
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 456, 2017 Ç.ï. ì. ÷ÉÎÏÇÒÁÄÏ×, á. ÷. çÌÁÄËÁÑ�ïþîùå ïãåîëé ìéîåêîùè ðòéâìéöåîéêîåðåòéïäéþåóëéíé óðìáêîáíé þåòåúìéîåêîùå ëïíâéîáãéé íïäõìåêîåðòåòù÷îïó�é
§1. ÷×ÅÄÅÎÉÅ1.1. éÓÔÏÒÉÑ ×Ï�ÒÏÓÁ. ðÕÓÔØ C { �ÒÏÓÔÒÁÎÓÔ×Ï 2�-�ÅÒÉÏÄÉÞÅÓËÉÈÎÅ�ÒÅÒÙ×ÎÙÈ ÆÕÎË�ÉÊ Ó ÒÁ×ÎÏÍÅÒÎÏÊ ÎÏÒÍÏÊ, Ækh(f) { ËÏÎÅÞÎÁÑ ÒÁÚ-ÎÏÓÔØ k-ÇÏ �ÏÒÑÄËÁ, !1(f; h) { ÒÁ×ÎÏÍÅÒÎÙÊ ÍÏÄÕÌØ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ�ÅÒ×ÏÇÏ �ÏÒÑÄËÁ ÆÕÎË�ÉÉ f Ó ÛÁÇÏÍ h.÷ 1937 ÇÏÄÕ æÁ×ÁÒ [1℄, Á ÔÁËÖÅ áÈÉÅÚÅÒ É ëÒÅÊÎ [2℄ �ÏÓÔÒÏÉÌÉ ÌÉ-ÎÅÊÎÙÊ ÍÅÔÏÄ �ÒÉÂÌÉÖÅÎÉÑ Xn;r ÓÏ ÚÎÁÞÅÎÉÑÍÉ × �ÒÏÓÔÒÁÎÓÔ×Å T2n−1ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ �ÏÌÉÎÏÍÏ× �ÏÒÑÄËÁ ÎÅ ×ÙÛÅ n−1, ÔÁËÏÊ ÞÔÏ ÄÌÑÌÀÂÏÊ ÆÕÎË�ÉÉ f ∈ C(r) Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

‖f −Xn;r(f)‖ 6
Krnr ‖f (r)‖; (1)ÇÄÅ

Kr = 4� ∞
∑l=0 (−1)l(r+1)(2l+ 1)r+1 ;�ÒÉÞÅÍ �ÒÉ ÌÀÂÏÍ n ∈ N ËÏÎÓÔÁÎÔÁ Kr ÎÁ ×ÓÅÍ C(r) ÎÅ ÍÏÖÅÔ ÂÙÔØÕÍÅÎØÛÅÎÁ, ÄÁÖÅ ÅÓÌÉ ÚÁÍÅÎÉÔØ ÌÅ×ÕÀ ÞÁÓÔØ ÎÁ ÎÁÉÌÕÞÛÅÅ �ÒÉÂÌÉÖÅ-ÎÉÅ ÆÕÎË�ÉÉ f × T2n−1. ëÏÎÓÔÁÎÔÙ Kr ÎÁÚÙ×ÁÀÔ ËÏÎÓÔÁÎÔÁÍÉ æÁ×Á-ÒÁ, Á Ï�ÅÒÁÔÏÒÙ Xn;r { Ï�ÅÒÁÔÏÒÁÍÉ áÈÉÅÚÅÒÁ{ëÒÅÊÎÁ{æÁ×ÁÒÁ. äÌÑÎÅÞÅÔÎÙÈ r ÎÅÒÁ×ÅÎÓÔ×Ï (1) ÂÙÌÏ ÕÓÉÌÅÎÏ öÕËÏÍ (r = 1) [3℄ É ìÉÇÕ-ÎÏÍ (r > 1) [4℄, ËÏÔÏÒÙÅ ÕÓÔÁÎÏ×ÉÌÉ ÎÅÒÁ×ÅÎÓÔ×Ï äÖÅËÓÏÎÁ Ó ÔÏÞÎÏÊËÏÎÓÔÁÎÔÏÊ:

‖f −Xn;r(f)‖ 6
Kr2nr !1 (f (r); �n) (2)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÎÁÉÌÕÞÛÅÅ �ÒÉÂÌÉÖÅÎÉÅ, ÎÅ�ÅÒÉÏÄÉÞÅÓËÉÅ Ó�ÌÁÊÎÙ, ÎÅÒÁ×ÅÎ-ÓÔ×Á ÔÉ�Á äÖÅËÓÏÎÁ. 55



56 ï. ì. ÷éîïçòáäï÷, á. ÷. çìáäëáñÄÌÑ ÌÀÂÏÊ ÆÕÎË�ÉÉ f ∈ C(r). äÁÌÅÅ öÕË [5℄ ÕÓÉÌÉÌ ÎÅÒÁ×ÅÎÓÔ×Á (1)É (2) ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:
‖f −Xn;r(f)‖ 6

(�n)r {Ar;0‖f (r)‖+Nn;r;m(f (r))} (3)�ÒÉ ×ÓÅÈ r ∈ N, Á ÅÓÌÉ, ËÒÏÍÅ ÔÏÇÏ, r ÎÅÞÅÔÎÏ, ÔÏ
‖f −Xn;r(f)‖ 6

(�n)r {Ar;02 !1 (f (r); �n)+Nn;r;m(f (r))} : (4)úÄÅÓØ n;m ∈ N,Nn;r;m(f (r)) = m−1
∑�=1 Ar;� ∥

∥

∥
Æ��n (f (r))∥∥∥+(

Kr�r −

m−1
∑�=0 2�Ar;�)2−m ∥

∥

∥
Æm�n (f (r))∥∥∥ ;Á Ar;� { ÎÅËÏÔÏÒÙÅ Ñ×ÎÏ �ÏÓÔÒÏÅÎÎÙÅ ËÏÎÓÔÁÎÔÙ.üÔÉ Ï�ÅÎËÉ Ó�ÒÁ×ÅÄÌÉ×Ù ÄÌÑ ÛÉÒÏËÏÇÏ ËÌÁÓÓÁ �ÒÏÓÔÒÁÎÓÔ× Ó �ÏÌÕ-ÎÏÒÍÏÊ É ÔÏÞÎÙ ÅÝÅ É × ÉÎÔÅÇÒÁÌØÎÏÊ ÍÅÔÒÉËÅ.öÕË �ÏÌÕÞÁÌ Ó×ÏÉÍ ÍÅÔÏÄÏÍ Ï�ÅÎËÉ ÎÅ ÔÏÌØËÏ ÏÔËÌÏÎÅÎÉÊ ÌÉÎÅÊ-ÎÙÈ ÍÅÔÏÄÏ× �ÒÉÂÌÉÖÅÎÉÑ, ÎÏ É ÆÕÎË�ÉÏÎÁÌÏ× ÏÂÝÅÇÏ ×ÉÄÁ, ÚÁÄÁÎÎÙÈÎÁ �ÒÏÓÔÒÁÎÓÔ×ÁÈ �ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ, ÄÌÑ ËÏÔÏÒÙÈ Ó�ÒÁ×ÅÄÌÉ×ÙÎÅÒÁ×ÅÎÓÔ×Á ÔÉ�Á (1). îÅËÏÔÏÒÙÅ ÉÚ ÜÔÉÈ Ï�ÅÎÏË ×ÏÛÌÉ × ËÎÉÇÕ [6, ÇÌÁ-×Ù 4 É 8℄; ÓÍ. ÂÉÂÌÉÏÇÒÁÆÉÀ ÔÁÍ ÖÅ.äÌÑ �ÒÉÂÌÉÖÅÎÉÊ ÆÕÎË�ÉÊ, ÚÁÄÁÎÎÙÈ ÎÁ ÏÓÉ, �ÅÌÙÍÉ ÆÕÎË�ÉÑÍÉËÏÎÅÞÎÏÊ ÓÔÅ�ÅÎÉ ÁÎÁÌÏÇ ÎÅÒÁ×ÅÎÓÔ×Á (1) ÕÓÔÁÎÏ×ÉÌ ëÒÅÊÎ [7℄, ÁÎÁ-ÌÏÇ ÎÅÒÁ×ÅÎÓÔ×Á (2) { çÒÏÍÏ× [8℄, ÎÅÒÁ×ÅÎÓÔ× (3) É (4) ÄÌÑ ÎÁÉÌÕÞÛÉÈ�ÒÉÂÌÉÖÅÎÉÊ { íÅÒÌÉÎÁ [9, 10℄, ÄÌÑ ÏÔËÌÏÎÅÎÉÊ ÌÉÎÅÊÎÏÇÏ ÍÅÔÏÄÁ {÷ÉÎÏÇÒÁÄÏ× [11℄.äÌÑ �ÒÉÂÌÉÖÅÎÉÊ �ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ Ó�ÌÁÊÎÁÍÉ ÁÎÁÌÏÇÉ ÎÅÒÁ-×ÅÎÓÔ× (2){(4) ÄÏËÁÚÁÌÉ ÷ÉÎÏÇÒÁÄÏ× É öÕË [12℄. õÞÁÓÔ×ÕÀÝÉÅ × ÜÔÉÈÏ�ÅÎËÁÈ Ó�ÌÁÊÎÏ×ÙÅ ÁÎÁÌÏÇÉ ÍÅÔÏÄÏ× Xn;r ÒÁÎÅÅ �ÏÓÔÒÏÉÌ ÷ÉÎÏÇÒÁ-ÄÏ× [13℄. äÌÑ �ÒÉÂÌÉÖÅÎÉÊ Ó�ÌÁÊÎÁÍÉ × �ÒÏÓÔÒÁÎÓÔ×ÁÈ Lp(R) ÁÎÁÌÏÇÉÍÅÔÏÄÏ× Xn;r �ÏÓÔÒÏÉÌÉ ÷ÉÎÏÇÒÁÄÏ× É çÌÁÄËÁÑ [14℄; ÏÎÉ ÖÅ [15℄ ÄÏËÁ-ÚÁÌÉ ÎÅÒÁ×ÅÎÓÔ×Á (2). îÅÒÁ×ÅÎÓÔ×Á ÔÉ�Á (1) ÄÌÑ ÎÁÉÌÕÞÛÉÈ �ÒÉÂÌÉÖÅ-ÎÉÊ �ÅÒÉÏÄÉÞÅÓËÉÍÉ É ÎÅ�ÅÒÉÏÄÉÞÅÓËÉÍÉ Ó�ÌÁÊÎÁÍÉ ÂÙÌÉ ÉÚ×ÅÓÔÎÙÒÁÎÅÅ; ÉÈ ÉÓÔÏÒÉÀ ÓÍ. × [14℄.÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÕÓÔÁÎÁ×ÌÉ×ÁÀÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Á ÔÉ�Á (3) É (4)ÄÌÑ �ÒÉÂÌÉÖÅÎÉÊ Ó�ÌÁÊÎÁÍÉ × �ÒÏÓÔÒÁÎÓÔ×ÁÈ Lp(R). ðÒÉ ÜÔÏÍ ÎÅÒÁ-×ÅÎÓÔ×Á ÔÉ�Á (2) �ÏÌÕÞÁÀÔÓÑ ËÁË ÞÁÓÔÎÙÅ ÓÌÕÞÁÉ �ÒÉ m = 1. éÚÌÏ-ÖÅÎÉÅ × ÏÓÎÏ×ÎÏÍ ÓÌÅÄÕÅÔ ÓÈÅÍÅ ÉÚ [12℄, ËÏÔÏÒÁÑ ×ÏÓÈÏÄÉÔ Ë Õ�ÏÍÑ-ÎÕÔÏÊ ÓÈÅÍÅ öÕËÁ. îÁ ÔÅ ÒÅÚÕÌØÔÁÔÙ ÉÚ [12℄, ËÏÔÏÒÙÅ ÉÓ�ÏÌØÚÕÀÔÓÑ



