
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 458, 2017 Ç.å. ð. çÏÌÕÂÅ×Ááìø�åòîéòï÷áîîùå óõííù üìåíåî�ï÷îåðòåòù÷îùè äòïâåê é æõîëãéñíéîëï÷óëïçï ?(t)÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÍÙ ××ÏÄÉÍ É ÉÓÓÌÅÄÕÅÍ ÆÕÎË�ÉÀ A(t) (0 6t 6 1), Ó×ÑÚÁÎÎÕÀ Ó ÒÁÓ�ÒÅÄÅÌÅÎÉÅÍ ÁÌØÔÅÒÎÉÒÏ×ÁÎÎÙÈ ÓÕÍÍ ÜÌÅÍÅÎÔÏ×ÒÁÚÌÏÖÅÎÉÑ ×ÅÝÅÓÔ×ÅÎÎÏÇÏ ÞÉÓÌÁ t × ÎÅ�ÒÅÒÙ×ÎÕÀ ÄÒÏÂØ.áÌØÔÅÒÎÉÒÏ×ÁÎÎÙÅ ÓÕÍÍÙ �ÒÅÄÓÔÁ×ÌÑÀÔ ÉÎÔÅÒÅÓ, �ÏÓËÏÌØËÕ ÄÌÑÒÁ�ÉÏÎÁÌØÎÙÈ ÞÉÓÅÌ ÉÈ ÚÎÁÞÅÎÉÑ Ó×ÑÚÁÎÙ Ó ÞÉÓÌÁÍÉ ËÌÁÓÓÏ× ÍÎÉÍÙÈË×ÁÄÒÁÔÉÞÎÙÈ �ÏÌÅÊ [1{3℄.æÕÎË�ÉÑ A(t) ÓÔÒÏÉÔÓÑ ÉÓÈÏÄÑ ÉÚ ÄÅÒÅ×Á æÁÒÅÑ É ÁÎÁÌÏÇÉÞÎÁ ÆÕÎË-�ÉÉ íÉÎËÏ×ÓËÏÇÏ ?(t) É ÄÒÕÇÉÍ ÒÏÄÓÔ×ÅÎÎÙÍ ÆÕÎË�ÉÑÍ (ÓÍ. [4{7℄).ïÎÁ ÉÍÅÅÔ ÓÈÏÄÎÙÅ Ó×ÏÊÓÔ×Á: ÎÅ�ÒÅÒÙ×ÎÁ, ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ �ÏÈÏÖÉÍÆÕÎË�ÉÏÎÁÌØÎÙÍ ÕÒÁ×ÎÅÎÉÑÍ, A′(t) = 0 ÄÌÑ �ÏÞÔÉ ×ÓÅÈ t �Ï ÍÅÒÅ ìÅ-ÂÅÇÁ. ïÓÎÏ×ÎÏÅ ÏÔÌÉÞÉÅ ÆÕÎË�ÉÉ A(t) ÏÔ ?(t) ÓÏÓÔÏÉÔ × ÔÏÍ, ÞÔÏ ÏÎÁÎÅ Ñ×ÌÑÅÔÓÑ ÍÏÎÏÔÏÎÎÏ ×ÏÚÒÁÓÔÁÀÝÅÊ. âÏÌÅÅ ÔÏÇÏ, ÏÎÁ ÉÍÅÅÔ ÏÓÔÒÙÊÜËÓÔÒÅÍÕÍ ÎÁ ÌÀÂÏÍ �ÒÏÍÅÖÕÔËÅ ÉÚ [0,1℄. òÁ�ÉÏÎÁÌØÎÙÅ ÞÉÓÌÁ ÚÁ�É-ÓÙ×ÁÀÔÓÑ × ×ÉÄÅ ÎÅ�ÒÅÒÙ×ÎÏÊ ÄÒÏÂÉ × Ä×ÕÈ ÒÁÚÌÉÞÎÙÈ ÆÏÒÍÁÈ:r = [0; k1; : : : ; kl℄ = [0; k1; : : : ; kl − 1; 1℄;ÇÄÅ kl > 2. üÔÏ ÏÂÓÔÏÑÔÅÌØÓÔ×Ï ÎÅ ÉÍÅÅÔ ÚÎÁÞÅÎÉÑ �ÒÉ Ï�ÒÅÄÅÌÅÎÉÉÆÕÎË�ÉÉ íÉÎËÏ×ÓËÏÇÏ É �ÒÉ ×ÙÞÉÓÌÅÎÉÉ ÁÌØÔÅÒÎÉÒÏ×ÁÎÎÙÈ ÓÕÍÍ ×ÒÁÂÏÔÁÈ [1{3℄, ÎÏ Ñ×ÌÑÅÔÓÑ ÓÕÝÅÓÔ×ÅÎÎÙÍ �ÒÉ �ÏÓÔÒÏÅÎÉÉ ÆÕÎË�ÉÉA(t).