefficients in Ford’s expan-
sion and removed the restriction a; + a; = by + by. The general ratio
W (z) was first considered by Wright in the sequel [47,48]. He proved that
there exists a series in reciprocal gamma functions asymptotic to the func-
tion W(z) under very general assumptions. Wright only gave a formula
for the first coefficient, but mentioned that further coefficients could also
be computed. Similar result was later proved by Hughes in [15] under
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the natural additional restriction Xp: A = zq: Bj and using the standard
k=1 j=1

inverse factorial series (1). In his milestone work [30] Ngrlund deduced
an inverse factorial series expansion of the function (2) when p = ¢ and
Ay = B, = 1, k = 1,...,p, and proved its convergence in the intersec-
tion of the half planes Re(z + ax) > 0, k = 1,...,p. He also gave two
different methods to compute the coefficients in this expansion. In a se-
ries of papers [35-37] Riney studied the function (2) for p < ¢+ 1 and
Aij=B,=1,j=1,...,p, k=1,...,q9. He gave an asymptotic series for
this function in terms of gamma ratios, of which standard factorial series
is a particular case, and presented several methods to compute the coeffi-
cients. Riney’s investigations were complemented by van der Corput [41],
who considered the opposite case ¢ < p+ 1, and Wright [49], who sug-
gested further methods for calculating the coefficients. Braaksma [3] again
considered the general case of (2) and proved that there exists a series in
reciprocal gamma functions asymptotic to W (z). He also gave an explicit
formula for the principal term. This result of Braaksma (which is just a
technical tool in his deep investigation of Mellin-Barnes integrals) is, in
fact, a modification of the earlier work by Wright [47,48] mentioned above.
A survey of some of the above work is given in Sec. 2.2 of the book [33]
by Paris and Kaminski, where one can also find explicit proofs and sev-
eral examples. Independently, Gupta and Tang [14] presented a series in
gamma ratios for W (z) when zp: Ay = Xq: B; and gave certain recursions
k=1 j=1
for computing the coefficients. They also claim convergence but gave no
real proof of this claim. Further details about their work can be found in
the introduction to our paper [18].

In the present paper we combine some ideas from [14] with Borel-
Laplace summation to give a rigorous proof of convergence and formulas for
the coefficients for the inverse factorial series expansion of W (z) under the

» a

assumption > Ay = > Bj;. This is done in Sec. 3 of this paper. Further-
k=1 j=1

more, in Sec. 4 we apply the inverse factorial series for a simplest particular

case of (1) to derive a presumably new identity for the Ngrlund—Bernoulli

polynomials. The main results presented in Secs. 3 and 4 are preceded by

the preliminaries expounded in Sec. 2.
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§2. PRELIMINARIES

A function f(z) of a complex variable z is said to possess a Poincaré
type asymptotic expansion in an unbounded domain D if

n—1

() =Y 25+ Ra(?) 3)
k=0

and R,(z) = O(z7") as D 5 z — oo. If this holds for all natural n it is
customary to write

(o)
a .
f(z)NE —]Ij as z— oo in D.
z
k=0

The asymptotic expansion of f(z) is said to be Gevrey-1 (or Gevrey of

order 1), if there exist the numbers M, 7 > 0 such that for all z € D and all

positive integers n the error term R, (z) in (3) satisfies [23, Definition 5.21],

[8, Definition 4.130]

Mr™n!
|2[™

It is convenient to introduce the following class of functions.

[Bn(2)] < (4)

Definition. We will say that f belongs to the class G if f possesses a
Gevrey-1 expansion in some right half-plane Rez > X = A(f).

Let us list some properties of the class G required in the sequel. The
proofs are either straightforward from the above definition or are given
reference to.

Property 1 (linearity).If f € Gand g € G, then f4+g € Gandaf(z) € G
for arbitrary complex a # 0.

Property 2 (shifting and dilating invariance). If f € G, then
f(Az+a) € G for A > 0 and arbitrary complex a.

Property 3 (invariance under taking exponential) If f(z) € G, then
exp{f(z)} € G (see [43, pp. 288, 293] for a proof).

Property 4. If f € G and ap =0 in (3), then zf(z) € G.

Property 5. If f € G, then f(z)/z € G.

Property 6. If ¢(z) is holomorphic in the neighborhood of z = 0, then
f(z) = p(a/z) € G for arbitrary complex a # 0.

To demonstrate the last property apply Cauchy estimates to the Taylor
coefficients ay, of p(2) to get |ax| < M/r*, where r is strictly less than



AN INVERSE FACTORIAL SERIES 139

the radius of convergence of the Taylor series of p(z) at z = 0 and M =

|m|a<x |o(w)|. This leads to the following estimate of the Taylor remainder

)
E akzk
k=n

for |z| < Br and arbitrary 8 € (0,1). Hence,

< z[r]! = <
o L = S < ma-

ola/2) = 3 ar(a/)" + Qu(a/2)
k=0

and
Mla/r|™
Qn(a/z)| < ———— for |z| >
@ula/2)] < Tl or |
so that (4) is trivially satisfied.

