
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 455, 2017 Ç.T. N. Hoi, N. H. T. NhatSUBGROUPS OF THE GENERAL LINEAR GROUPCONTAINING THE ELEMENTARY SUBGROUP OVERA COMMUTATIVE RING EXTENSION OF RANK 2Abstra
t. Let R = ∏i∈I Fi be a dire
t produ
t of �elds and letS = R[√d℄ = ∏i∈I Fi[√di℄ be a ring extension of rank 2 of R: Thesubgroups of the general linear group GL(2n;R); n > 3 that 
ontainthe elementary group E(n;S) are des
ribed. It is shown that forevery su
h a subgroup H there exists a unique ideal AER su
h thatE(n; S)E(2n;R;A) 6H 6NGL(2n;R)(E(n;S)E(2n;R;A)):
§1. Introdu
tionLet R be an asso
iative ring with 1 and let S be a ring extension of R;whi
h is a free R-module of rank m: Then S is 
onsidered as a subring ofthe matrix ring M(m;R) via the regular representation, and so GL(n; S)is a subgroup of the general linear group GL(mn;R): We are interested inintermediate subgroups between E(n; S) and GL(mn;R): When R = S;the latti
e of all su
h subgroups is des
ribed for various 
lasses of ringssu
h as 
ommutative rings, regular rings, rings with 
ondition of stablerank, et
 (see, e.g. [1℄, [2℄, [3℄). It is shown that every subgroup H ofGL(n;R) normalized by E(n;R) has a standard des
ription, i.e., there ex-ists a unique ideal A E R su
h that E(n;R;A) 6 H 6 C(n;R;A): Whenm > 1; ShangZhi Li [4℄ solved the problem for division rings R;S. In this
ase, for every su
h a subgroupH; there exists an intermediate division ringT between R and S su
h that SL(nk; T ) 6 H 6 GL(nk; T )⋊ Aut(T=R);where k=dimTS: In this paper, we 
onsider the problem when R=∏i∈I FiKey words and phrases: general linear group, latti
e of subgroups, ring extensionsubgroup.This resear
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210 T. N. HOI, N. H. T. NHATis a dire
t produ
t of �elds and S ⊆ ∏i∈I Fi is a 
ommutative ring ex-tension of rank 2 of R: We show that under some assumptions, for everysubgroup H in GL(2n;R) 
ontaining E(n; S); there exists a unique idealAER su
h thatE(n; S)E(2n;R;A) 6 H 6 NGL(2n;R)(E(n; S)E(2n;R;A)):
§2. Prin
ipal notationLet G be a group. For two elements x; y ∈ G; we denote by[x; y℄ = xyx−1y−1 their 
ommutator, by xy = y−1xy and yx = yxy−1the 
onjugates of x by y and y−1, respe
tively. We write H 6 G to meanthat H is a subgroup of G. For a subset X ⊆ G; we denote by 〈X〉 thesubgroup of G generated by X; and by 〈X〉H the smallest subgroup Gnormalized by H whi
h 
ontains X: For two subgroups F;H 6 G; [F;H ℄is the 
orresponding relative 
ommutator subgroup generated by all 
om-mutators [f; h℄; f ∈ F; h ∈ H: The group G is 
alled perfe
t if [G;G℄ = G:Now, let R be an arbitrary asso
iative ring with 1: When A is anideal of R; we write A E R: For two natural numbers m;n;M(m;n;R)is the additive group of m × n matri
es with entries in R; in parti
ular,M(n;R) = M(n; n;R) is the matrix ring of degree n over R: For everyb=(brs)∈M(mn;R); 
onsidering b∈M(n; (M(m;R)); we write b=(Bhk),1 6 h; k 6 n with Bhk = (bij) ∈ M(m;R); (h − 1)m + 1 6 i 6 hm,(k − 1)m + 1 6 j 6 km: As always, R∗ is the multipli
ative group of Rand GL(n;R) = M(n;R)∗ is the general linear group of degree n overR: As usual, aij is the entry of a matrix a ∈ GL(n;R) at the position(i; j); i:e:; a = (aij); 1 6 i; j 6 n: Next, a−1 = (a′ij) is the inverse of aand at is its transpose. By a∗j = (a1j ; :::; anj)t we denote the jth 
ol-umn of a and by ai∗ = (ai1; :::; ain) its ith row. As usual, we denote bye the identity matrix and eij a standard matrix unit, that is the ma-trix whi
h has 1 in the position (i; j) and zeros elsewhere. For � ∈ R and1 6 i 6= j 6 n; tij(�) = e+�eij is an elementary transve
tion. In the sequel,without any spe
ial referen
e we use standard relations among elementarytransve
tions, su
h as the additivity formula tij(�)tij(�) = tij(� + �) andthe Chevalley 
ommutator formula [tij(�); tjh(�)℄ = tih(��):We denote by Rn the right free R-module of all 
olumns of height nwith 
omponents from R; and by nR the left free R-module of all rowsof length n with 
omponents from R: The standard bases of Rn and nRare denoted by e1; : : : ; en and f1; : : : ; fn respe
tively. In other words, ei is