�ïþîùå ïãåîëé ìéîåêîùè ðòéâìéöåîéê 57ÂÅÚ ÉÚÍÅÎÅÎÉÊ, ÍÙ ÄÁÅÍ ÓÓÙÌËÕ, Á × ÔÅÈ ÓÌÕÞÁÑÈ, ËÏÇÄÁ ÕÔ×ÅÒÖÄÅÎÉÅÆÏÒÍÁÌØÎÏ ÎÏ×ÏÅ, ÎÏ ÄÏËÁÚÙ×ÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ ÂÌÉÚËÏÍÕ ÕÔ×ÅÒÖÄÅÎÉÀÉÚ [12℄, �ÒÏ×ÏÄÉÍ ÜÔÏ ÄÏËÁÚÁÔÅÌØÓÔ×Ï.÷ §2 É 3 Ï�ÉÓÙ×ÁÀÔÓÑ ÉÔÅÒÁ�ÉÉ ÆÏÒÍÕÌÙ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ, É ÎÁÉÈ ÏÓÎÏ×Å ÓÔÒÏÑÔÓÑ ÌÉÎÅÊÎÙÅ Ï�ÅÒÁÔÏÒÙ, ÏÔËÌÏÎÅÎÉÅ ËÏÔÏÒÙÈ ÄÏ�ÕÓ-ËÁÅÔ Ï�ÅÎËÉ ÔÉ�Á (3) É (4). ÷ §4 ÏÂÝÉÅ ÒÅÚÕÌØÔÁÔÙ �ÒÉÍÅÎÑÀÔÓÑ Ë�ÒÉÂÌÉÖÅÎÉÀ Ó�ÌÁÊÎÁÍÉ × Lp(R).ðÏÄÞÅÒËÎÅÍ, ÞÔÏ × ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ ÏÇÒÁÎÉÞÉ×ÁÅÍÓÑ ÌÉÎÅÊÎÙÍÉÍÅÔÏÄÁÍÉ �ÒÉÂÌÉÖÅÎÉÑ. íÎÏÇÉÅ Ï�ÅÎËÉ, �ÏÌÕÞÅÎÎÙÅ ÌÉÎÅÊÎÙÍÉ ÍÅ-ÔÏÄÁÍÉ, Ñ×ÌÑÀÔÓÑ ÎÏ×ÙÍÉ É ÎÅÕÌÕÞÛÁÅÍÙÍÉ É ÄÌÑ ÎÁÉÌÕÞÛÉÈ �ÒÉ-ÂÌÉÖÅÎÉÊ. ó�Å�ÉÆÉËÁ ÎÁÉÌÕÞÛÉÈ �ÒÉÂÌÉÖÅÎÉÊ �ÏÚ×ÏÌÑÅÔ �ÏÌÕÞÉÔØÄÌÑ ÎÉÈ ÒÑÄ ÔÏÎËÉÈ ÎÅÒÁ×ÅÎÓÔ×, ÎÅ×ÅÒÎÙÈ ÄÌÑ ÏÔËÌÏÎÅÎÉÊ ÌÉÎÅÊÎÙÈÍÅÔÏÄÏ× �ÒÉÂÌÉÖÅÎÉÑ, ÎÏ ÜÔÉ ×Ï�ÒÏÓÙ × ÒÁÂÏÔÅ ÎÅ ÚÁÔÒÁÇÉ×ÁÀÔÓÑ.1.2. ïÂÏÚÎÁÞÅÎÉÑ. äÁÌÅÅ R, Z, Z+, N { ÍÎÏÖÅÓÔ×Á ×ÅÝÅÓÔ×ÅÎÎÙÈ,�ÅÌÙÈ, ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ �ÅÌÙÈ, ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ;ÅÓÌÉ ÉÚ ËÏÎÔÅËÓÔÁ ÎÅ ÓÌÅÄÕÅÔ �ÒÏÔÉ×ÎÏÅ, �ÒÏÓÔÒÁÎÓÔ×Á ÆÕÎË�ÉÊ ÍÏ-ÇÕÔ ÂÙÔØ ËÁË ×ÅÝÅÓÔ×ÅÎÎÙÍÉ, ÔÁË É ËÏÍ�ÌÅËÓÎÙÍÉ; UCB(R) { �ÒÏ-ÓÔÒÁÎÓÔ×Ï ÒÁ×ÎÏÍÅÒÎÏ ÎÅ�ÒÅÒÙ×ÎÙÈ ÏÇÒÁÎÉÞÅÎÎÙÈ ÎÁ R ÆÕÎË�ÉÊ ÓÒÁ×ÎÏÍÅÒÎÏÊ ÎÏÒÍÏÊ; ÅÓÌÉ p ∈ [1;+∞℄, ÔÏ Lp(R) { ÓÔÁÎÄÁÒÔÎÙÅ �ÒÏ-ÓÔÒÁÎÓÔ×Á ìÅÂÅÇÁ ÎÁ �ÒÑÍÏÊ; W (r)p (R) { ÍÎÏÖÅÓÔ×Ï ÆÕÎË�ÉÊ, �ÒÉÎÁÄ-ÌÅÖÁÝÉÈ Lp(R) É Ñ×ÌÑÀÝÉÈÓÑ r-ËÒÁÔÎÙÍÉ ÉÎÔÅÇÒÁÌÁÍÉ ÏÔ ÆÕÎË�ÉÊÉÚ Lp(R); W (r)1;lo(R) { ÍÎÏÖÅÓÔ×Ï r-ËÒÁÔÎÙÈ ÉÎÔÅÇÒÁÌÏ× ÏÔ ÌÏËÁÌØÎÏÓÕÍÍÉÒÕÅÍÙÈ ÎÁ R ÆÕÎË�ÉÊ.ðÕÓÔØ M { ÚÁÍËÎÕÔÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á Lp(R) �ÒÉp ∈ [1;+∞) ÉÌÉ �ÒÏÓÔÒÁÎÓÔ×Á UCB(R) �ÒÉ p = +∞, P { �ÏÌÕÎÏÒÍÁ,ÚÁÄÁÎÎÁÑ ÎÁ M, É ×Ù�ÏÌÎÑÀÔÓÑ ÓÌÅÄÕÀÝÉÅ ÕÓÌÏ×ÉÑ.1) ðÒÏÓÔÒÁÎÓÔ×Ï (M; P ) ÉÎ×ÁÒÉÁÎÔÎÏ ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ, Ô.Å. ÄÌÑÌÀÂÙÈ f ∈ M É h ∈ R ÂÕÄÅÔ f( · + h) ∈ M É P (f( · + h)) = P (f).2) óÕÝÅÓÔ×ÕÅÔ ÔÁËÁÑ �ÏÓÔÏÑÎÎÁÑ B, ÞÔÏ P (f) 6 B‖f‖p ÄÌÑ ×ÓÅÈf ∈ M.�ÏÇÄÁ ÂÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ �ÒÏÓÔÒÁÎÓÔ×Ï (M; P ) �ÒÉÎÁÄÌÅÖÉÔ ËÌÁÓ-ÓÕ B. ðÒÉÍÅÒÁÍÉ �ÒÏÓÔÒÁÎÓÔ× ËÌÁÓÓÁ B ÓÌÕÖÁÔ: (UCB(R); ‖ · ‖∞
),(Lp(R); ‖ · ‖p) �ÒÉ p ∈ [1;+∞), �ÒÏÓÔÒÁÎÓÔ×Á �ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ

(C; ‖ · ‖p) �ÒÉ p ∈ [1;+∞℄, Á ÔÁËÖÅ ÂÏÌÅÅ ÏÂÝÉÅ �ÒÏÓÔÒÁÎÓÔ×Á ÒÁ×ÎÏ-ÍÅÒÎÏ ÎÅ�ÒÅÒÙ×ÎÙÈ �ÏÞÔÉ-�ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ, �ÏËÁÚÁÔÅÌÉ ËÏÔÏ-ÒÙÈ �ÒÉÎÁÄÌÅÖÁÔ ÆÉËÓÉÒÏ×ÁÎÎÏÍÕ ÍÎÏÖÅÓÔ×Õ, Ó ÒÁÚÌÉÞÎÙÍÉ ÎÏÒÍÁ-ÍÉ.



