
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 457, 2017 Ç.R. Lata laON Zp-NORMS OF RANDOM VECTORSAbstrat. To any n-dimensional random vetor X we may asso-iate its Lp-entroid body Zp(X) and the orresponding norm. Weformulate a onjeture onerning the bound on the Zp(X)-normof X and show that it holds under some additional symmetry as-sumptions. We also relate our onjeture with estimates of overingnumbers and Sudakov-type minoration bounds.
§1. Introdution. Formulation of the ProblemLet p > 2 and X = (X1; : : : ; Xn) be a random vetor in R

n suh that
E|X |p <∞. We de�ne the following two norms on R

n:
‖t‖Mp(X) := (E|〈t;X〉|p)1=pand

‖t‖Zp(X) := sup{|〈t; s〉| : ‖s‖Mp(X) 6 1}:By Mp(X) and Zp(X) we will also denote unit balls in these norms, i.e.,
Mp(X) := {t ∈ R

n : ‖t‖Mp(X) 6 1}and
Zp(X) := {t ∈ R

n : ‖t‖Zp(X) 6 1}:The set Zp(X) is alled the Lp-entroid body of X (or rather of thedistribution of X). It was introdued (under a di�erent normalization) foruniform distributions on onvex bodies in [9℄. Investigation of Lp-entroidbodies played a ruial role in the Paouris proof of large deviations boundsfor Eulidean norms of log-onave vetors [10℄. Suh bodies also appear inquestions related to the optimal onentration of log-onave vetors [7℄.Let us introdue a bit of useful notation. We set |t| := ‖t‖2 = √

〈t; t〉and Bn2 = {t ∈ R
n : |t| 6 1}. By ‖Y ‖p = (E|Y |p)1=p we denote the Lp-norm of a random variable Y . Letter C denotes universal onstants (thatmay di�er at eah ourene), we write f ∼ g if 1C f 6 g 6 Cf .Key words and phrases: Lp-entroid body, log-onave distribution, metri entropy,Sudakov minoration.Supported by the National Siene Centre, Poland, grant 2015/18/A/ST1/00553.211



212 R. LATA LALet us begin with a simple ase, when a random vetor X is rotationallyinvariant. Then X = RU , where U has a uniform distribution on Sn−1 andR = |X | is a nonnegative random variable, independent of U . We have forany vetor t ∈ R
n and p > 2,

‖〈t; U〉‖p = |t|‖U1‖p ∼√ pn+ p |t|;where U1 is the �rst oordinate of U . Therefore
‖t‖Mp(X) = ‖U1‖p‖R‖p|t| and ‖t‖Zp(X) = ‖U1‖−1p ‖R‖−1p |t|:So

(

E‖X‖pZp(X))1=p = ‖U1‖−1p ‖R‖−1p (E|X |p)1=p = ‖U1‖−1p ∼
√n+ pp : (1)This motivates the following problem.Problem 1. Is it true that for (at least a large lass of) entered n-dimensional random vetors X ,

(

E‖X‖2Zp(X))1=2 6 C√n+ pp for p > 2;or maybe even
(

E‖X‖pZp(X))1=p 6 C√n+ pp for p > 2?Notie that the problem is linearly-invariant, sine
‖AX‖Zp(AX) = ‖X‖Zp(X) for any A ∈ GL(n): (2)For any entered random vetor X with nondegenerate ovariane ma-trix, random vetor Y = Cov(X)−1=2X is isotropi (i.e., entered withidentity ovariane matrix). We have M2(Y ) = Z2(Y ) = Bn2 , hene

E‖X‖2Z2(X) = E‖Y ‖2Z2(Y ) = E|Y |2 = n:Next remark shows that the answer to our problem is positive in the asep > n.Remark 1. For p > n and any n-dimensional random vetor X we have(E‖X‖pZp(X))1=p 6 10.



