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§1. ÷×ÅÄÅÎÉÅ÷ [1℄ ÂÙÌÏ ××ÅÄÅÎÏ �ÏÎÑÔÉÅ Ï�ÅÒÁÔÏÒÎÏÊ ÓÉÓÔÅÍÙ V , ÔÏ ÅÓÔØ ÌÉÎÅÊ-ÎÏÇÏ �ÒÏÓÔÒÁÎÓÔ×Á, ÓÏÓÔÏÑÝÅÇÏ ÉÚ Ï�ÅÒÁÔÏÒÏ× × ÇÉÌØÂÅÒÔÏ×ÏÍ �ÒÏ-ÓÔÒÁÎÓÔ×Å H , ÄÌÑ ËÏÔÏÒÏÇÏ ×Ù�ÏÌÎÅÎÙ ÕÓÌÏ×ÉÑI ∈ V ; A ∈ V ⇒ A∗ ∈ V :÷ ËÏÎÔÅËÓÔÅ Ë×ÁÎÔÏ×ÏÊ ÔÅÏÒÉÉ ÉÎÆÏÒÍÁ�ÉÉ Ï�ÅÒÁÔÏÒÎÙÅ ÓÉÓÔÅÍÙ�ÒÉÎÑÔÏ ÎÁÚÙ×ÁÔØ ÎÅËÏÍÍÕÔÁÔÉ×ÎÙÍÉ Ï�ÅÒÁÔÏÒÎÙÍÉ ÇÒÁÆÁÍÉ [2, 3℄.íÙ ÂÕÄÅÍ ÓÍÏÔÒÅÔØ ÎÁ ÎÅËÏÍÍÕÔÁÔÉ×ÎÙÅ Ï�ÅÒÁÔÏÒÎÙÅ ÇÒÁÆÙ × ÄÕÈÅÔÅÏÒÉÉ Ë×ÁÎÔÏ×ÙÈ ËÏÄÏ×, ÉÓ�ÒÁ×ÌÑÀÝÉÈ ÏÛÉÂËÉ [4,5℄. çÒÁÆÙ, ÓÏÓÔÏÑ-ÝÉÅ ÉÚ ËÏÍÍÕÔÉÒÕÀÝÉÈ Ï�ÅÒÁÔÏÒÏ×, ×ÈÏÄÑÔ × ÄÁÎÎÕÀ ÔÅÏÒÉÀ × ËÁÞÅ-ÓÔ×Å ÞÁÓÔÎÏÇÏ ÓÌÕÞÁÑ. íÙ ÂÕÄÅÍ �ÏÌÁÇÁÔØ, ÞÔÏ V �ÏÒÏÖÄÁÅÔÓÑ ÓÅÍÅÊ-ÓÔ×ÏÍ ÕÎÉÔÁÒÎÙÈ Ï�ÅÒÁÔÏÒÏ× Uj ; 1 6 j 6 k, ÎÁÚÙ×ÁÅÍÙÈ ÏÛÉÂËÁÍÉ,ÔÁË ÞÔÏ

V = Lin{I; U1; U∗1 ; : : : ; Uk; U∗k}:ë×ÁÎÔÏ×ÙÍ ËÏÄÏÍ ÎÁÚÙ×ÁÅÔÓÑ ÌÀÂÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï K ⊂ H . ðÒÅÄ-�ÏÌÁÇÁÅÔÓÑ, ÞÔÏ × ÅÄÉÎÉÞÎÙÈ ×ÅËÔÏÒÁÈ  ∈ H ÚÁËÏÄÉÒÏ×ÁÎÁ ÎÅËÏÔÏÒÁÑÉÎÆÏÒÍÁ�ÉÑ. ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ, ÞÔÏ ÍÉÎÉÍÁÌØÎÙÊ ÏÂßÅÍ ÉÎÆÏÒ-ÍÁ�ÉÉ �ÒÅÄÓÔÁ×ÌÑÅÔ ÉÚ ÓÅÂÑ ÂÉÔ, ÉÍÅÅÔ ÓÍÙÓÌ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÒÁÚÍÅÒ-ÎÏÓÔÉ dimK > 2. òÁÚÍÅÒÎÏÓÔØ dimK ÎÁÚÙ×ÁÅÔÓÑ ÄÌÉÎÏÊ ËÏÄÁ. ìÀÂÏÊ×ÙÂÏÒ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÏÇÏ ÂÁÚÉÓÁ (fj) × K ÆÉËÓÉÒÕÅÔ ÎÁÂÏÒ ÓÌÏ× fj ,ËÏÔÏÒÙÍÉ ÍÏÖÎÏ ËÏÄÉÒÏ×ÁÔØ ËÌÁÓÓÉÞÅÓËÕÀ ÉÌÉ Ë×ÁÎÔÏ×ÕÀ ÉÎÆÏÒÍÁ-�ÉÀ. çÏ×ÏÒÑÔ, ÞÔÏ ËÏÄ K Ñ×ÌÑÅÔÓÑ Ë×ÁÎÔÏ×ÙÍ ËÏÄÏÍ, ÉÓ�ÒÁ×ÌÑÀÝÉÍÏÛÉÂËÉ ÉÚ V , ÅÓÌÉ dimPKVPK = 1; (1)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÎÅËÏÍÍÕÔÁÔÉ×ÎÙÊ Ï�ÅÒÁÔÏÒÎÙÊ ÇÒÁÆ; Ë×ÁÎÔÏ×ÙÅ ËÏÄÙ, ÉÓ-�ÒÁ×ÌÑÀÝÉÅ ÏÛÉÂËÉ.éÓÓÌÅÄÏ×ÁÎÉÅ ×Ù�ÏÌÎÅÎÏ ÚÁ ÓÞÅÔ ÇÒÁÎÔÁ òÏÓÓÉÊÓËÏÇÏ ÎÁÕÞÎÏÇÏ ÆÏÎÄÁ (�ÒÏÅËÔ�14-21-00162). 5