58 ï. ì. ÷éîïçòáäï÷, á. ÷. çìáäëáñåÓÌÉ r ∈ N, ÔÏ M
(r) { ÍÎÏÖÅÓÔ×Ï ÆÕÎË�ÉÊ f ∈ M, ÔÁËÉÈ ÞÔÏ f (r−1)ÌÏËÁÌØÎÏ ÁÂÓÏÌÀÔÎÏ ÎÅ�ÒÅÒÙ×ÎÁ, Á f (r) ∈ M; f (−r) { ÌÀÂÁÑ r-Ñ �ÅÒ×Ï-ÏÂÒÁÚÎÁÑ ÆÕÎË�ÉÉ f . ãÅÎÔÒÁÌØÎÙÅ ÒÁÚÎÏÓÔÉ, ÍÏÄÕÌÉ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉÉ ÆÕÎË�ÉÉ óÔÅËÌÏ×Á �ÏÒÑÄËÁ r ∈ Z+ ÆÕÎË�ÉÉ f Ï�ÒÅÄÅÌÑÀÔÓÑ ÒÁ×ÅÎ-ÓÔ×ÁÍÉ Ært (f; x) = r
∑k=0(−1)kCkr f (x+ rt2 − kt) ;!r(f; h)P = sup06t6hP (Ært (f)); Sh;r(f) = 1hr Ærh(f (−r));×ÅÌÉÞÉÎÁ E(f;N)P = infT∈N

P (f − T )ÅÓÔØ ÎÁÉÌÕÞÛÅÅ �ÒÉÂÌÉÖÅÎÉÅ ÆÕÎË�ÉÉ f ÜÌÅÍÅÎÔÁÍÉ ÍÎÏÖÅÓÔ×Á N �Ï�ÏÌÕÎÏÒÍÅ P . éÎÄÅËÓ p Õ ÎÁÉÌÕÞÛÅÇÏ �ÒÉÂÌÉÖÅÎÉÑ, ÍÏÄÕÌÑ ÎÅ�ÒÅÒÙ×-ÎÏÓÔÉ É Ô.�. ÏÚÎÁÞÁÅÔ, ÞÔÏ P (f) = ‖f‖p.ðÒÉ � > 0 ÞÅÒÅÚ S�;� ÏÂÏÚÎÁÞÁÅÔÓÑ ÍÎÏÖÅÓÔ×Ï Ó�ÌÁÊÎÏ× �ÏÒÑÄËÁ� ∈ Z+ ÄÅÆÅËÔÁ 1 �Ï ÒÁ×ÎÏÍÅÒÎÏÍÕ ÒÁÚÂÉÅÎÉÀ k�� (k ∈ Z). äÒÕÇÉÍÉÓÌÏ×ÁÍÉ, �ÒÉ � ∈ N ÜÔÏ ÍÎÏÖÅÓÔ×Ï (�−1)-ÇÌÁÄËÉÈ ÎÁ R ÆÕÎË�ÉÊ, Ñ×ÌÑ-ÀÝÉÈÓÑ ÎÁ ËÁÖÄÏÍ ÉÎÔÅÒ×ÁÌÅ (k�� ; (k+1)�� ) ÁÌÇÅÂÒÁÉÞÅÓËÉÍ ÍÎÏÇÏÞÌÅ-ÎÏÍ ÓÔÅ�ÅÎÉ ÎÅ ×ÙÛÅ �, Á �ÒÉ � = 0 { ÍÎÏÖÅÓÔ×Ï ÆÕÎË�ÉÊ, �ÏÓÔÏÑÎÎÙÈÎÁ ËÁÖÄÏÍ ÔÁËÏÍ ÉÎÔÅÒ×ÁÌÅ.ðÕÓÔØ ÅÝÅ Br { 1-�ÅÒÉÏÄÉÞÅÓËÉÅ Ó�ÌÁÊÎÙ âÅÒÎÕÌÌÉ, ÔÏ ÅÓÔØB0(x) = 1; Br(x) = −
r!2r−1�r ∞

∑k=1 os(2k�x− r�=2)kr ; r ∈ N;k = Bk ( 12)k!{ ËÏÜÆÆÉ�ÉÅÎÔÙ × ÆÏÒÍÕÌÅ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ. óÉÍ×ÏÌ 00 �ÏÎÉÍÁÅÔÓÑËÁË 0.÷ ËÒÁÔÎÙÈ ÓÕÍÍÁÈ ÂÕÄÕÔ ÉÓ�ÏÌØÚÏ×ÁÔØÓÑ ÓÌÅÄÕÀÝÉÅ ÏÂÏÚÎÁÞÅÎÉÑ:
〈k〉0 = 0; 〈k〉� = k1 + · · ·+ k� ;
Om = (0; : : : ; 0) ∈ R

m; Kr;0 = {0};Kr;m = {k ∈ Z
m+ : 0 6 k� 6 r + � − 2− 〈k〉�−1} ; m ∈ N:ðÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍ m ÄÌÑ k ∈ Zm+ ×ÍÅÓÔÏ 〈k〉m �ÉÛÅÍ �ÒÏÓÔÏ 〈k〉,ÅÓÌÉ ÜÔÏ ÎÅ �ÒÉ×ÏÄÉÔ Ë Ä×ÕÓÍÙÓÌÅÎÎÏÓÔÉ.
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§2. æÏÒÍÕÌÁ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ É ÅÅ ÎÅ�ÏÌÎÙÅÉÔÅÒÁ�ÉÉìÅÍÍÁ 1 (ÆÏÒÍÕÌÁ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ [6, ÓÌÅÄÓÔ×ÉÅ II.6.1℄). ðÕÓÔØr ∈ N, h > 0, f ∈ W (r)1;lo(R). �ÏÇÄÁf = Lh;r;1(f) +Rh;r;0(f);ÇÄÅ Lh;r;1(f) = r−1

∑k=0 khk−1Æ1h(f (k−1));Rh;r;0(f) = hrr! ∫ 1=2
−1=2 f (r)( · − th)(Br (12)

−Br(t)) dt: (5)åÓÌÉ, ËÒÏÍÅ ÔÏÇÏ, r ÎÅÞÅÔÎÏ, ÔÏRh;r;0(f) = hrr! ∫ 1=20 Æ12th(f)Br(t) dt: (6)æÏÒÍÕÌÁ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ ÄÁÅÔ ÒÁÚÌÏÖÅÎÉÅ ÆÕÎË�ÉÉ �Ï ÒÁÚÎÏ-ÓÔÑÍ �ÅÒ×ÏÇÏ �ÏÒÑÄËÁ ÅÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÙÈ �ÒÏÉÚ×ÏÄÎÙÈ, ÎÁÞÉÎÁÑ Ó�ÅÒ×ÏÏÂÒÁÚÎÏÊ.úÁÍÅÞÁÎÉÅ 1. ÷ ÕÓÌÏ×ÉÑÈ ÌÅÍÍÙ 1Lh;r;1(f) = r−1
∑k=0 khkS(k)h;1(f):ï�ÒÅÄÅÌÉÍ ÉÔÅÒÁ�ÉÉ ÆÏÒÍÕÌÙ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ ÓÌÅÄÕÀÝÉÍ ÏÂ-ÒÁÚÏÍ. ðÕÓÔØ I { ÔÏÖÄÅÓÔ×ÅÎÎÙÊ Ï�ÅÒÁÔÏÒ, r;m ∈ N, h > 0, f ∈W (r)1;lo(R). ðÏÌÏÖÉÍ Lh;r;0 = I ,Lh;r;m(f) = r−1

∑k=0 khkLh;r+1−k;m−1 (S(k)h;1(f)) ;Rh;r;m(f) = Lh;r;m(f)− Lh;r;m+1(f):äÌÑ �ÏÌÕÞÅÎÉÑ ÒÁÚÌÉÞÎÙÈ ÆÏÒÍ ÚÁ�ÉÓÉ Ï�ÅÒÁÔÏÒÏ× Lh;r;m É Rh;r;mÓÄÅÌÁÅÍ ÎÅÓËÏÌØËÏ ÏÂÝÉÈ ÚÁÍÅÞÁÎÉÊ.ðÕÓÔØ Yk { ÎÅËÏÔÏÒÙÅ Ï�ÅÒÁÔÏÒÙ,Lr;0 = I; Lr;1 = r−1
∑k=0Yk; Lr;m = r−1

∑k=0Lr+1−k;m−1Yk;



60 ï. ì. ÷éîïçòáäï÷, á. ÷. çìáäëáñRr;m = Lr;m − Lr;m+1:�ÏÇÄÁ I = Lr;m + m−1
∑�=0 Rr;� ;Lr;m = ∑k∈Kr;m Ykm · : : : · Yk1= ∑k∈Kr;m−1 Lr+m−1−〈k〉;1Ykm−1 · : : : · Yk1 ; m− 1 ∈ N;Rr;m = ∑k∈Kr;mRr+m−〈k〉;0Ykm · : : : · Yk1 ; m ∈ N:üÔÉ ÕÔ×ÅÒÖÄÅÎÉÑ ÌÅÇËÏ ÄÏËÁÚÙ×ÁÀÔÓÑ �Ï ÉÎÄÕË�ÉÉ.÷ ÎÁÛÅÍ ÓÌÕÞÁÅ Yk(f) = khkS(k)h;1(f):úÁÍÅÔÉÍ, ÞÔÏ Ï�ÅÒÁÔÏÒÙ Yk ËÏÍÍÕÔÉÒÕÀÔ ÉYk1 · : : : · Yk� (f) = ( �

∏j=1 kj)h〈k〉�S(〈k〉�)h;� (f):ðÒÉÍÅÎÑÑ ÏÂÝÉÅ ÆÏÒÍÕÌÙ Ë Ï�ÅÒÁÔÏÒÁÍ Lh;r;m É Rh;r;m, �ÏÌÕÞÁÅÍÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.ìÅÍÍÁ 2 (ÉÔÅÒÉÒÏ×ÁÎÎÁÑ ÆÏÒÍÕÌÁ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ [12℄). ðÕÓÔØr;m ∈ N, h > 0, f ∈ W (r)1;lo(R). �ÏÇÄÁf = Lh;r;m(f) + m−1
∑�=0 Rh;r;�(f);ÇÄÅ Lh;r;m(f) = ∑k∈Kr;m( m

