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t. Let X1; : : : ; Xn be independent non-negative randomvariables with 
umulative distribution fun
tions F1; F2; : : : ; Fn, ea
hsatisfying 
ertain (rather mild) 
onditions. We show that the me-dian of k-th smallest order statisti
 of the ve
tor (X1; : : : ;Xn) isequivalent to the quantile of order (k − 1=2)=n with respe
t to theaveraged distribution F = 1n n
∑i=1Fi.

§1. Introdu
tionThe goal of this note is to provide sharp estimates for order statisti
sof independent, not ne
essarily identi
ally distributed random variables,whose distributions satisfy 
ertain (rather mild) 
onditions. Order statis-ti
s are among very important obje
ts in probability and statisti
s withmany appli
ations. We refer to [1{3℄ and referen
es therein for informa-tion on the subje
t, espe
ially in the 
ase of i.i.d. random variables. The
ase of independent but not identi
ally distributed random variables isless studied, we refer to [3, Chapter 5℄ for some results in this dire
tion.Understanding this setting is important in some appli
ations, for examplein 
onne
tion with the Mallat{Zeitouni problem [10, 11℄, the study of as-ymptoti
 behaviour of some 
lasses of normed spa
es [5℄, some problemsin re
onstru
tion [4℄, to name a few.Given 1 6 k 6 n and a sequen
e of real numbers a1; a2; : : : ; an, letk-mini6n ai and k-maxi6n ai denote its k-th smallest and k-th largestelements, in parti
ular,k-mini6n ai = (n− k + 1)-maxi6n ai:Let F be 
df (
umulative distribution fun
tion) of a non-negative ran-dom variable. We employ the following 
ondition:there exists K > 1 su
h that F (Kt)1−F (Kt) >
2F (t)1−F (t) for all t > 0 (1)Key words and phrases: Order statisti
s, INID 
ase.265
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tion for dis
ussion and examples).The main result of this note, Theorem 3.1, states that given K > 1,1 6 k 6 n, and independent non-negative random variables X1; : : : ; Xnwith 
df's F1; F2; : : : ; Fn, ea
h satisfying 
ondition (1) with parameter K,one hasK−10 qF (k − 1=2n )

6 Med(k- min16i6nXi) 6 K13 qF (k − 1=2n ) ;where qF (t) is the quantile of order t with respe
t to the averaged distri-bution F = 1n n
∑i=1Fi.This result improves and 
omplements the results from [6{8℄, where,under somewhat stronger 
onditions on distributions, the authors provedestimates for the 
orresponding expe
tations up to a fa
tor logarithmi
 ink. More pre
isely, in [6, 7℄ it was shown that given �; �; p > 0, 1 6 k 6 n,real numbers 0 < x1 6 x2 6 : : : 6 xn, and independent random variables�1; : : : ; �n satisfying

∀t > 0 P (|�| 6 t) 6 �t and P (|�| > t) 6 e−�tone has121=p 4� max16j6k k + 1− jn
∑i=j 1=xi 6

(

E k- min16i6n |xi�i|p)1=p
6 C(p; k)�−1 max16j6k k + 1− jn

∑i=j 1=xi ;where C(p; k) := Cmax{p; ln(k + 1)}, and C is an absolute positive 
on-stant. In [8℄ this was extended further to a larger 
lass of distributions,namely it was shown that the expe
tation above is equivalent to someOrli
z norm of the sequen
e (1=xi)i, again up to a fa
tor logarithmi
 in k.We would also like to mention that order statisti
s of random ve
torswith independent but not identi
ally distributed 
oordinates were studiedin [12℄, where a result of Hoe�ding [9℄ was used, in parti
ular, to esti-mate the di�eren
e between the median of k-min16i6n(Xi) and the me-dian of the k-th order statisti
 of a random ve
tor with i.i.d. 
oordinatesdistributed a

ording to the law F = 1n n
∑i=1Fi (see also [3, pp. 96{97℄).
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tly imply the relationswhi
h we prove in Theorem 3.1.
§2. Notation and preliminariesGiven a subset A ⊂ N, we denote its 
ardinality by |A|. Next, for anatural number n and a set E ⊂ {1; 2; : : : ; n}, we denote by E
 the 
om-plement of E inside {1; 2; : : : ; n}. Similarly, for an event E we denote by