6 ç. ç. áíïóï÷, á. ó. íïëåå÷ÇÄÅ PK Ñ×ÌÑÅÔÓÑ ÏÒÔÏÇÏÎÁÌØÎÙÍ �ÒÏÅËÔÏÒÏÍ ÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï K.ðÏÓËÏÌØËÕ, �Ï Ï�ÒÅÄÅÌÅÎÉÀ, I ∈ V , ÉÚ (1) ×ÙÔÅËÁÅÔ, ÞÔÏPKV PK = V PK ; V ∈ C;ÄÌÑ ÌÀÂÏÇÏ V ∈ V . óÌÅÄÏ×ÁÔÅÌØÎÏ, ÄÌÑ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÏÇÏ ÂÁÚÉÓÁ(fj) �ÒÏÓÔÒÁÎÓÔ×Á K �ÏÌÕÞÁÅÍ(fj ; V fk) = ÆjkV :�ÁËÉÍ ÏÂÒÁÚÏÍ, ×ÅËÔÏÒÙ V fj É fk Ñ×ÌÑÀÔÓÑ ÏÒÔÏÇÏÎÁÌØÎÙÍÉ, ÅÓÌÉj 6= k É V ∈ V . �ÅÍ ÓÁÍÙÍ, �ÏÓÌÅ ×ÏÚÄÅÊÓÔ×ÉÑ ÏÛÉÂËÁÍÉ ÉÚ V ÎÁËÏÄ K, ÍÙ �ÏÌÕÞÉÍ ÎÏ×ÙÅ ÓÌÏ×Á, ËÏÔÏÒÙÅ ÍÏÖÎÏ ÂÅÚÏÛÉÂÏÞÎÏ ÒÁÚÌÉ-ÞÉÔØ. üÔÏ ÏÂÓÔÏÑÔÅÌØÓÔ×Ï ÍÏÔÉ×ÉÒÕÅÔ ÎÁÚ×ÁÎÉÅ ËÏÄ, ÉÓ�ÒÁ×ÌÑÀÝÉÊÏÛÉÂËÉ. ÷ ËÌÁÓÓÉÞÅÓËÏÊ ÔÅÏÒÉÉ ÇÒÁÆÏ× ÎÁÂÏÒ ÉÚ k ×ÅÒÛÉÎ ÇÒÁÆÁ Ón ×ÅÒÛÉÎÁÍÉ ÎÁÚÙ×ÁÅÔÓÑ ÁÎÔÉËÌÉËÏÊ, ÅÓÌÉ ×ÓÅ ÜÔÉ ×ÅÒÛÉÎÙ ÎÅ ÓÏ-ÅÄÉÎÅÎÙ �Ï�ÁÒÎÏ Ò£ÂÒÁÍÉ. ðÏ ÁÎÁÌÏÇÉÉ, �ÒÏÅËÔÏÒÙ PK , ÏÂÌÁÄÁÀÝÉÅÓ×ÏÊÓÔ×ÏÍ (1), ÂÙÌÉ ÎÁÚ×ÁÎÙ × [6℄ Ë×ÁÎÔÏ×ÙÍÉ ÁÎÔÉËÌÉËÁÍÉ. ïÔÍÅ-ÔÉÍ, ÞÔÏ ÅÓÌÉ ÎÅËÏÍÍÕÔÁÔÉ×ÎÙÊ Ï�ÅÒÁÔÏÒÎÙÊ ÇÒÁÆ V �ÒÅÄÓÔÁ×ÌÑÅÔ ÉÚÓÅÂÑ ÍÁËÓÉÍÁÌØÎÕÀ ËÏÍÍÕÔÁÔÉ×ÎÕÀ ÁÌÇÅÂÒÕ Ï�ÅÒÁÔÏÒÏ× × ÇÉÌØÂÅÒÔÏ-×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å H , ÔÏÇÄÁ ÄÌÑ V ÎÅ ÓÕÝÅÓÔ×ÕÅÔ Ë×ÁÎÔÏ×ÙÈ ÁÎÔÉËÌÉËPK [6℄.îÁÛÅÊ �ÅÌØÀ Ñ×ÌÑÅÔÓÑ �ÏÓÔÒÏÅÎÉÅ ÎÅËÏÍÍÕÔÁÔÉ×ÎÙÈ Ï�ÅÒÁÔÏÒÎÙÈÇÒÁÆÏ× V , ÄÌÑ ËÏÔÏÒÙÈ ÓÕÝÅÓÔ×ÕÀÔ ÁÎÔÉËÌÉËÉ PK . äÁÎÎÁÑ ÚÁÄÁÞÁÉÍÅÅÔ ÓÍÙÓÌ ÔÏÌØËÏ ÄÌÑ �ÒÏÓÔÒÁÎÓÔ× ÒÁÚÍÅÒÎÏÓÔÉ dimH > 2, �ÏÓËÏÌØ-ËÕ dimK > 2 �Ï Ï�ÒÅÄÅÌÅÎÉÀ. òÁÎÅÅ ÔÁËÁÑ ÚÁÄÁÞÁ ÒÅÛÁÌÁÓØ ÄÌÑ ÁÂ-ÓÔÒÁËÔÎÙÈ ÎÅËÏÍÍÕÔÁÔÉ×ÎÙÈ Ï�ÅÒÁÔÏÒÎÙÈ ÇÒÁÆÏ× V . ïËÁÚÁÌÏÓØ [5℄,ÞÔÏ × �ÒÏÓÔÒÁÎÓÔ×Å H Ó dimH = n ÚÁ×ÅÄÏÍÏ ÓÕÝÅÓÔ×ÕÅÔ ÁÎÔÉËÌÉËÁPK ; dimK = k, ÅÓÌÉ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅdimV(dimV + 1) 6
nk : (2)äÏËÁÚÁÔÅÌØÓÔ×Ï Ñ×ÌÑÅÔÓÑ ÎÅËÏÎÓÔÒÕËÔÉ×ÎÙÍ É ÏÓÎÏ×Ù×ÁÅÔÓÑ ÎÁ ÇÌÕÂÏ-ËÉÈ ËÏÍÂÉÎÁÔÏÒÎÙÈ ÒÅÚÕÌØÔÁÔÁÈ [7, 8℄. ÷ ÞÁÓÔÎÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁ ÇÒÁÆÓÏÓÔÏÉÔ ÉÚ ËÏÍÍÕÔÉÒÕÀÝÉÈ Ï�ÅÒÁÔÏÒÏ×, Ï�ÅÎËÁ (2) ÍÏÖÅÔ ÂÙÔØ ÚÁÍÅ-ÎÅÎÁ ÎÁ ÍÅÎÅÅ ÏÂÒÅÍÅÎÉÔÅÌØÎÕÀ [3℄:dimV 6

n− kk − 1 : (3)÷ [4, 5℄ É �ÏÓÌÅÄÕÀÝÉÈ ÒÁÂÏÔÁÈ ÄÁÎÎÏÊ ÛËÏÌÙ ÚÁÄÁÞÁ �ÏÓÔÒÏÅÎÉÑ ÁÎ-ÔÉËÌÉË ÒÅÛÁÌÁÓØ ÄÌÑ ÓÌÕÞÁÑ, ËÏÇÄÁ ÏÛÉÂËÉ �ÏÒÏÖÄÁÀÔÓÑ ÍÁÔÒÉ�ÁÍÉ



