
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 456, 2017 Ç.÷. á. âÏÒÏ×É�ËÉÊK-úáíëîõ�ïó�ø äìñ ÷åóï÷ùè ðòïó�òáîó�÷èáòäé îá �ïòå T2
§1. ÷×ÅÄÅÎÉÅðÕÓÔØ (X1; X2) { ÓÏ×ÍÅÓÔÉÍÁÑ �ÁÒÁ ÂÁÎÁÈÏ×ÙÈ ÉÌÉ Ë×ÁÚÉ-ÂÁÎÁÈÏ×ÙÈ�ÒÏÓÔÒÁÎÓÔ× (ÔÏ ÅÓÔØ ÏÎÉ ×ÌÏÖÅÎÙ × ÎÅËÏÔÏÒÏÅ ÏÂßÅÍÌÀÝÅÅ ÔÏ�ÏÌÏ-ÇÉÞÅÓËÏÅ ×ÅËÔÏÒÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï), Y1 É Y2 { ÚÁÍËÎÕÔÙÅ �ÏÄ�ÒÏÓÔÒÁÎ-ÓÔ×Á ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ × X1 É X2.ï�ÒÅÄÅÌÅÎÉÅ. ðÁÒÁ (Y1; Y2) ÎÁÚÙ×ÁÅÔÓÑ K-ÚÁÍËÎÕÔÏÊ × �ÁÒÅ (X1,X2), ÅÓÌÉ ÓÕÝÅÓÔ×ÕÀÔ ÔÁËÉÅ Ä×Å ÁÂÓÏÌÀÔÎÙÅ ËÏÎÓÔÁÎÔÙ C1; C2,ÞÔÏ ÄÌÑ ×ÓÅÈ ÜÌÅÍÅÎÔÏ× f ∈ Y1 + Y2, g ∈ X1, h ∈ X2 ÔÁËÉÈ, ÞÔÏf = g+ h, ÎÁÊÄÕÔÓÑ ÔÁËÉÅ ÜÌÅÍÅÎÔÙ g′ ∈ Y1, h′ ∈ Y2, ÞÔÏ f = g′ + h′É �ÒÉ ÜÔÏÍ ‖g′‖X1 6 C1‖g‖X1, ‖h′‖X2 6 C2‖h‖X2 .�ÅÏÒÅÍÙ Ï K-ÚÁÍËÎÕÔÏÓÔÉ ÉÎÔÅÒÅÓÎÙ ÓÁÍÉ �Ï ÓÅÂÅ, ÔÁË ËÁË × ÔÁ-ËÏÍ ÓÌÕÞÁÅ �ÁÒÁ (Y1; Y2) ÎÁÓÌÅÄÕÅÔ ÍÎÏÇÉÅ ÉÎÔÅÒ�ÏÌÑ�ÉÏÎÎÙÅ Ó×ÏÊÓÔ×Á�ÁÒÙ (X1; X2), × ÞÁÓÔÎÏÓÔÉ ×ÅÒÎÁ ÆÏÒÍÕÌÁ (Y1; Y2)�;q = (X1; X2)�;q ∩(Y1 + Y2) ÄÌÑ ÉÎÔÅÒ�ÏÌÑ�ÉÉ �ÒÏÓÔÒÁÎÓÔ× ×ÅÝÅÓÔ×ÅÎÎÙÍ ÍÅÔÏÄÏÍ (ÓÍ.ËÎÉÇÕ [9℄).îÁ�ÏÍÎÉÍ, ÞÔÏ ËÌÁÓÓÉÞÅÓËÉÅ �ÒÏÓÔÒÁÎÓÔ×Á èÁÒÄÉ ÎÁ n-ÍÅÒÎÏÍ ÔÏ-ÒÅ { ÜÔÏHp(Tn) = Clos Lin{zj11 zj22 : : : zjnn |j1; j2; : : : ; jn ∈ N ∪ {0}} ;ÇÄÅ 0 < p 6 ∞, �ÒÉ p < ∞ ÚÁÍÙËÁÎÉÅ ÂÅÒÅÔÓÑ × Lp(Tn)-ÎÏÒÍÅ, Á�ÒÉ p = ∞ × *-ÓÌÁÂÏÊ ÔÏ�ÏÌÏÇÉÉ. ïÄÎÁËÏ ÏÔ�ÒÁ×ÎÏÊ ÔÏÞËÏÊ ÚÄÅÓØ ÎÁÓÁÍÏÍ ÄÅÌÅ Ñ×ÌÑÀÔÓÑ �ÒÏÓÔÒÁÎÓÔ×Á Hp(Dn) ÇÏÌÏÍÏÒÆÎÙÈ ÆÕÎË�ÉÊ ×�ÏÌÉÄÉÓËÅ Ó ÎÏÒÍÏÊ ‖f‖Hp(Dn) = sup0<r<1( ∫Tn |f(rz)|pdz) 1p . ðÒÏÓÔÒÁÎÓÔ×ÏHp(Tn) ÓÏÓÔÏÉÔ ÉÚ ÒÁÄÉÁÌØÎÙÈ �ÒÅÄÅÌÏ× (× ÓÍÙÓÌÅ ÓÈÏÄÉÍÏÓÔÉ �.×.)ÆÕÎË�ÉÊ ÉÚ Hp(Dn) É ÔÏÌØËÏ ÉÚ ÎÉÈ. üÔÉ Ä×Á �ÒÏÓÔÒÁÎÓÔ×Á ÉÚÏÍÅ-ÔÒÉÞÎÙ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ËÌÁÓÓÙ èÁÒÄÉ, K-ÚÁÍËÎÕÔÏÓÔØ, �ÒÏÓÔÒÁÎÓÔ×Ï BMO, ÕÓÌÏ×ÉÅíÁËÅÎÈÁÕ�ÔÁ. 25