E
 the 
omplement of the event. Further, we say that a 
olle
tion of sets(Aj)j6k is a partition of {1; 2; : : : ; n} if ea
h Aj is non-empty, the sets arepairwise disjoint and their union is {1; 2; : : : ; n}. The 
anoni
al Eu
lideannorm and the 
anoni
al inner produ
t in R
n will be denoted by | · | and

〈 · ; · 〉, respe
tively. We adopt the 
onventions 1=0 = ∞ and 1=∞ = 0throughout the text.Let � be a real-valued random variable. As usual, we use the abbrevi-ation 
df for the 
umulative distribution fun
tion (that is, the 
df of � isF�(t) = P(� 6 t)). Given r ∈ [0; 1℄, by q(r) = qF (r) = q�(r) we denote aquantile of order r, that is a number satisfying
P {� < q(r)} 6 r and P {� 6 q(r)} > r(note that in general q(r) is not uniquely de�ned).Now we dis
uss our main 
ondition on the distributions, the 
ondi-tion (1). Clearly, if the 
df of a non-negative random variable � satis�es
ondition (1) with some K then for every x > 0 the 
df of x� satis�es (1)with the same K. Note that (1) is equivalent to�((t;Kt℄) > �([0; t℄)�((Kt;∞)); t > 0; (2)where � is the probability measure on R (a
tually, on R+) indu
ed by F .It is not diÆ
ult to see that the uniform distribution on [0; 1℄ satis�es the
ondition (1) with K = 2. Another example of a random variable satisfy-ing (1) (with K = 21=p) is a random variable � taking values in [1;∞) with

P(� > 1) = 1=tp, t > 1, where p > 0 is a �xed parameter. Next we showthat the absolute value of any log-
on
ave random variable satis�es (1). Inparti
ular, this in
ludes Gaussian and exponential distributions.Lemma 2.1. Let � be a log-
on
ave variable. Then the 
df of |�| satis-�es (1) with K = 3.The lemma is an immediate 
onsequen
e of the following statement andthe fa
t that 
onditions (1) and (2) are equivalent.



268 A. E. LITVAK, K. TIKHOMIROVLemma 2.2. Let �0 be a non-degenerate log-
on
ave probability measureon R and let t > 0. Then�0((t;∞))�0((t; 3t℄) > �0([−t; t℄)�0((3t;∞))and �0((−∞;−t))�0([−3t;−t)) > �0([−t; t℄)�0((−∞;−3t)):In parti
ular, we have�((t; 3t℄) = �0([−3t;−t) ∪ (t; 3t℄) > �0([−t; t℄)�0((−∞;−3t) ∪ (3t;∞))= �([0; t℄)�((3t;∞));where � is de�ned by �(S) := �0(−S ∪ S), S ⊂ R+.Proof. We prove the �rst inequality only, the se
ond one is similar. Notethat (t;∞) = 12 [−t;∞) + 12 (3t;∞):By log-
on
avity of �0 this implies�02((t;∞)) > �0([−t;∞))�0((3t;∞))= (�0([−t; t℄)+ �0((t;∞)))�0((3t;∞)):Thus�0((t;∞)) (�0((t;∞)) − �0((3t;∞))) > �0([−t; t℄)�0((3t;∞));whi
h implies the result. �Remark 2.3. We would also like to noti
e that (1) implies thatF (t) > 2F (t=K2); whenever F (t) 6 1=2:This (weaker) assumption on F was employed in [10℄.
§3. Main resultIn this se
tion we prove our main result, stating that medians of orderstatisti
s in 
ase of independent 
omponents are equivalent to 
orrespond-ing quantiles of an averaged distribution.Theorem 3.1. Let K > 1 and k 6 n. Let X1; : : : ; Xn be independentnon-negative random variables with 
df 's F1; F2; : : : ; Fn, ea
h satisfying
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ondition (1) with parameter K. Set F = 1n n
∑i=1Fi. Then for 0 < t < K−5one has

P

{k- min16i6nXi < t qF(k − 1=2n )}

6 4 t1=(4 lnK);and for t > K5 one has
P

{k- min16i6nXi > t qF(k − 1=2n )}

6 4 t−1=(6 lnK):In parti
ular,K−10 qF (k − 1=2n )

6 Med(k- min16i6nXi) 6 K13 qF (k − 1=2n ) :In the proof of the theorem, we will use two following auxiliary state-ments.Lemma 3.2. Let F : (0;∞) → [0; 1℄ be a non-de
reasing fun
tion satisfy-ing (1). Let ` > 1, 
 ∈ (0; 1), and t > 0. ThenF (t) > 2`(1− F (t))F (t=K`) (3)and, assuming that F (t) > 1− 
,1− F (t=K`) >
2`2`
 + 1 (1− F (t)): (4)Proof. Applying (1) ` times we obtainF (t)1− F (t) >