SUBGROUPS OF THE GENERAL LINEAR GROUP 211the ith 
olumn e∗i of the identity matrix e of degree n, while fi is the ithrow ei∗ of e: A 
olumn v = (v1; : : : ; vn)t ∈ Rn is said to be unimodularif the left ideal generated by v1; : : : ; vn 
oin
ides with R: Similarly, a rowu = (u1; : : : ; un)t ∈n R is said to be unimodular if the right ideal generatedby u1; : : : ; un 
oin
ides with R:Now, let A be an ideal in R: We denote by E(n;A) the subgroup inGL(n;R) generated by all elementary transve
tions of level A:E(n;A) = 〈tij(�); � ∈ A; 1 6 i 6= j 6 n〉:In the most important 
ase where A = R; the group E(n;R) generated byall elementary transve
tions is 
alled the elementary group. In the sequela major role is played by the relative elementary group E(n;R;A): Re
allthat the group E(n;R;A) is the normal 
losure of E(n;A) in E(n;R):E(n;R;A) = 〈tij(�); � ∈ A; 1 6 i 6= j 6 n〉E(n;R):The 
anoni
al proje
tion �A : R −→ R=A sending any element � ∈ R tothe element � = �+A; de�nes the 
orresponding redu
tion homomorphism�A : GL(n;R) −→ GL(n;R=A):The kernel of �A is denoted by GL(n;R;A) and is 
alled the prin
ipal
ongruen
e subgroup in GL(n;R) of level A:In the proofs, often without any spe
ial referen
e, we shall use a bun
hof 
lassi
al fa
ts on elementary groups. The following fa
t, �rst proved in[5℄, is 
ited as the Suslin theorem.Lemma 1. Let R be a 
ommutative ring and n > 3: Then for any idealA E R; we have [E(n;R);GL(n;R;A)℄ = E(n;R;A): In parti
ular,E(n;R;A) is normal in GL(n;R):The following statement was proved by Vaserstein and Suslin [6℄ and,in the 
ontext of Chevalley groups, by Tits [11℄.Lemma 2. For n > 3; the relative elementary subgroup E(n;R;A) isgenerated by all transve
tions of the formzij(�; �) = tji(�)tij (�)tji(−�); � ∈ A; � ∈ R; 1 6 i 6= j 6 n:
§3. The regular representationLet R be a 
ommutative ring and let S be a 
ommutative ring extensionof R; whi
h is a free R-module of rank m: Suppose that 1 = w1; : : : ; wm is



212 T. N. HOI, N. H. T. NHATa basis of S=R: For � ∈ S; 1 6 j 6 m; there exist �1j ; : : : ; �mj ∈ R su
hthat �wj = �1jw1 + · · ·+ �mjwm:Then [�℄ := (�ij) ∈ M(m;R): It is 
lear that the map � 7→ [�℄ is a ringmonomorphism from S toM(m;R) and so GL(n; S) is 
onsidered as a sub-group of GL(mn;R): Then E(n; S) is a subgroup of E(mn;R): The sym-bols e; e1; : : : ; emn; f1; : : : ; fmn; eij ; tij(�)(� ∈ R) are used for GL(mn;R)as in §1, now we write E;Ei; : : : En, F1; : : : ; Fn; Eij ; Tij(�)(� ∈ S) to de-note the 
orresponding 
on
epts in GL(n; S); namely, E is the identitymatrix in GL(n; S);Ei is the ith 
olumn of E;Fj is the jth row of E;Eijis a standard matrix unit and Tij(�) = E + �Eij :Suppose that S = R[√d℄ be a 
ommutative ring extension of rank 2 ofR with the basis 1;√d: ThenS = {( x dyy x ) : x; y ∈ R} ;where the identity is I2 = ( 1 00 1 ) : Note that if d ∈ R∗ and � ∈ S hasa zero row or a zero 
olumn, then � = 0:Lemma 3. Let S = R[√d℄: Suppose that 2 ∈ R∗ and d ∈ R∗. Then thegroup of all automorphisms of S that are identi
al on R isAut(S=R) = {( 1 00 r ) : r ∈ R; r2 = 1} :Proof. Let ' ∈ Aut(S=R): Suppose that '(√d) = a+b√d; where a; b ∈ R:We have d = '(d) = '(√d)'(√d) = (a2+b2d)+2ab√d; so a2+b2d = d and2ab = 0: Moreover, there exists x+ y√d ∈ S su
h that '(x+ y√d) = √d;it follows that yb = 1: By invertibility of d and 2; we get a = 0; b2 = 1;so the matrix of ' with respe
t to the basis 1;√d is ( 1 00 b ) : Now,let r ∈ R; r2 = 1; then the map  : S −→ S whi
h maps x + y√d tox+ yr√d belongs to Aut(S=R) and its matrix with respe
t to the basis 1;
√d is ( 1 00 r ) : �

§4. De
omposition of transve
tionsTheorem 1. Let R be a 
ommutative ring, and let S = R[√d℄ be a
ommutative ring extension of rank 2 of R and n > 3: Then for any



SUBGROUPS OF THE GENERAL LINEAR GROUP 213g ∈ GL(2n;R); the elementary subgroup E(n; S) is generated by the trans-ve
tions E + UFj ; 1 6 j 6 n; where the 
olumn U ∈ Sn has at most twononzero 
omponents and its jth 
omponent is zero su
h thatgU ∈M(2n; 2; R) has at least one zero row.Proof. Put T∗j(U) = E + UFj ; then T∗j(U) ∈ E(n; S): We need to showthat any transve
tion Tij(�) is expressed as a produ
t of T∗j(U); 1 6 j 6 n:Let 1 6 i 6= j 6 n and � ∈ S: Choose h 6∈ {i; j}: For any 1 6 k 6 2n; putU(k) = �g′(2h)k(UkhEi − UkiEh);where Ukl = ( gk(2l) dgk(2l−1)gk(2l−1) gk(2l) )

∈ S; l = i; h:Clearly, U(k) ∈ Sn and U(k)j = 0; moreover, (gU(k))k∗ = 0:To �nish the proof, it suÆ
es to observer that2n
∏k=1 T∗j(U(k)) = 2n

∏k=1Tij(�g′(2h)kUkh)Thj(−�g′(2h)kUki)= 2n
∏k=1Tij(�g′(2h)kUkh) 2n

∏k=1 Thj(−�g′(2h)kUki)= Tij(�( 2n
∑k=1 g′(2h)kUkh))Thj(−�( 2n∑k=1 g′(2h)kUki)) = Tij(�):To justify the last equality, note that2n

∑k=1 g′(2h)kUkh = 


2n
∑k=1 g′(2h)kgk(2h) 2n

∑k=1 g′(2h)kdgk(2h−1)2n
∑k=1 g′(2h)kgk(2h−1) 2n

∑k=1 g′(2h)kgk(2h) 







= ( 1 00 1 ) ;2n
∑k=1 g′(2h)kUki = 



2n
∑k=1 g′(2h)kgk(2i) 2n

∑k=1 g′(2h)kdgk(2i−1)2n
∑k=1 g′(2h)kgk(2i−1) 2n

∑k=1 g′(2h)kgk(2i) 







= ( 0 00 0 ) :
�
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§5. Elementary transve
tions in subgroups normalizedby E(n; S)Proposition 1. Let R be a 
ommutative ring, and let S = R[√d℄ be a
ommutative ring extension of rank 2 of R and n > 3: For any ideal A ofR; we have E(2n;A)E(n;S) = E(2n;R;A):Proof. Put H = E(2n;A)E(n;S): Sin
e E(n; S) 6 E(2n;R); we haveH 6 E(2n;R;A). By Lemma 2, it suÆ
es to 
he
k that the zij(�; �)= tji(�)tij (�)tji(−�) ∈ H for any � ∈ A; � ∈ R: Note that H is nor-malized by E(n; S); 
onjugating by a monomial matrix from E(n; S), we
an suppose that i ∈ {1; 2}; j ∈ {1; 2; 3; 4}:1. (i; j) ∈ {(1; 2); (2; 1)}: We havez12(�; �) = t21(�)t12(�) = t21(�)[t13(1); t32(�)℄= [t21(�)t13(1); t21(�)t32(�)℄= [[t21(�); t13(1)℄t13(1); [t21(�); t32(�)℄t32(−�)℄= [t23(�)t13(1); t31(−��)t32(�)℄;thereforez12(�; �)t31(−��)t32(�) = t23(�)t13(1)t31(−��)t32(�)t13(−1)t23(−�)=T12(1 + �√d)t14(−d�)t24(−1)t31(−��)t32(�)t24(1)t14(d�)T12(−1− �√d)=T12(1 + �√d)t14(−d�)t31(−��)t14(d�)t24(−1)t32(�)t24(1)T12(−1− �√d)=T12(1 + �√d)t34(−d��2)t31(−��)t34(�)t32(�)T12(−1− �√d) ∈ H:It follows that z12(�; �) ∈ H: Similarly, z21(�; �) ∈ H:2. (i; j) = (2; 3): We havez23(�; �) = t32(�)t23(�)t32(−�) = t32(�)[t25(1); t53(�)℄= [t32(�)t25(1); t32(�)t53(�)℄= [t35(�)t25(1); t52(−��)t53(�)℄= [t46(�)t35(�)t25(1)t16(d); t52(−��)t53(�)℄= [T23(�)T13(√d); t52(−��)t53(�)℄ ∈ H:



SUBGROUPS OF THE GENERAL LINEAR GROUP 2153. (i; j) ∈ {(1; 3); (1; 4); (2; 4)}: We havez13(�; �) = t31(�)t13(�)t31(−�)= T21(�)t42(−�)t13(�)t42(�)T21(−�)= T21(�)t13(�)T21(−�) ∈ H:Similarly, z14(�; �) = T21(�√d)t14(�)T21(−�√d) ∈ H;and z24(�; �) = T21(�)t24(�)T21(−�) ∈ H:
�Lemma 4. Let R be a 
ommutative ring, and let S = R[√d℄ be a 
ommu-tative ring extension of rank 2 of R and n > 3: Let a = gTij(�)Thk(�)g−1;where g ∈ GL(2n;R); �; � ∈ S; j 6= h; i 6= k: Suppose that d ∈ R∗ and2 ∈ R∗: If a ∈ NGL(2n;R)(E(n; S)) and al∗ = fl for some 1 6 l 6 2n; thena ∈ GL(n; S):Proof. Conjugating by a monomial matrix from E(n; S), we 
an supposethat l = 1 or l = 2: Now, a = (Aij) ∈ NGL(2n;R)(E(n; S)); by Corollary 1of [12℄; there exist � ∈ Aut(S=R) and b = (Bij) ∈ GL(n; S) su
h thata = (Bij�): We have B1j = A1j�−1 for all 1 6 j 6 n; so the lth rowof B1j is zero for any 2 6 j 6 n: By Lemma 3; � = ( 1 00 r ) ; wherer ∈ R; r2 = 1; so the lth row of B11 is rl+1fl ∈ 2R. From d ∈ R∗ andB1j ∈ S; it follows that B11 = rl+1I2 and B1j = 0; so A11 = rl+1� andA1j = 0 for all 2 6 j 6 n: Sin
e i 6= k; j 6= h; we have(a− e)2 = g(Tij(�)Thk(�) − e)2g−1 = 0:Note that a− e = (Cij); where C1j = 0 for all 2 6 j 6 n; we have(rl+1� − I2)2 = C211 = 0;so r = 1; hen
e � = I2: Therefore a = b ∈ GL(n; S): �Lemma 5. Under assumptions of Lemma 4, let H be a subgroup in GL(2n,R) that 
ontains E(n; S): Suppose that d ∈ R∗ and 2 ∈ R∗: If H 6⊆NGL(2n;R)(E(n; S)); then H 
ontains a matrix a 6∈ NGL(2n;R)(E(n; S)) su
hthat al∗ = fl for some 1 6 l 6 2n; moreover, a = gTij(�)Thk(�)g−1 forsome g ∈ H \NGL(2n;R)(E(n; S)); �; � ∈ S; i 6= k; j 6= h:



216 T. N. HOI, N. H. T. NHATProof. Let g ∈ H \ NGL(2n;R)(E(n; S)): By Corollary 2 of [12℄; we haveE(n; S)g 66 GL(n; S): By Theorem 1, there exists u = E + UFj ;1 6 j 6 n; where the 
olumn U ∈ Sn has at most two nonzero 
om-ponents and gU ∈ M(2n; 2; R) has one zero row, say lth row, su
h thatgug−1 =∈ GL(n; S): Clearly, u has the form Tij(�)Thk(�) with �; � ∈ S;i 6= k, j 6= h and (gug−1)l∗ = fl: Put a = gug−1; then a 6∈ NGL(2n;R)(E(n; S)) by Lemma 4. �Proposition 2. Let R be a 
ommutative ring, and let S = R[√d℄ be a
ommutative ring extension of rank 2 of R and n > 3: Let H be a subgroupin GL(2n;R) that 
ontains E(n; S): For 1 6 i 6= j 6 2n; putIij = {� ∈ R | tij(�) ∈ H}:Then there exist ideals A;B of R su
h that(i) for (i; j) ∈ {(2k − 1; 2k); (2k; 2k − 1); 1 6 k 6 n}; Iij = I12 if iis odd, and Iij = I21 if i is even;(ii) for (i; j) 6∈ {(2k − 1; 2k); (2k; 2k − 1); 1 6 k 6 n}; Iij = A if iis odd and j is even, and Iij = [A : d℄ if i is even and j is odd, moreover,Iij = B if i; j are simultaneously even or odd;(iii) A ⊆ B ⊆ [A : d℄; A2 ⊆ I12 ∩ I21; I12 ⊆ A and I21 ⊆ [A : d℄:Proof. We have t13(�)t24(�) = T12(�) ∈ H; so I13 = I24: Conjugat-ing by monomial matri
es from E(n; S); we have (i); moreover, for any(i; j) 6∈ {(2k − 1; 2k); (2k; 2k− 1); 1 6 k 6 n};
− if i is odd and j is even, then Iij = I14;
− if i; j are simultaneously even or odd, then Iij = I13;
− if i is even and j is odd, then Iij = I23:Put A = I14; B = I13: Clearly, A;B are additional subgroups of R: Forany � ∈ A; � ∈ R; we have,t14(��) = [t16(�); t64(�)℄ = [t16(�); t64(�)t53(�)℄ = [t16(�); T32(�)℄ ∈ H;therefore AER: Moreover, for any � ∈ B; � ∈ R; we havet13(��) = [t15(�); t53(�)℄ = [t15(�)t26(�); t53(�)℄ = [T13(�); t53(�)℄ ∈ H;so B ER:Let � ∈ A; thent15(�) = [t14(�); t45(1)℄ = [t14(�); t45(1)t36(d)℄ = [t14(�); T23(√d)℄ ∈ H;so A ⊆ B: Sin
e t14(d�)t23(�) = T12(�√d) ∈ E(n; S); we have t14(d�)t23(�)

