
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 455, 2017 Ç.é. öÕËÏ×, å. ìÙÓÅÎËÏðïó�òïåîéå ãéëìéþåóëïçï òáóûéòåîéñó�åðåîé p2 ðïìîïçï ðïìñ÷×ÅÄÅÎÉÅüÔÁ ÓÔÁÔØÑ �ÒÏÄÏÌÖÁÅÔ �ÉËÌ ÒÁÂÏÔ, Ó×ÑÚÁÎÎÙÈ Ó Ñ×ÎÙÍ �ÏÓÔÒÏÅÎÉ-ÅÍ ÔÅÈ ÉÌÉ ÉÎÙÈ ÒÁÓÛÉÒÅÎÉÊ �ÏÌÎÙÈ ÄÉÓËÒÅÔÎÏ ÎÏÒÍÉÒÏ×ÁÎÎÙÈ �Ï-ÌÅÊ ÈÁÒÁËÔÅÒÉÓÔÉËÉ 0 Ó �ÒÏÉÚ×ÏÌØÎÙÍ �ÏÌÅÍ ×ÙÞÅÔÏ× ÈÁÒÁËÔÅÒÉÓÔÉËÉp > 0.õÖÅ ÚÁÄÁÞÁ �ÒÅÄßÑ×ÌÅÎÉÑ Ñ×ÎÙÈ ÕÒÁ×ÎÅÎÉÊ, ÚÁÄÁÀÝÉÈ �ÒÏÉÚ×ÏÌØ-ÎÏÅ �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ L=K ÓÔÅ�ÅÎÉ pn (n ≥ 1), ËÏÇÄÁ × �ÏÌÅ KÎÅÔ �ÅÒ×ÏÏÂÒÁÚÎÏÇÏ ËÏÒÎÑ ÓÔÅ�ÅÎÉ pn ÉÚ ÅÄÉÎÉ�Ù, ÎÅÔÒÉ×ÉÁÌØÎÁ É �ÒÉn ≥ 2 ÎÅ ÒÅÛÅÎÁ.îÁ�ÏÍÎÉÍ, ÞÔÏ × ÓÌÕÞÁÅ n = 1 ÔÁËÉÅ ÒÁÓÛÉÒÅÎÉÑ ÍÏÇÕÔ ÂÙÔØ ÚÁÄÁ-ÎÙ (ËÁË É × �ÒÏÓÔÏÊ ÈÁÒÁËÔÅÒÉÓÔÉËÅ) �ÒÉ �ÏÍÏÝÉ ÍÎÏÇÏÞÌÅÎÏ× áÒÔÉ-ÎÁ{ûÒÁÊÅÒÁ. éÚ×ÅÓÔÎÏ, ÞÔÏ ÄÌÑ ÓËÁÞËÁ ×ÅÔ×ÌÅÎÉÑ s(L=K) �ÉËÌÉÞÅÓËÏ-ÇÏ ÒÁÓÛÉÒÅÎÉÑ ÓÔÅ�ÅÎÉ p ÓÕÝÅÓÔ×ÕÅÔ Ï�ÅÎËÁ 0 ≤ s(L=K) ≤ pe=(p− 1),ÇÄÅ e { ÁÂÓÏÌÀÔÎÙÊ ÉÎÄÅËÓ ×ÅÔ×ÌÅÎÉÑK; �ÒÉ ÜÔÏÍ ÒÁ×ÅÎÓÔ×Ï s(L=K) =pe=(p− 1) ×ÏÚÍÏÖÎÏ, ÔÏÌØËÏ ÅÓÌÉ K ÓÏÄÅÒÖÉÔ �ÅÒ×ÏÏÂÒÁÚÎÙÊ ËÏÒÅÎØÓÔÅ�ÅÎÉ p ÉÚ 1. ëÁË �ÏËÁÚÁÌÉ íÁËËÅÎÚÉ É õÜ�ÌÓ [5℄, ÌÀÂÏÅ �ÉËÌÉÞÅ-ÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ L=K ÓÔÅ�ÅÎÉ p Ó s = s(L=K) < pe=(p − 1) ÚÁÄÁ£ÔÓÑ�ÒÉÓÏÅÄÉÎÅÎÉÅÍ Ë K ËÏÒÎÑ ÍÎÏÇÏÞÌÅÎÁ áÒÔÉÎÁ{ûÒÁÊÅÒÁ Xp−X − a,ÇÄÅ vK(a) = −s. éÚÑÝÎÏÅ É ËÏÍ�ÁËÔÎÏÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÜÔÏÇÏ ÆÁË-ÔÁ, ÉÓ�ÏÌØÚÕÀÝÅÅ ÆÏÒÍÁÌØÎÙÅ ÇÒÕ��Ù ìÀÂÉÎÁ{�ÜÊÔÁ, �ÒÉÎÁÄÌÅÖÉÔó. ÷. ÷ÏÓÔÏËÏ×Õ [1℄.ïËÁÚÙ×ÁÅÔÓÑ, ÞÔÏ �ÒÉ n > 1, ËÒÏÍÅ ÓÌÕÞÁÑ ÈÁÒÁËÔÅÒÉÓÔÉËÉ p, ÉÌÉÓÌÕÞÁÑ �pn ∈ K, ÎÅ ËÁÖÄÏÅ �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ L1=K ÓÔÅ�ÅÎÉ pÍÏÖÅÔ ÂÙÔØ ×ÌÏÖÅÎÏ × �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ L=K ÓÔÅ�ÅÎÉ pn. ëÁËÄÏËÁÚÁÌ íÉËÉ [4℄, �ÒÉ �p ∈ K É L1 = K(x), xp = a ∈ K, ÓÕÝÅÓÔ×Ï×ÁÎÉÅL=K ÒÁ×ÎÏÓÉÌØÎÏ ÔÏÍÕ, ÞÔÏ a ∈ Mn;K = NKn=KK∗n · (K∗)p.íÏÖÎÏ �ÏËÁÚÁÔØ (ÓÍ. [6, §3℄), ÞÔÏ ÉÚ vK(u−1) > e ÓÌÅÄÕÅÔ u ∈ M2;K .ðÏ ÔÅÏÒÅÍÅ íÉËÉ �ÏÌÕÞÁÅÍ, ÞÔÏ ÒÁÓÛÉÒÅÎÉÅ L1=K (× ÔÏÍ ÞÉÓÌÅ É �ÒÉëÌÀÞÅ×ÙÅ ÓÌÏ×Á: �ÏÌÎÏÅ ÄÉÓËÒÅÔÎÏ ÎÏÒÍÉÒÏ×ÁÎÎÏÅ �ÏÌÅ, �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉ-ÒÅÎÉÅ, ×ÅÔ×ÌÅÎÉÅ, ÓËÁÞÏË ×ÅÔ×ÌÅÎÉÑ. 52