ON Zp-NORMS OF RANDOM VECTORS 213Proof. Let S be a 1=2-net in the unit ball of Mp(X) suh that |S| 6 5n(suh net exists by the volume-based argument, f. [1, Corollary 4.1.15℄).Then(E‖X‖pZp(X))1=p 6 2(E supt∈S |〈t;X〉|p)1=p 6 2(E

∑t∈S |〈t;X〉|p)1=p
6 2|S|1=p supt∈S(E〈t;X〉|p)1=p 6 2 · 5n=p: �Lp-entroid bodies play an important role in the study of vetors uni-formly distributed on onvex bodies and a more general lass of log-onavevetors. A random vetor with a nondenerate ovariane matrix is alledlog-onave if its density has the form e−h, where h : R

n → (−∞;∞℄ isonvex. If X is entered and log-onave then
‖〈t;X〉‖p 6 �pq ‖〈t;X〉‖q for p > q > 2; (3)where � = 2 (� = 1 if X is symmetri and log-onave and � = 3 for arbi-trary log-onave vetors). One of open problems for log-onave vetors[7℄ states that for suh vetors, arbitrary norm ‖ ‖ and q > 1,(E‖X‖q)1=q 6 C(E‖X‖+ sup

‖t‖∗61 ‖〈t;X〉‖q):In partiular one may expet that for log-onave vetors(E‖X‖qZp(X))1=q 6 C(E‖X‖Zp(X) + supt∈Mp(X) ‖〈t;X〉‖q)
6 C(E‖X‖Zp(X) + max{p; q}p ):As a result it is natural to state the following variant of Problem 1.Problem 2. Let X be a entered log-onave n-dimensional random ve-tor. Is it true that(E‖X‖qZp(X))1=q 6 C√np for 2 6 p 6 n; 1 6 q 6

√pn:In Setion 2 we show that Problems 1 and 2 have aÆrmative solutionsin the lass of unonditional vetors. In Setion 3 we relate our problemsto estimates of overing numbers. We also show that the �rst estimatein Problem 1 holds if the random vetor X satis�es the Sudakov-typeminoration bound.



214 R. LATA LA
§2. Bounds for unonditional random vetorsIn this setion we onsider the lass of unonditional random vetorsin R

n, i.e., vetors X having the same distribution as("1|X1|; "2|X2|; : : : ; "n|Xn|);where ("i) is a sequene of independent symmetri ±1 random variables(Rademaher sequene), independent of X .Our �rst result shows that formula (1) may be extended to the un-onditional ase for p even. We use the standard notation { for a mul-tiindex � = (�1; : : : ; �n), x ∈ R
n and m = ∑�i, x� := ∏i x�ii and

(m�) := m!=(∏i �i!).Proposition 2. We have for any k = 1; 2; : : : and any n-dimensionalunonditional random vetor X suh that E|X |2k < ∞,
(

E‖X‖2kZ2k(X))1=(2k) 6 2k :=  ∑

‖�‖1=k (k�)2(2k2�)1=(2k)
∼
√n+ kk ;where the summation runs over all multiindies � = (�1; : : : ; �n) withnonnegative integer oeÆients suh that ‖�‖1 = n

∑i=1�i = k.Proof. Observe �rst that
E|〈t;X〉|2k = E

∣

∣

∣

∣

∣

n
∑i=1 ti"iXi∣∣∣∣

∣

2k = ∑

‖�‖1=k(2k2�)t2�EX2�:For any t; s ∈ R
n we have

|〈t; s〉|k = ∑

‖�‖1=k(k�)t�s�:So by the Caushy{Shwarz inequality,
‖s‖kZ2k(X) = sup{|〈t; s〉|k : E|〈t;X〉|2k 6 1} 6

(

∑

‖�‖1=k (k�)2(2k2�) s2�
EX2�)1=2:To see that 2k ∼

√(n+ k)=k observe that
(k�)2
(2k2�) = (2kk )−1 n

∏i=1(2�i�i ):



ON Zp-NORMS OF RANDOM VECTORS 215Therefore, sine 1 6
(2ll ) 6 22l, we get4−k(n+ k − 1k )

6 2k2k 6 4k(n+ k − 1k ): �Corollary 3. Let X be an unonditional n-dimensional random vetor.Then
(

E‖X‖2kZp(X))1=2k 6 C√n+ pp for any positive integer k 6
p2 :Proof. By the monotoniity of L2k-norms we may and will assume thatk = ⌊p=2⌋. Then by Proposition 2,

(

E‖X‖2kZp(X))1=2k 6

(

E‖X‖2kZ2k(X))1=2k 6 C√n+ kk 6 C√n+ pp : �In the unonditional log-onave ase we may bound higher momentsof ‖X‖Zp(X).Theorem 4. Let X be an unonditional log-onave n-dimensional ran-dom vetor. Then for p; q > 2,(E‖X‖qZp(X))1=q 6C(√n+ pp + supt∈Mp(X) ‖〈t;X〉‖q)6C(√n+ pp + qp):In order to show this result we will need the following lemma.Lemma 5. Let 2 6 p 6 n, X be an unonditional random vetor in R
nsuh that E|X |p < ∞ and E|Xi| = 1. Then