íÙ ×ÙÂÉÒÁÅÍ ÔÕ ÚÁ�ÉÓØ, �ÒÉ ËÏÔÏÒÏÊ ÄÌÉÎÁ ÒÁÚÌÏÖÅÎÉÑ Ñ×ÌÑÅÔÓÑÞÅÔÎÏÊ, �ÏÓËÏÌØËÕ ÉÍÅÎÎÏ × ÜÔÏÍ ÓÌÕÞÁÅ A(t) ÉÍÅÅÔ ÈÏÒÏÛÉÅ Ó×ÏÊÓÔ×Á(ÆÕÎË�ÉÏÎÁÌØÎÙÅ ÕÒÁ×ÎÅÎÉÑ É ÄÒ.). þÅÒÅÚ Wn ÍÙ ÏÂÏÚÎÁÞÁÅÍ ÍÎÏÖÅ-ÓÔ×Ï ÒÁ�ÉÏÎÁÌØÎÙÈ ÞÉÓÅÌ ÕÒÏ×ÎÑ n × ÄÅÒÅ×Å æÁÒÅÑ:Wn = {r : r = [0; k1; : : : ; kl℄; kl > 2; k1 + · · ·+ kl = n}:ëÁË ÉÚ×ÅÓÔÎÏ, |Wn| = 2n−1.äÏËÁÚÁÔÅÌØÓÔ×Ï ×ÓÅÈ ÏÓÎÏ×ÎÙÈ É ×Ó�ÏÍÏÇÁÔÅÌØÎÙÈ ÆÁËÔÏ×, �ÒÉ×Å-ÄÅÎÎÙÈ ÎÉÖÅ, �ÒÏ×ÏÄÉÔÓÑ �ÒÑÍÙÍÉ ×ÙÞÉÓÌÅÎÉÑÍÉ, ËÏÔÏÒÙÅ ÉÎÏÇÄÁëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÎÅ�ÒÅÒÙ×ÎÙÅ ÄÒÏÂÉ, ÆÕÎË�ÉÑ íÉÎËÏ×ÓËÏÇÏ.13



14 å. ð. çïìõâå÷áÑ×ÌÑÀÔÓÑ ÏÞÅÎØ ÇÒÏÍÏÚÄËÉÍÉ, �ÏÓËÏÌØËÕ Ó×ÑÚÁÎÙ Ó ÒÁÓÓÍÏÔÒÅÎÉÅÍÂÏÌØÛÏÇÏ ÞÉÓÌÁ ÞÁÓÔÎÙÈ ÓÌÕÞÁÅ×.ï�ÒÅÄÅÌÅÎÉÅ 1. ðÕÓÔØ r { ÒÁ�ÉÏÎÁÌØÎÏÅ, 0 < r < 1 É r = [0; k1;: : : ; kl℄ = [0; k1; : : : ; kl − 1; 1℄, ÇÄÅ kl > 2. áÌØÔÅÒÎÉÒÏ×ÁÎÎÏÊ ÓÕÍÍÏÊÜÌÅÍÅÎÔÏ× ki ÎÁÚÙ×ÁÅÔÓÑ ÞÉÓÌÏa(r) = {k1 − k2 + · · · − kl; ÅÓÌÉ l{ ÞÅÔÎÏÅ;k1 − k2 + · · · − kl − 2; ÅÓÌÉ l{ ÎÅÞÅÔÎÏÅ:ìÅÍÍÁ 1. ðÕÓÔØ r0 ∈ Wn É r1; r2 { ÕÚÌÙ × Wn+1, �ÏÒÏÖÄÅÎÎÙÅ r0.�ÏÇÄÁ a(r1) + a(r2) = 2a(r0).ìÅÍÍÁ 2. äÌÑ ×ÓÅÈ ÒÁ�ÉÏÎÁÌØÎÙÈ ÞÉÓÅÌ r ÉÍÅÅÍ a(1− r) = −a(r).ï�ÒÅÄÅÌÅÎÉÅ 2. ðÕÓÔØ 0 < t < 1 { ÒÁ�ÉÏÎÁÌØÎÏÅ ÞÉÓÌÏ. þÅÒÅÚ A(t)ÍÙ ÏÂÏÚÎÁÞÁÅÍ ÆÕÎË�ÉÀA(t) = limn→∞