We will need the next well-known lemma relating the coefficients of an
asymptotic series of a function with those of its exponential. Essentially,
the result contained in this lemma appeared in [24, Appendix]. Later,
an independent derivation was given in [16, Lemma 1]. It has also been
discussed recently in [34], where further references are given. Surprisingly,
references [24] and [16] do not appear in [34].

lal

pr’

—k

o0
Lemma 1. Suppose g(z) ~ > urz™" as z — co. Then
k=1

exp{g(2)} ~ > vz,
r=0

where the coefficients are found from
1 T
=1 v,=- Zkukvr,k.
"=

Alternatively,
u’flué” N e 1 -
T DI i Sl ol B Sl | P
ki+2ko+-Frk.=r n=1 ki+kot-+kn=ri=1

k; >0 ki1
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Remark. Nair [24, Sec. 8] found a determinantal expression for v, which
in our notation takes the form

det(Q,.) -
r = - ) Q. = [wi,j]i7j:17
wi—jr1 (i —J+DE-DY/G -1, i>7,
Wij = *1, Z:.Jf]-a
0, 1<j—1.

Various forms of the next classical theorem can be found in [8, The-
orem 4.136], [10, Thereom 2.2], [12, paragraph 6], [23, Sec. 5.7.3], [26]
and [39].

Theorem 1 (Watson—Nevanlinna—Sokal). Suppose f(z) is holomorphic in
Cr ={z:Re(1/z) > r~'} and can be written as

)= 3 ans + Ra(2) )
k=0

with the error term satisfying |R, (2)| < M1"n!|z|", where M is indepen-
dent of n and z € C,.. Then its Borel transform

o k

Oékt
Bl =2 5

k=0
converges for |t| < 1/7 and can be extended analytically to the domain
S; = {t: dist(t,RT) < 1/7} to a function satisfying

|B(#)] < K exp(|t|/r) (6)

for some positive K. Furthermore, f can be recovered by the (convergent)

integral
oo

/e*t/ZB(t) dt. (7)
0

Conversely, if B(t) is holomorphic in S, (7' < T) and satisfies (6), then
the function f(z) defined by the integral (7) is holomorphic in C, and has
Gevrey-1 a symptotic approzimation (5) with uniform error bound in C,,
where oy, = B (t) |t=0-

f(z) =

N | =

The next theorem can be found in [28, Theorem VIII], [29, p. 267] and
[45, Theorem 46.2].
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Theorem 2 (Ngrlund). Suppose Q(2) satisfies the following conditions:

1) Q(z) = a/z+v(2)/[2(2+1)], where v(z) is holomorphic and bounded
in some right half-plane Rez > k.

2) Q(z) = [ e '*B(t) dt, where B(t) is holomorphic in the domain S, =

0
{t : dist(¢t,R") < n} for some n > 0 and satisfies in S, the condition
lim e ¥ B(t) = 0 for some positive k.

t—

Then Q(z) can be expanded in the inverse factorial series

bs
Q(z)zzz(z—l-l)---(z-i—.s)

s=0

oo

convergent in some right half-plane Rez > X excluding the points z =
0,—-1,-2,....

To determine the abscissa of convergence A we need the following no-
tion due to Hadamard [28, pp.333-334]: a function f(z) = ap + a1z + ---
holomorphic in the unit disk |z| < 1 has the order s on the circle |z| =1
if

» = lim sup log |nax| .| .
n—oo log(n)

The next theorem [28, Theorem III] relates the order of the so-called
generating function ¢ of an inverse factorial series () to its abscissa of
convergence.

Theorem 3 (Ngrlund). Suppose the next representation holds for suffi-
ciently large values of Re z:

0 =3 == [ e, ®

s=0 (Z)s+1

and assume that the order of t—'¢(t) on the circle |1 —t| = 1 is equal to .
If 5c > 1, then the abscissa of convergence A\ of the inverse factorial series
in (8) is equal to » — 1, otherwise \ < » — 1.

Further, Ngrlund showed in [28, (7), p. 339] that a function f(¢) holo-
morphic in |1 — ¢| < 1 except for a singularity at ¢ = 0 and representable

in the form
m

F) = 745 (o) + Yia () log(t) + - + i (D)log" (1)) (9)

i=1
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in the neighborhood of ¢ = 0 with Re(a1) < Re(as2) < -+ < Re(ay,) has the
order kK = —Re(a1). It is assumed that ¢; ;(¢), i =1,...,m, j=0,...,7,
are holomorphic around ¢ = 0 and such that for each i = 1,...,m at least
one of the numbers {t;0(0),...,v;(0)} is different from zero. Integer
nonnegative a; such that » = 0 (no logarithmic terms) must be excluded
from the determination of order.