ï ðïó�òïåîéé áî�éëìéë 7ðÁÕÌÉ. ÷ ÏÔÌÉÞÉÉ ÏÔ �ÒÅÄÌÁÇÁÅÍÏÊ ÒÁÂÏÔÙ, ÒÁÓÓÍÁÔÒÉ×ÁÌÉÓØ ËÏÄÙ ÄÌÑÔÅÎÚÏÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ ÉÚ N ËÏ�ÉÊ Ä×ÕÍÅÒÎÏÇÏ �ÒÏÓÔÒÁÎÓÔ×Á.óÏÓÔÏÑÎÉÅÍ Ë×ÁÎÔÏ×ÏÊ ÓÉÓÔÅÍÙ, Ï�ÉÓÙ×ÁÅÍÏÊ ÇÉÌØÂÅÒÔÏ×ÙÍ �ÒÏ-ÓÔÒÁÎÓÔ×ÏÍ H , ÎÁÚÙ×ÁÅÔÓÑ �ÏÌÏÖÉÔÅÌØÎÙÊ Ï�ÅÒÁÔÏÒ Ó ÅÄÉÎÉÞÎÙÍ ÓÌÅ-ÄÏÍ. íÎÏÖÅÓÔ×Ï ×ÓÅÈ ÓÏÓÔÏÑÎÉÊ ÏÂÏÚÎÁÞÁÅÔÓÑ ÓÉÍ×ÏÌÏÍ S(H). óÒÅÄÉ×ÓÅÈ ÓÏÓÔÏÑÎÉÊ ×ÁÖÎÕÀ ÒÏÌØ ÉÇÒÁÀÔ ÞÉÓÔÙÅ ÓÏÓÔÏÑÎÉÑ { ÏÒÔÏÇÏÎÁÌØ-ÎÙÅ �ÒÏÅËÔÏÒÙ ÎÁ ÏÄÎÏÍÅÒÎÙÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á. óÏÓÔÁ×ÎÙÅ Ë×ÁÎÔÏ-×ÙÅ ÓÉÓÔÅÍÙ Ï�ÉÓÙ×ÁÀÔÓÑ ÓÏÓÔÏÑÎÉÑÍÉ ÉÚ S(H⊗K) × ÔÅÎÚÏÒÎÏÍ �ÒÏ-ÉÚ×ÅÄÅÎÉÉ ÇÉÌØÂÅÒÔÏ×ÙÈ �ÒÏÓÔÒÁÎÓÔ× H É K. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ÓÌÅÄÕÅÔÒÁÚÌÉÞÁÔØ ÒÁÚÄÅÌÉÍÙÅ ÓÏÓÔÏÑÎÉÑ � ∈ S(H ⊗ K), ÔÏ ÅÓÔØ ÔÁËÉÅ, ÞÔÏÏÎÉ ÍÏÇÕÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÙ × ×ÉÄÅ � = ∑j �j�j ⊗ ~�j , ÇÄÅ �j ∈ S(H),~�j ∈ S(K), �j > 0 É ∑j �j = 1, É Ó�Å�ÌÅÎÎÙÅ ÓÏÓÔÏÑÎÉÑ, ÎÅ ÏÂÌÁÄÁÀÝÉÅÜÔÉÍ Ó×ÏÊÓÔ×ÏÍ. îÁÌÉÞÉÅ Ó�Å�ÌÅÎÎÙÈ ÓÏÓÔÏÑÎÉÊ Ñ×ÌÑÅÔÓÑ ÞÉÓÔÏ Ë×ÁÎ-ÔÏ×ÙÍ ÜÆÆÅËÔÏÍ É ÉÈ ÉÓ�ÏÌØÚÏ×ÁÎÉÅ �ÒÉ ËÏÄÉÒÏ×ÁÎÉÅ ÍÏÖÅÔ ÄÁ×ÁÔØ×ÙÉÇÒÙÛ × ÎÅËÏÔÏÒÙÈ ×ÁÖÎÙÈ ÓÌÕÞÁÑÈ [9℄. çÌÁ×ÎÏÊ �ÅÌØÀ �ÒÅÄÌÁÇÁÅ-ÍÏÊ ÒÁÂÏÔÙ Ñ×ÌÑÅÔÓÑ Ï�ÅÎËÁ �ÒÅÉÍÕÝÅÓÔ×Á, ËÏÔÏÒÏÅ ÄÁ£Ô ÉÓ�ÏÌØÚÏ×Á-ÎÉÅ Ó�Å�ÌÅÎÎÙÈ ÓÏÓÔÏÑÎÉÊ ÄÌÑ �ÏÓÔÒÏÅÎÉÑ Ë×ÁÎÔÏ×ÙÈ ÁÎÔÉËÌÉË. ðÏ-ÓËÏÌØËÕ �ÏÎÑÔÉÅ Ó�Å�ÌÅÎÎÏÓÔÉ Ï�ÒÅÄÅÌÑÅÔÓÑ × �ÒÏÓÔÒÁÎÓÔ×ÁÈ H , �ÒÅÄ-ÓÔÁ×ÌÑÀÝÉÈ ÉÚ ÓÅÂÑ ÔÅÎÚÏÒÎÙÅ �ÒÏÉÚ×ÅÄÅÎÉÑ Ä×ÕÈ �ÒÏÓÔÒÁÎÓÔ×, ÚÁÄÁ-ÞÁ ÉÍÅÅÔ ÓÍÙÓÌ ÔÏÌØËÏ ÄÌÑ ÒÁÚÍÅÒÎÏÓÔÉ dimH > 4 (ÍÉÎÉÍÁÌØÎÁÑ ÒÁÚ-ÍÅÒÎÏÓÔØ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÔÅÎÚÏÒÎÏÍÕ �ÒÏÉÚ×ÅÄÅÎÉÀ Ä×ÕÈ Ä×ÕÍÅÒÎÙÈ�ÒÏÓÔÒÁÎÓÔ×).÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ × ÇÉÌØÂÅÒÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å H ÓÔÒÏÑÔÓÑ ÎÅËÏÍ-ÍÕÔÁÔÉ×ÎÙÅ Ï�ÅÒÁÔÏÒÎÙÅ ÇÒÁÆÙ V , ÄÌÑ ËÏÔÏÒÙÈ ÓÕÝÅÓÔ×ÕÀÔ Ë×ÁÎ-ÔÏ×ÙÅ ÁÎÔÉËÌÉËÉ PK ÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á K ⊂ H . ÷Ï ×ÔÏÒÏÍ ÒÁÚÄÅ-ÌÅ dimH = 4; dimV = 5; dimK = 2. ÷ ÔÒÅÔØÅÍ ÒÁÚÄÅÌÅ dimH =n2; dimV = 2n(n − 1) + 1; dimK = n. ðÒÉ ÜÔÏÍ, ×Ï ×ÔÏÒÏÍ É ÔÒÅ-ÔØÅÍ ÒÁÚÄÅÌÁÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï K �ÏÒÏÖÄÁÅÔÓÑ ÅÄÉÎÉÞÎÙÍÉ ×ÅËÔÏ-ÒÁÍÉ, �ÒÏÅËÔÏÒÙ ÎÁ ËÏÔÏÒÙÅ Ñ×ÌÑÀÔÓÑ ÒÁÚÄÅÌÉÍÙÍÉ ÓÏÓÔÏÑÎÉÑÍÉ. ÷ÞÅÔ×ÅÒÔÏÍ ÒÁÚÄÅÌÅ �ÏËÁÚÁÎÏ, ÞÔÏ ÉÓ�ÏÌØÚÏ×ÁÎÉÅ Ó�Å�ÌÅÎÎÙÈ ÓÏÓÔÏÑÎÉÊ�ÏÚ×ÏÌÑÅÔ Õ×ÅÌÉÞÉÔØ ÒÁÚÍÅÒÎÏÓÔØ ÇÒÁÆÁ V , ÄÌÑ ËÏÔÏÒÏÇÏ ÓÕÝÅÓÔ×ÕÅÔÁÎÔÉËÌÉËÁ.�ÅÈÎÉÞÅÓËÉ ÉÎÔÅÒÅÓÅÎ ÓÌÕÞÁÊ, ËÏÇÄÁ ÒÁÚÍÅÒÎÏÓÔØ ÁÎÔÉËÌÉËÉ ÒÁÓÔÅÔ�ÒÉ Õ×ÅÌÉÞÅÎÉÉ ÒÁÚÍÅÒÎÏÓÔÉ �ÒÏÓÔÒÁÎÓÔ×Á ÓÏÓÔÏÑÎÉÊ, ÜÔÏ Õ×ÅÌÉÞÉ×Á-ÅÔ ËÏÌÉÞÅÓÔ×Ï ÉÎÆÏÒÍÁ�ÉÉ, ËÏÒÒÅËÔÉÒÕÅÍÏÊ ËÏÄÉÒÏ×ÁÎÉÅÍ, ÎÏ ÔÁË-ÖÅ ×ÁÖÎÏ, ÞÔÏÂÙ ÒÁÚÍÅÒÎÏÓÔØ Ï�ÅÒÁÔÏÒÎÏÇÏ ÇÒÁÆÁ ÂÙÌÁ ×ÙÓÏËÏÊ, ÜÔÏ