1
|Wn| ∑r∈Wnr6t a(r) = limn→∞

12n−1 ∑r∈Wnr6t a(r):úÁÍÅÞÁÎÉÅ 1. ðÏÚÖÅ ÍÙ ÄÏËÁÖÅÍ, ÞÔÏ �ÒÅÄÅÌ ÓÕÝÅÓÔ×ÕÅÔ ÄÌÑ×ÓÅÈ t.ìÅÍÍÁ 3. ðÕÓÔØ r0 ∈ Wn É An(t) = 1
|Wn| ∑r∈Wnr6t a(t), ÔÏÇÄÁA(r0) = An+1(r1) = An+2(r0) = An+3(r0) = : : : ;ÇÄÅ r1 < r0; r1 ∈ Wn+1 �ÏÒÏÖÄÁÅÔÓÑ r0.óÌÅÄÓÔ×ÉÅ 1. äÌÑ ×ÓÅÈ ÒÁ�ÉÏÎÁÌØÎÙÈ t �ÒÅÄÅÌ × Ï�ÒÅÄÅÌÅÎÉÉ A(t)ÓÕÝÅÓÔ×ÕÅÔ.ìÅÍÍÁ 4. ðÕÓÔØ r0 = [0; k1; : : : ; kl℄ ∈ Wn É r1 < r0 < r2 { ÕÚÌÙ ×Wn+1, �ÏÒÏÖÄÅÎÎÙÅ r0. �ÏÇÄÁA(r1) = A(r0)− a(r0)2n+1 ; A(r2) = A(r0) + a(r0)2n+1 :äÏËÁÚÁÔÅÌØÓÔ×Ï Ï�ÉÒÁÅÔÓÑ ÎÁ ÌÅÍÍÕ 3. ÷ ÓÌÅÄÕÀÝÅÊ ÌÅÍÍÅ ÍÙ �Ï-ÌÕÞÁÅÍ Ñ×ÎÏÅ ×ÙÒÁÖÅÎÉÅ ÄÌÑ A(t).ìÅÍÍÁ 5. ðÕÓÔØ r = [0; k1; : : : ; kl℄, ÔÏÇÄÁA(r) = a(r1) + 12k1−1 −a(r2)− 12k1+k2−1 + a(r3) + 12k1+k2+k3−1−· · ·+(−1)l+1 a(rl) + (−1)l+12k1+k2+···+kl−1 ;



áìø�åòîéòï÷áîîùå óõííù üìåíåî�ï÷ 15ÇÄÅ 0 < ri < 1, ri = [0; k1; : : : ; ki℄.ïÓÎÏ×ÎÕÀ ÒÏÌØ × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÉÇÒÁÅÔ ÌÅÍÍÁ 4.ï�ÒÅÄÅÌÅÎÉÅ 3. äÌÑ ÌÀÂÏÇÏ ×ÅÝÅÓÔ×ÅÎÎÏÇÏ t ÍÙ ÚÁÄÁÅÍ ÆÕÎË�ÉÀA(t) Ó �ÏÍÏÝØÀ ÓÈÏÄÑÝÅÇÏÓÑ ÒÑÄÁ: ÅÓÌÉ t = [0; k1; : : : ; kl; : : : ℄, ÔÏA(t) = a(r1) + 12k1 − a(r2)− 12k1+k2−1 + · · ·+ (−1)l+1 a(rl) + (−1)l+12k1+···+kl−1 + : : : ; (1)ÇÄÅ ri ÏÂÏÚÎÁÞÁÅÔ ÔÏ ÖÅ, ÞÔÏ É × ÌÅÍÍÅ 5.