2` F (t=K`)1− F (t=K`) ;whi
h implies (3). Fix a parameter � ∈ (0; 1), whi
h will be spe
i�ed later.If F (t=K`) > � then the above inequality implies1− F (t=K`) > 2` � (1− F (t)):Otherwise, if F (t=K`) < �, we get1− F (t=K`) > 1− � >
1− �
 (1− F (t)):Choosing � := 1=(2`
 + 1), we get (4) and 
omplete the proof. �The next simple lemma 
an be veri�ed by 
onsidering the expe
tationand the varian
e of the sum of random Bernoulli variables and using theChebyshev inequality.



270 A. E. LITVAK, K. TIKHOMIROVLemma 3.3. Let �1; : : : ; �n be independent Bernoulli 0=1 random vari-ables with probabilities of su

ess p1; p2; : : : ; pn. Then for every t > 0 wehave
P

{∣

∣

∣

n
∑i=1 �i − n

∑i=1 pi∣∣∣ > t} 6
1t2 n

∑i=1 pi:Proof of Theorem 3.1. We start with the �rst bound. Take any positiveq < qF (k−1=2n ). By de�nition of the quantile, we have n
∑i=1Fi(q) 6 k− 1=2:To estimate k-mini6nXi from below it is enough to show that the set ofindi
es i 
orresponding to \small" Xi's has 
ardinality at most k − 1.Fix ` > 5 su
h that K−`−1 6 t < K−` and put 
 := 1=2`=2, t0 := q=K`.Further, setI := {i 6 n : Fi(q) < 1− 
} and I
 := {i 6 n : Fi(q) > 1− 
}:We want to estimate the number of indi
es i ∈ I 
orresponding to \small"Xi. Denote A := ∑i∈I Fi(q) and B := ∑i∈I Fi(t0):Applying (3) to Fi, i ∈ I , we get that A > 2`
B. Therefore, if A 62` 
=(2` 
 − 1) then

P {∃i ∈ I : Xi 6 t0} 6
∑i∈I P {Xi 6 t0} = B 6

A2` 
 6
12` 
 − 1 :If A > 2` 
=(2` 
 − 1) then, applying Lemma 3.3, we get

P
{

|{i ∈ I : Xi 6 t0}| < A} = P

{

∑i∈I �{Xi6t0} < A}

> 1− B(A −B)2
> 1− 2` 
A(2` 
 − 1)2
> 1− 12` 
 − 1 :Thus, in both 
ases we have

P

{

|{i ∈ I : Xi 6 t0}| < ∑i∈I Fi(q)} > 1− 12` 
 − 1 : (5)
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es i ∈ I
 
orresponding to \small"Xi's. If a := ∑i∈I
(1− Fi(q)) < 1=2, then we have
|I
| < 12 + ∑i∈I
 Fi(q) 6 k −

∑i∈I Fi(q);and from (5) we obtain
P

{

|{i 6 n : Xi 6 t0}| < k} > 1− 12` 
 − 1 :Now, assume that a > 1=2. Set b := ∑i∈I
(1 − Fi(t0)). Applying (4) to Fi,i ∈ I
, we get b > 2`2`
+1a. Note that ∑i∈I
 Fi(q) = |I
| − a. Therefore, byLemma 3.3 we obtain
P

{

|{i ∈ I
 : Xi 6 t0}| < ∑i∈I
 Fi(q)} = P

{

∑i∈I
 �{Xi6t0} < |I
| − a}= P

{b− ∑i∈I
 �{Xi>t0} < b− a}
> 1− b(b− a)2
> 1− 2 · 2`(2`
 + 1)(2` − 2`
 − 1)2 :Combining the last relation with (5) and using that ∑i6nFi(q) 6 k−1=2 < k,we obtain

P

{

|{i 6 n : Xi 6 t0}| < k} > 1− 12` 
 − 1 −
2 · 2`(2`
 + 1)(2` − 2`
 − 1)2 > 1− 42`=2 ;where in the last inequality we used the assumption ` > 5 and the identity
 = 1=2`=2. This proves