8 ç. ç. áíïóï÷, á. ó. íïëåå÷ÄÁÅÔ ×ÏÚÍÏÖÎÏÓÔØ ÒÁÂÏÔÁÔØ �ÒÉ ÂÏÌÅÅ ÎÉÚËÏÍ ÕÒÏ×ÎÅ ÎÁÄÅÖÎÏÓÔÉ ÚÁ-ÝÉÔÙ ÏÔ ÏÛÉÂÏË (ÄÅËÏÇÅÒÅÎ�ÉÉ), ËÏÔÏÒÙÅ Ñ×ÌÑÀÔÓÑ ÇÌÁ×ÎÏÊ ÓÌÏÖÎÏ-ÓÔØÀ �ÒÉ �ÒÁËÔÉÞÅÓËÏÊ ÒÅÁÌÉÚÁ�ÉÉ Ë×ÁÎÔÏ×Ï-ÉÎÆÏÒÍÁ�ÉÏÎÎÙÈ ÔÅÈ-ÎÏÌÏÇÉÊ [9℄. åÓÌÉ �ÒÉÎÑÔØ ÒÁÚÍÅÒÎÏÓÔØ �ÒÏÓÔÒÁÎÓÔ×Á dimH ÒÁ×ÎÏÊ n2(ÔÅÎÚÏÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ Ä×ÕÈ n-ÍÅÒÎÙÈ �ÒÏÓÔÒÁÎÓÔ×), Á ÒÁÚÍÅÒÎÏÓÔØÖÅÌÁÅÍÏÊ ÁÎÔÉËÌÉËÉ, ÎÁ�ÒÉÍÅÒ, ÌÉÎÅÊÎÏ ÚÁ×ÉÓÑÝÅÊ ÏÔ n, ÔÏ Ï�ÅÎËÁ (2)ÄÁÓÔ Ï�ÅÎËÕ Ó×ÅÒÈÕ ÄÌÑ ÒÁÚÍÅÒÎÏÓÔÉ Ï�ÅÒÁÔÏÒÎÏÇÏ ÇÒÁÆÁ O(√n), Á ÄÌÑËÏÍÍÕÔÁÔÉ×ÎÙÈ ÇÒÁÆÏ× Ï�ÅÎËÁ (3) ÄÁÅÔ ÒÁÚÍÅÒÎÏÓÔØ O(n). ðÏÓÔÒÏÅÎ-ÎÙÊ × ÞÅÔ×ÅÒÔÏÍ ÒÁÚÄÅÌÅ ÒÁÂÏÔÙ �ÒÉÍÅÒ Ï�ÅÒÁÔÏÒÎÏÇÏ ÇÒÁÆÁ ÉÍÅÅÔÒÁÚÍÅÒÎÏÓÔØ O(n4) �ÒÉ ÔÅÈ ÖÅ ÕÓÌÏ×ÉÑÈ ÎÁ ÒÁÚÍÅÒÎÏÓÔÉ �ÒÏÓÔÒÁÎÓÔ×ÁÉ ÁÎÔÉËÌÉËÉ.
§2. ëÏÄÙ, ÉÓ�ÒÁ×ÌÑÀÝÉÅ ÏÛÉÂËÉ × �ÒÏÓÔÒÁÎÓÔ×ÅÒÁÚÍÅÒÎÏÓÔÉ 4óÏÇÌÁÓÎÏ Ï�ÅÎËÅ (3), × ÇÉÌØÂÅÒÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å H; dimH = 4;ÄÌÑ ÌÀÂÏÇÏ ËÏÍÍÕÔÁÔÉ×ÎÏÇÏ Ï�ÅÒÁÔÏÒÎÏÇÏ ÇÒÁÆÁ V ; dimV = 2, ÓÕÝÅ-ÓÔ×ÕÅÔ ÁÎÔÉËÌÉËÁ PK ÒÁÚÍÅÒÎÏÓÔÉ dimK = 2. ðÏÓÔÒÏÅÎÉÅ ÔÁËÏÊ ÓÉ-ÓÔÅÍÙ ÎÅ �ÒÅÄÓÔÁ×ÌÑÅÔ ÎÉËÁËÏÇÏ ÔÒÕÄÁ. ðÕÓÔØ H = C2 ⊗ C2 É �x =

(0 11 0) ; �y = ( 0 i
−i 0), �z = (1 00 −1) { ÓÔÁÎÄÁÒÔÎÙÅ ÍÁÔÒÉ�Ù ðÁ-ÕÌÉ. ðÕÓÔØ V �ÏÒÏÖÄÁÅÔÓÑ ÍÁÔÒÉ�ÅÊ I ⊗ �x. �ÏÇÄÁ �ÒÏÅËÔÏÒ PK ÎÁ�ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï K = {

C2 ⊗ (�0) ; � ∈ C

}, dimK = 2, Ñ×ÌÑÅÔÓÑ ÁÎ-ÔÉËÌÉËÏÊ ÄÌÑ V = Lin{I ⊗ I; I ⊗ �x}îÉÖÅ ÍÙ �ÏÓÔÒÏÉÍ ËÏÍÍÕÔÁÔÉ×ÎÙÊ Ï�ÅÒÁÔÏÒÎÙÊ ÇÒÁÆ V ; dimV =3, ÄÌÑ ËÏÔÏÒÏÇÏ ÓÕÝÅÓÔ×ÕÅÔ ÁÎÔÉËÌÉËÁ PK ; dimK = 2. âÏÌÅÅ ÔÏÇÏ, ÍÙ�ÏËÁÖÅÍ, ÞÔÏ ÍÏÖÎÏ ÄÏÂÁ×ÉÔØ ÅÝ£ Ä×Á ÜÌÅÍÅÎÔÁ Ë V , ÔÁË ÞÔÏ dimV =5 É PK ÏÓÔÁÎÅÔÓÑ ÁÎÔÉËÌÉËÏÊ ÄÌÑ ÒÁÓÛÉÒÅÎÎÏÇÏ ÎÅËÏÍÍÕÔÁÔÉ×ÎÏÇÏÇÒÁÆÁ.òÁÓÓÍÏÔÒÉÍ ÍÁÔÒÉ�Ù T = �x ⊗ I; U = �y ⊗ I , V = I ⊗ �y É W =I⊗�z, ÄÅÊÓÔ×ÕÀÝÉÅ ËÁË Ï�ÅÒÁÔÏÒÙ ×H = C2⊗C2. ï�ÒÅÄÅÌÉÍ ×ÅËÔÏÒÙf± ∈ H �Ï ÆÏÒÍÕÌÅf+ = (10) ⊗
(11) ; f− = (01) ⊗

( 1
−1) :ðÒÅÄÌÏÖÅÎÉÅ 1. éÍÅÀÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Á(f±; xf±) = 0; (f±; xf∓) = 0;x ∈ {T; U; V;W}.



ï ðïó�òïåîéé áî�éëìéë 9äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏËÁÖÅÍ ÕÔ×ÅÒÖÄÅÎÉÅ ÄÌÑ x = U . ïÓÔÁÌØÎÙÅ ÔÒÉÓÌÕÞÁÑ ÄÏËÁÚÙ×ÁÀÔÓÑ ÁÎÁÌÏÇÉÞÎÏ. éÍÅÅÍ:(f+; Uf+) = ((10) ⊗
(11) ;(0i) ⊗

(11)) = 0;(f−; Uf−) = ((01) ⊗
( 1
−1) ;(i0) ⊗

( 1
−1)) = 0;(f+; Uf−) = ((10) ⊗

(11) ;(i0) ⊗
( 1
−1)) = 0:

�òÁÓÓÍÏÔÒÉÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï K; dimK = 2, ÎÁÔÑÎÕÔÏÅ ÎÁ ×ÅËÔÏÒÙf+ É f−.óÌÅÄÓÔ×ÉÅ. éÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×ÏdimPKVPK = 1:äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ �ÒÅÄÌÏÖÅÎÉÑ 1 ÓÌÅÄÕÅÔ, ÞÔÏ PKxPK = 0, ÅÓ-ÌÉ x ∈ {U; V;W}. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ Ï�ÅÒÁÔÏÒÎÏÊ ÓÉÓÔÅÍÙ, × ÎÅ£ ×ÈÏ-ÄÑÔ ÎÅ ÔÏÌØËÏ T; U; V É W , ÎÏ É ÔÏÖÄÅÓÔ×ÅÎÎÙÊ Ï�ÅÒÁÔÏÒ I . äÌÑ ÎÅÇÏPKIPK = PK . �úÁÍÅÞÁÎÉÅ 1. ðÏÓÔÒÏÅÎÎÙÊ ÎÁÍÉ ÎÅËÏÍÍÕÔÁÔÉ×ÎÙÊ Ï�ÅÒÁÔÏÒÎÙÊÇÒÁÆ É Ë×ÁÎÔÏ×ÁÑ ÁÎÔÉËÌÉËÁ ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÁÌÇÏÒÉÔÍÕ ð. ûÏÒÁ �ÏÉÓ�ÒÁ×ÌÅÎÉÀ ÏÛÉÂÏË [9℄. �ÅÍ ÎÅ ÍÅÎÅÅ, Õ ð. ûÏÒÁ ×ÏÓÓÔÁÎÏ×ÌÅÎÉÅ ÏËÁ-ÚÙ×ÁÅÔÓÑ ×ÏÚÍÏÖÎÙÍ Ó ÁÓÉÍ�ÔÏÉÔÞÅÓËÉ ÕÂÙ×ÁÀÝÅÊ ÏÛÉÂËÏÊ �ÒÉ Õ×Å-ÌÉÞÅÎÉÉ ÄÌÉÎÙ ËÏÄÁ. ÷ ÎÁÛÅÊ ÓÌÕÞÁÅ ×ÏÓÓÔÁÎÏ×ÌÅÎÉÅ ÔÏÞÎÏÅ, ÎÏ × ËÁ-ÖÄÏÍ ËÕÂÉÔÅ ÄÏ�ÕÓËÁÅÔÓÑ ÎÅ ÂÏÌÅÅ Ä×ÕÈ (ÎÁ�ÒÉÍÅÒ �x É �y) ÉÚ ÔÒ£È�x; �y; �z ×ÏÚÍÏÖÎÙÈ ÏÛÉÂÏË.
§3. ðÒÏÓÔÒÁÎÓÔ×Á ÒÁÚÍÅÒÎÏÓÔÉ n2÷ ÜÔÏÍ �ÕÎËÔÅ ÍÙ ÏÂÏÂÝÉÍ ËÏÎÓÔÒÕË�ÉÀ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Á H =

C
n ⊗ C

n; n > 2, ÔÏ ÅÓÔØ ËÏÇÄÁ ÒÁÚÍÅÒÎÏÓÔØ �ÒÏÓÔÒÁÎÓÔ×Á dimH ÒÁ×-ÎÁ n2. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ (ej)nj=1 ÓÔÁÎÄÁÒÔÎÙÊ ÂÁÚÉÓ × �ÒÏÓÔÒÁÎÓÔ×Å
Cn. òÁÓÓÍÏÔÒÉÍ ËÏÍ�ÌÅËÓÎÕÀ ÍÁÔÒÉ�Õ áÄÁÍÁÒÁ H = (ajk)nj;k=1 Ó ËÏ-ÜÆÆÉ�ÉÅÎÔÁÍÉ ajk = e 2�in (j−1)(k−1); 1 6 j; k 6 n. ëÁË ÉÚ×ÅÓÔÎÏ [10℄,ÜÌÅÍÅÎÔÙ fj = 1√n n

∑k=1 ajkek; 1 6 j 6 n;



10 ç. ç. áíïóï÷, á. ó. íïëåå÷ÏÂÒÁÚÕÀÔ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÙÊ ÂÁÚÉÓ �ÒÏÓÔÒÁÎÓÔ×Á Cn. òÁÓÓÍÏÔÒÉÍÕÎÉÔÁÒÎÙÅ Ï�ÅÒÁÔÏÒÙX É Z, ÄÅÊÓÔ×ÕÀÝÉÅ × �ÒÏÓÔÒÁÎÓÔ×Å Cn �Ï ÆÏÒ-ÍÕÌÅ Xej = e 2�in (j−1)ej ; Zfj = e 2�in (j−1)fj ;1 6 j 6 n. ïÔÍÅÔÉÍ, ÞÔÏXfj = fj+1 mod n; 1 6 j 6 n; (4)É Ï�ÅÒÁÔÏÒÙ Ykm = XkZm, 0 6 k;m 6 n−1, ÎÁÚÙ×ÁÅÍÙÅ ÏÂÏÂÝÅÎÎÙÍÉÍÁÔÒÉ�ÁÍÉ ðÁÕÌÉ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÓÏÏÔÎÏÛÅÎÉÑÍ çÅÊÚÅÎÂÅÒÇÁ{÷ÅÊÌÑ×ÉÄÁYkmYk′m′ = e 2�in (mk′−km′)Yk′m′Ykm; 0 6 m; k;m′; k′ 6 n− 1: (5)ï�ÒÅÄÅÌÉÍ ×ÅËÔÏÒÙ hj ∈ H �Ï ÆÏÒÍÕÌÅhj = fj ⊗ fj ;1 6 j 6 n.÷×ÅÄÅÍ ÕÎÉÔÁÒÎÙÅ Ï�ÅÒÁÔÏÒÙ Uk = XZk ⊗ I É Vk = I ⊗XZk, 0 6k 6 n− 1.ðÒÅÄÌÏÖÅÎÉÅ 2. éÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Ï(hj ; Uskhm) = (hj ; V sk hm) = 0;1 6 j;m 6 n; 1 6 s 6 n− 1; 0 6 k 6 n− 1.äÏËÁÚÁÔÅÌØÓÔ×Ï. òÁÓÓÍÏÔÒÉÍ ÓÌÕÞÁÊ Ï�ÅÒÁÔÏÒÁ Uk. äÏËÁÚÁÔÅÌØÓÔ×ÏÄÌÑ Vk �ÒÏ×ÏÄÉÔÓÑ ÁÎÁÌÏÇÉÞÎÏ. ó�ÒÁ×ÅÄÌÉ×Ù ÒÁ×ÅÎÓÔ×Á(hj ; Uskhk) = (fj ⊗ fj ; ((XZk)s ⊗ I)(fk ⊗ fk)) = 0;ÅÓÌÉ j 6= k, É (hj ; Uskhj) = (fj ; (XZk)sfj):ðÒÉÍÅÎÑÑ ÓÏÏÔÎÏÛÅÎÉÑ (5), �ÏÌÕÞÁÅÍ, ÞÔÏ (XZk)s = ksXsZk; ÇÄÅ
|ks| = 1. �ÁËÉÍ ÏÂÒÁÚÏÍ,(fj ; (XZk)sfj) = kse− 2�in ksj(fj ; fj+s mod n) = 0;�ÏÓËÏÌØËÕ s 6= 0 mod n �Ï ÕÓÌÏ×ÉÀ. �òÁÓÓÍÏÔÒÉÍ ÎÅËÏÍÍÕÔÁÔÉ×ÎÙÊ Ï�ÅÒÁÔÏÒÎÙÊ ÇÒÁÆ V , �ÏÒÏÖÄÅÎÎÙÊÕÎÉÔÁÒÎÙÍÉ Ï�ÅÒÁÔÏÒÁÍÉ Usk ; V sk ; 0 6 k 6 n−1; 1 6 s 6 n−1. ïÂÏÚÎÁ-ÞÉÍ ÞÅÒÅÚ PK �ÒÏÅËÔÏÒ ÎÁ n-ÍÅÒÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï K, ÎÁÔÑÎÕÔÏÅÎÁ ×ÅËÔÏÒÙ hj ; 1 6 j 6 n.