26 ÷. á. âïòï÷éãëéêïÂÓÕÄÉÍ ÔÅ�ÅÒØ Ï�ÒÅÄÅÌÅÎÉÅ ×ÅÓÏ×ÙÈ �ÒÏÓÔÒÁÎÓÔ× èÁÒÄÉ. úÁÆÉË-ÓÉÒÕÅÍ ÎÅËÏÔÏÒÕÀ ÆÕÎË�ÉÀ w : Tn → (0;+∞) { ×ÅÓ. íÏÖÎÏ ÂÙÌÏÂÙ �Ï�ÙÔÁÔØÓÑ Ï�ÒÅÄÅÌÉÔØ ×ÅÓÏ×ÙÅ �ÒÏÓÔÒÁÎÓÔ×Á Hp(w) ÞÅÒÅÚ ÒÁÄÉ-ÁÌØÎÙÅ �ÒÅÄÅÌÙ ÆÕÎË�ÉÊ ÉÚ Hp(w;Dn), �ÒÏÓÔÒÁÎÓÔ×Á ÇÏÌÏÍÏÒÆÎÙÈ ×�ÏÌÉÄÉÓËÅ ÆÕÎË�ÉÊ Ó ÎÏÒÍÏÊ ‖f‖Hp(w;Dn) = sup0<r<1( ∫Tn |f(rz)|pw(z)dz) 1p .ë ÓÏÖÁÌÅÎÉÀ, ÞÔÏÂÙ ÅÓÔÅÓÔ×ÅÎÎÁÑ ÉÚÏÍÅÔÒÉÑ ÍÅÖÄÕ �ÒÏÓÔÒÁÎÓÔ×ÁÍÉHp(Dn) É Hp(Tn), ËÏÔÏÒÁÑ �ÏÓÙÌÁÅÔ ÆÕÎË�ÉÀ × ÅÅ ÒÁÄÉÁÌØÎÙÊ �ÒÅ-ÄÅÌ, ÏÓÔÁ×ÁÌÁÓØ × ×ÅÓÏ×ÏÍ ÓÌÕÞÁÅ ÈÏÔÑ ÂÙ ÉÚÏÍÏÒÆÉÚÍÏÍ, ÎÕÖÎÏ ÎÁ-ËÌÁÄÙ×ÁÔØ ×ÅÓØÍÁ ÏÂÒÅÍÅÎÉÔÅÌØÎÙÅ ÕÓÌÏ×ÉÑ íÁËÅÎÈÁÕ�ÔÁ (�ÒÏ ÕÓÌÏ-×ÉÑ íÁËÅÎÈÁÕ�ÔÁ ÓÍ. ËÎÉÇÕ [8℄) ÎÁ ×ÅÓ w. ðÒÉÞÉÎÙ ËÒÏÀÔÓÑ × ÔÏÍ,ÞÔÏ ÏÇÒÁÎÉÞÅÎÎÏÓÔØ ÏÔÏÂÒÁÖÅÎÉÑ, �ÏÓÙÌÁÀÝÅÇÏ ÒÁÄÉÁÌØÎÙÊ �ÒÅÄÅÌÏÂÒÁÔÎÏ × ÆÕÎË�ÉÀ ÎÁ Dn { ÜÔÏ, �Ï ÓÕÔÉ, ÏÇÒÁÎÉÞÅÎÎÏÓÔØ Ï�ÅÒÁÔÏÒÁÓ×ÅÒÔËÉ Ó ÑÄÒÏÍ ðÕÁÓÓÏÎÁ × ×ÅÓÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å. úÁÍÅÔÉÍ ÅÝÅ, ÞÔÏÏ�ÒÅÄÅÌÅÎÉÅ ÞÅÒÅÚ ÚÁÍÙËÁÎÉÅ �ÏÌÉÎÏÍÏ× × ÎÕÖÎÏÊ ÔÏ�ÏÌÏÇÉÉ, ÔÁËÖÅÉÓ�ÏÌØÚÏ×ÁÎÎÏÅ ÎÁÍÉ × ËÌÁÓÓÉÞÅÓËÏÍ ÓÌÕÞÁÅ, ËÏÒÒÅËÔÎÏ ÔÏÌØËÏ × ÓÌÕ-ÞÁÅ w ∈ L1(Tn), ÞÔÏ ÔÏÖÅ ÂÙ×ÁÅÔ ÓÌÉÛËÏÍ ÏÇÒÁÎÉÞÉÔÅÌØÎÏ. �ÁËÉÍÏÂÒÁÚÏÍ, ÎÁ ÔÏÒÅ ×ÏÚÎÉËÁÅÔ ÍÎÏÖÅÓÔ×Ï ÒÁÚÌÉÞÎÙÈ Ï�ÒÅÄÅÌÅÎÉÊ ×ÅÓÏ-×ÙÈ �ÒÏÓÔÒÁÎÓÔ× èÁÒÄÉ ÓÏ ÓÌÏÖÎÙÍÉ ×ÚÁÉÍÏÓ×ÑÚÑÍÉ.ï�ÉÛÅÍ Ï�ÒÅÄÅÌÅÎÉÑ, ×ÙÂÒÁÎÎÙÅ ÎÁÍÉ, ÏÓÔÁÎÁ×ÌÉ×ÁÑÓØ ÌÉÛØ ÎÁ ÏÄ-ÎÏÍÅÒÎÏÍ É Ä×ÕÍÅÒÎÏÍ ÓÌÕÞÁÑÈ, ÔÁË ËÁË ÔÏÌØËÏ ÏÎÉ × ÄÁÌØÎÅÊÛÅÍ ÂÕ-ÄÕÔ ÏÂÓÕÖÄÁÔØÓÑ, Á ÔÁËÖÅ ÏÇÒÁÎÉÞÉÍ ËÌÁÓÓ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ ×ÅÓÏ× ÄÏÔÁËÉÈ, ÞÔÏ logw ∈ L1. ÷ ÏÄÎÏÍÅÒÎÏÍ ÓÌÕÞÁÅ ÓÕÝÅÓÔ×ÕÅÔ ÄÏÓÔÁÔÏÞÎÏÅÓÔÅÓÔ×ÅÎÎÏÅ Ï�ÒÅÄÅÌÅÎÉÅ ËÌÁÓÓÏ× Hp(w) ÄÌÑ w ÔÁËÉÈ, ÞÔÏ logw ∈ L1.ï�ÒÅÄÅÌÅÎÉÅ. îÁÊÄÅÍ ×ÎÅÛÎÀÀ ÆÕÎË�ÉÀ u ÔÁËÕÀ, ÞÔÏ |u| = w (�ÒÏ×ÎÅÛÎÉÅ ÆÕÎË�ÉÉ ÓÍ. [11℄); ÔÏÇÄÁ ÍÏÖÅÍ Ï�ÒÅÄÅÌÉÔØHp(w) = {f=u 1p |f ∈ Hp(T)} Ó ÎÏÒÍÏÊ ‖g‖Hp(w) = ‖gu 1p ‖Hp(T):÷ ÓÌÕÞÁÅ n = 2 ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ×ÅÓÁ w : T2 → (0;∞) ×ÉÄÁw(z1; z2) = a(z1)u(z1; z2)b(z2), ÇÄÅ u ∈ L1(T2), Á Õ ÆÕÎË�ÉÊ a É b ÓÕÍ-ÍÉÒÕÅÍÙÅ ÌÏÇÁÒÉÆÍÙ. üÔÏ { ËÁË ÒÁÚ ÔÅ ×ÅÓÁ, ËÏÔÏÒÙÅ ×ÓÔÒÅÔÑÔÓÑ ×ÏÓÎÏ×ÎÙÈ ÒÅÚÕÌØÔÁÔÁÈ ÚÁÍÅÔËÉ. ðÒÉ 0 < p < ∞ ÍÙ ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ-×ÁÔØ ÓÌÅÄÕÀÝÅÅ Ï�ÒÅÄÅÌÅÎÉÅ.ï�ÒÅÄÅÌÅÎÉÅ. ðÕÓÔØ p < ∞, ã, b̃ { ×ÎÅÛÎÉÅ ÆÕÎË�ÉÉ, �ÏÓÔÒÏÅÎÎÙÅ�Ï a É b, ÔÏÇÄÁ Hp(w) = {f=(ãb̃) 1p |f ∈ Hp(u( · ; · ))}



K-úáíëîõ�ïó�ø äìñ ÷åóï÷ùè ðòïó�òáîó�÷ èáòäé 27Ó ÎÏÒÍÏÊ
‖g‖Hp(w) = ‖g(ab) 1p ‖Hp(u( · ; · ));ÇÄÅ Hp(u( · ; · )) Ï�ÒÅÄÅÌÑÅÔÓÑ ËÁË ÚÁÍÙËÁÎÉÅ ÁÎÁÌÉÔÉÞÅÓËÉÈ �ÏÌÉÎÏ-ÍÏ× × Lp(u( · ; · ))-ÎÏÒÍÅ.ðÏÑÓÎÉÍ, ÞÔÏ ÍÙ ÂÕÄÅÍ �ÏÎÉÍÁÔØ �ÏÄ ÓÉÍ×ÏÌÏÍ L∞(w( · ; · )).ï�ÒÅÄÅÌÅÎÉÅ. äÌÑ �ÒÏÉÚ×ÏÌØÎÏÇÏ ×ÅÓÁ (Ó ÓÕÍÍÉÒÕÅÍÙÍ ÌÏÇÁÒÉÆÍÏÍ)w : T2 → (0;∞), Ï�ÒÅÄÅÌÑÅÍL∞(w( · ; · )) := {f : T
2→C| ess sup{f(z1; z2)=w(z1; z2)|(z1; z2)∈T