∈ H for all � ∈ R; so I23 = [A : d℄:



SUBGROUPS OF THE GENERAL LINEAR GROUP 217Let � ∈ B; thent23(�) = [t25(1); t53(�)℄ = [t25(1)t16(d); t53(�)℄ = [T13(√d); t53(�)℄ ∈ H;so � ∈ I23 = [A : d℄: Hen
e B ⊆ [A : d℄:Let �; �′ ∈ A: It follows from A ⊆ B ⊆ [A : d℄ thatt12(��′) = [t14(�); t42(�′)℄ ∈ H and t21(��′) = [t23(�); t31(�′)℄ ∈ H; soA2 ⊆ I12 ∩ I21:Now, sin
et14(�) = [t12(�); t24(1)℄ = [t12(�); t24(1)t13(1)℄ = [t12(�); T12(1)℄and t23(�) = [t21(�); t13(1)℄ = [t21(�); t13(1)t24(1)℄ = [t21(�); T12(1)℄;we 
laim that I12 ⊆ A and I21 ⊆ [A : d℄: �Corollary 1. Under assumptions of Proposition 2, suppose that any idealof R is idempotent and d ∈ R∗. Then for every subgroup H in GL(2n;R)that 
ontains E(n; S); there exists a unique ideal A of R su
h thatA = {� ∈ R : tij(�) ∈ H}for any 1 6 i 6= j 6 2n:
§6. Main resultsIn this se
tion we always assume that R is a dire
t produ
t of �elds,R = ∏i∈I Fi; and S ⊆ ∏i∈I Fi is a 
ommutative ring extension of rank 2of R with the basis 1;√d: Then S = R[√d℄; where d = (di)i∈I ∈ ∏i∈I Fi:We haveS = R[√d℄ = R+R√d =∏i∈I(Fi + Fi√di) =∏i∈I Fi(√di):Let i ∈ I and �i + �i√di = 0; �i; �i ∈ Fi: Put � = (�jÆij)j∈I ; �= (�jÆij)j∈I ; then �+�√d = 0: It follows that � = � = 0; so �i = �i = 0:Therefore 1;√di is linearly independent, i.e., F (√di) is a �eld extensionof rank 2 of Fi: In parti
ular, di 6= 0 for any i ∈ I: Hen
e d ∈ R∗:Lemma 6. Let A;B ∈M(2; R): Suppose that B has a zero row. If AB ∈ S;then AB = 0:



218 T. N. HOI, N. H. T. NHATProof. Let A = ( x yz t ) ; B = ( 0 0u v ) : It follows from AB ∈ Sthat yu = tv and yv = dtu; so d(tu)2 = (tv)2: Put t = (ti)i∈I ; u = (ui)i∈I ;v = (vi)i∈I : We have di(tiui)2 = (tivi)2 for any i ∈ I: Sin
e Fi(√di) isa �eld extension of rank 2 of Fi; we have tiui = tivi = 0; it follows thattu = tv = 0 and hen
e AB = 0: Similarly, we have the above 
on
lusionfor B = ( u v0 0 ) : �Lemma 7. Let A = ( x dyy x ) ; and let B be either ( y x0 0 ) or
( 0 0y x ) : If BA = 0; then A = B = 0:Proof. Sin
e BA = 0; we have 2xy = 0 and x2 + dy2 = 0: Putx = (xi)i∈I ; y = (yi)i∈I ; we have 2xiyi = 0 and x2i +diy2i = 0 for any i ∈ I:If 
har(Fi) = 2; then x2i − diy2i = x2i + diy2i = 0; and hen
e xi = yi = 0:If 
har(Fi) 6= 2; then xiyi = 0 = x2i + diy2i ; so xi = yi = 0: Thereforex = y = 0: �Lemma 8. Suppose that 2 ∈ R∗ and n > 3. Let H be a subgroup inGL(2n;R) that 
ontains E(n; S) and H 6⊆ NGL(2n;R)(E(n; S)): Then H
ontains a matrix g = (Gij) ∈ GL(n;M2(R)) \ NGL(2n;R)(E(n; S)) su
hthat there exists an index i; Gij = 0 for all 1 6 j 6= i 6 n:Proof. By Lemma 5, there exist a ∈ H \ NGL(2n;R)(E(n; S)) andu = Tij(�)Thk(�) ∈ E(n; S) su
h that aua−1 =∈ GL(n; S) and (aua−1)l∗= fl for some 1 6 l 6 2n: Put g = aua−1 ∈ H: Conjugating by monomialmatri
es from E(n; S); we 
an suppose that l ∈ {1; 2}: For k ∈ {1; 2} \ {l}and 2 6 s 6 n; we putUs = ( gk(2s) dgk(2s−1)gk(2s−1) gk(2s) ) :For 3 6 s 6 n; puth = (Hij) = gT(s−1)1(Us)Ts1(−Us−1)g−1;then G1(s−1)Us − G1sUs−1 = 0; so H1∗ = F1: If h 6∈ NGL(2n;R)(E(n; S));then we 
an �nish here. Suppose that h ∈ NGL(2n;R)(E(n; S)): By Lemma4, h ∈ GL(n; S): We haveHij = (Gi(s−1)Us −GisUs−1)G′1j + ÆijI2 ∈ S; 1 6 i; j 6 n:



SUBGROUPS OF THE GENERAL LINEAR GROUP 219Note that (g−1)l∗ = fl; by Lemma 6, (Gi(s−1)Us − GisUs−1)G′1j = 0for all 2 6 i; j 6 n: Therefore (Gi(s−1)Us − GisUs−1)G′1j = 0 for all1 6 i 6 n; 2 6 j 6 n, soUsG′1j = n
∑i=1 G′(s−1)iGi(s−1)UsG′1j − n

∑i=1 G′(s−1)iGisUs−1G′1j= n
∑i=1 G′(s−1)i(Gi(s−1)Us −GisUs−1)G′1j = 0:It follows that GisUs−1G′1j = 0 for all 1 6 i 6 n: Sin
e (G1s; : : : ; Gns)tis unimodular, we have Us−1G′1j = 0:We have proved UsG′1j = 0 for all 2 6 s; j 6 n: Now, for any 2 6 s 6 n;put b = (Bij) = gTs1(Us)g−1:Obviously, b ∈ H; bl∗ = fl andB1j = 0 for all2 6 j 6 n: If there exists s su
h that b 6∈ GL(n; S); then by Lemma 4, thematrix b satis�es the 
onditions of the lemma. Therefore we 
an supposethat b ∈ GL(n; S) for all 2 6 s 6 n; then G1sUsG′11 = B11 − I2 ∈ S: Notethat the lth row of the matrix G1sUsG′11 is zero, so G1sUsG′11 = 0: Wehave G1sUs = G1sUs( n

∑j=1G′1jGj1) = n
∑j=1(G1sUsG′1j)Gj1 = 0:By Lemma 7, G1s = 0 and the matrix g itself satis�es the 
onditions ofthe lemma. �Lemma 9. Suppose that 2 ∈ R∗ and n > 3. Let H be a subgroup inGL(2n;R) that 
ontains E(n; S): If there exists g = (Gij) ∈ GL(n;M(2;R))\NGL(2n;R)(E(n; S)) su
h that G1j = 0 for all 2 6 j 6 n and gE(n; S)g−1 ∪ g−1E(n; S)g ⊆ H; then H 
ontains an elementary transve
tionTij(C) with C 6∈ S:Proof. Suppose that H doesn't 
ontain any elementary transve
tion Tij(C) with C 6∈ S: For any 2 6 j 6 n and � ∈ S; put g1 = gTj1(�)g−1 ∈ H:We haveg1 = 



I2 0 : : : 0�2j I2 : : : 0... ... . . .�nj 0 : : : I2  ; �ij = Gij�G−111 ; 2 6 i 6 n:Then



220 T. N. HOI, N. H. T. NHATTn1(�ij) = [Tni(I2); Ti1(�ij)℄ = [Tni(I2); g1℄ ∈ H; for all 2 6 i 6 n− 1and T21(�nj) = [T2n(I2); Tn1(�nj)℄ = [T2n(I2); g1℄ ∈ H;therefore �ij ∈ S for all 2 6 i; j 6 n; � ∈ S: In parti
ular, GijG−111 ∈ S;i.e., there exist �ij ∈ S; 2 6 i; j 6 n; su
h that Gij = �ijG11: Notethat G11 ∈ GL(2; R) and (Gij)26i;j6n ∈ GL(2n − 2; R), so (�ij)26i;j6n
∈ GL(2n− 2; R): We haveG11 ( 0 d1 0 )G−111 = ( a rs −a )for some a; r; s ∈ R: Let �i2 = ( ui dvivi ui ) with ui; vi ∈ R; we have�i2 = �i2G11 ( 0 d1 0 )G−111 = ( uia+ dsvi uir − davivia+ sui vir − aui ) :Sin
e �i2 ∈ S; we get the system

{ uia+ dsvi = vir − aui;uir − davi = d(via+ sui):Hen
e (r−sd)(u2i−dv2i ) = 0; so (r−sd)ui = (r−sd)vi = 0 for all 2 6 i 6 n:Sin
e (u2; v2; : : : ; un; vn)t is unimodular, r = sd: Using invertibility of 2and d; we have aui = avi = 0; so a = 0: ThereforeG11( 0 d1 0 )G−111 = ( 0 dss 0 )