‖s‖Zp(X) 6 supI⊂[n℄;
|I|6p sup

‖t‖Mp(X)
61 ∣

∣

∣

∣

∑i∈I tisi∣∣∣∣+ C1 sup
‖t‖Mp(X)61;
‖t‖26p−1=2 ∣∣∣∣ n

∑i=1 tisi∣∣∣∣: (4)Proof. We have by the unonditionality of X and Jensen's inequality,
‖t‖Mp(X) = ∥∥∥

∥

n
∑i=1 ti"i|Xi|∥∥∥

∥p >

∥

∥

∥

∥

n
∑i=1 ti"iE|Xi|∥∥∥

∥p:By the result of Hitzenko [5℄, for numbers a1; : : : ; an,
∥

∥

∥

∥

n
∑i=1 ai"i∥∥∥∥p ∼

∑i6p a∗i +√p(∑i>p |a∗i |2)1=2; (5)



216 R. LATA LAwhere (a∗i )i6n denotes the noninreasing rearrangement of (|ai|)i6n. Thus
√p(∑i>p |t∗i |2)1=2

6 C1‖t‖Mp(X)and (4) easily follows. �Proof of Theorem 4. The last bound in the assertion follows by (3). Itis easy to see that (inreasing q if neessary) it is enough to onsider thease q >
√np.If q > n then the similar argument as in the proof of Remark 1 showsthat

(

E‖X‖qZp(X))1=q 6 2 · 5n=q supt∈Mp(X) ‖〈t;X〉‖q 6 10 supt∈Mp(X) ‖〈t;X〉‖q:Finally, onsider the remaining ase √pn 6 q 6 n. By (2) we mayassume that E|Xi| = 1 for all i. By the log-onavity
‖〈t;X〉‖q1 6 C q1q2 ‖〈t;X〉‖q2for q1 > q2 > 1, in partiular �i := ‖Xi‖2 6 C.Let E1; : : : ; En be i.i.d. symmetri exponential random variables withvariane 1. By [6, Theorem 3.1℄ we have

∥

∥

∥

∥

sup
‖t‖Mp(X)61;
‖t‖26p−1=2 ∣∣∣∣ n

∑i=1 tiXi∣∣∣
∣

∥

∥

∥

∥q
6 C(∥∥∥

∥

sup
‖t‖Mp(X)61;
‖t‖26p−1=2 ∣∣∣∣ n

∑i=1 ti�iEi∣∣∣∣∥∥∥∥1 + sup
‖t‖Mp(X)61;
‖t‖26p−1=2 ‖〈t;X〉‖q):We have sup

‖t‖Mp(X)61;
‖t‖26p−1=2 ‖〈t;X〉‖q 6 sup

‖t‖Mp(X)61 ‖〈t;X〉‖qand
∥

∥

∥

∥

∥

sup
‖t‖Mp(X)61;
‖t‖26p−1=2 ∣∣∣∣ n

∑i=1 ti�iEi∣∣∣∣∥∥∥∥∥1 6
1√p∥∥∥∥∥√√√√ n

∑i=1 �2i E2i ∥∥∥∥∥1 6
1√p√√√√ n

∑i=1 �2i 6 C√np :



ON Zp-NORMS OF RANDOM VECTORS 217Thus
∥

∥

∥

∥

∥

sup
‖t‖Mp(X)61;
‖t‖26p−1=2 ∣∣∣∣ n

∑i=1 tiXi∣∣∣
∣

∥

∥

∥

∥

∥q 6 C(√np + sup
‖t‖Mp(X)61 ‖〈t;X〉‖q):Let for eah I ⊂ [n℄, PIX = (Xi)i∈I and SI be a 1=2-net in Mp(PIX)of ardinality at most 5|I|. We have