Our main tool is the following theorem.

Theorem 4. Let f(z) be holomorphic in some right half-plane Rez > k
and suppose that log(zf(z)) € G. Then for any complex [ the function
f(2) can be expanded in the inverse factorial series

e o] ds
fz)=> CE .

s=0
convergent in some right half-plane Rez > .

Proof. By properties 3, 2, and 5, respectively, (f(¢) € G, ((—=8)f((—8) €

G and f(¢) € G. Then (f(¢—B) = (¢ = B)f(C—B)+Bf((—B) €G by
properties 2 and 1. Therefore,

-8 =3 2 4 R (10)
k=0 C

with the remainder R, (¢) bounded according to (4). Now put fi({) =
f(¢ — B) and rewrite (10) as

W - ni: Brw® + Ry (1/w)
k=0

with the error bound of the form
|Rn(1/w)| < M7"nlw|™.
According to Theorem 1

801 1] i
0

w

or

A(Q) = [ e Bt
/
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and B(t) satisfies condition 2 of theorem 2. As (¢ — 8)f1(¢) € G, we have
by definition of G:

C-DRQ =7+ L+T(0, (B0 < ﬁ

This implies that

where

(0B +y)A+65) | ¢+ DT2(C)
¢—p (=B
The above estimate for T5(¢) immediately leads to conclusion that v(() is

bounded outside of some neighborhood of ( = . Thus, the first condition
of Theorem 2 is also satisfied and

o ds
B Z (C)S-H '

s=0

v(() =nB+m +

Substituting back z = { + § yields
oS ds
f@)=hHGE+B) =) (

pur Gy B)ss1

The claim regarding convergence follows by Theorem 2. O

We will write B;(z) for the j-th Bernoulli polynomial [32, 24.2.3], de-
fined by the generating function

) m
=Y Bulw)—, <2
n=0

Further, B; = B;(0) are Bernoulli numbers [32, 24.2.1].

Lemma 2. The function P,(z) = logT'(z +a) — (z + a —1/2)logz + 2
belongs to the class G and

o0

Py(z) ~ log27r Z ]712] 1 (11)

as |z| — oo in the domain |argz| <7 —9,0<d < 7.
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Proof. Formula (11) is Hermite’s asymptotic expansion for log'(z + a)
[25, (1.8)]. We only need to proof its Gevrey-1 character. According to [33,
(2.1.1) and (2.1.5)] and [12, (10), (14)], the Binet function

Po(z) — %log(QW) —logT(2) — (= — 1/2)log s + = — % log(2r)

satisfies the relation
827"
Py(z2) — —log (27) Z S DT + Ryn_1(2),

in the domain | arg z| < 7 and for z = |z|e? with |§] < 7 the next inequality
holds: X
|Ban| [sec™(6/2)|
_ < .
Bon 1S 500 — ot

In view of the asymptotic equality [11, Corollary 1], [12, (16)]
2(2n)!
(2m)*»

we conclude that Py(z) € G. It is straightforward to check that

Pa(z):PO(z+a)a+zlog<1+g)+<a—)log(1+ )

Note that Py(z+a) € G, log(1+ %) € G, zlog(1+ 2) € G according to the
Properties 2, 6 and 4, respectively. It is left to apply Property 1 to conclude
that P,(z) € G. Uniqueness of the asymptotic expansion completes the
proof. O

|Bon| = = (1+0(1), n— oo,

The next lemma contains a corrected version of a formula contained
in [14] which, in a different form, was already presented in [2] (see also [1,
8.5.1]).

P q

Lemma 3. Let A;, B; > 0 satisfy > A; = Y Bj anda;, bj, i =1,...,p,
i=1 j=1

j=1,...,q, be arbitrary complex numbers. Then for each 0 < § < 7 the

next asymptotic relation holds in the domain |argz| < m — 4,

p
H I‘(Akz+ak) 0o

=\ Nzﬁ
z g Zr’

YT D(Bjz+by) =0
j=1
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where
p q
v=(2m) P02 ] ap 2T B, (12)
k=1 j=1
p q q p
=[TAa" 1187, n=n@b)=> b - Zak +—2. (13
= j=1 j=1 k=1

The coefficients C,. = C,.(A,B;a,b) are found from the recurrence
1 r
Co=1, Cr=- z_j Qm(A,B;a,b)C, (14)

or by other expressions contained in Lemma 1. Here

Qm(A,B;a,b)zﬂ{Z mt1(ak) Z } (15)

m+1 k=1

and By, (-) denotes the m-th Bernoulli polynomial. Furthermore,

I T(Akz + ax)

o
log < z . k:ql—> €q.
P I T(Bz + b))
=1

J

Proof. From Hermite’s asymptotic formula (11) we obtain by straightfor-
ward calculations:

1
logT'(Az+a) = (Az+a—1/2)log Az — Az + 3 log(27)

50— (A=)

1
= Azlogz + (AlogA— A)z+ (a—1/2)logz+ (a—1/2)log A + 510g(27r)

- f: _CUB@ g

m 1 ij .
' ]z:; j(j( 1;Aj(12)j1 + R (2),

where R, (z) = O(z~™) in the sector |arg(z)| < = — ¢ for any 6 > 0. For
A > 0 Lemma 2 implies that log'(Az+a) — (Az+a—1/2)log Az+ Az € G.
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Then employing the condition ) Ay = > B; we obtain

12[ T(Agz + ag)

log{k:ql—} ~ zlogp — plogz +logv +
F(BjZ‘i—bj)
j=1

i Qt(Aa Ba a, b)
tzt ’
t=1

where Q:(A,B;a,b) is given in (15). According to Property 1

P
L H F(Akz-l-ak)
1og{ —} cq.
Y T(Bjz + b))

j=1

Formula (14) and other methods to compute C, follow from Lemma 1. O

§3. MAIN RESULTS

To formulate our mains theorem we will need the non-central Stirling
numbers of the first kind [7, 8.5] defined by

solinar) = S0 () @)nastin)
' (16)
= S0 () @t

k=0
where s(n, j) denotes the ordinary Stirling number of the first kind gener-
ated by

n

x(x71)~~(xfn+1):Zs(n,j)xj.

§=0
Their “horizontal” exponential generating function is given by [46, (A.2)]:

IRHUED DD Wl (Y ATy
=0

=0 k=0

_y (1)k(z) e S sl D(a)
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k
where the expansion (z), = (—1)F 3_ s(k,1)(—z)! has been applied. Some-

=0
times it is more convenient to use the ”vertical” generating function

> sy (n,l n sgnl n—rs(k,l
> teltllyn =5 tlnllan = 3 an 3 (et Qi)

n=0 n=I
%) CEk o0 ) -
= () Dk Z(( bkt
k=l n=Fk ’
[eS) —.’L” k [e%S) m
= (—1)lZs(k,l)( i %zm

l : m=0

k=
EETE S U Y
T2 \ %12 )"

The non-central Stirling numbers were studied by Carlitz in [5,6] using
the symbol Ry (n,l,0) = sy(n,l) and some years later also by Koutras [20].
Broder [4] considered them for integer o from the combinatorial viewpoint.
Various formulas for these numbers are given in [7, 8.5]. Among other
things, Carlitz found the double generating function [5, (5.4)]
> seln,ly' = = (L —2)

l,n=0

Using a formula from [22, Sec. 6.43, p. 134] this generating function leads
to the connection formula [6, (7.6)]

] _1\n—1
solnd = (7] )B0 ) = ERE R o),

where B} (z) is the k-th Ngrlund—Bernoulli polynomial (also known as
the generalized Bernoulli polynomials) defined by the generating functi-
on [31, (1)]

et — 1 Z B\ (17)
The main result of this note is the followmg theorem.

P a

Theorem 5. Let Ay, B; > 0 satisfy > A = >, Bj and 0, ag, bj, k =
k=1 j=1

1,....,p, 7 = 1,...,q, be complex numbers such that p = 1, where p is
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defined in (13). Suppose further that v and p are given by (12) and (13),
respectively. Then the inverse factorial series expansion

p
H F(Akz-l-ak) 0o
W(z):p_zkqu—zz ZC’ sq(n, 1) (18)
[I T(Bjz+b;) n=0 (2t 155
j=1

converges for Rez > a except at the points z = —o — 1,1 € Ny. Here a de-
notes the real part of the rightmost pole of W(z) (obviously,
a = —min{Re(ar/Ar) : k=1,...,p} if no cancelations of the numerator
and denominator poles take place). Moreover, if Re(oc + a) > 0, then
a is equal to the abscissa of convergence of the series (18). Here C, =
C,(A,B;a,b) is defined in (14), (15) and sy (n,r) is the non-central Stir-
ling number of the first kind.

Remark. The convergence domain in the above theorem can be described
as follows: if the abscissa of the rightmost pole of W (z) is greater than the
abscissa of the rightmost pole of the series on the right hand side, then the
convergence abscissa is equal precisely to the abscissa of the rightmost pole
of W(z); if the abscissa of the rightmost pole of W (z) does not exceed the
abscissa of the rightmost pole of the series on the right hand side, then the
convergence abscissa does not exceed the abscissa of the rightmost pole
of W(z); if the rightmost poles on both sides are simple and coincide (i.e.
0 = ap~[Ap~, where k* = argmin{Re(ay/Ax) : k = 1,...,p}), then these
poles should be ignored when calculating the convergence abscissa.