∈ S:It follows that G11�G−111 ∈ S for all � ∈ S; i.e., G11SG−111 ⊆ S: Repla
ingg by g−1;we have G−111 SG11 ⊆ S; therefore G11SG−111 = S:Put h = gG−111 = (GijG−111 ); then hE(n; S)h−1 = gG−111 E(n; S)G11g−1 = gE(n; S)g−1 ⊆ H; so g−1h ∈ NGL(2n;R)(E(n; S)):Sin
e g 6∈ NGL(2n;R)(E(n; S)); h 6∈ NGL(2n;R)(E(n; S)): Moreover,H1∗ = F1 and Hij = GijG−111 ∈ S for all 2 6 i; j 6 n; i.e., h = ( I2 0U D )with U = (
2; : : : ; 
n)t ∈M2(R)n−1; D ∈M(n−1; S): Repla
ing g by g−1;we have g−1G11 = ( I2 0U ′ D′

) with U ′ ∈ M2(R)n−1; D′ ∈ M(n− 1; S):Then h−1 = G11(g−1G11)G−111 = ( I2 0G11U ′G−111 G11D′G−111 ) ;



SUBGROUPS OF THE GENERAL LINEAR GROUP 221therefore D−1 = G11D′G−111 ∈ M(n − 1; S) due to G11SG−111 = S: IfU ∈ Sn−1; then h=( I2 0U D )

∈M(n; S); and h−1=( I2 0
−D−1U D−1 )

∈ M(n; S); so h ∈ GL(n; S) ⊆ NGL(2n;R)(E(n; S)); 
ontradi
ting the hy-pothesis. Hen
e there exists 
k 6∈ S for some 2 6 k 6 n: Take 1 6 j
6 n− 1; j 6= k − 1; puta = ( I2 00 D )−1( I2 00 Tj(k−1)(−I2) )( I2 00 D )

∈ E(n; S);thenTj+1;1(
k) = ( I2 00 Tj(k−1)(I2) )hah−1 ∈ E(n; S)h(E(n; S)h−1 ⊆ H;
ontradi
ting the hypothesis.
�Lemma 10. Suppose that 2 ∈ R∗ and n > 3. Let H be a subgroup inGL(2n;R) that 
ontains E(n; S): If H 6⊆ NGL(2n;R)(E(n; S)); then H 
on-tains an elementary transve
tion Tij(C) with C 6∈ S:Proof. By Lemma 8, there exist a matrix g = (Gij) ∈ H \NGL(2n;R)(E(n;S)) and an index i su
h that Gij = 0 for all 1 6 j 6= i 6 n: Clearly,gE(n; S)g−1 ∪ g−1E(n; S)g ⊆ H; moreover, 
onjugating by monomial ma-tri
es from E(n; S); we 
an suppose that G1j = 0 for all 2 6 j 6 n: ByLemma 9, H 
ontains an elementary transve
tion Tij(C) with C 6∈ S: �Lemma 11. Suppose that 2 ∈ R∗ and n > 3. Let H be a subgroup inGL(2n;R) that 
ontains E(n; S): Then either H 6 NGL(2n;R)(E(n; S)); orH 
ontains a nontrivial elementary transve
tion of the form t(2i)(2j)(�):Proof. Suppose that H 6⊆ NGL(2n;R)(E(n; S)); by Lemma 10, H 
ontainsan elementary transve
tion Thj(C) with C 6∈ S: Choose � ∈ S su
h thatits �rst 
olumn is the same as in C; then C − � = ( 0 x0 y ) ; wherex; y ∈ R; (x; y) 6= (0; 0): Now, put 
 = −dy + x√d ∈ S; we have
(C − �) = ( −dy dxx −dy )( 0 x0 y ) = ( 0 00 x2 − dy2 ) 6= 0:



222 T. N. HOI, N. H. T. NHATTake i ∈ {1; : : : ; n} \ {h; j}; thent(2i)(2j)(x2 − dy2) = Tij(
(C − �)) = [Tih(
); Thj(C − �)℄= [Tih(
); Thj(C)Thj(−�)℄ ∈ H:
�Now, we are ready to prove the following main result of the paper.Theorem 2. Let R = ∏i∈I Fi be a dire
t produ
t of �elds, and letS = R[√d℄ ⊆ ∏i∈I Fi be a 
ommutative ring extension of rank 2 of R:Suppose that 2 ∈ R∗ and n > 3. Then for every su
h a subgroup H inG = GL(2n;R) that 
ontains E(n; S); there exists a unique ideal A of Rsu
h that E(n; S)E(2n;R;A) 6 H 6 NG(E(n; S)E(2n;R;A)):Proof. Let A be the largest ideal su
h that E(2n;A) 6 H; the existen
eof su
h an ideal was established in Corollary 1: By Proposition 1, we haveE(2n;R;A) = E(2n;A)E(n;S) 6 H:Let H = �A(H); 
learly, H 
ontains E(n; S=SA): We have A = ∏i∈I Ai;where Ai E Fi; therefore R=A ∼= ∏j∈J Fj and S=SA ∼= ∏j∈J Fj(√dj);where J = {j : Aj = 0}: By Lemma 11, we have the following alternative:either H 6 NGL(2n;R=A)(E(n; S=SA)); or H 
ontains a nontrivial elemen-tary transve
tion t(2i)(2j)(�) for some � ∈ R\A: We show that the se
ondpossibility 
annot o