∥

∥

∥

∥

∥

supI⊂[n℄;
|I|6p sup

‖t‖Mp(X)
61 ∣

∣

∣

∣

∑i∈I tiXi∣∣∣
∣

∥

∥

∥

∥

∥q 6 2∥∥∥∥
∥

supI⊂[n℄;
|I|6p supt∈SI ∣∣∣∣∑i∈I tiXi∣∣∣

∣

∥

∥

∥

∥

∥q
6 2( ∑I⊂[n℄;

|I|6p ∑t∈SI E

∣

∣

∣

∣

∑i∈I tiXi∣∣∣
∣

q)1=q
6 2 · 5p=q|{I ⊂ [n℄; |I | 6 p}|1=q supI supt∈SI ∥∥∥∥∑i∈I tiXi∥∥∥

∥q
6 10(enp )p=q supt∈Mp(X) ∥∥∥∥∑i∈I tiXi∥∥∥

∥q
6 C supt∈Mp(X) ∥∥∥∥∑i∈I tiXi∥∥∥

∥q;where the last estimate follows from q >
√np.Hene the assertion follows by Lemma 5. �Corollary 6. Let X be an unonditional log-onave n-dimensional ran-dom vetor and 2 6 p 6 n. Then1C√np 6 E‖X‖Zp(X) 6

(

E‖X‖
√np
Zp(X))1=√np

6 C√np (6)and
P

(

‖X‖Zp(X) >
1C√np) >

1C ;
P

(

‖X‖Zp(X) > Ct√np) 6 e−t√np for t > 1:



218 R. LATA LAProof. The upper bound in (6) easily follows by Theorem 4. In fat wehave for t > 1,
(

E‖X‖t√npZp(X))1=(t√np) 6 Ct√np ;hene the Chebyshev inequality yields the upper tail bound for ‖X‖Zp(X).To establish lower bounds we may assume that X is additionally iso-tropi. Then by the result of Bobkov and Nazarov [3℄ we have
‖〈t;X〉‖p 6 C(√p‖t‖2 + p‖t‖∞):This easily gives

E‖X‖Zp(X) >
1C√npEX∗

⌈n=2⌉ >
1C√np ;where the last inequality follows by Lemma 7 below.By the Paley{Zygmund inequality we get

P

(

‖X‖Zp(X) >
1C√np ) > P

(

‖X‖Zp(X) >
12E‖X‖Zp(X))

>
(E‖X‖Zp(X))24E‖X‖2Zp(X) > : �Lemma 7. Let X by a symmetri isotropi n-dimensional log-onavevetor. Then EX∗

⌈n=2⌉ > 1C .Proof. Let ai > 0 be suh that P(Xi > ai) = 3=8. Then by the log-onavity of Xi, P(|Xi| > tai) = 2P(Xi > tai) 6 (3=4)t for t > 1 andintegration by parts yields ‖Xi‖2 6 Cai. Thus ai > 1 for a onstant1 > 0.Let S = n
∑i=1 I{|Xi|>1}. Then ES = n

∑i=1 P(|Xi| > 1) > 3n=4. On theother hand ES 6 n2 + nP(X∗
⌈n=2⌉ > 1), so

EX∗
⌈n=2⌉ > 1P(X∗

⌈n=2⌉ > 1) > 1=4: �The next example shows that the tail and moment bounds in Corollary 6are optimal.Example. Let X = (X1; : : : ; Xn) be an isotropi random vetor with i.i.d.symmetri exponential oordinates (X is of density 2n=2 exp(−√2‖x‖1)).



ON Zp-NORMS OF RANDOM VECTORS 219Then (E|Xi|p)1=p 6 p=2, so 2pei ∈ Mp(X) and
P

(

‖X‖Zp(X) > t√n=p) > P(|Xi| > t√np=2) > e−t√np=√2and for q = s√np, s > 1,
(

E‖X‖qZp(X))1=q >
2p‖Xi‖q > q=p = s√n=p:

§3. General ase { approah via entropy numbersIn this setion we propose a method of deriving estimates for Zp-normsvia entropy estimates for Mp-balls and Eulidean distane. We use a stan-dard notation { for sets T; S ⊂ R
n, by N(T; S) we denote the minimalnumber of translates of S that are enough to over T . If S is the "-ballwith respet to some translation-invariant metri d then N(T; S) is alsodenoted as N(T; d; ") and is alled the metri entropy of T with respetto d.We are mainly interested in log-onave vetors or random vetors whihsatisfy moment estimates

‖〈t;X〉‖p 6 �pq ‖〈t;X〉‖q for p > q > 2: (7)Let us start with a simple bound.Proposition 8. Suppose that X is isotropi in R
n and (7) holds. Thenfor any p > 2 and " > 0 we have