∏j=1 kj)h〈k〉S(〈k〉)h;m (f);



�ïþîùå ïãåîëé ìéîåêîùè ðòéâìéöåîéê 61Rh;r;�(f) = ∑k∈Kr;�( m
∏j=1 kj)h〈k〉Rh;r+�−〈k〉;0 (S(〈k〉)h;� (f))= hr ∫ 1=2

−1=2 Æ�h(f (r); · − th) ∑k∈Kr;�( �
∏j=1 kj) 1(r + � − 〈k〉)! (7)

×

(Br+�−〈k〉 (12)

−Br+�−〈k〉(t)) dt:úÁÍÅÞÁÎÉÅ 2. éÔÅÒÁ�ÉÉ ÆÏÒÍÕÌÙ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ ÍÏÇÕÔ ÂÙÔØÏ�ÉÓÁÎÙ ÔÁË: ÎÁ m-Í ÛÁÇÅ Ë ËÁÖÄÏÍÕ ÓÌÁÇÁÅÍÏÍÕ × (m − 1)-ËÒÁÔÎÏÊÓÕÍÍÅ �ÒÉÍÅÎÑÅÔÓÑ ÆÏÒÍÕÌÁ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ ÔÁËÏÇÏ �ÏÒÑÄËÁ, ÞÔÏ-ÂÙ ÏÓÔÁÔÏÞÎÙÊ ÞÌÅÎ ÓÏÄÅÒÖÁÌ �ÏÄ ÚÎÁËÏÍ ÉÎÔÅÇÒÁÌÁ r-À �ÒÏÉÚ×ÏÄÎÕÀÆÕÎË�ÉÉ f . ðÏÓËÏÌØËÕ Ë ËÁÖÄÏÍÕ ÓÌÁÇÁÅÍÏÍÕ �ÒÉÍÅÎÑÅÔÓÑ ÆÏÒÍÕÌÁÓÏ Ó×ÏÉÍ ËÏÌÉÞÅÓÔ×ÏÍ ÞÌÅÎÏ×, ÍÙ ÎÁÚÙ×ÁÅÍ ÔÁËÉÅ ÉÔÅÒÁ�ÉÉ ÎÅ�ÏÌÎÙ-ÍÉ.úÁÍÅÞÁÎÉÅ 3. ðÏÓËÏÌØËÕ ×ÓÅ ÞÉÓÌÁ Bk ( 12) �ÒÉ ÎÅÞÅÔÎÙÈ k ÒÁ×ÎÙÎÕÌÀ, �ÒÉ ÓÕÍÍÉÒÏ×ÁÎÉÉ ÍÙ ÍÏÖÅÍ Ï�ÕÓÔÉÔØ ÓÌÁÇÁÅÍÙÅ, × ËÏÔÏÒÙÈÈÏÔÑ ÂÙ ÏÄÎÁ ÉÚ ËÏÍ�ÏÎÅÎÔ ÍÕÌØÔÉÉÎÄÅËÓÁ ÎÅÞÅÔÎÁ. ðÏÄÏÂÎÙÅ ÓÕÍÍÙÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅ
∑k∈Kr;m ak = ∑l∈�r;m a2l;ÇÄÅ �r;0 = {0},�r;m = {l ∈ Z

m+ : 0 6 l� 6 [r + � − 2− 2〈l〉�−1℄=2}�ÒÉ m ∈ N. îÁ�ÒÉÍÅÒ,Lh;r;1(f) = [(r−1)=2℄
∑l=0 2lh2l−1Æ1h(f (2l−1));Lh;r;m(f) = ∑l∈�r;m( m

∏j=1 2lj)h〈2l〉S(〈2l〉)h;m (f);Rh;r;�(f) = ∑l∈�r;�( �
∏j=1 2lj)h〈2l〉Rh;r+�−〈2l〉;0 (S(〈2l〉)h;� (f))= hr ∫ 1=2

−1=2 Æ�h(f (r); · − th) ∑l∈�r;�( �
∏j=1 2lj) 1(r + � − 〈2l〉)!
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×

(Br+�−〈2l〉 (12)

−Br+�−〈2l〉(t)) dt:÷ ÄÁÌØÎÅÊÛÅÍ ÍÙ ÏÇÒÁÎÉÞÉÍÓÑ ÌÉÛØ ÏÄÎÉÍ ÔÉ�ÏÍ ÚÁ�ÉÓÉ.ðÅÒÅÊÄÅÍ Ë Ï�ÅÎËÅ ÏÓÔÁÔËÏ× × ÉÔÅÒÉÒÏ×ÁÎÎÏÊ ÆÏÒÍÕÌÅ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ. ðÏÌÏÖÉÍAr;0 = 2r! ∫ 1=20 ∣

∣

∣

∣

Br(t)−Br (12)∣

∣

∣

∣

dt; Ar;m = r−1
∑k=0 |k|Ar+1−k;m−1:ðÏ ÏÂÝÉÍ ÆÏÒÍÕÌÁÍAr;m = ∑k∈Kr;m( m

∏j=1 |kj |)Ar+m−〈k〉;0:ðÏÓËÏÌØËÕ ÆÕÎË�ÉÑ Br( · )−Br ( 12) ÓÏÈÒÁÎÑÅÔ ÚÎÁË ÎÁ (0; 1=2), ÉÍÅÅÍAr;0 = 2r! ∣

∣

∣

∣

∣

∫ 1=20 (Br(t)−Br (12)) dt∣∣∣
∣

∣= 2r! ∣

∣

∣

∣

Br+1( 12 )−Br+1(0)r + 1 −
12Br (12)∣

∣

∣

∣= 





|Br( 12 )|r! ; r ÞÅÔÎÏ,2|Br+1( 12 )−Br+1(0)|(r+1)! ; r ÎÅÞÅÔÎÏ.ìÅÍÍÁ 3. ðÕÓÔØ (M; P ) ∈ B, r;m ∈ N, h > 0, f ∈ W (r)1;lo(R), f (r) ∈ M.�ÏÇÄÁ f − Lh;r;m(f) ∈ M ÉP (f − Lh;r;m(f)) 6 hr m−1
∑�=0 Ar;�P (Æ�h(f (r))) :åÓÌÉ, ËÒÏÍÅ ÔÏÇÏ, r ÎÅÞÅÔÎÏ, ÔÏP (f − Lh;r;m(f)) 6 hr {Ar;02 !1(f (r); h)P + m−1

∑�=1 Ar;�P (Æ�h(f (r)))} :äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ËÌÀÞÅÎÉÅ ÓÌÅÄÕÅÔ ÉÚ �ÒÅÄÓÔÁ×ÌÅÎÉÑ ÒÁÚÎÏÓÔÉf − Lh;r;m(f) × ×ÉÄÅ Ó×ÅÒÔËÉ f (r) Ó ÓÕÍÍÉÒÕÅÍÏÊ ÆÕÎË�ÉÅÊ [11℄. éÚÒÁ×ÅÎÓÔ× (5) É (6) ×ÉÄÎÏ, ÞÔÏP (Rh;r;0(f)) 6 hrAr;0P (f (r)); (8)



�ïþîùå ïãåîëé ìéîåêîùè ðòéâìéöåîéê 63Á ÅÓÌÉ, ËÒÏÍÅ ÔÏÇÏ, r ÎÅÞÅÔÎÏ, ÔÏP (Rh;r;0(f)) 6 hrAr;02 !1(f (r); h)P :éÚ ÓÏÏÔÎÏÛÅÎÉÊ (7), (8) É Ï�ÒÅÄÅÌÅÎÉÑ ÞÉÓÅÌ Ar;� �ÏÌÕÞÁÅÍP (Rh;r;�(f)) 6 hrAr;�P (Æ�h(f (r))) :óÕÍÍÉÒÏ×ÁÎÉÅ �Ï � ÚÁ×ÅÒÛÁÅÔ ÄÏËÁÚÁÔÅÌØÓÔ×Ï. �ìÅÍÍÁ 4 ([6, ÌÅÍÍÁ IV.3.1℄ É [12℄). ðÕÓÔØ r;m ∈ N. �ÏÇÄÁ2m ∑k∈Kr;m( m
∏j=1 |kj |)Kr+m−〈k〉�r+m−〈k〉 = Kr�r −

m−1
∑�=0 2�Ar;� :úÁÍÅÞÁÎÉÅ 4. éÚ ÌÅÍÍÙ 4 ÓÌÅÄÕÅÔ, ÞÔÏ

∞
∑�=0 2�Ar;� 6

Kr�r :
§3. ïÂÝÁÑ ÓÈÅÍÁ �ÏÓÔÒÏÅÎÉÑ ÌÉÎÅÊÎÙÈ Ï�ÅÒÁÔÏÒÏ× ÎÁÏÓÎÏ×Å ÉÔÅÒÁ�ÉÊ ÆÏÒÍÕÌÙ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁðÕÓÔØ (M; P ) ∈ B É ÚÁÄÁÎÙ Ï�ÅÒÁÔÏÒÙ Q� : M

(�) → M, �ÏÌÏÖÉÍM� = supf∈M(�) P (f −Q�(f))P (f (�)) :äÌÑ f ∈ M
(r) �ÏÌÏÖÉÍUh;r;m(f) = ∑k∈Kr;m( m

∏j=1 kj)h〈k〉Qr+m−〈k〉 (S(〈k〉)h;m (f)) :ðÒÏ×ÅÒÉÍ, ÞÔÏ ÜÔÏ Ï�ÒÅÄÅÌÅÎÉÅ ËÏÒÒÅËÔÎÏ. åÓÌÉ f ∈ M
(r), ÔÏS(r+m)h;m (f) = 1hm Æmh (f (r)) ∈ M:ëÒÏÍÅ ÔÏÇÏ, �ÏÓËÏÌØËÕ M ÚÁÍËÎÕÔÏ ÏÔÎÏÓÉÔÅÌØÎÏ Ï�ÅÒÁ�ÉÉ Ó×ÅÒÔËÉÓ ÓÕÍÍÉÒÕÅÍÙÍ ÑÄÒÏÍ [11℄, ÉÍÅÅÍ Sh;m(f) ∈ M, ÏÔËÕÄÁ Sh;m(f) ∈