Proof. As p = 1 according to Lemma 3 log(2W (2)) € G. Then, by The-
orem 4 we conclude that W (z) can be expanded in a series of inverse
factorials [(z + 0)n41]7 . As this series is also asymptotic for W (z) as
z — 00, its coefficients can be obtained by rearranging the Poincaré as-
ymptotic expansion of W(z). According to Lemma 3 the latter is given
by

NVZ +(A,B;a,b)

2T+l ’

where the coefficients C,.(A,B;a,b) are defined in (14), (15). Following
[44] and [46, (4.1)] this asymptotic series can be re-expanded using the
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asymptotic sequence {1/(z)n+1}52, by applying [27, §30(6)]

1 = (=Dks(r+k,r
Z( )¥s( ),

= (Drikn

where s(n,j) is the Stirling number of the first kind. Substituting and
changing the order of summations we get

W(z)~vy (et > (=1)"s(n,r)C\(A,B;a,b).

n=0 (Z)n+1 r=0

Next, instead of inverse factorials 1/(2),, we can utilize the asymptotically
equivalent sequence {1/(z40)m}m>o0 by employing the connection formula
(see [28, (10)] or [29, (138.15)])

U(z) = i LTI o L (19)



150 D. B. KARP, E. G. PRILEPKINA

Combining these facts with (16), we arrive at (C; = C;(A,B;a, b))

v e 2
B 2( o 2; (0(35(;>);'j :(_Drs(n e
_ i e Z 1>rcr:§<1>w () @3t~ )
_ nio — i)nH Zn:O -1 Tcr§(1>’“<z> (0)n—ks(k,7)
_ nio — i)w f:o Crsoln,r)

which is precisely (18).
To compute the convergence abscissa denote z = z+ o and consider the
function

P
11 T(Agz + a, — Aro)
Oa) = W () = p~

7 .
H F(Bj.’]? + b]’ — BjO')
j=1

Denote a’ =a — oA, b’ = b — ¢B. Then, clearly, u(a’,b’) = u(a,b) =1
(by the hypotheses of the theorem; u(a,b) is defined in 13). According
to [17, Theorem 6]

1
o B,b/
Q(z) :/t 'HPO (pt‘EA a,; ) dt,
0

where HP")(pt) is a particular case of Fox’s H-function defined by

P
c+ico H F(Aks + ap — AkO')
(o) - A
q,p A,a 2 y q
( ) ch—ioo Hl F(Bj5+bj 7BJ'U)
]:
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(further details about the definition of Fox’s H function can be found
in [19, Chapter 1]; see also [17,18]). By [19, Theorem 1.5] the following
representation is true

0 (B,b") ~N Apo+l) /A i
132 (ot ) ) = 0% X oo Ao A gl ),

where the two outer summations run over all poles of the function Q(z) and
Ny denotes the order of the pole at the point ag = (—ag + Ago — 1)/ Ag.
The explicit form of the constants Hy; is immaterial here. We emphasize,
however, that if the pole of the numerator at * = ay; cancels out with
a pole of the denominator, then we put Ny = 0 and the corresponding
term is omitted from the above summation. Comparing this representation
with (9) we conclude by Ngrlund’s argument, [28, p.339] explained below (9)
that the order s of H?:0(pt)/t on the circle [1 —t| =1 is given by

x=— mkin {Re(ap /A —c— 1)} = max {Re(—ar/Ar)} + Re(o) + 1,

where the minimum is taken over the indices k£ € {1,...,p}, such that
Q(z) has a pole at x;, = —ay /A +0 and —z, is not a nonnegative integer.
Then by Theorem 3 the abscissa of convergence Aq of {2 satisfies

Aa<»x—1= max {Re(—a/AL)} + Re(o)
if #—-1<0 or — mkin {Re(ar/Ar)} < —Re(0).

The last condition can be interpreted as follows: the abscissa of the right-
most pole of W (z) does not exceed the abscissa of the rightmost pole of
the series on the right hand side of (18). So that by the reverse change of
variable z = x — o the convergence abscissa A of the original series (18)
satisfies A < maxy, {Re(—ar/Ax)}.

If, on the contrary, s« — 1 > 0 or — min, {Re(ar/Ar)} > — Re(o), then
Aq = »# — 1 = maxy {Re(—ar/Ak)} + Re(o) implying that the conver-
gence abscissa A of the original series (18) is A = maxy {Re(—ar/Ar)}
(the abscissa of the rightmost pole of W(z)). Note, that for the right-

most pole zg+ = —ap~/Ag~ + o the situation —zp» € Ny contradicts
—miny, {Re(ar/Ar)} > —Re(o), so that under this condition we neces-
sarily have the equality A = maxy, {Re(—ar/Ar)}. O

It is easy to modify the above theorem to get rid of the restriction p = 1.