2}<∞}Ó ÅÓÔÅÓÔ×ÅÎÎÏÊ ÎÏÒÍÏÊ.ïÓÔÁÌÓÑ ÎÅÒÁÚÏÂÒÁÎÎÙÍ ÓÌÕÞÁÊ Hp(w( · ; · )) Ó ÂÅÓËÏÎÅÞÎÙÍ �ÏËÁÚÁ-ÔÅÌÅÍ.ï�ÒÅÄÅÌÅÎÉÅ. ðÒÏÓÔÒÁÎÓÔ×Ï H∞(w( · ; · )) Ï�ÒÅÄÅÌÑÅÍ ËÁË ÁÎÎÕÌÑ-ÔÏÒ �ÒÏÓÔÒÁÎÓÔ×Á LP1 (w), ËÏÔÏÒÏÅ, × Ó×ÏÀ ÏÞÅÒÅÄØ, Ï�ÒÅÄÅÌÑÅÔÓÑÁÎÁÌÏÇÉÞÎÏ �ÒÏÓÔÒÁÎÓÔ×Õ H1(w), ÔÏÌØËÏ Ó ÚÁÍÅÎÏÊ ÁÎÁÌÉÔÉÞÅÓËÉÈÍÎÏÇÏÞÌÅÎÏ× ÎÁ ÍÎÏÇÏÞÌÅÎÙ ÓÏ Ó�ÅËÔÒÏÍ ×Ï ÍÎÏÖÅÓÔ×Å (N×Z)∪(Z×
N). ïÔÍÅÔÉÍ, ÞÔÏ ÔÒÀË Ó ×ÎÅÛÎÉÍÉ ÆÕÎË�ÉÑÍÉ × ÄÁÎÎÏÊ ÓÉÔÕÁ�ÉÉÔÁËÖÅ �ÒÉÍÅÎÉÍ, ÔÁË ËÁË ×ËÌÀÞÅÎÉÅ Ó�ÅËÔÒÁ ÆÕÎË�ÉÉ × ÍÎÏÖÅÓÔ×Ï(N × Z) ∪ (Z × N) ÉÎ×ÁÒÉÁÎÔÎÏ ÏÔÎÏÓÉÔÅÌØÎÏ ÄÏÍÎÏÖÅÎÉÑ ÎÁ ÁÎÁÌÉ-ÔÉÞÅÓËÉÅ ÆÕÎË�ÉÉ.úÁÍÅÞÁÎÉÅ. ä×ÏÊÓÔ×ÅÎÎÏÓÔØ, ËÏÔÏÒÕÀ ÍÙ ÔÏÌØËÏ ÞÔÏ ÉÓ�ÏÌØÚÏ×Á-ÌÉ É ÂÕÄÅÍ �ÒÏÄÏÌÖÁÔØ ÉÓ�ÏÌØÚÏ×ÁÔØ ×ÓÅÇÄÁ × ÄÁÌØÎÅÊÛÅÍ, ÜÔÏ

〈f; g〉 = ∫

T2 f(z)g(z) dz:ðÒÉ ÔÁËÏÍ Ï�ÒÅÄÅÌÅÎÉÉ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ É �ÒÏÓÔÒÁÎÓÔ×Á L∞(w( · ; · ))×ÅÒÎÏ ÓÏÏÔÎÏÛÅÎÉÅ L1(w( · ; · ))∗ = L∞(w( · ; · )).íÙ ÓÏÂÉÒÁÅÍÓÑ ÓÆÏÒÍÕÌÉÒÏ×ÁÔØ ÎÅËÏÔÏÒÙÅ ÎÏ×ÙÅ ÄÏÓÔÁÔÏÞÎÙÅ ÕÓ-ÌÏ×ÉÑ ÎÁ ×ÅÓÁ ÄÌÑ ÔÏÇÏ, ÞÔÏÂÙ �ÁÒÁ (Hr(w1( · ; · )); Hs(w2( · ; · ))) ÂÙÌÁK-ÚÁÍËÎÕÔÁ × �ÁÒÅ (Lr(w1( · ; · )); Ls(w2( · ; · ))).ë ÎÁÓÔÏÑÝÅÍÕ ÍÏÍÅÎÔÕ �ÏÌÎÏÓÔØÀ ÉÚÕÞÅÎ ÂÅÚ×ÅÓÏ×ÏÊ ÓÌÕÞÁÊ ÄÌÑn = 1; 2: �ÁÒÁ (Hr(Tn); Hs(Tn)) K-ÚÁÍËÎÕÔÁ × �ÁÒÅ (Lr(Tn); Ls(Tn))ÄÌÑ ÌÀÂÙÈ r; s ∈ (0;∞℄. ðÏ �Ï×ÏÄÕ ÓÌÕÞÁÑ n = 1 ÓÍ., ÎÁ�ÒÉÍÅÒ, ÏÂ-ÚÏÒ [5℄. óÌÕÞÁÊ n = 2 ÄÌÑ ËÏÎÅÞÎÙÈ �ÏËÁÚÁÔÅÌÅÊ r; s ÆÁËÔÉÞÅÓËÉ ÒÁÓ-ÓÍÏÔÒÅÎ × [2℄, ÄÌÑ ÂÅÓËÏÎÅÞÎÏÇÏ �ÏËÁÚÁÔÅÌÑ K-ÚÁÍËÎÕÔÏÓÔØ ÄÏËÁÚÁÎÁ× [6℄. ÷ ÓÌÕÞÁÅ n > 3 ÄÏËÁÚÁÎÁ K-ÚÁÍËÎÕÔÏÓÔØ ÄÌÑ r; s ∈ (0;∞) (× ÔÏÊ



28 ÷. á. âïòï÷éãëéêÖÅ ÓÔÁÔØÅ [2℄), Á �ÒÏ ÓÌÕÞÁÊ, ËÏÇÄÁ ÏÄÉÎ ÉÚ �ÏËÁÚÁÔÅÌÅÊ ÂÅÓËÏÎÅÞÅÎ,ÎÉÞÅÇÏ ÎÅ ÉÚ×ÅÓÔÎÏ.ïÄÎÏÍÅÒÎÙÊ ×ÅÓÏ×ÏÊ ÓÌÕÞÁÊ ÔÁËÖÅ �ÏÌÎÏÓÔØÀ ÉÚÕÞÅÎ, ÓÍ., ÎÁ�ÒÉ-ÍÅÒ, ÏÂÚÏÒ [5℄.�ÅÏÒÅÍÁ 1. ðÕÓÔØ w1; w2 : T → (0;+∞) { ×ÅÓÁ, ÄÌÑ ËÏÔÏÒÙÈlogw1( · ) ∈ L1(T); logw2( · ) ∈ L1(T):ðÕÓÔØ 0 < r < p 6 ∞. �ÏÇÄÁ �ÁÒÁ (Hr(w1( · )), Hp(w2( · ))) K-ÚÁÍËÎÕÔÁ× �ÁÒÅ (Lr(w1( · )); Lp(w2( · ))) × ÔÏÍ É ÔÏÌØËÏ × ÔÏÍ ÓÌÕÞÁÅ, ÅÓÌÉlog w1=r1 ( · )w1=p2 ( · ) ∈ BMO(T) (�ÒÉ p = ∞ ÕÓÌÏ×ÉÅ ÔÁËÏ×Ï: logw1=r1 ( · )w2( · )
∈ BMO(T)).äÌÑ ÉÎÔÅÒ�ÏÌÑ�ÉÉ �ÒÏÓÔÒÁÎÓÔ× èÁÒÄÉ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ Ë ÎÁÓÔÏÑ-ÝÅÍÕ ×ÒÅÍÅÎÉ ÂÙÌÁ ÕÓÔÁÎÏ×ÌÅÎÁ ÌÉÛØ ÓÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ (ÏÎÁ ÄÏËÁ-ÚÁÎÁ × [4℄).�ÅÏÒÅÍÁ 2. ðÕÓÔØ 1 < r <∞;w1(z1; z2) = a1(z1)b1(z2); w2(z1; z2) = a2(z1)b2(z2);ÇÄÅ ÆÕÎË�ÉÉ ai, bi ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÓÌÏ×ÉÀlog a1( · ); log b1( · ); log a2( · ); log b2( · ) ∈ BMO(T):�ÏÇÄÁ �ÁÒÁ (Hr(w1( · ; · )); H∞(w2( · ; · ))) K-ÚÁÍËÎÕÔÁ × �ÁÒÅ(Lr(w1( · ; · )); L∞(w2( · ; · ))):ïÔÍÅÔÉÍ, ÞÔÏ × ÏÒÉÇÉÎÁÌØÎÏÊ ÔÅÏÒÅÍÅ ×ÍÅÓÔÏ ÕÓÌÏ×ÉÑ ÎÁ �ÒÉÎÁÄ-ÌÅÖÎÏÓÔØ ÓÁÍÉÈ ÌÏÇÁÒÉÆÍÏ× ×ÅÓÏ× �ÒÏÓÔÒÁÎÓÔ×Õ BMO(T), ÆÉÇÕÒÉÒÕ-ÀÔ ÕÓÌÏ×ÉÑ Ó ÌÏÇÁÒÉÆÍÁÍÉ ÏÔÎÏÛÅÎÉÊ ×ÅÓÏ×, ÁÎÁÌÏÇÉÞÎÙÅ ÕÓÌÏ×ÉÑÍÉÚ ÔÅÏÒÅÍÙ 1. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÁÎÁÌÏÇ ÏÄÎÏÍÅÒÎÏÇÏ ÕÓÌÏ×ÉÑ ÏËÁÚÙ×Á-ÅÔÓÑ ÄÏÓÔÁÔÏÞÎÙÍ, ËÏÇÄÁ ×ÅÓ w( · ; · ) ÒÁÚÄÅÌÑÅÔÓÑ × �ÒÏÉÚ×ÅÄÅÎÉÅ Ä×ÕÈÆÕÎË�ÉÊ ÏÄÎÏÊ �ÅÒÅÍÅÎÎÏÊ.îÁËÏÎÅ�, ÔÅÈÎÉÞÅÓËÏÅ ÚÁÍÅÞÁÎÉÅ. îÁÍ ÂÕÄÕÔ ×ÓÔÒÅÞÁÔØÓÑ, Á ÎÁ ÓÁ-ÍÏÍ ÄÅÌÅ ÏÄÎÁÖÄÙ ÕÖÅ ×ÓÔÒÅÞÁÌÉÓØ, ÏÂÏÚÎÁÞÅÎÉÑ ×ÉÄÁ XQ, ÇÄÅ X {ËÁËÁÑ-ÔÏ Ë×ÁÚÉ-ÂÁÎÁÈÏ×Á ÒÅÛÅÔËÁ ÉÚÍÅÒÉÍÙÈ ÆÕÎË�ÉÊ (�ÒÏ ÒÅÛÅÔËÉÉÚÍÅÒÉÍÙÈ ÆÕÎË�ÉÊ ÓÍ. ËÎÉÇÕ [10℄), Á Q { ÎÅËÏÔÏÒÙÊ �ÒÏÅËÔÏÒ. ðÒÉÜÔÏÍ Q ÎÅ ÏÂÑÚÁÎ ÄÅÊÓÔ×Ï×ÁÔØ × �ÒÏÓÔÒÁÎÓÔ×Å X : ÅÓÌÉ ÏÎ ×ÓÅ ÖÅ ÄÅÊ-ÓÔ×ÕÅÔ × X , ÔÏ, ÓÔÁÎÄÁÒÔÎÙÍ ÏÂÒÁÚÏÍ,XQ = {f ∈ X |Qf = f};