M
(r+m). ÷ÏÓ�ÏÌØÚÕÅÍÓÑ ÔÅÏÒÅÍÏÊ ÔÉ�Á ëÏÌÍÏÇÏÒÏ×Á: ÅÓÌÉ q − 1 ∈ N,
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(q), ÔÏ g(l) ∈ M �ÒÉ ×ÓÅÈ ÎÁÔÕÒÁÌØÎÙÈ l < q. üÔÏ ÕÔ×ÅÒÖÄÅ-ÎÉÅ ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ ÄÌÑ M = Lp(R); × ÏÂÝÅÍ ×ÉÄÅ ÏÎÏ ×ÙÔÅËÁÅÔ ÉÚ�ÒÅÄÓÔÁ×ÌÅÎÉÑg(l)(x) = ∫

R

g(q)(x− t)G(t) dt+∑j∈Z

�jg(x− xj);× ËÏÔÏÒÏÍ G ∈ L1(R), ∑j∈Z

|�j | < +∞, xj ∈ R (ÓÍ., ÎÁ�ÒÉÍÅÒ, [16,ÆÏÒÍÕÌÁ ä.7.13℄). ïÔÓÀÄÁ S(〈k〉)h;m (f) ∈ M �ÒÉ ×ÓÅÈ k ∈ Kr;m (ÎÁ�ÏÍÎÉÍ,ÞÔÏ 0 6 〈k〉 6 r + m − 2 �ÒÉ ÔÁËÉÈ k). óÌÅÄÏ×ÁÔÅÌØÎÏ, S(〈k〉)h;m (f) ∈

M
(r+m−〈k〉) É ÚÎÁÞÅÎÉÑ Qr+m−〈k〉 (S(〈k〉)h;m (f)) Ï�ÒÅÄÅÌÅÎÙ.ìÅÍÍÁ 5. ðÕÓÔØ (M; P ) ∈ B, r;m ∈ N, h > 0, f ∈ M

(r). �ÏÇÄÁP (Lh;r;m(f)− Uh;r;m(f))
6







∑k∈Kr;m( m
∏j=1 |kj |)h〈k〉−mMr+m−〈k〉



P (Æmh (f (r))) :äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ Ï�ÒÅÄÅÌÅÎÉÑ Ï�ÅÒÁÔÏÒÏ× Lh;r;m É Uh;r;m ÓÌÅÄÕ-ÅÔ, ÞÔÏLh;r;m(f)− Uh;r;m(f)= ∑k∈Kr;m( m
∏j=1 kj)h〈k〉 (S(〈k〉)h;m (f)−Qr+m−〈k〉 (S(〈k〉)h;m (f))) :ïÓÔÁÌÏÓØ �ÒÉÍÅÎÉÔØ ÎÅÒÁ×ÅÎÓÔ×ÁP (g −Qr+m−〈k〉(g)) 6 Mr+m−〈k〉P (g(r+m−〈k〉))Ë ÆÕÎË�ÉÉ g = S(〈k〉)h;m (f) É ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÒÁ×ÅÎÓÔ×ÏÍg(r+m−〈k〉) = 1hm Æmh (f (r)): �úÁÍÅÞÁÎÉÅ 5. åÓÌÉ ÚÎÁÞÅÎÉÑ Ï�ÅÒÁÔÏÒÏ× Q� �ÒÉÎÁÄÌÅÖÁÔ ÎÅËÏÔÏÒÏ-ÍÕ ÌÉÎÅÊÎÏÍÕ ÍÎÏÖÅÓÔ×Õ (ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ �ÏÌÉÎÏÍÏ×, Ó�ÌÁÊÎÏ×É Ô.�.), ÔÏ É ÚÎÁÞÅÎÉÑ Ï�ÅÒÁÔÏÒÁ Uh;r;m �ÒÉÎÁÄÌÅÖÁÔ ÔÏÍÕ ÖÅ ÍÎÏÖÅ-ÓÔ×Õ.



�ïþîùå ïãåîëé ìéîåêîùè ðòéâìéöåîéê 65úÁÍÅÞÁÎÉÅ 6. ÷ ÜÔÏÍ �ÁÒÁÇÒÁÆÅ ÕÔ×ÅÒÖÄÅÎÉÑ ÆÏÒÍÕÌÉÒÕÀÔÓÑ ÄÌÑ�ÒÏÓÔÒÁÎÓÔ× ËÌÁÓÓÁ B. óÔÁÎÄÁÒÔÎÙÍ ÏÂÒÁÚÏÍ (ÎÁ�ÒÉÍÅÒ, Ó �ÏÍÏÝØÀ�ÒÉÂÌÉÖÅÎÉÑ ÓÒÅÄÎÉÍÉ æÅÊÅÒÁ) Ï�ÅÎËÉ �ÅÒÅÎÏÓÑÔÓÑ ÎÁ ÂÏÌÅÅ ÛÉÒÏ-ËÉÅ ËÌÁÓÓÙ ÆÕÎË�ÉÊ; × ÞÁÓÔÎÏÓÔÉ, ÎÁ �ÒÏÓÔÒÁÎÓÔ×Á Lp �ÅÒÉÏÄÉÞÅÓËÉÈÆÕÎË�ÉÊ É ÎÁ �ÒÏÓÔÒÁÎÓÔ×Ï L∞(R). �ÁË, × §4 ÕÔ×ÅÒÖÄÅÎÉÑ ÆÏÒÍÕÌÉ-ÒÕÀÔÓÑ ÄÌÑ �ÒÏÓÔÒÁÎÓÔ× Lp(R) É �ÒÉ p = +∞ ÂÅÚ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈ�ÏÑÓÎÅÎÉÊ.�ÅÏÒÅÍÁ 1. ðÕÓÔØ (M; P ) ∈ B, r;m ∈ N, h > 0, f ∈ M
(r). �ÏÇÄÁP (f − Uh;r;m(f)) 6 hr m−1

∑�=0 Ar;�P (Æ�h(f (r)))+





∑k∈Kr;m( m
∏j=1 |kj |)h〈k〉−mMr+m−〈k〉



P (Æmh (f (r))) ;P (f − Uh;r;m(f)) 6 hr m−1
∑�=0 Ar;�!�(f (r); h)P+





∑k∈Kr;m( m
∏j=1 |kj |)h〈k〉−mMr+m−〈k〉



!m(f (r); h)P :åÓÌÉ, ËÒÏÍÅ ÔÏÇÏ, r ÎÅÞÅÔÎÏ, ÔÏP (f − Uh;r;m(f)) 6 hr {Ar;02 !1(f (r); h)P + m−1
∑�=1 Ar;�P (Æ�h(f (r)))}+





∑k∈Kr;m( m
∏j=1 |kj |)h〈k〉−mMr+m−〈k〉



P (Æmh (f (r))) ;P (f − Uh;r;m(f)) 6 hr {Ar;02 !1(f (r); h)P + m−1
∑�=1 Ar;�!�(f (r); h)P}+





∑k∈Kr;m( m
∏j=1 |kj |)h〈k〉−mMr+m−〈k〉



!m(f (r); h)P :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ 1 ÎÁÄÏ ÓÏ�ÏÓÔÁ×ÉÔØ ÌÅÍÍÙ 3 É 5.÷ �ÒÉÌÏÖÅÎÉÑÈ ×ÁÖÎÙ ÓÌÕÞÁÉ, ËÏÇÄÁ M� = K��� (� > 0). óÆÏÒÍÕÌÉ-ÒÕÅÍ ÔÅÏÒÅÍÕ 1 × ÜÔÏÊ ÓÉÔÕÁ�ÉÉ.



66 ï. ì. ÷éîïçòáäï÷, á. ÷. çìáäëáñ�ÅÏÒÅÍÁ 2. ðÕÓÔØ (M; P ) ∈ B, r;m ∈ N, �; h > 0, M� = K��� , f ∈ M
(r).�ÏÇÄÁ

P (f − Uh;r;m(f)) 6 hr m−1
∑�=0 Ar;�P (Æ�h(f (r)))+ hr 





∑k∈Kr;m( m
∏j=1 |kj |) Kr+m−〈k〉(�h)r+m−〈k〉 





P (Æmh (f (r))) ;P (f − Uh;r;m(f)) 6 hr m−1
∑�=0 Ar;�!�(f (r); h)P+ hr 





∑k∈Kr;m( m
∏j=1 |kj |) Kr+m−〈k〉(�h)r+m−〈k〉 





!m(f (r); h)P :
åÓÌÉ, ËÒÏÍÅ ÔÏÇÏ, r ÎÅÞÅÔÎÏ, ÔÏ
P (f − Uh;r;m(f)) 6 hr {Ar;02 !1(f (r); h)P + m−1

∑�=1 Ar;�P (Æ�h(f (r)))}+ hr 





∑k∈Kr;m( m
∏j=1 |kj |) Kr+m−〈k〉(�h)r+m−〈k〉 





P (Æmh (f (r))) ;P (f − Uh;r;m(f)) 6 hr {Ar;02 !1(f (r); h)P + m−1
∑�=1 Ar;�!�(f (r); h)P}+ hr 





∑k∈Kr;m( m
∏j=1 |kj |) Kr+m−〈k〉(�h)r+m−〈k〉 





!m(f (r); h)P :



�ïþîùå ïãåîëé ìéîåêîùè ðòéâìéöåîéê 67óÌÅÄÓÔ×ÉÅ 1. ðÕÓÔØ (M; P ) ∈ B, r;m ∈ N, � > 0, M� = K��� , f ∈ M
(r).�ÏÇÄÁP (f − U�� ;r;m(f)) 6