ðïó�òïåîéå ãéëìéþåóëïçï òáóûéòåîéñ ó�åðåîé p2 53�p =∈ K) ÓÏ ÓËÁÞËÏÍ ×ÅÔ×ÌÅÎÉÑ s(L1=K) < e=(p − 1) ÍÏÖÅÔ ÂÙÔØ �Ï-ÇÒÕÖÅÎÏ × ÎÅËÏÔÏÒÏÅ �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ L2=K. ãÅÌØ ÎÁÓÔÏÑÝÅÊÒÁÂÏÔÙ ÚÁËÌÀÞÁÅÔÓÑ × Ñ×ÎÏÍ �ÏÓÔÒÏÅÎÉÉ ÔÁËÏÇÏ L2=K.ëÁË ÂÙÌÏ �ÒÏÄÅÍÏÎÓÔÒÉÒÏ×ÁÎÏ × [6, §3℄, ÅÓÌÉ ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÓËÏÌØËÏÂÏÌÅÅ ÓÉÌØÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï s(L1=K) < pe=(p2 − 1) É L1=K ÚÁÄÁÎÏ �ÒÉ-ÓÏÅÄÉÎÅÎÉÅÍ ËÏÒÎÑ ÍÎÏÇÏÞÌÅÎÁ Xp −X − a, ÒÁÓÛÉÒÅÎÉÅ L2=K ÍÏÖÎÏÚÁÄÁÔØ ÕÒÁ×ÎÅÎÉÑÍÉ, ÉÄÅÎÔÉÞÎÙÍÉ ÕÒÁ×ÎÅÎÉÑÍ × ÈÁÒÁËÔÅÒÉÓÔÉËÅ pÄÌÑ ÒÁÓÛÉÒÅÎÉÑ, ÚÁÄÁ×ÁÅÍÏÇÏ ×ÅËÔÏÒÏÍ ÷ÉÔÔÁ (a; 0). á ÉÍÅÎÎÏ, �ÕÓÔØL2 = K(x0; x1), ÇÄÅxp0 − x0 = a;xp1 − x1 = −p−1((a+ x0)p − ap − xp0):�ÏÇÄÁ L2=K { �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ ÓÔÅ�ÅÎÉ p2, ÓÏÄÅÒÖÁÝÅÅ L1=K.÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ ÍÏÄÉÆÉ�ÉÒÕÅÍ ÜÔÉ ÕÒÁ×ÎÅÎÉÑ ÔÁË, ÞÔÏÂÙ ÓÎÑÔØÏÇÒÁÎÉÞÅÎÉÅ s(L1=K) < pe=(p2 − 1).ðÏÌÕÞÅÎÎÏÅ ÒÁÓÛÉÒÅÎÉÅ L2=K ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË ÚÁÄÁ×Á-ÅÍÏÅ \×ÅËÔÏÒÏÍ" (a; 0) × ÎÅËÏÔÏÒÏÊ ÇÉ�ÏÔÅÔÉÞÅÓËÏÊ \ÔÅÏÒÉÉ ÷ÉÔÔÁ× ÈÁÒÁËÔÅÒÉÓÔÉËÅ 0", ËÏÔÏÒÁÑ �ÒÅ×ÒÁÝÁÅÔÓÑ × ËÌÁÓÓÉÞÅÓËÕÀ ÔÅÏÒÉÀ×ÅËÔÏÒÏ× ÷ÉÔÔÁ �ÒÉ e → ∞.ïÔÍÅÔÉÍ ÅÝ£, ÞÔÏ × [6, §4℄ ÄÌÑ ÓÌÕÞÁÑ ÁÂÓÏÌÀÔÎÏ ÎÅÒÁÚ×ÅÔ×Ì£Î-ÎÏÇÏ �ÏÌÑ K ÂÙÌÏ �ÏÓÔÒÏÅÎÏ ÓÅÍÅÊÓÔ×Ï �ÉËÌÉÞÅÓËÉÈ p-ÒÁÓÛÉÒÅÎÉÊ,ÄÁÀÝÉÈ × ËÏÍ�ÏÚÉÔÅ ÍÁËÓÉÍÁÌØÎÏÅ ÁÂÅÌÅ×Ï p-ÒÁÓÛÉÒÅÎÉÅ K; ÜÔÏ ÓÅ-ÍÅÊÓÔ×Ï ÔÁËÖÅ ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË ÁÎÁÌÏÇ ÒÁÓÛÉÒÅÎÉÊ × �ÒÏ-ÓÔÏÊ ÈÁÒÁËÔÅÒÉÓÔÉËÅ, ÚÁÄÁ×ÁÅÍÙÈ ×ÓÅ×ÏÚÍÏÖÎÙÍÉ ×ÅËÔÏÒÁÍÉ ÷ÉÔÔÁ×ÉÄÁ (a; 0; : : : ; 0). ÷ ÎÅÑ×ÎÏÍ (ËÏÇÏÍÏÌÏÇÉÞÅÓËÏÍ) ×ÉÄÅ ÔÅÏÒÉÑ ×ÅËÔÏ-ÒÏ× ÷ÉÔÔÁ ÄÌÑ ÔÁËÉÈ �ÏÌÅÊ K ÓÏÄÅÒÖÉÔÓÑ × ÒÁÂÏÔÅ ëÕÒÉÈÁÒÙ [2℄, ÓÍ.ÔÁËÖÅ ÏÂÚÏÒ [3℄.