K-úáíëîõ�ïó�ø äìñ ÷åóï÷ùè ðòïó�òáîó�÷ èáòäé 29ÅÓÌÉ ÖÅ ÎÅÔ, ÔÏ ÍÙ ÂÕÄÅÍ ÆÉËÓÉÒÏ×ÁÔØ ÚÁ �ÒÏÅËÔÏÒÏÍ Q ÎÅËÏÔÏÒÏÅÌÉÎÅÊÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï D ⊆ X (× ÒÅÁÌØÎÙÈ ÓÌÕÞÁÑÈ ÏÎÏ, ÞÁÝÅ ×ÓÅ-ÇÏ, ÂÕÄÅÔ �ÌÏÔÎÙÍ), ÎÁ ËÏÔÏÒÏÍ Q Ï�ÒÅÄÅÌÅÎ É �ÒÉÎÉÍÁÅÔ ÚÎÁÞÅÎÉÑ× X , Á �ÒÏÓÔÒÁÎÓÔ×Ï XQ Ï�ÒÅÄÅÌÑÔØ ËÁË Clos{f ∈ D|Qf = f}. ÷×Å-ÄÅÍ ÓÒÁÚÕ ×ÁÖÎÅÊÛÉÊ ÄÌÑ §2 Ï�ÅÒÁÔÏÒ P . üÔÏ �ÒÏÅËÔÏÒ, ËÏÔÏÒÙÊ ÄÅÊ-ÓÔ×ÕÅÔ ÎÁ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÅ ÍÎÏÇÏÞÌÅÎÙ Ä×ÕÈ �ÅÒÅÍÅÎÎÙÈ, ÚÁÎÕÌÑÑËÏÜÆÆÉ�ÉÅÎÔÙ �ÒÉ ÓÔÅ�ÅÎÑÈ × ÍÎÏÖÅÓÔ×Å (Z \ N) × (Z \ N). �Å�ÅÒØ,ÓÌÅÄÕÑ ×ÙÛÅ�ÒÉ×ÅÄÅÎÎÏÊ ÏÂÝÅÊ ËÏÎÓÔÒÕË�ÉÉ, ÍÏÖÅÍ Ï�ÒÅÄÅÌÉÔØ ÒÅ-ÛÅÔËÕ LPs (u( · ; · )), ÇÄÅ u ∈ L1(T2), s <∞ (× ÒÏÌÉ ÍÎÏÖÅÓÔ×Á D, ËÁË É×ÓÅÇÄÁ ÄÌÑ �ÒÏÅËÔÏÒÁ P , ÂÕÄÅÔ ×ÙÓÔÕ�ÁÔØ ÍÎÏÖÅÓÔ×Ï ÔÒÉÇÏÎÏÍÅÔÒÉ-ÞÅÓËÉÈ ÍÎÏÇÏÞÌÅÎÏ×). îÏ ×ÓÅ ÖÅ ÔÁËÉÍ ÏÂÒÁÚÏÍ ÍÙ ÎÅ ÍÏÖÅÍ Ï�ÒÅ-ÄÅÌÉÔØ LPs (w( · ; · )), ÇÄÅ w ÉÍÅÅÔ ×ÉÄ w(z1; z2) = a(z1)u(z1; z2)b(z2),s < ∞, ÆÕÎË�ÉÑ u ÌÅÖÉÔ × L1(T2), Á Õ ÆÕÎË�ÉÊ a É b ÓÕÍÍÉÒÕÅÍÙÅÌÏÇÁÒÉÆÍÙ. óÌÕÞÁÊ s = ∞, ÉÓËÌÀÞÅÎÎÙÊ ÚÄÅÓØ ÎÁÍÉ, �ÏÌÕÞÁÅÔÓÑ ÉÚÓÏÏÂÒÁÖÅÎÉÊ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ, ËÁË ÜÔÏ ÕÖÅ ÂÙÌÏ ÓÄÅÌÁÎÏ ÎÁ ÎÅÓËÏÌØËÏÁÂÚÁ�Å× ×ÙÛÅ, × ÜÔÏÍ ÁÂÚÁ�Å ÍÙ ÂÏÌÅÅ ÎÅ ÂÕÄÅÍ ÅÇÏ ÏÂÓÕÖÄÁÔØ. þÔÏÂÙÓ�ÒÁ×ÉÔØÓÑ Ó ×ÅÓÁÍÉ ×ÉÄÁ w(z1; z2) = a(z1)u(z1; z2)b(z2), ÍÙ Ï�ÒÅÄÅÌÑÅÍ�ÒÏÓÔÒÁÎÓÔ×Ï LPs (w( · ; · )) ËÁËLPs (w( · ; · )) = {ã−1=sb̃−1=sf |f ∈ LPs (u( · ; · ))}Ó ÎÏÒÍÏÊ
‖g‖LPs (w) = ‖ga1=sb1=s‖LPs (u);ÇÄÅ, ËÁË É ÒÁÎØÛÅ, ã; b̃ { ×ÎÅÛÎÉÅ ÆÕÎË�ÉÉ Ó |ã| = a; |̃b| = b. ÷ ÞÉÓÔÏÒÅÛÅÔÏÞÎÙÈ ÔÅÒÍÉÎÁÈ ÜÔÏ ×ÙÇÌÑÄÉÔ ÔÁË: ÍÙ ×ÚÑÌÉ ÒÅÛÅÔËÕ X = Ls,ÄÏÂÁ×ÉÌÉ Ë ÎÅÊ ×ÅÓ u−1=s, �ÏÌÕÞÉ×X(u−1=s), �ÏÓÌÅ ÜÔÏÇÏ ×ÚÑÌÉ �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ×Ï, \×ÙÒÅÚÁÎÎÏÅ" �ÒÏÅËÔÏÒÏÍ P , ÚÁÄÁÎÎÙÍ ÎÁ ÍÎÏÇÏÞÌÅÎÁÈ,�ÏÌÕÞÉÌÉ (X(u−1=s))P , �ÏÓÌÅ ÞÅÇÏ ÄÏÂÁ×ÉÌÉ Ë �ÏÌÕÞÉ×ÛÅÊÓÑ ÒÅÛÅÔËÅÄÏ�ÏÌÎÉÔÅÌØÎÙÊ ×ÅÓ (ãb̃)−1=s, �ÏÌÕÞÉ× (X(u−1=s))P ((ãb̃)−1=s).