ï ðïó�òïåîéé áî�éëìéë 11�ÅÏÒÅÍÁ 1. ðÒÏÅËÔÏÒ PK Ñ×ÌÑÅÔÓÑ Ë×ÁÎÔÏ×ÏÊ ÁÎÔÉËÌÉËÏÊ ÄÌÑ V.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ �ÒÅÄÌÏÖÅÎÉÑ 2 ÎÅÍÅÄÌÅÎÎÏ ×ÙÔÅËÁÅÔ ÓÏÏÔÎÏÛÅ-ÎÉÅ PKUskPK = PKV sk PK = 0; 0 6 k 6 n − 1; 1 6 s 6 n − 1. äÌÑÆÉËÓÉÒÏ×ÁÎÎÏÇÏ k ÜÌÅÍÅÎÔÙ (Usk)n−1s=0 É (V sk )n−1s=0 ÏÂÒÁÚÕÀÔ �ÉËÌÉÞÅÓËÉÅÇÒÕ��Ù. �ÁËÉÍ ÏÂÒÁÚÏÍ,
V = Lin (Usk ; V sk ; (Usk)∗; (V sk )∗; 0 6 k; s 6 n− 1) (6)É PK , ÄÅÊÓÔ×ÉÔÅÌØÎÏ, Ñ×ÌÑÅÔÓÑ ÁÎÔÉËÌÉËÏÊ. ��ÅÏÒÅÍÁ 2. òÁÚÍÅÒÎÏÓÔØ dimV ÒÁ×ÎÁ 2n(n− 1) + 1.äÏËÁÚÁÔÅÌØÓÔ×Ï. õÞÉÔÙ×ÁÑ, ÞÔÏ Z;X ÕÎÉÔÁÒÎÙ É �ÏÒÏÖÄÁÀÔ �É-ËÌÉÞÅÓËÉÅ ÇÒÕ��Ù �ÏÒÑÄËÁ n, É �ÏÌØÚÕÑÓØ ÓÏÏÔÎÏÛÅÎÉÑÍÉ (5), �ÏÌÕÞÁ-ÅÍ ((XZk)s)∗ = ÓX−sZ−ks = ÓXn−sZ−ks = ÓXjZm;1 6 j 6 n− 1; 0 6 m 6 n− 1; ∈ C: éÚ ÜÔÏÇÏ ÓÌÅÄÕÅÔ, ÞÔÏLin((Usk )∗; (V sk )∗; 0 6 k; s 6 n− 1) ⊂ Lin(Usk ; V sk ; 0 6 k; s 6 n− 1):úÎÁÞÉÔ, ÍÏÖÎÏ ÓÕÚÉÔØ ÍÎÏÖÅÓÔ×Ï �ÏÒÏÖÄÁÀÝÉÈ ÇÒÁÆÁ

V = Lin(Usk ; V sk ; 0 6 k; s 6 n− 1):éÚ ÔÏÇÏ, ÞÔÏ Ï�ÅÒÁÔÏÒÙ çÅÊÚÅÎÂÅÒÇÁ{÷ÅÊÌÑ (ÔÏ ÅÓÔØ Ï�ÅÒÁÔÏÒÙ, ÕÄÏ-×ÌÅÔ×ÏÒÑÀÝÉÅ ÓÏÏÔÎÏÛÅÎÉÑÍ (5)) { ÌÉÎÅÊÎÏ-ÎÅÚÁ×ÉÓÉÍÁÑ ÓÉÓÔÅÍÁ Ï�Å-ÒÁÔÏÒÏ×, ÓÌÅÄÕÅÔ ÕÔ×ÅÒÖÄÅÎÉÅ. �

§4. éÓ�ÏÌØÚÏ×ÁÎÉÅ Ó�Å�ÌÅÎÎÙÈ ÓÏÓÔÏÑÎÉÊ ÄÌÑ�ÏÓÔÒÏÅÎÉÑ ÁÎÔÉËÌÉË÷ ÜÔÏÍ ÒÁÚÄÅÌÅ ÍÙ �ÏËÁÖÅÍ, ÞÔÏ ÎÅËÏÍÍÕÔÁÔÉ×ÎÙÊ Ï�ÅÒÁÔÏÒÎÙÊÇÒÁÆ ÉÚ �ÒÅÄÙÄÕÝÅÇÏ ÒÁÚÄÅÌÁ ÍÏÖÎÏ ÓÕÝÅÓÔ×ÅÎÎÏ ÒÁÓÛÉÒÉÔØ, ÔÁËÞÔÏ ÄÌÑ ÎÏ×ÏÇÏ ÇÒÁÆÁ ÔÁËÖÅ ÂÕÄÅÔ ÓÕÝÅÓÔ×Ï×ÁÔØ ÁÎÔÉËÌÉËÁ. üÔÏÇÏÕÄÁÓÔÓÑ ÄÏÂÉÔØÓÑ ÚÁ ÓÞ£Ô ÉÓ�ÏÌØÚÏ×ÁÎÉÑ Ó�Å�ÌÅÎÎÙÈ ÓÏÓÔÏÑÎÉÊ.úÁÄÁÄÉÍ ÏÔÏÂÒÁÖÅÎÉÅ � : Zn → N �Ï ÆÏÒÍÕÌÅ �(j) = j + 1. äÁÎ-ÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ �ÏÍÏÇÁÅÔ �ÁÒÁÍÅÔÒÉÚÏ×ÁÔØ ×ÅËÔÏÒÙ fj ÜÌÅÍÅÎÔÁÍÉ�ÉËÌÉÞÅÓËÏÊ ÇÒÕ��Ù Zn. ðÕÓÔØ ÒÁÚÍÅÒÎÏÓÔØ n ÅÓÔØ p · y, ÇÄÅ p; y ∈ N.



12 ç. ç. áíïóï÷, á. ó. íïëåå÷�ÏÇÄÁ Zp { �ÉËÌÉÞÅÓËÁÑ �ÏÄÇÒÕ��Á × Zn. ðÕÓÔØ � : Zn → {0; 1} { ÉÎ-ÄÉËÁÔÏÒ ÍÎÏÖÅÓÔ×Á Zp ËÁË �ÏÄÍÎÏÖÅÓÔ×Á × Zn. úÁÄÁÄÉÍ ÓÌÅÄÕÀÝÉÊ×ÅËÔÏÒ �Ï ÆÏÒÍÕÌÅ: q1 = n−1
∑j=0 �(j)f�(j) ⊗ f�(j); (7)ÇÄÅ ÓÕÍÍÉÒÏ×ÁÎÉÅ ×ÅÄÅÔÓÑ �Ï ÉÎÄÅËÓÕ j ∈ Zn. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ(h+ 1)(d+ 1) > y > (h+ 1)dÄÌÑ Ä×ÕÈ ÆÉËÓÉÒÏ×ÁÎÎÙÈ h; d ∈ N. �ÏÇÄÁ ×ÅËÔÏÒ (7) ÒÅËÕÒÓÉ×ÎÏ �ÏÒÏ-ÖÄÁÅÔ ÓÌÅÄÕÀÝÉÊ ÎÁÂÏÒ ÏÒÔÏÇÏÎÁÌØÎÙÈ ×ÅËÔÏÒÏ× (qk)dk=1:qk+1 = (Xh+1 ⊗Xh+1)qk;ÇÄÅ 1 6 k < d. ïÂÏÚÎÁÞÉÍ K1 = Lin(qk)dk=1 ⊂ K É �ÕÓÔØ PK1 { ÏÒÔÏÇÏ-ÎÁÌØÎÙÊ �ÒÏÅËÔÏÒ ÎÁ K1. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ ⌊my ⌋ ÏÓÔÁÔÏË ÏÔ ÄÅÌÅÎÉÑÎÁ y. åÝÅ ÚÁÄÁÄÉÍ ÍÎÏÖÅÓÔ×ÏA={m ∈ N : ⌊my ⌋