§1. ïÂÏÚÎÁÞÅÎÉÑ É �ÒÅÄ×ÁÒÉÔÅÌØÎÙÅ Ó×ÅÄÅÎÉÑäÌÑ �ÏÌÎÏÇÏ ÄÉÓËÒÅÔÎÏ ÎÏÒÍÉÒÏ×ÁÎÎÏÇÏ �ÏÌÑ K ÈÁÒÁËÔÅÒÉÓÔÉËÉ 0Ó �ÏÌÅÍ ×ÙÞÅÔÏ× ÈÁÒÁËÔÅÒÉÓÔÉËÉ p > 0:
• K { �ÏÌÎÏÅ ÄÉÓËÒÅÔÎÏ ÎÏÒÍÉÒÏ×ÁÎÎÏÅ �ÏÌÅ;
• vK { ÄÉÓËÒÅÔÎÏÅ ÎÏÒÍÉÒÏ×ÁÎÉÅ ÎÁ K;
• OK { ËÏÌØ�Ï �ÅÌÙÈ �ÏÌÑ K;
• MK { ÍÁËÓÉÍÁÌØÎÙÊ ÉÄÅÁÌ ËÏÌØ�Á OK ;
• K { �ÏÌÅ ×ÙÞÅÔÏ× �ÏÌÑ K;
• eK = vK(p);
• �K = � { �ÒÏÓÔÏÊ ÜÌÅÍÅÎÔ �ÏÌÑ K,
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• pK(i) = p(i) = {� ∈ K | vK(�) > i}, i > 1;
• o(�) = oK(�) ∈ {� ∈ K | vK(�) > vK(�)}, � ∈ K;
• �p { �ÅÒ×ÏÏÂÒÁÚÎÙÊ ËÏÒÅÎØ ÓÔÅ�ÅÎÉ p ÉÚ 1 × ÁÌÇÅÂÒÁÉÞÅÓËÏÍÚÁÍÙËÁÎÉÉ K.÷ �ÒÅÄÅÌÁÈ ÏÄÎÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ ÚÎÁÞÅÎÉÑ ÎÏÒÍÉÒÏ×ÁÎÉÑ ×ÙÞÉÓÌÑ-ÀÔÓÑ ÄÌÑ ÏÄÎÏÇÏ É ÔÏÇÏ ÖÅ �ÏÌÑ, É ÍÙ ÞÁÓÔÏ Ï�ÕÓËÁÅÍ ÉÎÄÅËÓÙ Õ vKÉ eK .äÌÑ �ÉËÌÉÞÅÓËÏÇÏ ÒÁÓÛÉÒÅÎÉÑ L=K ÓÔÅ�ÅÎÉ p ÞÅÒÅÚ s(L=K) ÏÂÏÚÎÁ-ÞÁÅÔÓÑ ÅÇÏ ÅÄÉÎÓÔ×ÅÎÎÙÊ ÓËÁÞÏË ×ÅÔ×ÌÅÎÉÑ; ÉÍÅÅÍs(L=K) = vL(��L=�L − 1);ÇÄÅ � { ÌÀÂÏÊ ÎÅÅÄÉÎÉÞÎÙÊ ÜÌÅÍÅÎÔ Gal(L=K).ðÒÉ×ÅÄÅÍ ÆÏÒÍÕÌÉÒÏ×ËÕ ÌÅÍÍÙ 1.1 ÉÚ [8℄.ìÅÍÍÁ 1.1. ðÕÓÔØ K { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ ÎÕÌÅ×ÏÊ ÈÁÒÁËÔÅÒÉÓÔÉËÉ,�p ∈ K, L=K { �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ ÓÔÅ�ÅÎÉ pi, M = L( p√a),a ∈ L∗. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ � �ÏÒÏÖÄÁÀÝÉÊ ÜÌÅÍÅÎÔ ÇÒÕ��Ù Gal(L=K).(1) M=K ÁÂÅÌÅ×Ï, ÅÓÌÉ É ÔÏÌØËÏ ÅÓÌÉ a�−1 ∈ (L∗)p:(2) ðÕÓÔØ a�−1 = bp, b ∈ L∗. �ÏÇÄÁ M=K �ÉËÌÉÞÅÓËÏÅ, ÅÓÌÉ ÉÔÏÌØËÏ ÅÓÌÉ NL=K(b) 6= 1.