P

{k- min16i6nXi 6 q=K`} 6
42`=2 :Finally, by the 
hoi
e of ` we have ` > (4 ln(1=t))=(5 lnK), whi
h impliesthe �rst part of the theorem.The se
ond part is somewhat similar. To make 
omparison with the�rst part of the proof straightforward, we will use the same letters for
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orresponding sets or numbers, just adding a bar. Let �q := qF (k−1=2n ).By de�nition, we have n
∑i=1Fi(�q) > k− 1=2: To estimate k-mini6nXi fromabove we will show that the set of indi
es i 
orresponding to \small"Xi typi
ally has 
ardinality at least k. Fix �̀ > 5 su
h that su
h thatK �̀

6 t < K �̀+1, and set �
 := 2=4�̀=3, �t0 := K �̀�q. Further, let�I := {i 6 n : Fi(�t0) < 1− �
} and �I
 := {i 6 n : Fi(�t0) > 1− �
}:Let us bound the number of indi
es i ∈ �I 
orresponding to \small" Xi.Denote �A := ∑i∈�I Fi(�q) and �B := ∑i∈�I Fi(�t0):Assume that �A > 1=2. Applying Lemma 3.3, we get
P
{

|{i ∈ �I : Xi 6 �t0}| > �A} = P

{

∑i∈�I �{Xi6�t0} > �A}= P

{ �B −
∑i∈�I �{Xi6�t0} < �B − �A}

> 1− �B( �B − �A)2
> 1− 2�̀+1 �
(2�̀�
 − 1)2 ;where we used the estimate �B > 2�̀�
 �A, whi
h follows from (3). Thus, inboth 
ases �A < 1=2 and �A > 1=2 we have

P

{

|{i ∈ �I : Xi 6 �t0}| > ∑i∈�I Fi(�q)− 1=2} > 1− 2�̀+1 �
(2�̀�
 − 1)2 : (6)Next, we estimate the number of indi
es i ∈ �I
 
orresponding to \small"Xi's. Fix � := √2�̀(2�̀�
 + 1)=(2�̀− 2�̀�
 − 1) < 1:If �a := ∑i∈�I
(1− Fi(�q)) < �, then |�I
| < � + ∑i∈�I
 Fi(�q): In this situation wehave
|{i ∈ �I
 : Xi 6 �t0}| >

∑i∈�I
 Fi(�q)
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. Note also that for every a1; : : : ; am ∈(0; 1℄ one has if m
∑i=1 ai > m− � then m

∏i=1 ai > 1− �:This and independen
e of Xi's imply
P

{

|{i ∈ �I
 : Xi 6 �t0}| >
∑i∈�I
 Fi(�q)}= ∏i∈�I
 P

{Xi 6 �t0} >
∏i∈�I
 P

{Xi 6 �q} > 1− �:Together with (6), it gives
P

{

|{i 6 n : Xi 6 �t0}| > n
∑i=1 Fi(�q)− 1=2} > 1− 2�̀+1 �
(2�̀�
 − 1)2 − �:It remains to 
onsider the 
ase �a > �. Set�b := ∑i∈�I
(1− Fi(�t0)):Applying (4) to Fi, i ∈ �I
, we get that �a > 2�̀2�̀�
+1�b. Note that ∑i∈�I
 Fi(�q) =

|�I
| − �a. Therefore, by Lemma 3.3, we obtain
P

{

|{i ∈ �I
 : Xi 6 �t0}| > ∑i∈�I
 Fi(�q)} = P

{

∑i∈�I
 �{Xi6�t0} > |�I
| − �a}= P

{

∑i∈�I
 �{Xi>�t0} − �b < �a− �b}
> 1− �b(�a− �b)2
> 1− 2�̀(2�̀�
 + 1)(2�̀− 2�̀�
 − 1)2 �:
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P

{

|{i 6 n : Xi 6 �t0}| > n
∑i=1 Fi(�q)− 1=2}

> 1− 2�̀+1 �
(2�̀�
 − 1)2 −
2�̀(2�̀�
 + 1)(2�̀− 2�̀�
 − 1)2 � :Sin
e �̀> 5 and in view of the de�nitions of �
 and �, in both 
ases �a < �and �a > � one has

P

{

|{i 6 n : Xi 6 �t0}| > n
∑i=1 Fi(�q)− 1=2} > 1− 42�̀=3 :Note that n

∑i=1Fi(�q)− 1=2 > k − 1, thus the last estimate implies
P

{k- min16i6nXi > K �̀ �q} 6
42�̀=3 :Finally, observe that by the 
hoi
e of �̀we have �̀> (4 ln t)=(5 lnK), whi
himplies the se
ond estimate in the theorem. �Referen
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