(

E‖X‖2Zp(X))1=2 6 "√n+ e�p max {p; logN(Mp(X); "Bn2 )} :Proof. Let N = N(Mp(X); "Bn2 ) and hoose t1; : : : ; tN ∈ Mp(X) suhthat Mp(X) ⊂ ⋃Ni=1(ti + "Bn2 ). Then
‖x‖Zp(X) 6 "|x|+ supi6N〈ti; x〉:Let r = max{p; logN}. We have

(

E supi6N |〈ti; X〉|2)1=26 (E supi6N |〈ti; X〉|r)1=r6 ( N
∑i=1 E|〈ti; X〉|r)1=r

6 N1=r supi ‖〈ti; X〉‖r
6 e�rp supi ‖〈ti; X〉‖p 6 e�rp: �



220 R. LATA LARemark 9. The Paouris inequality [10℄ states that for isotropi log-onave vetors and q > 2, (E|X |q)1=q 6 C(√n + q), so for suh vetorsand q > 2,
(

E‖X‖qZp(X))1=q 6 C"(√n+ q) + 2ep max{p; q; logN(Mp(X); "Bn2 )}:Unfortunately, the known estimates for entropy numbers of Mp-ballsare rather weak.Theorem 10 ([4, Proposition 9.2.8℄). Assume that X is isotropi log-onave and 2 6 p 6
√n. ThenlogN(Mp(X); t√pBn2 ) 6 Cn log2 p log ttfor 1 6 t 6 min{√p; 1C n log pp2 }:Corollary 11. Let X be isotropi log-onave, then

(

E‖X‖pZp(X))1=p 6 C (np)3=4 log p√logn for 2 6 p 6
1Cn3=7 log−2=7 n:Proof. We apply Theorem 10 with t = (n=p)1=4 log p log1=2 n and Propo-sition 8 with " = tp−1=2. �Remark 12. Suppose thatX is entered and the following stronger boundthan (7) (satis�ed for example for Gaussian vetors) holds

‖〈t;X〉‖p 6 �√pq ‖〈t;X〉‖q for p > q > 2: (8)Then for any 2 6 p 6 n,1�√2np 6

(

E‖X‖2Zp(X))1=2 6

(

E‖X‖nZp(X))1=n 6 10�√np :Proof. Without loss of generality we may assume that X is isotropi. Wehave
‖〈t;X〉‖p 6 �√p=2‖〈t;X〉‖2 = �√p=2|t|;so Mp(X) ⊃ �−1√2=pBn2 and

(

E‖X‖2Zp(X))1=2 >
1�√2p (E|X |2)1=2 = 1�√2np :



ON Zp-NORMS OF RANDOM VECTORS 221On the other hand let S be a 1=2-net in Mp(X) of ardinality atmost 5n. Then
(

E‖X‖nZp(X))1=n 6 2(E supt∈S |〈t;X〉|n)1=n
6 2(∑t∈S E|〈t;X〉|n)1=n

6 2|S|1=n supt∈S ‖〈t;X〉‖n
6 10�√np supt∈S ‖〈t;X〉‖p 6 10�√np : �Reall that the Sudakov minoration priniple [11℄ states that if G is anisotropi Gaussian vetor in R

n then for any bounded T ⊂ R
n and " > 0,

E supt∈T 〈t; G〉 >
1C "√logN(T; "Bn2 ):So we an say that a random vetor X in R

n satis�es the L2-Sudakovminoration with a onstant CX if for any bounded T ⊂ R
n and " > 0,

E supt∈T 〈t;X〉 >
1CX "√logN(T; "Bn2 ):Example. Any unonditional n-dimensional random vetor satis�es theL2-Sudakov minoration with onstant C√log(n+ 1)=(mini6n E|Xi|).Indeed, we have by the unonditionality, Jensen's inequality and theontration priniple,

E supt∈T n
∑i=1 tiXi = E supt∈T n

∑i=1 ti"i|Xi| > E supt∈T n
∑i=1 ti"iE|Xi|

> mini6n E|Xi|E supt∈T n
∑i=1 ti"i:On the other hand, the lassial Sudakov minoration and the ontrationpriniple yields1C "√logN(T; "Bn2 ) 6 E supt∈T n