§2. òÅÚÕÌØÔÁÔ�ÅÏÒÅÍÁ 2.1. ðÕÓÔØ a ∈ K, − ep−1 < v(a) 6 0. ðÕÓÔØ M = K(x0; x1),ÇÄÅ xp0 − x0 = a;xp1 − x1 = ∞∑n=0�n;�n = 



−
p−1∑i=1((pi)p )ap−ixi0; n = 0;p−1∑i=1((p2i )p )pxp(p2−i)+10 ; n = 1;ppn+pn−1+···+pxpn+2−p+10 ; n > 2:�ÏÇÄÁ, ÅÓÌÉ x0 =∈ K, ÔÏ M=K { �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ ÓÔÅ�Å-ÎÉ p2.



ðïó�òïåîéå ãéëìéþåóëïçï òáóûéòåîéñ ó�åðåîé p2 55äÏËÁÚÁÔÅÌØÓÔ×Ï. îÅ ÕÍÁÌÑÑ ÏÂÝÎÏÓÔÉ, ÍÏÖÎÏ ÓÞÉÔÁÔØ �p ∈ K. �Ï-ÇÄÁ K ÓÏÄÅÒÖÉÔ ÜÌÅÍÅÎÔ �0 ÔÁËÏÊ, ÞÔÏ �p−10 = −p.ïÂÏÚÎÁÞÉÍ y1 = �0x1, L = K(x0), � = ∞∑n=1�n. �ÏÇÄÁ M = L(y1), Éyp1 + py1 = b; b = �0(xp20 − ap − xp0) + �p0�: (1)ðÕÓÔØ � { �ÏÒÏÖÄÁÀÝÉÊ ÜÌÅÍÅÎÔ ÇÒÕ��Ù Gal(L=K), u = x�0 − x0,v(u) = 0. �ÏÇÄÁb� = �0((x�0 )p2 − ap − (x�0 )p) + �p0��= �0((x0 + u)p2 − ap − (x0 + u)p) + �p0��= �0( p2∑i=0 (p2i )xp2−i0 ui − ap − p∑i=0 (pi)xp−i0 ui) + �p0�� :÷ �ÏÓÌÅÄÕÀÝÉÈ ×ÙÞÉÓÌÅÎÉÑÈ, ÓÏÇÌÁÓÎÏ ÔÅÏÒÉÉ ëÕÍÍÅÒÁ, ÍÙ ÍÏ-ÖÅÍ ÎÅ ÕÞÉÔÙ×ÁÔØ ÓÌÁÇÁÅÍÙÅ �ÒÁ×ÏÊ ÞÁÓÔÉ (1), �ÒÉÎÁÄÌÅÖÁÝÉÅ ÉÄÅÁÌÕ
pK( pep−1 + 1).äÌÑ p ∤ i ×Ù�ÏÌÎÑÅÔÓÑ v((p2i )) = 2e. éÚ (p2pi) ≡

(pi) mod p(2e) Év(�0xpi0 up2−pi) > ep− 1 + pi · −ep(p− 1) >
ep− 1 − eÓÌÅÄÕÅÔ�0(p2pi)xpi0 up2−pi ≡ �0(pi)xpi0 up2−pi mod p(2e+ v(�0xpi0 up2−pi))

≡ �0(pi)xpi0 up2−pi mod p
( pep−1 + 1):
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( pep−1 + 1) ×Ù�ÏÌÎÑÅÔÓÑ ÓÒÁ×ÎÅÎÉÅb� ≡ �0( p∑i=0 (pi)xp2−pi0 upi +p2−1∑p∤ii=1 (p2i )xp2−i0 ui − ap − p∑i=0 (pi)xp−i0 ui)+ �p0��= �0(xp20 − ap − xp0) + �p0�+ �0(p−1∑i=1 (pi)(xp2−pi0 upi− xp−i0 ui) +p2−1∑p∤ii=1 (p2i )xp2−i0 ui)+ �0(up2− up) + �p0(�� −�)= b+ p−1∑i=1 (pi)p [p℄G(−�0xp−i0 ui)+ �0 p2−1∑p∤ii=1 (p2i )xp2−i0 ui + �0(up2 − up) + �p0(�� −�):úÄÅÓØ [p℄G = pX + Xp { ÍÎÏÇÏÞÌÅÎ, ÚÁÄÁÀÝÉÊ ÕÍÎÏÖÅÎÉÅ ÎÁ p ×ÆÏÒÍÁÌØÎÏÊ ÇÒÕ��Å ìÀÂÉÎÁ{�ÜÊÔÁ Ó ÚÁËÏÎÏÍ ÓÌÏÖÅÎÉÑG(X;Y ) = X + Y + (pp − p)−1 p−1∑i=1 (pi)X iY p−i + : : :ðÏÌÏÖÉÍ y = �0x0; ÔÏÇÄÁ yp+py = b. ÷ ÆÏÒÍÁÌØÎÏÍ ÍÏÄÕÌÅ G(ML)ÉÍÅÅÍ y� = y +G w, ÇÄÅ [p℄(w) = 0 É w 6= 0; ÍÏÖÎÏ ÓÞÉÔÁÔØ w = �0.�ÁËÉÍ ÏÂÒÁÚÏÍ,y� = y + �0 + (pp−1 − 1)−1yp−1�0 + : : :òÁÚÄÅÌÉ× ÎÁ �0, ÞÔÏÂÙ �ÅÒÅÊÔÉ ÏÂÒÁÔÎÏ Ë ËÏÒÎÀ ÕÒÁ×ÎÅÎÉÑ áÒÔÉÎÁ{ûÒÁÊÅÒÁ, �ÏÌÕÞÁÅÍx�0 = x0 + 1+ (pp−1 − 1)−1xp−10 �p−10 + : : : ;ÏÔËÕÄÁ u = x�0 − x0 = 1 + (pp−1 − 1)−1xp−10 �p−10 + : : : : (2)