ur. Indeed, presenting t(2i)(2j)(�) ∈ HGL(2n;R;A)in the form t(2i)(2j)(�) = ab; a ∈ H; b ∈ GL(2n;R;A):Take k ∈ {1; : : : ; n} \ {i; j}; we havet(2i)(2k)(�) = [t(2i)(2j)(�); Tjk(I2)℄ = a[b; Tjk(I2)℄[a; Tjk(I2)℄:The �rst of the 
ommutators on the right-hand side belongs E(2n;R;A);while the se
ond lies in H: This means that t(2i)(2k)(�) ∈ H; where � 6∈ A;whi
h 
ontradi
ts the maximality of A: Therefore H 6 NGL(2n;R=A)(E(n;S=SA)); by Theorem 2 of [12℄, we have the desired in
lusionH 6 NGL(2n;R)(E(n; S)E(2n;R;A)):
�
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§7. CounterexamplesIn this se
tion, we establish 
ounterexamples to show that the result inTheorem 2 does not hold for some rings.Lemma 12. Let R be a 
ommutative ring, and let S = R[√d℄ be a 
om-mutative ring extension of rank 2 of R and n > 3: Suppose that d ∈ R∗and a ∈ R \ {0}; ad = a: Then the subgroup H = E(n; S[M ℄) withM = ( 0 0a a ) does not 
ontain any nontrivial elementary transve
tionin E(2n;R):Proof. By Proposition 2, it suÆ
es to prove that if B=( 0 0b 0 )∈S[M ℄;then b = 0: Indeed, sin
e M ( 0 d1 0 ) =M; B is written in the formB = k

∑i=0 �iM i; where �i = ( xi dyiyi xi ) ; xi; yi ∈ R;that is B = ( x0 + d∑ki=1 yiai d(y0 +∑ki=1 yiai)y0 +∑ki=1 xiai x0 +∑ki=1 xiai ) :Therefore x0 + d∑ki=1 yiai = d(y0 +∑ki=1 yiai) = x0 +∑ki=1 xiai = 0and b = y0 +∑ki=1 xiai: Now, it follows from ad = a and d ∈ R∗ thatb = y0 − x0 = 0 as required. �Theorem 3. Let R = Z or R = Zm with m ∈ {4; 15; 50; 63}; and n > 3:Then there exist a 
ommutative ring extension S = R[√d℄ of rank 2 ofR and an intermediate subgroup H;E(n; S) 6 H 6 GL(2n;R) su
h thatthere is no ideal A of R so thatE(n; S)E(2n;R;A) 6 H 6 NGL(2n;R)(E(n; S)E(2n;R;A)):Proof. 1) Case R = Zm with m ∈ {4; 15; 50; 63}: Put(d; a) =






(−1; 2); if m = 4;(7; 5); if m = 15;(3; 25); if m = 50;(8; 9); if m = 63:Then S=R[√d℄ is a 
ommutative ring extension of rank 2 of R and d∈R∗,a ∈ R \ {0}; ad = a: By Lemma 12, the subgroup H = E(n; S[M ℄) with



224 T. N. HOI, N. H. T. NHATM = ( 0 0a a ) does not 
ontain any nontrivial elementary transve
tionin E(2n;R): Suppose that there exists an ideal A satisfying the propertyin the theorem. Then A = 0 and H 6 NG(E(n; S)): By Corollary 1, [12℄there exists � = ( 1 b0 
 ) ∈ Aut(R=S) su
h that M� ∈ S; so a = 0 andwe have a 
ontradi
tion.2) Case R = Z: Let m; d; a;M and H be as above. Suppose that thereexists an ideal A su
h thatE(n;Z[√d℄)E(2n;Z; A) 6 H 6 NGL(2n;Z)(E(n;Z[√d℄)E(2n;Z; A)):Let I = mZ and let � : Z −→ Zm be the 
anoni
al epimorphism. We haveE(n;Zm[√d℄)E(2n;Zm; �(A)) 6 �I(H)
6 �I(NGL(2n;Z)(E(n;Z[√d℄)E(2n;Z; A)):Note that �I(NGL(2n;Z)(E(n;Z[√d℄)E(2n;Z; A))

⊆ NGL(2n;Zm)(E(n;Zm[√d℄)E(2n;Zm; �(A))and we have a 
ontradi
tion. �Remark. By Theorem 3 with R = Z15; we see that the 
ondition S ⊆ R inTheorem 2 
an not be omitted. It is also shown that the result in Theorem2 does not hold for Z and Zm if m is not square-free.Referen
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