(��)r m−1
∑�=0 Ar;�P (Æ��� (f (r)))+ (��)r (

Kr�r −

m−1
∑�=0 2�Ar;�)2−mP (Æm�� (f (r))) ;P (f − U�� ;r;m(f)) 6

(��)r m−1
∑�=0 Ar;�!� (f (r); ��)P+ (��)r (

Kr�r −

m−1
∑�=0 2�Ar;�)2−m!m (f (r); ��)P :åÓÌÉ, ËÒÏÍÅ ÔÏÇÏ, r ÎÅÞÅÔÎÏ, ÔÏP (f − U�� ;r;m(f))

6

(��)r {Ar;02 !1 (f (r); ��)P + m−1
∑�=1 Ar;�P (Æ��� (f (r)))}+ (��)r (

Kr�r −

m−1
∑�=0 2�Ar;�)2−mP (Æm�� (f (r))) ;P (f − U�� ;r;m(f))

6

(��)r {Ar;02 !1 (f (r); ��)P + m−1
∑�=1 Ar;�!� (f (r); ��)P}+ (��)r (

Kr�r −
m−1
∑�=0 2�Ar;�)2−m!m (f (r); ��)P :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÌÅÄÓÔ×ÉÑ 1 ÎÁÄÏ �ÏÌÏÖÉÔØ h = �� × ÔÅÏÒÅÍÅ 2É Õ�ÒÏÓÔÉÔØ ËÏÎÓÔÁÎÔÕ Ó �ÏÍÏÝØÀ ÌÅÍÍÙ 4.ðÕÓÔØ (M; P ) ∈ B, f ∈ M, m ∈ Z+, h > 0. ðÏÌÏÖÉÍ�m(f; h)P = 2−mP (Æmh (f)); �m(f; h)P = 2−m!m(f; h)P :÷×ÉÄÕ ÎÅÒÁ×ÅÎÓÔ×P (Æmh (f)) 6 2P (Æm−1h (f)); !m(f (r); h)P 6 2!m−1(f; h)P



68 ï. ì. ÷éîïçòáäï÷, á. ÷. çìáäëáñ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ {�m(f; h)P }∞m=0 É {�m(f; h)P }∞m=0 ÕÂÙ×ÁÀÔ. ðÏ-ÜÔÏÍÕ ÓÕÝÅÓÔ×ÕÀÔ ËÏÎÅÞÎÙÅ �ÒÅÄÅÌÙ�∞(f; h)P = limm→∞
�m(f; h)P ; �∞(f; h)P = limm→∞

�m(f; h)P :úÁÍÅÞÁÎÉÅ 7. úÁ�ÉÓÁ× �ÒÁ×ÙÅ ÞÁÓÔÉ ÎÅÒÁ×ÅÎÓÔ× × ÓÌÅÄÓÔ×ÉÉ 1 Ó �ÏÍÏ-ÝØÀ ×ÅÌÉÞÉÎ �� É �� , ÌÅÇËÏ ÕÂÅÄÉÔØÓÑ, ÞÔÏ ÏÎÉ ÕÂÙ×ÁÀÔ �Ï m. ðÏÜÔÏ-ÍÕ ÅÓÌÉ ÄÌÑ ÏÔËÌÏÎÅÎÉÑ ËÁËÏÇÏ-ÌÉÂÏ Ï�ÅÒÁÔÏÒÁ ÉÍÅÀÔÓÑ Ï�ÅÎËÉ ÔÉ�ÁÓÌÅÄÓÔ×ÉÑ 1 �ÒÉ ÒÁÚÌÉÞÎÙÈ m, ÔÏ ÜÔÉ Ï�ÅÎËÉ ÂÕÄÕÔ ÔÅÍ ÔÏÞÎÅÅ, ÞÅÍÂÏÌØÛÅ m. åÓÌÉ ÖÅ Ï�ÅÎËÉ Ó�ÒÁ×ÅÄÌÉ×Ù �ÒÉ ×ÓÅÈ m ∈ N, ÔÏ ÎÁÉÂÏÌÅÅÔÏÞÎÏÊ ÂÕÄÅÔ Ï�ÅÎËÁ ÞÅÒÅÚ �ÒÅÄÅÌ �ÒÁ×ÏÊ ÞÁÓÔÉ �ÒÉ m → ∞.úÁÍÅÞÁÎÉÅ 8. ï�ÅÒÁÔÏÒÙ Uh;r;m, ×ÏÏÂÝÅ ÇÏ×ÏÒÑ, ÒÁÚÌÉÞÎÙ �ÒÉ ÒÁÚ-ÌÉÞÎÙÈ m. îÏ × ÎÅËÏÔÏÒÙÈ ×ÁÖÎÙÈ ÓÌÕÞÁÑÈ, ËÁË ÍÙ Õ×ÉÄÉÍ ÄÁÌÅÅ,ÏÎÉ ÓÏ×�ÁÄÁÀÔ �ÒÉ ×ÓÅÈ ÉÌÉ �ÒÉ ÎÅËÏÔÏÒÙÈ m; ÔÏÇÄÁ �ÒÉÍÅÎÉÍÏ �ÒÅ-ÄÙÄÕÝÅÅ ÚÁÍÅÞÁÎÉÅ.ìÅÍÍÁ 6. ðÕÓÔØ h > 0, �− 1 ∈ N ∪ {∞} ÉUh;r;1 = Qr�ÒÉ ×ÓÅÈ r ∈ N, ÔÁËÉÈ ÞÔÏ r + 1 6 �. �ÏÇÄÁUh;r;m = Qr�ÒÉ ×ÓÅÈ r;m ∈ N, ÔÁËÉÈ ÞÔÏ r +m 6 �.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏËÁÖÅÍ ÌÅÍÍÕ ÉÎÄÕË�ÉÅÊ �Ï m. âÁÚÁ ÉÎÄÕË�ÉÉ(ÓÌÕÞÁÊ m = 1) ÓÏÄÅÒÖÉÔÓÑ × ÕÓÌÏ×ÉÉ ÌÅÍÍÙ. óÄÅÌÁÅÍ ÉÎÄÕË�ÉÏÎÎÙÊ�ÅÒÅÈÏÄ. ðÕÓÔØ q − 1 ∈ N, r + q 6 � É ÌÅÍÍÁ ×ÅÒÎÁ ÄÌÑ ×ÓÅÈ m 6q−1; ÄÏËÁÖÅÍ, ÞÔÏ ÌÅÍÍÁ ×ÅÒÎÁ É ÄÌÑ m = q. ðÒÉÍÅÎÑÑ ÉÎÄÕË�ÉÏÎÎÏÅ�ÒÅÄ�ÏÌÏÖÅÎÉÅ ÏÄÉÎ ÒÁÚ ÄÌÑm = 1 É ÄÒÕÇÏÊ ÒÁÚ ÄÌÑm = q−1, ÎÁÈÏÄÉÍUh;r;q = ∑k∈Kr;q( q
∏j=1 kj)h〈k〉qQr+q−〈k〉qS(〈k〉q)h;q= ∑k∈Kr;q−1(q−1

∏j=1 kj)h〈k〉q−1
×

r+q−2−〈k〉q−1
∑kq=0 kqhkqQr+q−〈k〉q−1−kqS(kq)h;1 S(〈k〉q−1)h;q−1



�ïþîùå ïãåîëé ìéîåêîùè ðòéâìéöåîéê 69= ∑k∈Kr;q−1(q−1
∏j=1 kj)h〈k〉q−1Uh;r+q−1−〈k〉q−1;1S(〈k〉q−1)h;q−1= ∑k∈Kr;q−1(q−1

∏j=1 kj)h〈k〉q−1Qr+q−1−〈k〉q−1S(〈k〉q−1)h;q−1 = Uh;r;q−1 = Qr:íÙ ÕÞÌÉ, ÞÔÏ(r + q − 1− 〈k〉q−1) + 1 = r + q − 〈k〉q−1 6 r + q 6 �: �óÌÅÄÓÔ×ÉÅ 2. ðÕÓÔØ (M; P ) ∈ B, r;m ∈ N, � > 0, M� = K��� , f ∈ M
(r).�ÏÇÄÁ P (f − U�� ;r;m(f)) 6

Kr�r P (f (r)):åÓÌÉ, ËÒÏÍÅ ÔÏÇÏ, r ÎÅÞÅÔÎÏ, ÔÏP (f − U�� ;r;m(f)) 6
Kr2�r !1 (f (r); ��)P :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÌÅÄÓÔ×ÉÑ 2 ÎÁÄÏ �ÒÉÍÅÎÉÔØ ÓÌÅÄÓÔ×ÉÅ 1 É ÚÁ-ÍÅÎÉÔØ × �ÒÁ×ÏÊ ÞÁÓÔÉ m ÎÁ 1, ÞÔÏ ÍÏÖÎÏ ÓÄÅÌÁÔØ × ÓÉÌÕ ÅÅ ÕÂÙ×ÁÎÉÑ�Ï m.úÁÍÅÞÁÎÉÅ 9. ðÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÓÌÅÄÓÔ×ÉÑ 2 ÍÏÖÅÔ ÂÙÔØ �ÅÒÅ-ÓËÁÚÁÎÏ ÔÁË: ÅÓÌÉ ×ÅÌÉÞÉÎÙ M� ÄÌÑ ÉÓÈÏÄÎÙÈ Ï�ÅÒÁÔÏÒÏ× Q� ÎÅ �ÒÅ-×ÏÓÈÏÄÉÌÉ K��� , ÔÏ É ÄÌÑ �ÏÓÔÒÏÅÎÎÏÇÏ ÎÁ ÉÈ ÏÓÎÏ×Å Ï�ÅÒÁÔÏÒÁ U�� ;r;m×ÅÌÉÞÉÎÁ Mr ÎÅ �ÒÅ×ÏÓÈÏÄÉÔ Kr�r . äÌÑ ÒÑÄÁ ×ÁÖÎÙÈ ËÌÁÓÓÏ× Ï�ÅÒÁÔÏ-ÒÏ× ËÏÎÓÔÁÎÔÁ Kr�r Ñ×ÌÑÅÔÓÑ ÎÁÉÌÕÞÛÅÊ ÎÁ ÜÔÉÈ ËÌÁÓÓÁÈ. äÌÑ ÔÁËÉÈÓÌÕÞÁÅ× ÍÙ �ÏÌÕÞÉÌÉ Ó�ÏÓÏÂ �ÏÓÔÒÏÅÎÉÑ ÎÏ×ÙÈ, × ÎÅËÏÔÏÒÏÍ ÓÍÙÓÌÅÏ�ÔÉÍÁÌØÎÙÈ, Ï�ÅÒÁÔÏÒÏ× ÎÁ ÏÓÎÏ×Å ÕÖÅ ÉÍÅÀÝÉÈÓÑ. ðÒÉ ÜÔÏÍ ÄÌÑÎÅÞÅÔÎÙÈ r �ÏÓÔÒÏÅÎÎÙÅ Ï�ÅÒÁÔÏÒÙ (× ÏÔÌÉÞÉÅ, ÂÙÔØ ÍÏÖÅÔ, ÏÔ ÉÓ-ÈÏÄÎÙÈ) ÒÅÁÌÉÚÕÀÔ ÔÏÞÎÕÀ �ÏÓÔÏÑÎÎÕÀ ÎÅ ÔÏÌØËÏ × ÎÅÒÁ×ÅÎÓÔ×Å ÔÉ�ÁáÈÉÅÚÅÒÁ{ëÒÅÊÎÁ{æÁ×ÁÒÁ, ÎÏ É × ÎÅÒÁ×ÅÎÓÔ×Å ÔÉ�Á äÖÅËÓÏÎÁ.