6=(d−j)(h+1);⌊my ⌋

6=y+(j−d)(h+1); ÇÄÅ 1 6 j 6 d}:òÁÓÓÍÏÔÒÉÍ ÔÒÉ ÍÎÏÖÅÓÔ×Á Ï�ÅÒÁÔÏÒÏ×:
A = Lin(XmZk ⊗XjZs; (XmZk ⊗XjZs)∗; m 6= j);
B = Lin(XmZk ⊗XmZs; (XmZk ⊗XmZs)∗; m ∈ A);
C = Lin(XmZk ⊗XmZs; (XmZk ⊗XmZs)∗;k + s 6≡ 0 mod p; 0 6 m 6 n− 1):òÁÓÛÉÒÉÍ Ï�ÅÒÁÔÏÒÎÙÊ ÇÒÁÆ V (6) ÜÔÉÍÉ ÍÎÏÖÅÓÔ×ÁÍÉ:

V1 = Lin(A ∪ B ∪ C ∪ V):�ÅÏÒÅÍÁ 3. ðÒÏÅËÔÏÒ PK1 Ñ×ÌÑÅÔÓÑ Ë×ÁÎÔÏ×ÏÊ ÁÎÔÉËÌÉËÏÊ ÄÌÑ V1.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ Ï�ÅÒÁÔÏÒÏ× ÉÚ ÍÎÏÖÅÓÔ× A;B; C ÎÕÖÎÏ ÄÏËÁ-ÚÁÔØ ÕÔ×ÅÒÖÄÅÎÉÅ, ÁÎÁÌÏÇÉÞÎÏÅ �ÒÅÄÌÏÖÅÎÉÀ 2.ìÀÂÏÊ Ï�ÅÒÁÔÏÒ V ∈ A ÄÅÊÓÔ×ÕÅÔ ÉÚ K × Lin(fk ⊗ fj ; j 6= k), ÞÔÏ×ÌÅÞÅÔ Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÎÕÖÎÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ.úÁÍÅÔÉÍ, ÞÔÏ (Xm ⊗Xm)qk = (X⌊my ⌋ ⊗X⌊my ⌋)qk :



ï ðïó�òïåîéé áî�éëìéë 13åÓÌÉ m ∈ A, ÔÏ, ÉÓÈÏÄÑ ÉÚ ÓÔÒÕËÔÕÒÙ ÍÎÏÖÅÓÔ×Á A, ×ÅËÔÏÒÙ (Xm ⊗Xm)qk É qj ÎÅ ÍÏÇÕÔ ÓÏ×�ÁÓÔØ, Á ÚÎÁÞÉÔ ÏÎÉ ÏÒÔÏÇÏÎÁÌØÎÙ, ÞÔÏ ÄÏËÁ-ÚÙ×ÁÅÔ ÎÕÖÎÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÄÌÑ B.äÁÌÅÅ, (Zk ⊗ Zsqj ; ql) = 0; �ÒÉ j 6= l:�Å�ÅÒØ ÄÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ ×ÙÒÁÖÅÎÉÅ ×ÉÄÁ(Zk ⊗ Zsqj ; qj) = (I ⊗ Zs+kqj ; qj)= e 2�in (h+1)(j−1)e− 2�in (h+1)(j−1)(I ⊗ Zs+kq1; q1) = 0;�ÅÒ×ÏÅ ÒÁ×ÅÎÓÔ×Ï ÏÞÅ×ÉÄÎÏ ÓÌÅÄÕÅÔ ÉÚ ÓÔÒÕËÔÕÒÙ �ÒÏÓÔÒÁÎÓÔ×Á K1.�ÁË ËÁË k+s 6≡ 0 mod p, ÔÏ I⊗Zs+kq1 É q1, ËÁË ÕÖÅ ÏÔÍÅÞÁÌÏÓØ, ÜÌÅ-ÍÅÎÔÙ ÏÒÔÏÇÏÎÁÌØÎÏÇÏ ÂÁÚÉÓÁ × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å ÒÁÚÍÅÒÎÏÓÔÉ p [10℄.äÏÂÁ×É× Ï�ÅÒÁÔÏÒÙ Xm ÎÁ ËÁÖÄÏÊ ËÌÅÔËÅ, ÍÙ ÎÉÞÅÇÏ ÓÕÝÅÓÔ×ÅÎÎÏ ÎÅÉÚÍÅÎÉÍ, ÉÂÏ ÉÓÈÏÄÑ ÉÚ ËÏÍÍÕÔÁ�ÉÏÎÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ, Ó�ÒÁ×ÅÄÌÉ×ÁÆÏÒÍÕÌÁ XmZk ⊗XmZs = (Zk ⊗ Zs)(Xm ⊗Xm)ÄÌÑ ÎÅËÏÔÏÒÏÇÏ  ∈ C. �Ï ÅÓÔØ ×ÓÅ ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÁÎÁÌÏÇÉÞÎÏ,ÄÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ 1 6 l; j 6 d:((Zk ⊗ Zs)(Xm ⊗Xm)ql; qj) = g(I ⊗ Zs+kq1; q1) = 0;ÇÄÅ g ÉÌÉ ÎÕÌØ, × ÓÌÕÞÁÅ (Xm ⊗Xm)ql 6= qj , ÉÌÉ ÎÅËÏÔÏÒÙÊ ÕÎÉÍÏÄÕ-ÌÑÒÎÙÊ ÆÁËÔÏÒ. äÏËÁÚÁÔÅÌØÓÔ×Ï ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ÄÁÎÎÙÈ ×ÅËÔÏÒÏ×ÚÁ×ÅÒÛÁÅÔ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ. �úÁÍÅÞÁÎÉÅ 2. ÷ ÈÏÄÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÂÙÌÏ ÕÓÔÁÎÏ×ÌÅÎÏ, ÞÔÏ ÄÌÑ ÇÒÁ-ÆÁ Lin(A ∪ I) �ÒÏÅËÔÏÒ PK Ñ×ÌÑÅÔÓÑ ÁÎÔÉËÌÉËÏÊ.�ÅÏÒÅÍÁ 4. òÁÚÍÅÒÎÏÓÔØ ÇÒÁÆÁ ÍÏÖÎÏ ×ÙÞÉÓÌÉÔØ �Ï ÆÏÒÍÕÌÅdimV1=n3(n−1)+(#A`)n2+(n−#A`)(y(p(p+ 1)2 − 1)+n(y − 1)2 )+1;ÇÄÅ # ÏÂÏÚÎÁÞÁÅÔ ÞÉÓÌÏ ÜÌÅÍÅÎÔÏ× × A` = A ∩ {j : 1 6 j < n}.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÓÏÏÂÒÁÖÅÎÉÊ, ÁÎÁÌÏÇÉÞÎÙÈ ÒÁÓÓÕÖÄÅÎÉÑÍ × ÄÏ-ËÁÚÁÔÅÌØÓÔ×Å ÔÅÏÒÅÍÙ 2, �ÏÌÕÞÁÅÍ(Xm1Zk1 ⊗Xj1Zs1)∗ = Xn−m1Zk′ ⊗Xn−j1Zs′ ;  ∈ C:�ÁËÉÍ ÏÂÒÁÚÏÍ, (Xm1Zk1 ⊗ Xj1Zs1)∗ ∈ Lin(XmZk ⊗ XjZs; m 6= j).üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ dimA = n3(n− 1), �ÏÓËÏÌØËÕ ÉÎÄÅËÓÙ m É j ×ÈÏÄÑÔÔÁËÉÍ ÖÅ ÞÉÓÌÏÍ Ó�ÏÓÏÂÏ×, ÞÔÏ É ÒÁÚÍÅÝÅÎÉÑ ÄÌÉÎÙ 2 × ÎÁÂÏÒÅ ÉÚ n



