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§1. ÷×ÅÄÅÎÉÅòÁÓÓÍÏÔÒÉÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ X1; X2; : : :. ðÏ-ÌÏÖÉÍ Sn = n

∑k=1Xk ÄÌÑ n > 1. óÌÅÄÕÑ [3℄, ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÏÂÏÚÎÁ-ÞÅÎÉÅ 	 ÄÌÑ ÍÎÏÖÅÓÔ×Á ÆÕÎË�ÉÊ  (x), ÔÁËÉÈ ÞÔÏ ËÁÖÄÁÑ  (x) �Ï-ÌÏÖÉÔÅÌØÎÁ É ÎÅ ÕÂÙ×ÁÅÔ × ÏÂÌÁÓÔÉ x > x0 �ÒÉ ÎÅËÏÔÏÒÏÍ x0 É ÒÑÄ
∑ 1n (n) ÓÈÏÄÉÔÓÑ.÷ ÒÁÂÏÔÅ [2℄ ÷. ÷. ðÅÔÒÏ×ÙÍ ÂÙÌÏ ÎÁÊÄÅÎÏ ÄÏÓÔÁÔÏÞÎÏÅ ÕÓÌÏ×ÉÅ �ÒÉ-ÍÅÎÉÍÏÓÔÉ ÕÓÉÌÅÎÎÏÇÏ ÚÁËÏÎÁ ÂÏÌØÛÉÈ ÞÉÓÅÌ Ë �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÑÍÎÅÚÁ×ÉÓÉÍÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ Ó ËÏÎÅÞÎÙÍÉ ÄÉÓ�ÅÒÓÉÑÍÉ.�ÅÏÒÅÍÁ A ([2℄). ðÕÓÔØ {Xn}∞n=1 { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÚÁ×ÉÓÉ-ÍÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ Ó ËÏÎÅÞÎÙÍÉ ÄÉÓ�ÅÒÓÉÑÍÉ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÁÑÕÓÌÏ×ÉÀD (Sn) = O( n2 (n)) ÄÌÑ ÎÅËÏÔÏÒÏÊ ÆÕÎË�ÉÉ  ∈ 	: (1)�ÏÇÄÁ Sn −ESnn → 0 �.Î. (2)�ÁËÖÅ ÷. ÷. ðÅÔÒÏ×ÙÍ [5, 6℄ ÂÙÌÏ �ÏËÁÚÁÎÏ, ÞÔÏ �ÒÉ ××ÅÄÅÎÉÉ ÎÅ-ËÏÔÏÒÙÈ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈ �ÒÅÄ�ÏÌÏÖÅÎÉÊ ÕÓÌÏ×ÉÅ (1) Ñ×ÌÑÅÔÓÑ ÄÏÓÔÁ-ÔÏÞÎÙÍ ÄÌÑ (2) × ÏÔÓÕÔÓÔ×ÉÅ ËÁËÉÈ-ÌÉÂÏ �ÒÅÄ�ÏÌÏÖÅÎÉÊ Ï ÚÁ×ÉÓÉÍÏ-ÓÔÉ ÍÅÖÄÕ ÓÌÕÞÁÊÎÙÍÉ ×ÅÌÉÞÉÎÁÍÉ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÊ �ÏÓÌÅÄÏ×ÁÔÅÌØ-ÎÏÓÔÉ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÕÓÉÌÅÎÎÙÊ ÚÁËÏÎ ÂÏÌØÛÉÈ ÞÉÓÅÌ, ÓËÏÒÏÓÔØ ÓÈÏÄÉÍÏÓÔÉ ×õúâþ, ÔÅÏÒÅÍÁ âÁÕÍÁ{ëÁ�Á, ÚÁ×ÉÓÉÍÙÅ ÓÌÕÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ × ÒÁÍËÁÈ ÇÏÓÕÄÁÒÓÔ×ÅÎÎÏÇÏ ÚÁËÁÚÁ íÉÎÏÂÒÎÁÕËÉ òÏÓÓÉÉó.-ðÅÔÅÒÂÕÒÇÓËÏÍÕ ÇÏÓÕÄÁÒÓÔ×ÅÎÎÏÍÕ ÕÎÉ×ÅÒÓÉÔÅÔÕ ÁÜÒÏËÏÓÍÉÞÅÓËÏÇÏ �ÒÉÂÏÒÏ-ÓÔÒÏÅÎÉÑ, �ÒÏÅËÔÎÁÑ ÞÁÓÔØ. 183