§4. ðÒÉÍÅÎÅÎÉÅ ÏÂÝÅÊ ÓÈÅÍÙ Ë �ÒÉÂÌÉÖÅÎÉÀÓ�ÌÁÊÎÁÍÉðÕÓÔØ � > 0. ðÏÌÏÖÉÍ"r = {0; r ÎÅÞÅÔÎÏ,�2� ; r ÞÅÔÎÏ.



70 ï. ì. ÷éîïçòáäï÷, á. ÷. çìáäëáñðÕÓÔØ ÅÝÅ p ∈ [1;+∞℄, �; � ∈ N, � > �, Q� = X�;�;� { �ÏÓÔÒÏÅÎÎÙÊ× [14℄ ÁÎÁÌÏÇ Ï�ÅÒÁÔÏÒÁ áÈÉÅÚÅÒÁ{ëÒÅÊÎÁ{æÁ×ÁÒÁ ÄÌÑ Ó�ÌÁÊÎÏ×. îÁÆÕÎË�ÉÑÈ ÉÚ W (�)1;lo(R), ÔÁËÉÈ ÞÔÏ f (�) ∈ Lp(R), Ï�ÅÒÁÔÏÒ X�;�;� ÚÁÄÁ-ÅÔÓÑ ÆÏÒÍÕÌÏÊ
X�;�;�(f; x) = f(x)− ∫

R

f (�)(t)F�;�;�(x; t) dt;ÇÄÅ F�;�;�(x; t) = 12� ∫

R

h�;�;�(z; t)ei(x−t)z dz;h�;�;�(z; t) = ��(z)− ��(z) ∑s∈Z

��(2�s+ z)ei2s�"�
∑q∈Z

��(2�q + z)ei2q�(t+"� ) ;��(z) = 1(iz)� ; ��(z) = 12� (ei�� z − 1i�� z )�+1 :äÌÑ Ï�ÅÒÁÔÏÒÏ× X�;�;� Ó�ÒÁ×ÅÄÌÉ×Ù ÓÏÏÔÎÏÛÅÎÉÑ
‖f −X�;�;�(f)‖p 6

K��� ‖f (�)‖p; (9)ËÏÎÓÔÁÎÔÕ × ËÏÔÏÒÙÈ �ÒÉ p = 1;+∞ ÎÅÌØÚÑ ÕÍÅÎØÛÉÔØ, ÄÁÖÅ ÅÓÌÉÚÁÍÅÎÉÔØ ÌÅ×ÕÀ ÞÁÓÔØ ÎÁ E(f;S�;�)p É (�ÒÉ p = +∞) ÏÇÒÁÎÉÞÉÔØÓÑ2�� -�ÅÒÉÏÄÉÞÅÓËÉÍÉ ÆÕÎË�ÉÑÍÉ [17, ÇÌÁ×Á 5℄.ðÕÓÔØ �; h > 0, r;m; � ∈ N, � > r +m, f ∈ W (r)p (R). ðÏÌÏÖÉÍU�;h;r;�;m(f) = ∑k∈Kr;m( m
∏j=1 kj)h〈k〉X�;r+m−〈k〉;� (S(〈k〉)h;m (f)) (10)(�ÏÓËÏÌØËÕ � > r+m, ×ÓÅ Ï�ÅÒÁÔÏÒÙ X�;r+m−〈k〉;�, ÄÅÊÓÔ×ÉÔÅÌØÎÏ, ÕÖÅÏ�ÒÅÄÅÌÅÎÙ).ìÅÍÍÁ 7. ðÕÓÔØ � > 0, r; �;m ∈ N, � > r +m. �ÏÇÄÁU�;�� ;r;�;m = X�;r;�:äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉ m = 1 ÜÔÏ ÔÏÖÄÅÓÔ×Ï ÄÏËÁÚÁÎÏ × [15℄, Á ÎÁÚÎÁÞÅÎÉÑ m > 1 ÒÁÓ�ÒÏÓÔÒÁÎÑÅÔÓÑ �Ï ÌÅÍÍÅ 6. �ðÒÉ ÎÅÞÅÔÎÏÍ r �ÏÓÔÒÏÅÎÎÙÅ Ï�ÅÒÁÔÏÒÙ U�;h;r;�;1 �ÏÚ×ÏÌÑÀÔ ÄÏ-ËÁÚÁÔØ ÄÌÑ �ÒÉÂÌÉÖÅÎÉÑ Ó�ÌÁÊÎÁÍÉ ÎÅÒÁ×ÅÎÓÔ×Ï äÖÅËÓÏÎÁ Ó ÔÏÞÎÏÊ



�ïþîùå ïãåîëé ìéîåêîùè ðòéâìéöåîéê 71�ÏÓÔÏÑÎÎÏÊ, ÅÓÌÉ � > r + 1. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÎÅÒÁ×ÅÎÓÔ×Á äÖÅËÓÏ-ÎÁ �ÒÉ � = r ÔÒÅÂÕÀÔÓÑ Ï�ÅÒÁÔÏÒÙ, ÒÅÁÌÉÚÕÀÝÉÅ ÎÅÒÁ×ÅÎÓÔ×Ï ÔÉ�ÁáÈÉÅÚÅÒÁ{ëÒÅÊÎÁ{æÁ×ÁÒÁ (9) �ÒÉ � = � − 1. üÔÕ ÚÁÄÁÞÕ ÒÅÛÁÀÔ ÉÎ-ÔÅÒ�ÏÌÑ�ÉÏÎÎÙÅ Ï�ÅÒÁÔÏÒÙ. ðÕÓÔØ  > 0, ÆÕÎË�ÉÑ f ÚÁÄÁÎÁ ÎÁ R Éf(x) = O(|x|) �ÒÉ x → ∞. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ ��;�(f) Ó�ÌÁÊÎ ÉÚ S�;�,ÉÎÔÅÒ�ÏÌÉÒÕÀÝÉÊ f × ÔÏÞËÁÈ k�� + "� É ÔÁËÏÊ, ÞÔÏ ��;�(f; x) = O(|x|)�ÒÉ x → ∞. �ÁËÏÊ Ó�ÌÁÊÎ ÓÕÝÅÓÔ×ÕÅÔ É ÅÄÉÎÓÔ×ÅÎ. éÚ×ÅÓÔÎÏ, ÞÔÏ
‖f − ��;�−1(f)‖p 6

K��� ‖f (�)‖p; (11)�ÒÉÞÅÍ ËÏÎÓÔÁÎÔÕ × ÓÏÏÔÎÏÛÅÎÉÉ (11) �ÒÉ p = 1;+∞ ÎÅÌØÚÑ ÕÍÅÎØ-ÛÉÔØ, ÄÁÖÅ ÅÓÌÉ ÚÁÍÅÎÉÔØ ÌÅ×ÕÀ ÞÁÓÔØ ÎÁ E(f;S�;�−1)p. éÓÔÏÒÉÞÅÓËÉÅËÏÍÍÅÎÔÁÒÉÉ Ë ÎÅÒÁ×ÅÎÓÔ×Õ (11) ÓÍ. × [14℄.âÕÄÅÍ �ÏÎÉÍÁÔØ �ÏÄ X�;�;�−1 ÉÎÔÅÒ�ÏÌÑ�ÉÏÎÎÙÊ Ï�ÅÒÁÔÏÒ:
X�;�;�−1 = ��;�−1:�Å�ÅÒØ Ï�ÒÅÄÅÌÉÍ Ï�ÅÒÁÔÏÒ U�;h;r;�;m ÆÏÒÍÕÌÏÊ (10) É �ÒÉ � = r +m− 1 (× ÜÔÏÍ Ï�ÒÅÄÅÌÅÎÉÉ × ÓÌÁÇÁÅÍÏÍ Ó ÉÎÄÅËÓÏÍ k = Om ÕÞÁÓÔ×ÕÅÔÉÎÔÅÒ�ÏÌÑ�ÉÏÎÎÙÊ Ï�ÅÒÁÔÏÒ).óÆÏÒÍÕÌÉÒÕÅÍ ÔÅÏÒÅÍÕ 2 �ÒÉÍÅÎÉÔÅÌØÎÏ Ë Ï�ÅÒÁÔÏÒÁÍ U�;h;r;�;m.�ÅÏÒÅÍÁ 3. ðÕÓÔØ �; h > 0, r; �;m ∈ N, � > r +m − 1, p ∈ [1;+∞℄,f ∈ W (r)p (R). �ÏÇÄÁ