ðÅÒÅÊÄÅÍ Ë �ÅÒÅÞÉÓÌÅÎÉÀ Ó×ÏÊÓÔ× A(t).ìÅÍÍÁ 6. æÕÎË�ÉÑ A(t) ÎÅ�ÒÅÒÙ×ÎÁ ÎÁ [0; 1℄ É ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ-×ÉÀ 0 6 A(t) 6 2.úÁÍÅÞÁÎÉÅ 2. ìÅÇËÏ �ÏËÁÚÁÔØ, ÞÔÏ A(t) > 0 �ÒÉ t 6= 0 É t 6= 1. íÏÖÎÏ�ÒÅÄ�ÏÌÏÖÉÔØ, ÞÔÏ ÍÁËÓÉÍÁÌØÎÏÅ ÚÎÁÞÅÎÉÅ A(t) = 2=3 É ÄÏÓÔÉÇÁÅÔÓÑ× ÔÏÞËÁÈ t = 2=(1 +√5) É t = (3−√5)=2.ìÅÍÍÁ 7. éÍÅÅÍ ÄÌÑ ×ÓÅÈ tA(1− t) = A(t); A( 11 + t) = 12A(t) + 12?(t):úÁÍÅÞÁÎÉÅ 3. æÕÎË�ÉÑ A(t) Ñ×ÌÑÅÔÓÑ ÅÄÉÎÓÔ×ÅÎÎÏÊ ÎÅ�ÒÅÒÙ×ÎÏÊÆÕÎË�ÉÅÊ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÊ �ÏÓÌÅÄÎÉÍ ÓÏÏÔÎÏÛÅÎÉÑÍ.ìÅÍÍÁ 8. óÕÝÅÓÔ×ÕÅÔ (ÜÆÆÅËÔÉ×ÎÁÑ) �ÏÓÔÏÑÎÎÁÑ C ÔÁËÁÑ, ÞÔÏÄÌÑ ×ÓÅÈ t1; t2 ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï
|A(t1)−A(t2)| < C|?(t1)−?(t2)|| log |?(t1)−?(t2)||:ìÅÍÍÁ 9. äÌÑ �ÏÞÔÉ ×ÓÅÈ t �Ï ÍÅÒÅ ìÅÂÅÇÁ A′(t) = 0.÷ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÉÓ�ÏÌØÚÕÅÔÓÑ ÔÏÔ ÆÁËÔ, ÞÔÏ ÅÓÌÉ ?′(t) = 0, ÔÏA′(t) = 0.ìÅÍÍÁ 10. îÁ ÌÀÂÏÍ �ÒÏÍÅÖÕÔËÅ ÎÁÊÄÅÔÓÑ ÔÏÞËÁ ÏÓÔÒÏÇÏ ÜËÓÔÒÅ-ÍÕÍÁ A(t).äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ ÔÏÞËÉ, ÜË×É×ÁÌÅÎÔ-ÎÙÅ 2=(1 + √5), ËÏÔÏÒÙÅ ÏÂÒÁÚÕÀÔ ×ÓÀÄÕ �ÌÏÔÎÏÅ ÍÎÏÖÅÓÔ×Ï ÎÁ ÉÎ-ÔÅÒ×ÁÌÅ [0; 1℄.ðÅÒÅÞÉÓÌÉÍ ÏÓÎÏ×ÎÙÅ Ó×ÏÊÓÔ×Á ÆÕÎË�ÉÉ × ÔÅÏÒÅÍÅ.