152 D. B. KARP, E. G. PRILEPKINA

P q
Corollary 1. Let Ay, B; > 0 satisfy > Ay = > B; and let 8, ax,b;,

k=1 j=1
k=1,....p,7=1,...,q, be arbitrary complex numbers. Suppose further
that v, p and p are defined in (12) and (13), respectively. Then

P
1 T(Akz + ag) oo

Wiz =p 45 =2 r(zhfe(f 9++nli @Y
[ T(Bjz+b;) n=o s

=1

where the series converges in the half-plane Rez > [ with 5 equal to the
real part of the rightmost pole of the function W (2)T'(z+60+u)/T(z2+0+1).
The coefficients are computed by

n
hyn = VZ C-(A',B’;a’',b")sg1,(n,r)
r=0

(_l)kCT(AaB;aa b) n
r+k=n

where A’ = (A1), B' = (B,1), a’ = (a,0 + ), b’ = (b,0 + 1) and
Cr(A’,B’;a’,b’) are defined in (14). Moreover, if Re(8+0 + ) > 0, then
B is equal to the convergence abscissa of the series (21).

Proof. If u # 1 we can take 0 = 6 + p in Theorem 5 to get

p
H I‘(Akz + ak) r

k= (z+0+p)
Wi(z) =p qul Z
T3z +b) TEHOTD g ST
j=1
where

hyp = I/Z C.(A’,B’;a’,b)sp;,(n,r),
r=0
and the numbers C,.(A’,B’;a’, b’) are defined in (14). Indeed, u(a’,b’) =1
by construction, so that Theorem 5 is applicable for W;(z). Multiplying
both sides of (18) by I'(z+60+1) /I'(z+6+ ) we arrive at (21) together with
the first formula for h,, and all claims regarding convergence. It remains
to verify the second expression for h,. To this end employ the expan-
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sion [31, (43)]
1 (DB (-0)(B)T(z + 6+ 1)

AT EC(z+60+B+k+1) ’

where the series is known to converge for Rez > 0. Applying Lemma 3
and making the necessary rearrangements we get

p
H I‘(Akz+ak) 00
—z k=1 C’T‘
p q ~ VZ T
H F(BJZ + b]) r=0
j=1
—VZO Z DEBY I (0)(r + el (2 + 6+ 1)
TG+ 0+r+ptkh+l)

(z+ 60+ 1) (n+ p) (-1)kC, ()
Zl“z+6+u+n+1 Z kvp(r+'u)3k (—9),

where this time C, = C,.(A,B;a,b). As the inverse factorial series of a
given function is unique whether it is convergent or asymptotic we conclude
that

— (71)kCT(A7B;aab) (),
hn_yI‘(n-l-u)HZk;n ATt ) B (-9). 0

To conclude this section we remark that the expansions presented in this

note can probably be generalized to the case when A = Z B;— Z A, #0.
j=1 k=1
For A > 0 this expansion will be in terms of reciprocals of the gamma

functions I'(Az + o), while for A < 0 the expansion will be in terms of
['(—Az 4 o) (not reciprocals!). To derive such expansions one may apply
the technique developed by Riney in [36], where the general A > 0 case
is deduced from the expansion similar to (21) for A = 0. Riney’s results,
however, are only asymptotic and pertain to the "unweighted” case Ay =
B; =1.

§4. AN IDENTITY FOR THE NORLUND—BERNOULLI POLYNOMIALS

In this section we present an identity for the Ngrlund—Bernoulli defined
by the generating function (17). Although its novelty is dubious, we could
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not locate it in the existing literature. The identity is obtained by compar-
ing different expansion for the simplest particular case of the function (2)
and is given in the next proposition.

Theorem 6. The Ngriund—Bernoulli polynomials satisfy
(t — T+ ].)m Bgfszmle)(l o x)

m!
O (ot T —1); = m
_JZZ:OB]( ) j!) ko(_l)k<k)s(m k, §) ()
and
L 3 s(m, )BT w = . t (t+e+i) (t+x);
— D s(m, /)BT (1) i _Z<m—j)87 (@)

7j=0
where s(m, j) is the Stirling number of the first kind.