∑i=1 tigi 6 Emaxi6n |gi|E supt∈T n
∑i=1 ti"i

6 C√log(n+ 1)E supt∈T n
∑i=1 ti"i:



222 R. LATA LAHowever the L2-Sudakov minoration onstant may be quite large in theisotropi ase even for unonditional vetors if we do not assume that L1and L2 norms of Xi are omparable. Indeed, let P(X = ±n1=2ei) = 12nfor i = 1; : : : ; n, where e1; : : : ; en is the anonial basis of R
n. Then X isisotropi and unonditional. Let T = {t ∈ R

n : ‖t‖∞ 6 n−1=2}. Then
E supt∈T |〈t;X〉| 6 1:However, by the volume-based estimate,N(T; "Bn2 ) >

vol(T )vol("Bn2 ) >

( 1"C)n ;hene sup">0 "√logN((T; "Bn2 ) >
1C√n:Thus the L2-Sudakov onstant CX >

√n=C in this ase.Next proposition shows that random vetors with uniformly log-onvexdensity satisfy the L2-Sudakov minoration.Proposition 13. Suppose that a symmetri random vetor X in R
n hasthe density of the form eh suh that Hess(h) > −�Id for some � > 0. ThenX satis�es the L2-Sudakov minoration with onstant CX 6 C√�.Proof. We will follow the method of the proof of the (dual) lassialSudakov inequality (f. (3.15) and its proof in [8℄).Let T be a bounded symmetri set andA := E supt∈T |〈t;X〉|:By the duality of entropy numbers [2℄ we need to show thatlog1=2N("−1Bn2 ; T o) 6 C"−1�1=2Afor " > 0 or equivalently thatN(ÆBn2 ; 6AT o) 6 exp(C�Æ2) for Æ > 0: (9)To this end let N = N(ÆBn2 ; 6AT o). If N = 1 there is nothing to show,so assume that N > 2. Then we may hoose t1; : : : ; tN ∈ ÆBn2 suh thatthe balls ti + 3AT 0 are disjoint. Let � = �X be the distribution of X . Bythe Chebyshev inequality,�(3AT 0) = 1− P

( supt∈T |〈t;X〉| > 3A) >
23 :



ON Zp-NORMS OF RANDOM VECTORS 223Observe also that for any symmetri set K and t ∈ R
n,�(t+K) = ∫K eh(x−t)dx = ∫K eh(x+t)dx = ∫K 12(eh(x−t) + eh(x+t))dx

>

∫K e(h(x−t)+h(x+t))=2dx:By Taylor's expansion we have for some � ∈ [0; 1℄,h(x− t) + h(x+ t)2 = h(x) + 14(〈Hessh(x+ �t)t; t〉+ 〈Hessh(x− �t)t; t〉)
> h(x)− 12�|t|2:Thus �(t+K) >

∫K eh(x)−�|t|2=2 = e−�|t|2=2�(K)and 1 >

N
∑i=1 �(ti + 3AT 0) >

N
∑i=1 e−�|ti|2=2�(3AT 0)

>
2N3 e−�Æ2=2 > N1=3e−�Æ2=2and (9) easily follows. �Proposition 14. Suppose that X satis�es the L2-Sudakov minoration withonstant CX . Then for any p > 2N(Mp(X); eCX√p Bn2 ) 6 ep:In partiular if X is isotropi we have for 2 6 p 6 n,

(

E‖X‖2Zp(X))1=2 6 e(CX√np + 1):Proof. Suppose that N = N(Mp(X); eCXp−1=2Bn2 ) > ep. We an hooset1; : : : ; tN ∈ Mp(X), suh that ‖ti − tj‖2 > eCXp−1=2. We have
E supi>N〈ti; X〉 >

1CX eCXp−1=2√logN > e:
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E supi>N〈ti; X〉 6

(

E supi>N |〈ti; X〉|p)1=p 6

(

∑i>N E|〈ti; X〉|p)1=p
6 N1=pmaxi ‖〈ti; X〉‖p 6 e:To show the seond estimate we proeed in a similar way as in theproof of Proposition 8. We hoose T ⊂ Mp(X) suh that |T | 6 ep and

Mp(X) ⊂ T + eCXp−1=2Bn2 . We have
‖X‖Zp(X) 6 eCXp−1=2|X |+ supt∈T |〈t;X〉|so that

(

E‖X‖2Zp(X))1=2 6 eCXp−1=2(E|X |2)1=2 + (E supt∈T |〈t;X〉|2)1=2:Vetor X is isotropi, so E|X |2 = n and sine T ⊂ Mp(X) and p > 2 weget
(

E supt∈T |〈t;X〉|2)1=2 6

(

E supt∈T |〈t;X〉|p)1=p 6

(

∑t∈T E|〈t;X〉|p)1=p
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