ðïó�òïåîéå ãéëìéþåóëïçï òáóûéòåîéñ ó�åðåîé p2 57óÌÅÄÏ×ÁÔÅÌØÎÏ, v(u − 1) = (p− 1)v(x0) + e > e − ep , v(up − 1) > 2e− epÉ v(up2 − 1) > 3e− ep . üÔÏ ÄÁ£Ô ÎÁÍ�0(up2 − up) ≡ 0 mod p
( pep−1 + 1): (3)�ÁË ËÁË �1 = p−1∑i=1((p2i )p )pxp(p2−i)+10 ;ÔÏ �p0(��1 −�1) = �p0 p−1∑i=1((p2i )p )p((x0 + u)p(p2−i)+1 − xp(p2−i)+10 )= �p0 p−1∑i=1((p2i )p )p p(p2−i)+1∑k=1 (p(p2−i)+1k )xp(p2−i)+1−k0 uk:õÞÉÔÙ×ÁÑ, ÞÔÏ �ÒÉ k > 2 ×ÅÒÎÏ (p(p2−i)+1k )...p, ÕÂÅÄÉÍÓÑ, ÞÔÏ ÓÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÉÅ ÓÌÁÇÁÅÍÙÅ �ÒÉÎÁÄÌÅÖÁÔ ÉÄÅÁÌÕ p

( pep−1 + 1). éÍÅÅÍv(�p0((p2i )p )p(p(p2−i)+1k )xp(p2−i)+1−k0 uk) > pep−1 + ep(p− 1) > pep−1 :óÌÅÄÏ×ÁÔÅÌØÎÏ, �Ï ÍÏÄÕÌÀ ÉÄÅÁÌÁ p
( pep−1 + 1) ×Ù�ÏÌÎÑÅÔÓÑ ÓÒÁ×ÎÅÎÉÅ�p0(��1 −�1) ≡ �p0 p−1∑i=1((p2i )p )p(p(p2−i)+11 )xp(p2−i)0 u= �p0 p−1∑i=1((p2i )p )pxp(p2−i)0 u+ �p0 p−1∑i=1((p2i )p )pp(p2 − i)xp(p2−i)0 u:�ÁË ËÁË �ÒÉ i > 1v(�p0((p2i )p )pp(p2 − i)xp(p2−i)0 u) > pep−1 + pe+ e− p(p2 − 1)ep(p− 1) = pep−1 ;
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( pep−1 + 1) ×Ù�ÏÌÎÑÅÔÓÑ ÓÒÁ×ÎÅÎÉÅ�p0(��1 −�1) ≡ �p0 p−1∑i=1((p2i )p )pxp(p2−i)0+ �p0 p−1∑i=1((p2i )p )pxp(p2−i)0 (pp−1 − 1)−1�p−10 xp−10 :�ÁË ËÁË ÄÌÑ i > 1v(�p0((p2i )p )pxp(p2−i)0 (1− upi)) = pep−1 + e− ep > pep−1 ;ÔÏ�p0 p−1∑i=1((p2i )p )pxp(p2−i)0 ≡ �p0 p−1∑i=1((p2i )p )pxp(p2−i)0 upi mod p

( pep−1 + 1):(4)ðÏÓËÏÌØËÕ(pp−1 − 1)−1 = − 1
−pp−1 + 1 = −1 + pp−1 − p2p−2 + : : : ; (5)É v(((p2i )p )pxp(p2−i)0 pp−1�p−10 xp−10 ) > pep−1 + (p3 − 2p2 + 1)ep(p− 1) > pep−1 ;ÔÏ �Ï ÍÏÄÕÌÀ ÉÄÅÁÌÁ p

( pep−1 + 1)�p0 p−1∑i=1((p2i )p )pxp(p2−i)0 (pp−1 − 1)−1�p−10 xp−10
≡ −�p0 p−1∑i=1((p2i )p )pxp(p2−i)0 �p−10 xp−10 : (6)



ðïó�òïåîéå ãéëìéþåóëïçï òáóûéòåîéñ ó�åðåîé p2 59�ÁËÉÍ ÏÂÒÁÚÏÍ, ÎÁ �ÅÒ×ÏÍ ÛÁÇÅ, × ÓÉÌÕ (2), (4) É (6) �Ï ÍÏÄÕÌÀÉÄÅÁÌÁ p
( pep−1 + 1) ×Ù�ÏÌÎÑÅÔÓÑ ÓÒÁ×ÎÅÎÉÅb� ≡ b+ p−1∑i=1 (pi)p [p℄G(−�0xp−i0 ui) + p · �0 p2−1∑p∤ii=1 (p2i )p xp2−i0 ui+ �p0 p−1∑i=1((p2i )p )pxp(p2−i)0 upi
− �p0 p−1∑i=1((p2i )p )pxp(p2−i)0 �p−10 xp−10 + �p0 N∑n=2(��n −�n)