Proof. We will use an asymptotic expansion in inverse powers of z for
the ratio I'(z + t)/T'(z + z) found by Tricomi and Erdélyi in [40]. This
expansion is given on page 141 of [40], but we will rewrite it in a slightly
different form using the definition of the coefficients [40, (19)] and the
identity I'(1 — a) /T(1 —a — n) = (—=1)"(a),:

CREI N Y G Vo i GIC AN (22)

— — ~ as z — 00
[(z + z)zt—ztl nlzntl ’

n=0
where —z, —t,x —t ¢ N and z is in C cut along the ray connecting —a and
—a — oo. Following [46], we can substitute the expansion [27, (6) on p. 78]

oo

L _ 3 (=1)’s(n +4,n)

R O P

n (22) to get
[(z+1)
[(z 4 z)zt—=+1

X (~1)"BY ””() Y anﬂ, n)
~Z Z (23)
n=0 J

n+]+1

o0

Z i s(m, By~ )(t)(a:ft)n
n! )

0 m+1n0
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On the other hand Ngrlund derived the expansion [31, (43)]

T(z+1t) i (—1)mBETF™ D (1 — ) (t — 2 + D),
[(z + z)zt—o+l m!(z + t)m+1

(24)
m=0
convergent in some right half-plane. Equating the coefficients in (23)
and (24) we get an identity of the form (19) with

()BT (4 — ) (¢ — 2 + D),

vm+1 = (m')2 )

_ (=" i s(m,n)BY " () (z — 1),

Ymt1l = 0 n! '
n=0

After some rearrangement (20) takes the form

(t—z+ 1)mBgfz+m+1)(1 — )

Applying the inversion formula below (20) and changing 1 — z — x we
finally obtain

1 & A\ o(ttz 1 —t—x); 3 t treti L+ o)
mzs(m,])6§+ )(t)g = <m .)BJ(.Jr + )(w)%.

O

|
s J!

A cknowledgments. We thank Gergé Nemes for contributing a lemma to
the original version of this paper and useful discussions.

REFERENCES

1. T. W. Anderson, An introduction to multivariate statistical analysis, New York:
Wiley, Second edition, 1984.

2. G. E. P. Box, A General Distribution Theory for a Class of Likelihood Criteria. —
Biometrika 36 (1949), 317-346.

3. B. L. J. Braaksma, Asymptotic Expansions and Analytic Continuation for a Class
of Barnes Integrals. — Composito Math. 15, No. 3(1962-64), 239-341.



15

6 D. B. KARP, E. G. PRILEPKINA

SIS

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

. A. Z.Broder, The r-Stirling Numbers. — Discrete Mathematics 49 (1984), 241-259.

. L. Carlitz, Weighted Stirling numbers of the first and second kind — 1, The Fibonacci
Quarterly 18 (1980), 147-162.

. L. Carlitz, Weighted Stirling numbers of the first and second kind — II, The Fi-
bonacci Quarterly 18 (1980), 242-257.

. C. A. Charalambides, Enumerative Combinatorics, Chapman and Hall/CRC, 2002.

. O. Costin, Asymptotics and Borel summability. — Chapman and Hall/CRC Mono-
graphs and Surveys in Pure and Applied Mathematics 141 2009.

. A. B. Olde Daalhuis, Inverse factorial-feries solutions of difference equations. —

Proceedings of the Edinburgh Mathematical Society 47 (2004), 421-448.

E. Delabaere and J.-M. Rasoamanana, Sommation effective d’une de Borel par

séries de factorielles. — 57, No. 2 (2007), 421-456.

K. Dilcher, Asymptotic behaviour of Bernoulli, Euler, and generalized Bernoulli

polynomials. — J. Approximation Theory 49 (1987), 321-330.

D. W. H. Gillam, V. P. Gurarii, On functions uniquely determined by their as-

ymptotic expansion. — Functional Analysis and Its Applications 40, No. 4 (2006),

273-284.

W. B. Ford, The asymptotic developments of functions defined by Maclaurin series.

— University of Michigan Studies, Scientific Series, 11 1936.

A. K. Gupta, J. Tang, On a general distribution for a class of likelihood ratio

criteria. — Austraul. J. Statist. 30, No. 3 (1988), 359-366.

H. K. Hughes, The asymptotic developments of a class of entire functions. — Bull.

Amer. Math. Soc. 51 (1945), 456-461.

V. M. Kalinin, Special Functions and The Limit Properties of Probability Distribu-

tions 1. In: Investigations in Classical Problems of Probability Theory and Mathe-

matical Statistics. Part I (edited by V.M. Kalinin and O.V. Shalaevskii), Seminars

in Mathematics, V. A. Steklov Mathematical Institute, Leningrad, 13, New York:

Consultants Bureau, 1971.

D. Karp, E. Prilepkina, Completely monotonic gamma ratio and infinitely divisible

H-function of For. — Computational Methods and Function Theory, 16 (2016),

135-153.

D. Karp, E. Prilepkina, Some new facts concerning the delta neutral case of Fox’s

H-function. — Computational Methods and Function Theory, 17, No. 2(2017),

343-367.

A. A. Kilbas, M. Saigo, H -transforms and applications. — Analytical Methods and

Special Functions, Vol. 9, Chapman & Hall/CRC, 2004.