§2. ïÂÏÂÝÅÎÉÅ ÔÅÏÒÅÍÙ 2 ÄÌÑ ×ÅÓÏ× ×ÉÄÁw(z1; z2) = a(z1)u(z1; z2)b(z2)úÄÅÓØ ÍÙ ÓÆÏÒÍÕÌÉÒÕÅÍ ÓÌÅÄÕÀÝÕÀ ÔÅÏÒÅÍÕ, ÄÁ× ÎÁÂÒÏÓÏË ÅÅ ÄÏ-ËÁÚÁÔÅÌØÓÔ×Á. úÁÍÅÔÉÍ ÓÒÁÚÕ, ÞÔÏ �ÏÄ \Ä×ÕÍÅÒÎÙÍÉ As" �ÏÎÉÍÁÀÔÓÑÕÓÌÏ×ÉÑ íÁËÅÎÈÁÕ�ÔÁ �Ï �ÒÑÍÏÕÇÏÌØÎÉËÁÍ.�ÅÏÒÅÍÁ 3. ðÒÉ ×Ù�ÏÌÎÅÎÉÉ ÓÌÅÄÕÀÝÉÈ ÕÓÌÏ×ÉÊ:(1) u1 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ Ä×ÕÍÅÒÎÏÍÕ Ap,(2) u2 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ Ä×ÕÍÅÒÎÏÍÕ A1,



30 ÷. á. âïòï÷éãëéê(3) log(ai); log(bi) ∈ BMO,(4) up2u1 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ Ä×ÕÍÅÒÎÏÍÕ A∞,ÉÍÅÅÔ ÍÅÓÔÏ K-ÚÁÍËÎÕÔÏÓÔØ �ÁÒÙ(Hp(a1(z1)u1(z1; z2)b1(z2)); H∞(a2(z1)u2(z1; z2)b2(z2)))× �ÁÒÅ (Lp(a1(z1)u1(z1; z2)b1(z2)); L∞(a2(z1)u2(z1; z2)b2(z2))) :èÏÔØ ÕÓÌÏ×ÉÅ (4) É ×ÙÇÌÑÄÉÔ ÎÅÅÓÔÅÓÔ×ÅÎÎÙÍ, ÎÁÛÉ ÍÅÔÏÄÙ ÎÅ �Ï-Ú×ÏÌÑÀÔ ÏÔ ÎÅÇÏ ÉÚÂÁ×ÉÔØÓÑ. ðÏÄÏÂÎÏÅ ÏÂÓÔÏÑÔÅÌØÓÔ×Ï ÔÁËÖÅ �ÏÑ×ÌÑ-ÌÏÓØ × ÓÔÁÔØÅ [1℄ É ÎÅ ÓÌÕÞÁÊÎÏ, ×ÓÅÍÕ ×ÉÎÏÊ ÏÄÉÎ É ÔÏÔ ÖÅ ÍÅÔÏÄ, × [1℄ÎÁÚÙ×ÁÅÍÙÊ \×ÅÓÏ×ÏÅ ÒÁÚÌÏÖÅÎÉÅ ëÁÌØÄÅÒÏÎÁ{úÉÇÍÕÎÄÁ".óÈÅÍÁ ÄÏËÁÚÁÔÅÌØÓÔ×Á. úÄÅÓØ ÍÙ �Ï�ÙÔÁÅÍÓÑ ËÒÁÔËÏ ÉÚÌÏÖÉÔØ ÏÓ-ÎÏ×ÎÙÅ ÉÄÅÉ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ: ×ÓÅ ÍÎÏÇÏÞÉÓÌÅÎÎÙÅ ×ÙÞÉÓÌÅ-ÎÉÑ, ËÏÔÏÒÙÅ ÓÏÓÔÁ×ÌÑÀÔ ÓÕÝÅÓÔ×ÅÎÎÕÀ ÞÁÓÔØ ÄÏËÁÚÁÔÅÌØÓÔ×Á, ÂÕÄÕÔÏ�ÕÝÅÎÙ (�ÏÌÎÏÅ ÉÚÌÏÖÅÎÉÅ ÓÍ. × [12℄).÷Ï-�ÅÒ×ÙÈ, ÚÁÍÅÔÉÍ, ÞÔÏ ÂÅÚ ÏÇÒÁÎÉÞÅÎÉÑ ÏÂÝÎÏÓÔÉ ÍÏÖÎÏ ÓÞÉ-ÔÁÔØ, ÞÔÏ a2 = 1; a1 = a 11−q , b2 = b; b1 = b 11−q , ÇÄÅ a É b { ËÁËÉÅ-ÔÏÆÕÎË�ÉÉ: ÜÔÏ ÄÏÓÔÉÇÁÅÔÓÑ ÄÏÍÎÏÖÅÎÉÅÍ ÎÁ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ×ÎÅÛÎÉÅÆÕÎË�ÉÉ, �ÏÄÒÏÂÎÅÅ ÓÍ. [4℄, ÇÄÅ ÜÔÏÔ �ÒÉÅÍ ÉÓ�ÏÌØÚÕÅÔÓÑ Ó Â�ÏÌØÛÉÍËÏÌÉÞÅÓÔ×ÏÍ ËÏÍÍÅÎÔÁÒÉÅ×.äÁÌÅÅ ÍÙ, ÉÚ ÓÏÏÂÒÁÖÅÎÉÊ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ (ÓÍ. [9℄), ÚÁÍÅÎÉÍ ÚÁÄÁÞÕÏ K-ÚÁÍËÎÕÔÏÓÔÉ �ÁÒÙ
(Hp(a 11−q (z1)w1(z1; z2)b 11−q (z2)); H∞(w2(z1; z2)b(z2)))× �ÁÒÅ
(Lp(a 11−q (z1)w1(z1; z2)b 11−q (z2)); L∞(w2(z1; z2)b(z2)))ÜË×É×ÁÌÅÎÔÎÏÊ ÅÊ ÚÁÄÁÞÅÊ Ï K-ÚÁÍËÎÕÔÏÓÔÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ �ÁÒÙ\�ÒÅÄÁÎÎÕÌÑÔÏÒÏ×" × ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ �ÁÒÅ �ÒÅÄÓÏ�ÒÑÖÅÎÎÙÈ �ÒÏ-ÓÔÒÁÎÓÔ×. �Ï ÅÓÔØ ÎÁÍ ÎÁÄÏ ÂÕÄÅÔ ÕÓÔÁÎÏ×ÉÔØ K-ÚÁÍËÎÕÔÏÓÔØ �ÁÒÙ

(LP1 (w2(z1; z2)b(z2)); LPq (a(z1)w1−q1 (z1; z2)b(z2)))× �ÁÒÅ (L1(w2(z1; z2)b(z2)); Lq(a(z1)w1−q1 (z1; z2)b(z2)));ÇÄÅ �ÒÏÓÔÒÁÎÓÔ×Á LPs (w) ÂÙÌÉ Ï�ÒÅÄÅÌÅÎÙ ×Ï ××ÅÄÅÎÉÉ É ×ÅÒÎÏ ÓÏÏÔ-ÎÏÛÅÎÉÅ 1p + 1q = 1.