≡ b+ p−1∑i=1 (pi)p [p℄G(−�0xp−i0 ui) + p2−1∑p∤ii=1 [p℄G(�0p (p2i )xp2−i0 ui)
− �2p−10 p−1∑i=1((p2i )p )pxp(p2−i)+p−10 + �p0 N∑n=2(��n −�n):ðÏÓËÏÌØËÕ �ÒÉ i > 2 ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ïv(�2p−10 ((p2i )p )pxp(p2−i)+p−10 ) > pep−1 + ep(p− 1) > pep−1 ;ÔÏ �Ï ÍÏÄÕÌÀ ÉÄÅÁÌÁ p

( pep−1 + 1) ×Ù�ÏÌÎÅÎÏb� ≡ b+ p−1∑i=1 (pi)p [p℄G(−�0xp−i0 ui) + p2−1∑p∤ii=1 [p℄G(�0p (p2i )xp2−i0 ui)
− �2p−10 ppxp3−10 + �p0 N∑n=2(��n −�n)= b+ p−1∑i=1 (pi)p [p℄G(−�0xp−i0 ui) + p2−1∑p∤ii=1 [p℄G(�0p (p2i )xp2−i0 ui)+ �p2+p−10 xp3−10 + �p0 N∑n=2(��n −�n):



60 é. öõëï÷, å. ìùóåîëïïÂÏÚÎÁÞÉÍ Æ1 = �p2+p−10 xp3−10 ;ÔÏÇÄÁ v(Æ1) > pep−1 − ep :ìÅÇËÏ ÕÂÅÄÉÔØÓÑ, ÞÔÏ �ÒÉ n > 2�n = −�pn+1−p0 xp(pn+1−1)+10 :ðÒÉ n > 2 ÒÁÓÓÍÏÔÒÉÍ ×ÙÒÁÖÅÎÉÅ�p0(��n −�n) = −�pn+10 ((x�0 )p(pn+1−1)+1 − xp(pn+1−1)+10 )= −�pn+10 ((x0 + u)p(pn+1−1)+1 − xp(pn+1−1)+10 )= −�pn+10 (p(pn+1−1)+11 )xp(pn+1−1)0 u
− �pn+10 p(pn+1−1)+1∑k=2 (p(pn+1−1)+1k )xp(pn+1−1)+1−k0 uk:õÞÉÔÙ×ÁÑ, ÞÔÏ p |
(p(pn+1−1)+1k ) �ÒÉ k > 2, Ï�ÅÎÉÍ ÎÏÒÍÉÒÏ×ÁÎÉÅ ÓÕÍ-ÍÙ ÉÚ �ÒÁ×ÏÊ ÞÁÓÔÉ �ÏÓÌÅÄÎÅÇÏ ÒÁ×ÅÎÓÔ×Á:v(�pn+10 p(pn+1−1)+1∑k=2 (p(pn+1−1)+1k )xp(pn+1−1)+1−k0 uk)> pep−1 + ep(p− 1) > pep−1 :óÌÅÄÏ×ÁÔÅÌØÎÏ,�p0(��n −�n)≡−�pn+10 xp(pn+1−1)0 u=−�pn+10 xp(pn+1−1)0 −�pn+10 xp(pn+1−1)0 (pp−1 − 1)−1�p−10 xp−10

≡−�pn+10 xp(pn+1−1)0 −�pn+1+p−10 (pp−1− 1)−1xp(pn+1−1)+p−10 :÷ ÓÉÌÕ (5) É ÎÅÒÁ×ÅÎÓÔ×Áv(�pn+1+p−10 pp−1xp(pn+1−1)+p−10 ) > pep−1 + ep− 1 > pep−1�ÏÌÕÞÁÅÍ ÓÒÁ×ÎÅÎÉÅ�p0(��n −�n) ≡ −�pn+10 xp(pn+1−1)0 + Æn mod p
( pep−1 + 1); (7)



ðïó�òïåîéå ãéëìéþåóëïçï òáóûéòåîéñ ó�åðåîé p2 61ÇÄÅ Æn = �pn+1+p−10 xpn+2−10 : (8)óÌÅÄÏ×ÁÔÅÌØÎÏ, ÄÌÑ N > 2Æ1 + �p0 N∑n=2(��n −�n) = N−1∑n=1 [p℄G(−�pn+10 xpn+2−10 ) + ÆN : (9)÷ÙÞÉÓÌÉÍ ÎÏÒÍÉÒÏ×ÁÎÉÅ Æn:v(�pn+1+p−10 xpn+2−10 ) > pep− 1 + −(p− 1)e+ pn+2 − 1p(p− 1) :éÚ �ÏÓÌÅÄÎÅÇÏ ÒÁ×ÅÎÓÔ×Á ×ÉÄÎÏ, ÞÔÏ �ÒÉ n, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÍ ÕÓÌÏ×ÉÀn > N , e 6 pN , ×Ù�ÏÌÎÑÅÔÓÑÆn = �pn+1+p−10 xpn+2−10 ∈ p
( pep−1 + 1):óÌÅÄÏ×ÁÔÅÌØÎÏ, × ÓÉÌÕ (3) É (9) �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÅÅ ÓÒÁ×ÎÅÎÉÅb� ≡ b+ p−1∑i=1 (pi)p [p℄G(−�0xi0up−i) (10)+ p2−1∑p∤ii=1 [p℄G(�0p (p2i )xp2−i0 u) (11)+ N−1∑i=1 [p℄G(−�pi+10 xpi+2−10 ) mod p