16 å. ð. çïìõâå÷á�ÅÏÒÅÍÁ 1. æÕÎË�ÉÑ A(t), ÚÁÄÁÎÎÁÑ ÎÁ �ÒÏÍÅÖÕÔËÅ [0; 1℄ ÒÑÄÏÍ (1),ÏÂÌÁÄÁÅÔ ÓÌÅÄÕÀÝÉÍÉ Ó×ÏÊÓÔ×ÁÍÉ: ÏÎÁ ÎÅ�ÒÅÒÙ×ÎÁ, �ÏÌÏÖÉÔÅÌØÎÁ,ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÒÁ×ÎÅÎÉÑÍA(1− t) = A(t); A( 11 + t ) = 12A(t) + 12?(t); A′(t) = 0ÄÌÑ �ÏÞÔÉ ×ÓÅÈ t �Ï ÍÅÒÅ ìÅÂÅÇÁ , A(t) ÉÍÅÅÔ ÈÏÔÑ ÂÙ ÏÄÉÎ ÏÓÔÒÙÊÜËÓÔÒÅÍÕÍ ÎÁ ÌÀÂÏÍ �ÒÏÍÅÖÕÔËÅ ÉÚ [0; 1℄.ìÉÔÅÒÁÔÕÒÁ1. D. B. Zagier, Nombre de lasses et frations ontinues. | Ast�erisque 24{25 (1975),81{97.2. ÷. î. ðÏ�Ï×, áÓÉÍ�ÔÏÔÉËÁ ÓÕÍÍÙ ÓÕÍÍ ÜÌÅÍÅÎÔÏ× ÎÅ�ÒÅÒÙ×ÎÙÈ ÄÒÏÂÅÊ ÞÉÓÅÌ×ÉÄÁ Á/Ò. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ìïíé 91 (1979), 81{93.3. å. ð. çÏÌÕÂÅ×Á, ï ÄÌÉÎÁÈ �ÅÒÉÏÄÏ× ÒÁÚÌÏÖÅÎÉÑ × ÎÅ�ÒÅÒÙ×ÎÕÀ ÄÒÏÂØ Ë×ÁÄÒÁ-ÔÉÞÎÙÈ ÉÒÒÁ�ÉÏÎÁÌØÎÏÓÔÅÊ É ÞÉÓÌÁÈ ËÌÁÓÓÏ× ×ÅÝÅÓÔ×ÅÎÎÙÈ Ë×ÁÄÒÁÔÉÞÎÙÈ �Ï-ÌÅÊ. II. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ìïíé 168 (1998), 11{22.4. H. Minkowski, Gesammelte Abhandlungen, Vol.2, 1911, 50{51.5. A. Denjoy, Sur une funtion r�eelle de Minkowski. | J. Math. Pures Appl. 17, No.2 (1938), 105{151.6. R. Salem, On some singular monotoni funtions whih are stritly inreasing. |Trans. Amer. Math. So. 53, No. 3 (1943), 427{439.7. å. ð. çÏÌÕÂÅ×Á, ï �ÌÏÓËÏÊ ×Ù�ÕËÌÏÊ ËÒÉ×ÏÊ Ó ÂÏÌØÛÉÍ ÞÉÓÌÏÍ �ÅÌÙÈ ÔÏÞÅË.| úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 357 (2008), 22{32.Golubeva E. P. Alternating sums of elements of ontinued frations andthe Minkowski question mark funtion.We onsider a funtion A(t) (0 6 t 6 1) related to the Minkowski fun-tion ?(t). A(t) has properties akin to those of ?(t) (in partiular it satis�essimilar funtional equations, is ontinuous and A′(t) = 0 almost every-where with respet to Lebesgue measure). But unlike ?(t), the funtionA(t) is not inreasing. In reality it is not monotoni on any subinterval of[0,1℄. ðÏÓÔÕ�ÉÌÏ 4 ÓÅÎÔÑÂÒÑ 2017 Ç.çÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔÔÅÌÅËÏÍÍÕÎÉËÁ�ÉÊÉÍ. í. á. âÏÎÞ-âÒÕÅ×ÉÞÁE-mail : elena golubeva�mail.ru