M. Koutras, Non-central stirling numbers and some applications. — Discrete Math-

ematics 42 (1982), 73-89.

E. Landau, Uber die Grundlagen der Theorie der Fakultitenreihen. — Sitzsber.

Akad. Miinchen, 36 (1906), 151-218.

L. M. Milne-Thompson, The Calculus of Finite Differences. — Macmillan and co.

Ltd., 1933.

C. Mitschi, D. Sauzin, Divergent series, monodromy and resurgence I, Lecture Notes

in Mathematics 2153, Springer, 2016.



AN INVERSE FACTORIAL SERIES 157

24

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
39.

40.

41.

42.

43.

44.

45.

46.

. U. S Nair, The application of the moment function in the study of distribution laws
in statistics. — Biometrika, 30, No. 3/4 (1939), 274-294.
G. Nemes, Generalization of Binet’s gamma function formulas. — Integral Trans-
forms and Special Functions, 24, No. 8 (2013), 597-606.
F. Nevanlinna, Zur Theorie der Asymptotischen Potenzreihen. — Ann. Acad. Sci.

Fenn. Ser. A XII 3 (1919), 1-81.

N. Nielsen, Die Gammafunktion, Chelsea, New York, 1965, originally published by
Teubner, Leipzig and Berlin, 1906.

N. E. Norlund, Sur les séries de facultés. — Acta Math. 37, No. 1 (1914), 327-387.
N. E. Ngrlund, Vorlesungen tber Differenzrechnung, Springer Verlag, Berlin, 1924.
N. E. Norlund, Hypergeometric functions. — Acta Mathematica 94 (1955), 289—
349.

N. E. Ngrlund, sur les valeurs asymptotiques des nombres et des polynémes de
Bernoulli. — Rend. Circ. Mat. Palermo 10, No. 1 (1961), 27-44.

F. W. J. Olver, D. W. Lozier, R. F. Boisvert, C. W. Clark (Eds.) NIST Handbook
of Mathematical Functions, Cambridge University Press, 2010.

R. B. Paris, D. Kaminski, Asymptotics and Mellin-Barnes Integrals, Cambridge
University Press, 2001.

F. Qi, X-T. Shi, and F.-F. Liu, Fzpansions of the exponential and the
logarithm of power series and applications. — Arab. J. Math. 2017, DOI:
10.1007/s40065-017-0166-4.

T. D. Riney, On the coefficients in asymptotic factorial expansions. — Proc. Amer.
Math. Soc. 7 (1956), 245-249.

T. D. Riney, A finite recursion formula for the coefficients in asymptotic exrpan-
sions. — Trans. Amer. Math. Soc. 88 (1958), 214-226

T. D. Riney, Coefficients in certain asymptotic factorial expansions. — Proc. Amer.
Math. Soc. 10 (1959), 511-518.

J. Riordan, Combinatorial Identities, John Wiley and Sons, 1968.

A. D. Sokal, An improvement of Watson’s theorem on Borel summability. — J.
Math. Phys. 21, 261 (1980).

F. Tricomi, A. Erdélyi, The asymptotic expansion of a ratio of gamma functions.
— Pacific J. Math., 1, No. 1 (1951), 133-142.

J. G. van der Corput, On the coefficients in certain asymptotic factorial expansions.
— Akad. Wet. (Amsterdam) Proc. Series A vol. 60, No. 4 (1957), 337-351.

H. van Engen, Concerning gamma function erpansions. — Tohoku Math. J. 45
(1939), 124-129.

G. N. Watson, A Theory of Asymptotic Series. — Philosophical Transactions of
the Royal Society of London (Series A), 211 (1911), 279-313.

G. N. Watson, The transformation of an asymptotic series into a convergent series
of inverse factorials. — Rend. Giro. Mat. Palermo, 34 (1912), 41-88.

W. Wasow, Asymptotic Ezpansions for Ordinary Differential Equations, Dover
Publications, Inc., 2002.

E. J. Weniger, Summation of divergent power series by means of factorial series.
— Applied Numerical Math. 60 (2010), 1429-1441.



158 D. B. KARP, E. G. PRILEPKINA

47. E. M. Wright, The asymptotic expansion of the generalized hypergeometric function.
— J. London Math. Soc. 10 (1935), 287-293.

48. E. M. Wright, The asymptotic expansion of the generalized hypergeometric function.
— Proc. London Math. Soc. (2) 46 (1940), 389-408.

49. E. M. Wright, A recursion formula for the coefficients in an asymptotic expansion.
— Glasgow Math. J. Volume 4, No. 1 (1958), 38—41.

Far Eastern Federal University, Hoctymmao 4 cenratps, 2017 T.
Vladivostok, Russia

Institute of Applied Mathematics,
FEBRAS

E-mail: dimkrpQgmail.com

E-mail: pril-elena@yandex.ru