( pep−1 + 1): (12)òÁÓÓÍÏÔÒÉÍ ÓÌÁÇÁÅÍÏÅ (10). �ÁË ËÁË
(pi)p [p℄G(−�0xi0up−i)= [p℄G(

−
(pi)p �0xi0up−i)+(((p2i )p )p

−
(p2i )p )

· (�0xi0up−i)p;É v((((p2i )p )p
−

(p2i )p )
· (�0xi0up−i)p) > pep−1 ;ÔÏp−1∑i=1 (pi)p [p℄G(−�0xi0up−i) ≡ p−1∑i=1 [p℄G(
−

(pi)p �0xi0up−i) mod p
( pep−1 + 1):



62 é. öõëï÷, å. ìùóåîëïðÏÓËÏÌØËÕp−1∑i=1[p℄G(
i) = p p−1∑i=1 
i +(p−1∑i=1 
i)p
−

(p−1∑i=1 
i)p + p−1∑i=1 
pi= [p℄G(p−1∑i=1 
i) −
(p−1∑i=1 
i)p + p−1∑i=1 
pi ;É × ÓÕÍÍÅ −(p−1∑i=1 
i)p+p−1∑i=1 
pi ÓÌÁÇÁÅÍÙÍ Ó ÎÁÉÍÅÎØÛÉÍ ÎÏÒÍÉÒÏ×ÁÎÉÅÍÑ×ÌÑÅÔÓÑ p
p−1i 
j , ÔÏ, ÕÞÉÔÙ×ÁÑ ÎÅÒÁ×ÅÎÓÔ×Ïv(p · (−

(pi)p �0xi0up−i)p−1
·
(
−

(pj)p �0xj0up−j)) > pep−1 ;ÚÁËÌÀÞÁÅÍ, ÞÔÏp−1∑i=1 (pi)p [p℄G(−�0xi0up−i) ≡ [p℄G(
−

p−1∑i=1 (pi)p �0xi0up−i) mod p
( pep−1 + 1):òÁÓÓÍÏÔÒÉÍ ÓÌÁÇÁÅÍÏÅ (11).p2−1∑p∤ii=1 [p℄G(�0p (p2i )xp2−i0 u) = [p℄G(p2−1∑p∤ii=1 �0p (p2i )xp2−i0 u)+ p2−1∑p∤ii=1 �p0pp (p2i )pxp(p2−i)0 up

−
(p2−1∑p∤ii=1 �0p (p2i )xp2−i0 u)p

≡ [p℄G(p2−1∑p∤ii=1 �0p (p2i )xp2−i0 u) mod p
( pep−1 + 1);



ðïó�òïåîéå ãéëìéþåóëïçï òáóûéòåîéñ ó�åðåîé p2 63ÔÁË ËÁË v(p2−1∑p∤ii=1 �p0pp (p2i )pxp(p2−i)0 up − (p2−1∑p∤ii=1 �0p (p2i )xp2−i0 u)p)= v(p(�0p (p2i )xp2−i0 u)p−1 �0p (p2j )xp2−j0 u) > pep−1 :òÁÓÍÏÔÒÉÍ ÓÌÁÇÁÅÍÏÅ (12). ðÏÌÁÇÁÑ Ai = −�pi+10 xpi+2−10 , ÉÍÅÅÍN−1∑i=1 [p℄G(Ai) = [p℄G(N−1∑i=1 Ai) −
N−1∑i=1 �pi+20 xpi+3−p0 +(N−1∑i=1 Ai)p

≡ [p℄G(N−1∑i=1 Ai) mod p
( pep−1 + 1);ÔÁË ËÁËv(N−1∑i=1 �pi+20 xpi+3−p0 −

(N−1∑i=1 Ai)p) = v(p(�pN0 xpN+1
−10 )p−1�pN0 xpN+1

−10 )> e+ p( pNep− 1 − (pN+1 − 1)ep(p− 1) ) = pep−1 :�ÁËÉÍ ÏÂÒÁÚÏÍ, �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÅÅ ÓÒÁ×ÎÅÎÉÅ �Ï ÍÏÄÕÌÀ ÉÄÅÁÌÁ
p
( pep−1 + 1):b� ≡ b+ [p℄G(

−
p−1∑i=1 (pi)p �0xi0up−i)+ [p℄G(p2−1∑p∤ii=1 �0p (p2i )xp2−i0 u)+ [p℄G(N−1∑i=1 Ai)= b+ [p℄G(

−
p−1∑i=1 (pi)p �0xi0up−i + p2−1∑p∤ii=1 �0p (p2i )xp2−i0 u+ N−1∑i=1 Ai) + d;ÇÄÅ v(d) = v(p(�pN+10 xpN+2

−10 )p−1 �0p (p21 )xp2−10 u) > pep−1 :