‖f − U�;h;r;�;m(f)‖p 6 hr m−1
∑�=0 Ar;� ∥

∥

∥
Æ�h(f (r))∥∥∥p+ hr 





∑k∈Kr;m( m
∏j=1 |kj |) Kr+m−〈k〉(�h)r+m−〈k〉 





∥

∥

∥
Æmh (f (r))∥∥∥p ;

‖f − U�;h;r;�;m(f)‖p 6 hr m−1
∑�=0 Ar;�!�(f (r); h)p+ hr 





∑k∈Kr;m( m
∏j=1 |kj |) Kr+m−〈k〉(�h)r+m−〈k〉 





!m(f (r); h)p:



72 ï. ì. ÷éîïçòáäï÷, á. ÷. çìáäëáñåÓÌÉ, ËÒÏÍÅ ÔÏÇÏ, r ÎÅÞÅÔÎÏ, ÔÏ
‖f − U�;h;r;�;m(f)‖p 6 hr {Ar;02 !1(f (r); h)p + m−1

∑�=1 Ar;� ∥

∥

∥
Æ�h(f (r))∥∥∥p}+ hr 





∑k∈Kr;m( m
∏j=1 |kj |) Kr+m−〈k〉(�h)r+m−〈k〉 





∥

∥

∥
Æmh (f (r))∥∥∥p ;

‖f − U�;h;r;�;m(f)‖p 6 hr {Ar;02 !1(f (r); h)p + m−1
∑�=1 Ar;�!�(f (r); h)p}+ hr 





∑k∈Kr;m( m
∏j=1 |kj |) Kr+m−〈k〉(�h)r+m−〈k〉 





!m(f (r); h)p:óÌÅÄÓÔ×ÉÅ 3. ðÕÓÔØ � > 0, r; � ∈ N, r ÎÅÞÅÔÎÏ, � > r+1, p ∈ [1;+∞℄,f ∈ W (r)p (R). �ÏÇÄÁ
‖f −X�;r;�(f)‖p 6

Kr2�r !1 (f (r); ��)p ;�ÒÉÞÅÍ �ÒÉ p = 1;+∞ ËÏÎÓÔÁÎÔÁ ÎÅ ÍÏÖÅÔ ÂÙÔØ ÕÍÅÎØÛÅÎÁ, ÄÁÖÅÅÓÌÉ ÚÁÍÅÎÉÔØ ÌÅ×ÕÀ ÞÁÓÔØ ÎÁ E(f;S�;�)p É (�ÒÉ p = +∞) ÏÇÒÁÎÉ-ÞÉÔØÓÑ 2�� -�ÅÒÉÏÄÉÞÅÓËÉÍÉ ÆÕÎË�ÉÑÍÉ.îÅÒÁ×ÅÎÓÔ×Ï ÓÌÅÄÓÔ×ÉÑ 3 ×ÙÔÅËÁÅÔ ÉÚ ÌÅÍÍÙ 6 É ÓÌÅÄÓÔ×ÉÑ 2, Á ÅÇÏÔÏÞÎÏÓÔØ { ÉÚ ÔÏÞÎÏÓÔÉ ÎÅÒÁ×ÅÎÓÔ×Á (9).óÌÅÄÓÔ×ÉÅ 4. ðÕÓÔØ � > 0, r;m ∈ N, p ∈ [1;+∞℄, f ∈ W (r)p (R). �ÏÇÄÁ
∥

∥f − U�;�� ;r;r+m−1;m(f)∥∥p 6
Kr�r ‖f (r)‖p:åÓÌÉ, ËÒÏÍÅ ÔÏÇÏ, r ÎÅÞÅÔÎÏ, ÔÏ

∥

∥f − U�;�� ;r;r+m−1;m(f)∥∥p 6
Kr2�r !1 (f (r); ��)p ;�ÒÉÞÅÍ �ÒÉ p = 1;+∞ ËÏÎÓÔÁÎÔÙ ÎÅ ÍÏÇÕÔ ÂÙÔØ ÕÍÅÎØÛÅÎÙ, ÄÁ-ÖÅ ÅÓÌÉ ÚÁÍÅÎÉÔØ ÌÅ×ÕÀ ÞÁÓÔØ ÎÁ E(f;S�;r+m−1)p É (�ÒÉ p = +∞ )ÏÇÒÁÎÉÞÉÔØÓÑ 2�� -�ÅÒÉÏÄÉÞÅÓËÉÍÉ ÆÕÎË�ÉÑÍÉ.



�ïþîùå ïãåîëé ìéîåêîùè ðòéâìéöåîéê 73óÌÅÄÓÔ×ÉÅ 5. ðÕÓÔØ �; h > 0, r; � ∈ N, � > r, r ÎÅÞÅÔÎÏ, p ∈ [1;+∞℄,f ∈ W (r)p (R). �ÏÇÄÁ
‖f − U�;h;r;�;1(f)‖p

6 hr {Ar;02 !1(f (r); h)p + r−1
∑k=0 |k| Kr+1−k(�h)r+1−k ∥

∥

∥
Æ1h(f (r))∥∥∥p} ;

‖f − U�;h;r;�;1(f)‖p 6 hr {Ar;02 + r−1
∑k=0 |k| Kr+1−k(�h)r+1−k }!1(f (r); h)p:åÓÌÉ p = +∞, h = ��� , � ∈ N ÎÅÞÅÔÎÏ, ÔÏ ËÏÎÓÔÁÎÔÙ ÎÅ ÍÏÇÕÔÂÙÔØ ÕÍÅÎØÛÅÎÙ, ÄÁÖÅ ÅÓÌÉ ÚÁÍÅÎÉÔØ ÌÅ×ÕÀ ÞÁÓÔØ ÎÁ E(f;S�;�)∞ ÉÏÇÒÁÎÉÞÉÔØÓÑ 2�� -�ÅÒÉÏÄÉÞÅÓËÉÍÉ ÆÕÎË�ÉÑÍÉ.îÅÒÁ×ÅÎÓÔ×Á ÓÌÅÄÓÔ×ÉÑ 5 �ÏÌÕÞÁÀÔÓÑ, ÅÓÌÉ �ÏÌÏÖÉÔØ m = 1 × ÔÅÏ-ÒÅÍÅ 3. éÈ ÔÏÞÎÏÓÔØ ÄÏËÁÚÁÎÁ × [12℄.óÌÅÄÓÔ×ÉÑ 3{5 ÕÓÔÁÎÏ×ÌÅÎÙ × [15℄.óÏÇÌÁÓÎÏ ÚÁÍÅÞÁÎÉÀ 7 �ÒÁ×ÙÅ ÞÁÓÔÉ ÎÅÒÁ×ÅÎÓÔ× ÔÅÏÒÅÍÙ 3 �ÒÉh = �� ÕÂÙ×ÁÀÔ �Ï m. ðÏÜÔÏÍÕ ÎÁÉÌÕÞÛÕÀ Ï�ÅÎËÕ ÄÌÑ Ï�ÅÒÁÔÏÒÏ×

X�;r;� ÄÁÅÔ ×ÙÂÏÒ m = � − r. ïÔÍÅÔÉÍ ÅÝÅ, ÞÔÏ ÄÌÑ �ÏÌÉÎÏÍÉÁÌØÎÙÈÏ�ÅÒÁÔÏÒÏ× áÈÉÅÚÅÒÁ{ëÒÅÊÎÁ{æÁ×ÁÒÁ ÕÔ×ÅÒÖÄÅÎÉÅ, ÁÎÁÌÏÇÉÞÎÏÅ ÌÅÍ-ÍÅ 7, Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÉ ×ÓÅÈ m ∈ N, ÂÅÚ ÏÇÒÁÎÉÞÅÎÉÑ Ó×ÅÒÈÕ. ðÏÜÔÏÍÕÄÌÑ ÎÉÈ ÎÁÉÌÕÞÛÁÑ Ï�ÅÎËÁ × ÔÅÏÒÅÍÅ 3 �ÏÌÕÞÁÅÔÓÑ �ÒÉ ÓÔÒÅÍÌÅÎÉÉ mË ∞ [11, 12℄.óÌÅÄÓÔ×ÉÅ 6. ðÕÓÔØ � > 0, r; � ∈ N, � > r + 1, p ∈ [1;+∞℄, f ∈W (r)p (R). �ÏÇÄÁ
‖f −X�;r;�(f)‖p 6

(��)r �−r−1
∑�=0 2�Ar;��� (f (r); ��)p+ (��)r (

Kr�r −

�−r−1
∑�=0 2�Ar;�)��−r (f (r); ��)p ;

‖f −X�;r;�(f)‖p 6

(��)r �−r−1
∑�=0 2�Ar;��� (f (r); ��)p+ (��)r (

Kr�r −

�−r−1
∑�=0 2�Ar;�)��−r (f (r); ��)p :
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‖f −X�;r;�(f)‖p

6

(��)r {Ar;0�1 (f (r); ��)p + �−r−1
∑�=1 2�Ar;��� (f (r); ��)p}+ (��)r (

Kr�r −

�−r−1
∑�=0 2�Ar;�)��−r (f (r); ��)p ;

‖f −X�;r;�(f)‖p
6

(��)r {Ar;0�1 (f (r); ��)p + �−r−1
∑�=1 2�Ar;��� (f (r); ��)p}+ (��)r (

Kr�r −

�−r−1
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‖f −X�;r;�(f)‖p

6

(��)r {Ar;02 !1 (f (r); ��)p + �−r−1
∑�=1 Ar;�!� (f (r); ��)p}
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Kr�r −

�−r−1
∑�=0 2�Ar;�)2r−�!�−r (f (r); ��)p ;where for p = 1; : : : ;+∞ the onstants annot be redued on the lassW (r)p (R). Here Kr = 4� ∞

∑l=0 (−1)l(r+1)(2l+1)r+1 are the Favard onstants, the onstantsAr;� are onstruted expliitly, !� is a modulus of ontinuity of order �.As a orollary, we get the sharp Jakson type inequality
‖f −X�;r;�(f)‖p 6
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