K-úáíëîõ�ïó�ø äìñ ÷åóï÷ùè ðòïó�òáîó�÷ èáòäé 31�Å�ÅÒØ ÍÙ ÈÏÔÉÍ �ÒÅ×ÒÁÔÉÔØ ×ÅÓÁ w1 É w2 × ÏÄÉÎ ×ÅÓ w. üÔÏ ÄÅÊ-ÓÔ×ÉÔÅÌØÎÏ ÕÄÁÅÔÓÑ ÓÄÅÌÁÔØ, ÎÅÍÎÏÇÏ ÉÓ�ÏÒÔÉ× �ÒÏÅËÔÉÒÕÀÝÉÊ Ï�Å-ÒÁÔÏÒ P .éÓ�ÏÌØÚÕÑ �ÒÉÅÍ ÉÚ [1℄ (ÓÔÒ. 192), �ÏÌÕÞÁÅÍ, ÞÔÏ ×Ï�ÒÏÓ K-ÚÁÍËÎÕÔÏÓ-ÔÉ �ÁÒÙ
(LP1 (w2(z1; z2)b(z2)); LPq (a(z1)w1−q1 (z1; z2)b(z2)))× �ÁÒÅ (L1(w2(z1; z2)b(z2)); Lq(a(z1)w1−q1 (z1; z2)b(z2)))ÜË×É×ÁÌÅÎÔÅÎ ×Ï�ÒÏÓÕ Ï K-ÚÁÍËÎÕÔÏÓÔÉ �ÁÒÙ
(LPu1 (w(z1; z2)b(z2)); LPuq (a(z1)w(z1; z2)b(z2)))× �ÁÒÅ (L1(w(z1; z2)b(z2)); Lq(a(z1)w(z1; z2)b(z2)));�ÒÉ w = w1wp2 , u = w1wp−12 , P uf = u−1P (uf) (Ï�ÅÒÁÔÏÒ P u ÎÁÚÙ×ÁÅÔ-ÓÑ ÏËÁÊÍÌÅÎÎÙÍ). �ÕÔ ÎÕÖÎÏ ÏÔÍÅÔÉÔØ, ÞÔÏ ÉÓ�ÏÌØÚÕÅÍÙÅ ÚÄÅÓØ �ÒÏ-ÓÔÒÁÎÓÔ×Á LPu(w) Ï�ÒÅÄÅÌÑÀÔÓÑ \ÞÉÓÔÏ ÒÅÛÅÔÏÞÎÙÍ" ÏÂÒÁÚÏÍ, ÔÁËÞÔÏ ÎÁÍ ÎÅÔ ÎÅÏÂÈÏÄÉÍÏÓÔÉ ÎÁËÌÁÄÙ×ÁÔØ ËÁËÉÅ-ÔÏ ÄÏ�ÏÌÎÉÔÅÌØÎÙÅÕÓÌÏ×ÉÑ ÎÁ w É u, ÞÔÏÂÙ ÔÁËÁÑ ÚÁ�ÉÓØ ÉÍÅÌÁ ÓÍÙÓÌ. õÔÏÞÎÉÍ, ÞÔÏ ÅÓ-ÌÉ ×Ó�ÏÍÎÉÔØ �ÒÏ�ÅÓÓ, ÓÔÏÑÝÉÊ ÚÁ Ï�ÒÅÄÅÌÅÎÉÅÍ �ÒÏÓÔÒÁÎÓÔ× LPs (w),ÔÏ �ÅÒÅÈÏÄ Ë ÏËÁÊÍÌÅÎÎÏÍÕ Ï�ÅÒÁÔÏÒÕ ÂÕÄÅÔ ÓÏ×ÅÒÛÅÎ ÎÁ ×ÔÏÒÏÍ ÛÁ-ÇÅ, �ÅÒÅÄ ÄÏÂÁ×ÌÅÎÉÅÍ \ÒÁÚÄÅÌÑÀÝÅÇÏÓÑ" ×ÅÓÁ, É ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏÚÁ ÏËÁÊÍÌÅÎÎÙÍ Ï�ÅÒÁÔÏÒÏÍ ÚÁËÒÅ�ÌÅÎÏ �ÌÏÔÎÏÅ ÍÎÏÖÅÓÔ×Ï u−1 · D,ÇÄÅ D { ÍÎÏÖÅÓÔ×Ï ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ ÍÎÏÇÏÞÌÅÎÏ×.äÁÌÅÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÏÄÏÌÖÁÅÔÓÑ × ÄÕÈÅ ÓÔÁÔØÉ [4℄ Ó ÎÅÚÎÁÞÉ-ÔÅÌØÎÙÍÉ ÔÅÈÎÉÞÅÓËÉÍÉ ÕÓÌÏÖÎÅÎÉÑÍÉ. ÷ ÉÔÏÇÅ �ÏÌÕÞÁÅÔÓÑ ÔÅÏÒÅÍÁ,ÓÆÏÒÍÕÌÉÒÏ×ÁÎÎÁÑ ÎÉÖÅ, ÉÚ ËÏÔÏÒÏÊ ÕÖÅ ÂÅÚ ×ÓÑËÏÇÏ ÔÒÕÄÁ ×Ù×ÏÄÉÔÓÑÂÏÌÅÅ ÕÄÏÂÎÁÑ ÔÅÏÒÅÍÁ 3. ðÏÄÒÏÂÎÙÅ ×ÙÞÉÓÌÅÎÉÑ ÓÍ. × [12℄.�ÅÏÒÅÍÁ 4. K-ÚÁÍËÎÕÔÏÓÔØ �ÁÒÙ
(LPu1 (w(z1; z2)b(z2)); LPuq (a(z1)w(z1; z2)b(z2)))ÉÍÅÅÔ ÍÅÓÔÏ, ÅÓÌÉ(0) w1( · ; · ); w2( · ; · ) ∈ L1(T2) (ÔÅÈÎÉÞÅÓËÏÅ ÔÒÅÂÏ×ÁÎÉÅ ÄÌÑ ËÏÒ-ÒÅËÔÎÏÓÔÉ ÎÁÛÉÈ Ï�ÒÅÄÅÌÅÎÉÊ),



32 ÷. á. âïòï÷éãëéê(1) w = w1wp2 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ A∞ �Ï ×ÔÏÒÏÊ �ÅÒÅÍÅÎÎÏÊÒÁ×ÎÏÍÅÒÎÏ (�ÏÄ ÒÁ×ÎÏÍÅÒÎÏÓÔØÀ ÍÙ ÚÄÅÓØ �ÏÎÉÍÁÅÍ ÓÕÝÅ-ÓÔ×Ï×ÁÎÉÅ ËÏÎÓÔÁÎÔÙ × ÏÂÒÁÔÎÏÍ ÎÅÒÁ×ÅÎÓÔ×Å çÅÌØÄÅÒÁ, ÎÅÚÁ×ÉÓÑÝÅÊ ÏÔ �ÅÒ×ÏÊ �ÅÒÅÍÅÎÎÏÊ),(2) w2 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ A1 �Ï ×ÔÏÒÏÊ �ÅÒÅÍÅÎÎÏÊ ÒÁ×ÎÏ-ÍÅÒÎÏ,(3) log(a); log(b) ∈ BMO,(4) log(w( · ; z2)) ÌÅÖÉÔ × �ÒÏÓÔÒÁÎÓÔ×Å BMO �Ï �ÅÒ×ÏÊ �ÅÒÅÍÅÎ-ÎÏÊ ÒÁ×ÎÏÍÅÒÎÏ,(5) w1 ∈ Ap ÒÁ×ÎÏÍÅÒÎÏ �Ï ×ÔÏÒÏÊ �ÅÒÅÍÅÎÎÏÊ.
�äÏÂÁ×ÉÍ ÎÅÓËÏÌØËÏ ËÏÍÍÅÎÔÁÒÉÅ×. õÓÌÏ×ÉÑ 1) É 2) { ÔÒÅÂÏ×ÁÎÉÑ ×Å-ÓÏ×ÏÇÏ ÒÁÚÌÏÖÅÎÉÑ ëÁÌØÄÅÒÏÎÁ{úÉÇÍÕÎÄÁ (ÓÍ. [1℄). ëÁÖÅÔÓÑ, ÞÔÏ ÕÓÌÏ-×ÉÅ 4) ÄÁÅÔ ×ÏÚÍÏÖÎÏÓÔØ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ×ÅÓ a ÓÒÁÚÕ ÖÅ ËÁË ÞÁÓÔØ ×ÅÓÁw, ÎÏ ÜÔÏ ÎÅ ÔÁË, ×ÅÄØ ÄÌÑ ËÏÒÒÅËÔÎÏÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ �ÒÏÓÔÒÁÎÓÔ×Á ÎÁ-ÄÏ, ÞÔÏÂÙ w ∈ L1(T2), Á ×ÅÓ a ÍÏÖÅÔ ÉÓ�ÏÒÔÉÔØ ÜÔÏ Ó×ÏÊÓÔ×Ï. ïÔÍÅÔÉÍÔÁËÖÅ, ÞÔÏ ÔÅÏÒÅÍÁ ÒÁÂÏÔÁÅÔ ÌÉÛØ × �ÒÅÄ�ÏÌÏÖÅÎÉÉ p > 1.