64 é. öõëï÷, å. ìùóåîëïóÌÅÄÏ×ÁÔÅÌØÎÏ, b� ≡ b+ [p℄G(
) mod p
( pep−1 + 1);ÇÄÅ 
 = −

p−1∑i=1 (pi)p �0xi0up−i + p2−1∑p∤ii=1 �0p (p2i )xp2−i0 u−
N−1∑i=1 �pi+10 xpi+2−10 :úÁÍÅÔÉÍ, ÞÔÏ b+G 
̂ = b+ 
̂+Gp(b; 
̂) + : : : ;Gp(b; 
̂) = (pp − p)−1 p−1∑i=1 (pi)bi
̂p−i; (13)v(b) = pep−1 + (p2 − p+ 1)v(x0) > pep−1 + (p2 − p+ 1)(−e)p(p− 1) ; (14)v([p℄G(
)) = v(p
)= min{v(p�0xp−10 ); v(p2�0xp2−10 ); v(p�pN0 xpN+1

−10 )}: (15)ðÏÓËÏÌØËÕv(p�0xp−10 ) > pep−1 + 1−ep ; v(p2�0xp2−10 ) > pep−1 + −ep+e+p2−1p(p−1) ;v(p�pN0 xpN+1
−10 ) > pep−1 + pN+1

−1−(p−1)ep(p−1) ;É �ÒÉ ×ÓÅÈ N , ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÕÓÌÏ×ÉÀ pN > e, ×ÅÒÎÏpN+1 − 1− (p− 1)e > 0;ÔÏ v([p℄G(
)) > pep−1 + 1−ep :óÌÅÄÏ×ÁÔÅÌØÎÏ,v(Gp(b; [p℄G(
))) = (p− 1)v(b) + v([p℄G(
)) > pep−1 : (16)õÞÉÔÙ×ÁÑ (13), (14), (15) É (16), �ÏÌÕÞÁÅÍ ÓÒÁ×ÎÅÎÉÅb� ≡ b+G [p℄G(
) mod p
( pep−1 + 1):



ðïó�òïåîéå ãéëìéþåóëïçï òáóûéòåîéñ ó�åðåîé p2 65ðÅÒÅÈÏÄÑ Ë ÍÕÌØÔÉ�ÌÉËÁÔÉ×ÎÏÊ ÇÒÕ��Å É, �ÒÉÍÅÎÑÑ ÌÅÍÍÕ 1.1, �Ï-ÌÕÞÁÅÍ, ÞÔÏ ÒÁÓÛÉÒÅÎÉÅ M=K ÁÂÅÌÅ×Ï.ïÓÔÁÅÔÓÑ ÄÏËÁÚÁÔØ, ÞÔÏ M=K Ñ×ÌÑÅÔÓÑ �ÉËÌÉÞÅÓËÉÍ. ðÒÅÄ�ÏÌÏÖÉÍ�ÒÏÔÉ×ÎÏÅ. ðÕÓÔØ K1=K { �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ, ÚÁÄÁÎÎÏÅ ÕÒÁ×ÎÅ-ÎÉÅÍ xp0 − x0 = a, K2=K { �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ, ÚÁÄÁÎÎÏÅ ÕÒÁ×-ÎÅÎÉÅÍ áÒÔÉÎÁ-ûÒÁÊÅÒÁ xp − x = ã ÔÁËÏÅ, ÞÔÏ M=K1 = K2K1=K1 Ép ∤ vK(ã).óÏÇÌÁÓÎÏ ÌÅÍÍÅ 3.3.1 ÉÚ [7℄, ÉÍÅÅÍs(K2K1=K1)= 




−vK(a); ÅÓÌÉ − vK(a) = −vK(ã);
−vK(a) + p(−vK(ã) + vK(a)); ÅÓÌÉ − vK(a) < −vK(ã);
−vK(ã); ÅÓÌÉ − vK(a) > −vK(ã):íÙ ÚÎÁÅÍ ÓËÁÞÏË ÒÁÓÛÉÒÅÎÉÑ M=K1:s(M=K1) = −vK1(ap−1x0) = −(p− 1)vK1(a)− vK1(x0)= −(p− 1)pvK(a)− vK(a) = −(p2 − p+ 1)vK(a):�ÁËÉÍ ÏÂÒÁÚÏÍ, �ÅÒ×ÙÊ ÓÌÕÞÁÊ, ÏÞÅ×ÉÄÎÏ, ÎÅ×ÏÚÍÏÖÅÎ.òÁÓÓÍÏÔÒÉÍ ÓÌÕÞÁÊ −vK(a) < −vK(ã). �ÏÇÄÁs(K2K1=K1) = s(M=K1);
−vK(a) + p(−vK(ã) + vK(a)) = −(p2 − p+ 1)vK(a);vK(ã) = pvK(a);ÞÔÏ �ÒÏÔÉ×ÏÒÅÞÉÔ ÔÏÍÕ, ÞÔÏ p ∤ vK(ã).åÓÌÉ −vK(a) > −vK(ã), ÔÏ

−vK(ã) = −(p2 − p+ 1)vK(a) > −vK(a);ÞÔÏ ÎÅ×ÏÚÍÏÖÎÏ.�ÁËÉÍ ÏÂÒÁÚÏÍ, M=K { �ÉËÌÉÞÅÓËÏÅ ÒÁÓÛÉÒÅÎÉÅ ÓÔÅ�ÅÎÉ p2.ìÉÔÅÒÁÔÕÒÁ1. I. B. Fesenko, S. V. Vostokov, Lo
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