14 ç. ç. áíïóï÷, á. ó. íïëåå÷ÔÏÞÅË, ÔÏ ÅÓÔØ n(n − 1) Ó�ÏÓÏÂÁÍÉ, ÅÝÅ 2 ÓÔÅ�ÅÎÉ Ó×ÏÂÏÄÙ ÄÏÂÁ×ÌÑÅÔ×ÙÂÏÒ ÉÎÄÅËÓÏ× k É s.ï�ÅÒÁÔÏÒÙ çÅÊÚÅÎÂÅÒÇÁ{÷ÅÊÌÑ ÏÂÒÁÚÕÀÔ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÙÊ ÂÁ-ÚÉÓ × �ÒÏÓÔÒÁÎÓÔ×Å ×ÓÅÈ Ï�ÅÒÁÔÏÒÏ× ÏÔÎÏÓÉÔÅÌØÎÏ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ-×ÅÄÅÎÉÑ çÉÌØÂÅÒÔÁ{ûÍÉÄÔÁ (A;B) = tr (AB∗), ÉÚ ÜÔÏÇÏ ÑÓÎÏ, ÞÔÏ ÄÌÑÉÓÓÌÅÄÏ×ÁÎÉÑ ×Ï�ÒÏÓÁ �ÅÒÅ�ÏÌÎÅÎÎÏÓÔÉ ÓÉÓÔÅÍÙ ÏÂÒÁÚÕÀÝÉÈ V1 ÎÕÖ-ÎÏ ×ÙÑÓÎÉÔØ, ÎÅÔ ÌÉ ÓÒÅÄÉ ÎÉÈ ÓÏ×�ÁÄÁÀÝÉÈ �ÁÒ.äÌÑ 1 6 m1 6 n− 1; m1 ∈ A, �ÏÄÅÌÉÍ m1 Ó ÏÓÔÁÔËÏÍ ÎÁ y:m1 = ty + r;ÔÏÇÄÁ ÒÁÚÌÏÖÅÎÉÅ ÞÉÓÌÁ n−m1 �ÒÉÍÅÔ ×ÉÄn−m1 = py − ty − r = (p− t− 1)y + (y − r):úÎÁÞÉÔ, ÓÉÓÔÅÍÁ ÎÅÒÁ×ÅÎÓÔ×
{

⌊m1y ⌋

6= (d− j)(h+ 1); 0 6 j 6 d;
⌊m1y ⌋

6= y + (j − d)(h+ 1); 0 6 j 6 dÜË×É×ÁÌÅÎÔÎÁ ÓÉÓÔÅÍÅ
{

⌊n−m1y ⌋

6= (d− j)(h+ 1); 0 6 j 6 d;
⌊n−m1y ⌋

6= y + (j − d)(h+ 1); 0 6 j 6 déÚ ÜÔÏÇÏ �ÏÌÕÞÁÅÍ:Lin((Xm1Zk1 ⊗Xm1Zs1)∗)= Lin(Xn−m1Zk2 ⊗Xn−m1Zs2) ⊂ Lin(XmZk ⊗XmZs; m ∈ A):óÌÅÄÏ×ÁÔÅÌØÎÏ, B ÉÍÅÅÔ (#A`)n2 ÌÉÎÅÊÎÏ-ÎÅÚÁ×ÉÓÉÍÙÈ ÏÂÒÁÚÕÀ-ÝÉÈ. áÎÁÌÏÇÉÞÎÏ, k + s 6= ph0, ÇÄÅ 1 6 h0 6 y, ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ,ËÏÇÄÁ k + s 6= p(y − h0). úÎÁÞÉÔ, ÄÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ k + s 6= ph0 ×ÅÒÎÏ×ËÌÀÞÅÎÉÅ Lin((Zk ⊗ Zs)∗) ⊂ Lin(Zk ⊗ Zs; k + s 6= ph):ëÏÌÉÞÅÓÔ×Ï Ó�ÏÓÏÂÏ× ×ÙÂÒÁÔØ Ï�ÅÒÁÔÏÒ Zk⊗Zs ÔÁË, ÞÔÏ k+s = r, ÇÄÅ0 < r < p, ÒÁ×ÎÏ r + 1, ÚÎÁÞÉÔ ÞÉÓÌÏ ÏÂÒÁÚÕÀÝÉÈ C, ÎÅ ÓÏÄÅÒÖÁÝÉÈÓÑ× B, ÓÞÉÔÁÅÔÓÑ ËÁË Ä×ÏÊÎÁÑ ÓÕÍÍÁ Ó ÍÎÏÖÉÔÅÌÅÍRA y−1
∑k=0 p−1

∑j=1(j + 1 + kp) = RA (y(p(p+ 1)2 − 1)+ p(y − 1)y2 ) ;



ï ðïó�òïåîéé áî�éëìéë 15ÇÄÅ RA = (n−#A`). éÚ ÄÁÎÎÙÈ ÒÁÓÓÕÖÄÅÎÉÊ �ÏÌÕÞÁÅÍdimV1=n3(n−1)+(#A`)n2+(n−#A`)(y(p(p+ 1)2 − 1)+n(y − 1)2 )+1;ÅÝÅ ÏÄÎÁ ÏÂÒÁÚÕÀÝÁÑ { ÔÏÖÄÅÓÔ×ÅÎÎÙÊ Ï�ÅÒÁÔÏÒ. �ìÉÔÅÒÁÔÕÒÁ1. M. D. Choi, E. G. E�ros, Injetivity and operator spaes. | J. Funt. Anal. 24(1977), 156{209.2. R. Duan, S. Severini, A. Winter, Zero-error ommuniation via quantum hannels,nonommutative graphs and a quantum Lovasz theta funtion. | IEEE Trans. Inf.Theory 59 (2013) 1164{1174; arXiv:1002.2514.3. N. Weaver, Quantum relations. | Mem. Amer. Math. So. 215 (2012), v-vi, 81{140.4. E. Knill, R. Laamme, Theory of quantum error-orreting odes. | Phys. Rev. A55 (1997), 900{911.5. E. Knill, R. Laamme, L. Viola, Theory of quantum error orretion for generalnoise. | Phys. Rev. Lett. 84 (2000), 2525{2528.6. N. Weaver, A \quantum" Ramsey theorem for operator systems. |arxiv:1601.01259 (2016).7. H. Tverberg, A generalization of Radon's theorem. | J. London Math. So. 41(1966), 123{128.8. H. Tverberg, A generalization of Radon's theorem, II. | Bull. Austral. Math. So.24 (1981), 321{325.9. P. Shor, Sheme for reduing deoherene in quantum omputer memory. | Phys.Rev. A 52 (1995) R2493{R2496.10. U. Haagerup, Orthogonal maximal abelian *-subalgebras of the n× n matries andyli n-roots. | Operator Algebras and Quantum Field Theory (Rome), 1996(Cambridge, MA: International Press), 296{322.Amosov G. G., Mokeev A. S. Constrution of antiliques for nonom-mutative operator graphs.Antiliques are onstruted for nonommutative operator graphs gen-erated by generalized Pauli matries. It is shown that the use of entangledstates for onstrution of a subspae K enables one to onsiderably in-rease the dimension of a nonommutative operator graph for whih theprojetion onto K is an antilique. ðÏÓÔÕ�ÉÌÏ 4 ÉÀÌÑ 2017 Ç.íÁÔÅÍÁÔÉÞÅÓËÉÊ ÉÎÓÔÉÔÕÔ ÉÍ. ÷. á. óÔÅËÌÏ×Á òáîE-mail : gramos�mi.ras.ruóÁÎËÔ-ðÅÔÅÒÂÕÒÇÓËÉÊ ÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔE-mail : alexandrmokeev�yandex.ru