§3. ÷ÅÓÏ×ÏÊ ÓÌÕÞÁÊ ËÏÎÅÞÎÙÈ �ÏËÁÚÁÔÅÌÅÊõÄÁÅÔÓÑ ÄÏËÁÚÁÔØ ÔÁËÖÅ ÓÌÅÄÕÀÝÕÀ ÔÅÏÒÅÍÕ.�ÅÏÒÅÍÁ 5. ðÕÓÔØ 0 < r < 1 < p < ∞. åÓÌÉ ×ÅÓÁ w1( · ; · ), w2( · ; · )ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÓÌÏ×ÉÑÍw1( · ; · ) ∈ A∞; w2( · ; · ) ∈ Ap;ÔÏ �ÁÒÁ (Hr(w1( · ; · )); Hp(w2( · ; · )))K-ÚÁÍËÎÕÔÁ × �ÁÒÅ (Lr(w1( · ; · )); Lp(w2( · ; · ))):úÁÍÅÞÁÎÉÅ äÌÑ �ÏËÁÚÁÔÅÌÅÊ 0 < r < p < 1 ÕÓÌÏ×ÉÑ ÍÅÎÑÀÔÓÑ ÎÁw1( · ; · ); w2( · ; · ) ∈ A∞.óÈÅÍÁ ÄÏËÁÚÁÔÅÌØÓÔ×Á. âÏÌÅÅ ÉÌÉ ÍÅÎÅÅ, ÒÁÓÓÕÖÄÅÎÉÑ ÓÌÅÄÕÀÔ ÏÄ-ÎÏÍÕ ÉÚ ÍÅÔÏÄÏ×, Ï�ÉÓÁÎÎÙÈ × [2℄. ÷ÚÑ× f = g+h, ÇÄÅ f ∈ Hr(w1( · ; · ))+Hp(w2( · ; · )), g ∈ Lr(w1( · ; · )), h ∈ Lp(w2( · ; · )), ÍÏÖÅÍ, ÒÁÓÓÍÁ-ÔÒÉ×ÁÑ Lr(w1( · ; · )) É Lp(w2( · ; · )) ËÁË Ë×ÁÚÉ-ÂÁÎÁÈÏ×Ù ÒÅÛÅÔËÉ ÉÚ-ÍÅÒÉÍÙÈ ÆÕÎË�ÉÊ É ×ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÏÂÝÅÊ ÔÅÏÒÉÅÊ ÉÚ [5℄, ÓÄÅÌÁÔØ



K-úáíëîõ�ïó�ø äìñ ÷åóï÷ùè ðòïó�òáîó�÷ èáòäé 33ÆÕÎË�ÉÉ g É h \ÁÎÁÌÉÔÉÞÅÓËÉÍÉ" �Ï ÏÄÎÏÊ ÉÚ �ÅÒÅÍÅÎÎÙÈ. �Ï ÅÓÔØ�ÏÌÕÞÉÍ ËÁËÏÅ-ÔÏ ÒÁÚÌÏÖÅÎÉÅ f = g′ + h′, ÇÄÅ ÄÌÑ ËÁÖÄÏÇÏ ÚÎÁÞÅ-ÎÉÑ z1 ÆÕÎË�ÉÉ g′(z1; · ), h′(z1; · ) Ñ×ÌÑÀÔÓÑ ÜÌÅÍÅÎÔÁÍÉ �ÒÏÓÔÒÁÎÓÔ×Hr(w1(z1; · )) É Hp(w2(z1; · )) ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ (�ÏÓÌÅÄÎÉÅ �ÏÎÉÍÁÀÔÓÑ× ÓÍÙÓÌÅ ×ÅÓÏ×ÙÈ �ÒÏÓÔÒÁÎÓÔ× ÎÁ T �ÒÉ ËÁÖÄÏÍ ÆÉËÓÉÒÏ×ÁÎÎÏÍ ÚÎÁ-ÞÅÎÉÉ z1). úÄÅÓØ ÍÙ ×ÏÓ�ÏÌØÚÏ×ÁÌÉÓØ BMO-ÒÅÇÕÌÑÒÎÏÓÔØÀ ÒÅÛÅÔÏËLr(w1(z1; · )) É Lp(w2(z1; · )), ËÏÔÏÒÁÑ ÓÌÅÄÕÅÔ ÉÚ ÎÁÌÏÖÅÎÎÙÈ ÎÁ ×ÅÓÁÕÓÌÏ×ÉÊ íÁËÅÎÈÁÕ�ÔÁ.÷ÔÏÒÏÊ ÒÁÚ ÔÅÍ ÖÅ �ÒÉÅÍÏÍ ÄÌÑ ÕÓÔÁÎÏ×ÌÅÎÉÑ \ÁÎÁÌÉÔÉÞÎÏÓÔÉ"�Ï ×ÔÏÒÏÊ �ÅÒÅÍÅÎÎÏÊ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÎÁ�ÒÑÍÕÀ ÎÅ �ÏÌÕÞÉÔÓÑ, �Ï-ÔÏÍÕ ÞÔÏ �ÏÌÕÞÉ×ÛÉÅÓÑ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á �ÒÏÓÔÒÁÎÓÔ× Lr(w1( · ; · )) ÉLp(w2( · ; · )), ÓÏÓÔÏÑÝÉÅ ÉÚ ÆÕÎË�ÉÊ, \ÁÎÁÌÉÔÉÞÅÓËÉÈ" �Ï ÏÄÎÏÊ �ÅÒÅ-ÍÅÎÎÏÊ, ÕÖÅ ÎÅ ÂÕÄÕÔ Ë×ÁÚÉ-ÂÁÎÁÈÏ×ÙÍÉ ÒÅÛÅÔËÁÍÉ ÉÚÍÅÒÉÍÙÈ ÆÕÎË-�ÉÊ.äÁÌÅÅ ÍÙ ÎÁÈÏÄÉÍ ÏÂÝÉÊ ÂÅÚÕÓÌÏ×ÎÙÊ ÂÁÚÉÓ ÄÌÑ �ÒÏÓÔÒÁÎÓÔ×Hr(w1(z1; · )) É Hp(w2(z1; · )), ÎÅ ÚÁ×ÉÓÑÝÉÊ ÏÔ ÚÎÁÞÅÎÉÑ z1. óÕÝÅÓÔ×Ï-×ÁÎÉÅ ÔÁËÏÇÏ ÂÁÚÉÓÁ ÄÌÑ ×ÅÝÅÓÔ×ÅÎÎÙÈ �ÒÏÓÔÒÁÎÓÔ× èÁÒÄÉ ÆÁËÔÉÞÅ-ÓËÉ ÕÓÔÁÎÏ×ÌÅÎÏ × [3℄. õÔ×ÅÒÖÄÅÎÉÅ ÉÚ ÜÔÏÊ ÓÔÁÔØÉ ×ÏÚÍÏÖÎÏ, ÈÏÔØ ÉÎÅ ÓÏ×ÓÅÍ ÔÒÉ×ÉÁÌØÎÙÍ Ó�ÏÓÏÂÏÍ, �ÅÒÅÎÅÓÔÉ ÎÁ ÓÌÕÞÁÊ ÒÁÓÓÍÁÔÒÉ×Á-ÅÍÙÈ ÎÁÍÉ �ÒÏÓÔÒÁÎÓÔ× èÁÒÄÉ. ðÏÄÒÏÂÎÏÓÔÉ ÍÙ ÚÄÅÓØ Ï�ÕÓËÁÅÍ, ÉÈÍÏÖÎÏ ÎÁÊÔÉ × [12℄.�Å�ÅÒØ, ËÏÇÄÁ Õ ÎÁÓ ÅÓÔØ ÏÂÝÉÊ ÂÅÚÕÓÌÏ×ÎÙÊ ÂÁÚÉÓ, ÎÁÛÉ �ÒÏÓÔÒÁÎ-ÓÔ×Á \ÁÎÁÌÉÔÉÞÅÓËÉÈ" �Ï ÏÄÎÏÊ �ÅÒÅÍÅÎÎÏÊ ÆÕÎË�ÉÊ ÍÏÇÕÔ ÂÙÔØ ÚÁ-�ÉÓÁÎÙ ËÁË ÒÅÛÅÔËÉ ÉÚÍÅÒÉÍÙÈ ÆÕÎË�ÉÊ: ËÁË ÍÎÏÖÅÓÔ×Ï �ÏÓÌÅÄÏ-×ÁÔÅÌØÎÏÓÔÅÊ ×ÉÄÁ {ak( · )}∞k=1 (ÔÁËÁÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÂÕÄÅÔ ÓÏÏÔ-×ÅÔÓÔ×Ï×ÁÔØ ÆÕÎË�ÉÉ u(z1; z2) = ∞∑k=1 ak(z1)�k(z2), ÇÄÅ {�k( · )}∞k=1 { ÔÏÔÓÁÍÙÊ ÂÅÚÕÓÌÏ×ÎÙÊ ÂÁÚÉÓ), ×ÚÑÔÏÅ Ó Ï�ÒÅÄÅÌÅÎÎÏÊ ÎÏÒÍÏÊ.ðÏÓÌÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÏÇÏ, ÞÔÏ �ÏÌÕÞÉ×ÛÉÅÓÑ ÒÅÛÅÔËÉ BMO-ÒÅÇÕ-ÌÑÒÎÙ, ÏÂÝÁÑ ÔÅÏÒÉÑ ÉÚ [5℄ ÄÁÅÔ \ÁÎÁÌÉÔÉÞÎÏÓÔØ" �Ï ÄÒÕÇÏÊ �ÅÒÅÍÅÎ-ÎÏÊ. ÷ÓÅ ×ÙÞÉÓÌÅÎÉÑ É ÄÏ�ÏÌÎÉÔÅÌØÎÙÅ �ÏÄÒÏÂÎÏÓÔÉ ÓÍ. × [12℄. �

§4. ÷ÓÅ ÏÓÔÁÌØÎÏÅ
§2 É §3 ÎÅ ÏÈ×ÁÔÙ×ÁÀÔ ÌÉÛØ ÓÌÕÞÁÊ, ËÏÇÄÁ ÏÄÉÎ ÉÚ �ÏËÁÚÁÔÅÌÅÊÂÅÓËÏÎÅÞÅÎ, Á ÄÒÕÇÏÊ ÍÅÎØÛÅ ÉÌÉ ÒÁ×ÅÎ ÅÄÉÎÉ�Å, × ÜÔÏÍ �ÁÒÁÇÒÁÆÅÍÙ ÓËÁÖÅÍ Ï ÎÅÍ �ÁÒÕ ÓÌÏ×. ÷Ï-�ÅÒ×ÙÈ, ÍÏÖÎÏ ÄÏËÁÚÁÔØ ÓÌÅÄÕÀÝÉÊÒÅÚÕÌØÔÁÔ ÄÌÑ ÓÌÕÞÁÑ r = 1; s =∞.



34 ÷. á. âïòï÷éãëéê�ÅÏÒÅÍÁ 6. åÓÌÉ w1; w2 ∈ A1 É w1w2 ∈ A∞ (ÏÂÁ ÕÓÌÏ×ÉÑ íÁËÅÎÈÁÕ-�ÔÁ Ä×ÕÍÅÒÎÙÅ), ÔÏ �ÁÒÁ
(H1(w1(z1; z2)); H∞(w2(z1; z2)))K-ÚÁÍËÎÕÔÁ × �ÁÒÅ
(L1(w1(z1; z2)); L∞(w2(z1; z2))):äÏËÁÚÁÔÅÌØÓÔ×Ï. îÁÍ ÄÏÓÔÁÔÏÞÎÏ ÎÁÊÔÉ ÔÁËÉÅ ÞÉÓÌÁ0 < �1 < �2 < �3 < �4 < 1;ÞÔÏK-ÚÁÍËÎÕÔÏÓÔØ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ �ÁÒ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× èÁÒÄÉ ÉÍÅ-ÅÔ ÍÅÓÔÏ ÄÌÑ �ÁÒ

(L1(w1); L 11−�2 (w1w �2�2−12 ));
(L 11−�1 (w1w �1�1−12 ); L 11−�4 (w1w �4�4−12 ));

(L 11−�3 (w1w �3�3−12 ); L∞(w2))(�ÒÏ ÉÎÔÅÒ�ÏÌÑ�ÉÀ ×Ú×ÅÛÅÎÎÙÈ �ÒÏÓÔÒÁÎÓÔ× ìÅÂÅÇÁ ÓÍ. [7℄), ÏÓÔÁÌØ-ÎÏÅ ÓÄÅÌÁÅÔ ÔÅÏÒÅÍÁ ÔÉ�Á ÷ÏÌØÆÁ ÄÌÑ K-ÚÁÍËÎÕÔÏÓÔÉ ÉÚ [6℄.÷ÙÂÅÒÅÍ �ÒÏÉÚ×ÏÌØÎÙÅ 0 < �1 < �2 < �3 < �4 < 1. äÅÊÓÔ×ÉÔÅÌØ-ÎÏ, ÉÚ ÆÁËÔÏÒÉÚÁ�ÉÏÎÎÏÊ ÔÅÏÒÅÍÙ äÖÏÎÓÁ (ÓÍ. × [8℄) ÓÌÅÄÕÅÔ, ÞÔÏw1w ��−12 ∈ A 11−� , ÞÔÏ ÄÁÅÔ K-ÚÁÍËÎÕÔÏÓÔØ ÄÌÑ �ÁÒÙ (L 11−�1 (w1w �1�1−12 ),L 11−�4 (w1w �4�4−12 )), Á × ÓÕÍÍÅ Ó ÔÅÏÒÅÍÏÊ 5 ÄÁÅÔ K-ÚÁÍËÎÕÔÏÓÔØ ÅÝÅÉ ÄÌÑ �ÁÒÙ (L1(w1); L 11−�2 (w1w �2�2−12 )). ÷Ù�ÏÌÎÅÎÏ, �Ï ÕÓÌÏ×ÉÀ, ÞÔÏw 11−�32 w1w �3�3−12 = w1w2 ∈ A∞, ËÒÏÍÅ ÔÏÇÏ, ÉÚ ÆÁËÔÏÒÉÚÁ�ÉÏÎÎÏÊ ÔÅ-ÏÒÅÍÙ äÖÏÎÓÁ ÓÎÏ×Á ×Ù×ÏÄÉÍ, ÞÔÏ w1w �3�3−12 ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀA 11−�3 , Á ÚÎÁÞÉÔ, ÔÅÏÒÅÍÁ 3 ÄÁÅÔ ÎÁÍ É K-ÚÁÍËÎÕÔÏÓÔØ ÄÌÑ �ÁÒÙ
(L 11−�3 (w1w �3�3−12 ); L∞(w2)):äÏËÁÚÁÔÅÌØÓÔ×Ï ÚÁËÏÎÞÅÎÏ. �
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2.https://arxiv.org/abs/1707.05239Borovitskiy V. A.K-losedness for weighted Hardy spaes on the torus T2.Certain suÆient onditions are established for the ouple of weightedHardy spaes (Hr(w1( · ; · )); Hs(w2( · ; · ))) on the two-dimensional torus

T2 to be K-losed in the ouple (Lr(w1( · ; · )); Ls(w2( · ; · ))). For 0 <r < s < 1 the ondition w1; w2 ∈ A∞ suÆes (A∞ is the Mukenhouptondition over retangles). For 0 < r < 1 < s < ∞ it suÆes that w1 ∈A∞; w2 ∈ As. For 1 < r < s = ∞, we assume that the weights are of theform wi(z1; z2) = ai(z1)ui(z1; z2)bi(z2), and then the following onditionssuÆe: u1 ∈ Ap, u2 ∈ A1, up2u1 ∈ A∞, log ai; log bi ∈ BMO. The laststatement generalizes the previously known result for the ase of ui ≡ 1,
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