184 ÷. í. ëïòþå÷óëéê�ÅÏÒÅÍÁ B ([5℄). ðÕÓÔØ {Xn}∞n=1 { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ�Á-ÔÅÌØÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ Ó ËÏÎÅÞÎÙÍÉ ÄÉÓ�ÅÒÓÉÑÍÉ. åÓÌÉ ×Ù�ÏÌ-ÎÅÎÙ ÕÓÌÏ×ÉÑ (1) ÉE (Sn−Sm) 6 C(n−m) ÄÌÑ ×ÓÅÈ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ n−m; (3)ÇÄÅ C { ÎÅËÏÔÏÒÁÑ �ÏÓÔÏÑÎÎÁÑ, ÔÏ ÉÍÅÅÔ ÍÅÓÔÏ ÓÏÏÔÎÏÛÅÎÉÅ (2).÷ ÒÁÂÏÔÅ [1℄ �ÏÌÕÞÅÎÏ ÓÌÅÄÕÀÝÅÅ ÏÂÏÂÝÅÎÉÅ ÔÅÏÒÅÍÙ B:�ÅÏÒÅÍÁ C ([1℄). ðÕÓÔØ {Xn}∞n=1 { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ�Á-ÔÅÌØÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ Ó ËÏÎÅÞÎÙÍÉ ÍÏÍÅÎÔÁÍÉ ÎÅËÏÔÏÒÏÇÏ �Ï-ÒÑÄËÁ p > 1. åÓÌÉ ×Ù�ÏÌÎÅÎÙ ÕÓÌÏ×ÉÑ (3) ÉE |Sn −ESn|p = O( np (n)) ÄÌÑ ÎÅËÏÔÏÒÏÊ ÆÕÎË�ÉÉ  ∈ 	;ÔÏ ÉÍÅÅÔ ÍÅÓÔÏ ÓÏÏÔÎÏÛÅÎÉÅ (2).ïÂÏÂÝÅÎÉÅ ÔÅÏÒÅÍÙ C Ó ÚÁÍÅÎÏÊ ËÌÁÓÓÉÞÅÓËÏÊ ÎÏÒÍÉÒÏ×ËÉ �ÒÏÉÚ-×ÏÌØÎÏÊ ÎÏÒÍÉÒÕÀÝÅÊ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØÀ �ÏÌÕÞÅÎÏ × ÒÁÂÏÔÅ [8℄.�ÅÏÒÅÍÁ D ([8℄). ðÕÓÔØ {Xn}∞n=1 { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ�Á-ÔÅÌØÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ Ó ËÏÎÅÞÎÙÍÉ ÍÏÍÅÎÔÁÍÉ ÎÅËÏÔÏÒÏÇÏ �Ï-ÒÑÄËÁ p > 1, {an}∞n=1 { ÎÅÕÂÙ×ÁÀÝÁÑ ÎÅÏÇÒÁÎÉÞÅÎÎÁÑ �ÏÓÌÅÄÏ×ÁÔÅÌØ-ÎÏÓÔØ �ÏÌÏÖÉÔÅÌØÎÙÈ ÞÉÓÅÌ. åÓÌÉ ×Ù�ÏÌÎÅÎÙ ÕÓÌÏ×ÉÑESn = O(an)É E |Sn −ESn|p = O( apn (an)) ÄÌÑ ÎÅËÏÔÏÒÏÊ ÆÕÎË�ÉÉ  ∈ 	; (4)ÔÏ Sn −ESnan → 0 �.Î.þÅÎØ É óÕÎÇ [7℄ ÏÂÏÂÝÉÌÉ ÔÅÏÒÅÍÕ D, ÚÁÍÅÎÉ× ÕÓÌÏ×ÉÅ (4) ÓÌÅÄÕÀ-ÝÉÍ �ÒÅÄ�ÏÌÏÖÅÎÉÅÍ: ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÁÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ-�ÁÔÅÌØÎÙÈ ÞÉÓÅÌ {n}∞n=1, ÞÔÏ E |Sn−ESn|p 6
n
∑i=1 i ÄÌÑ ×ÓÅÈ n > 1 É

∞
∑n=1 n=apn <∞.÷Ï�ÒÏÓ Ï ÓËÏÒÏÓÔÉ ÓÈÏÄÉÍÏÓÔÉ × ÕÓÉÌÅÎÎÏÍ ÚÁËÏÎÅ ÂÏÌØÛÉÈ ÞÉÓÅÌÄÌÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÕÓÌÏ-×ÉÑÍ ÁÎÁÌÏÇÉÞÎÙÍ ÕÓÌÏ×ÉÀ (4), ÉÚÕÞÁÌÓÑ × ÒÁÂÏÔÁÈ [9, 10℄. ðÒÅÖÄÅ



ï óëïòïó�é óèïäéíïó�é 185ÞÅÍ �ÅÒÅÊÔÉ Ë ÆÏÒÍÕÌÉÒÏ×ËÅ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÒÅÚÕÌØÔÁÔÏ×, �ÒÉ×Å-ÄÅÍ ËÌÁÓÓÉÞÅÓËÉÊ ÒÅÚÕÌØÔÁÔ âÁÕÍÁ{ëÁ�Á.�ÅÏÒÅÍÁ E (ÓÍ., ÎÁ�Ò., [4℄). ðÕÓÔØ p > 1, � > 1=2 É �p > 1. ðÒÅÄ-�ÏÌÏÖÉÍ, ÞÔÏ {Xn}∞n=1 { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÚÁ×ÉÓÉÍÙÈ ÏÄÉÎÁ-ËÏ×Ï ÒÁÓ�ÒÅÄÅÌÅÎÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ, ÔÁËÁÑ ÞÔÏ E |X1|p < ∞ ÉEX1 = 0. �ÏÇÄÁ
∞
∑n=1n�p−2P(|Sn| > n�") <∞ ÄÌÑ ×ÓÅÈ " > 0:óÌÅÄÕÑ [9℄, ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ 	r ÍÎÏÖÅÓÔ×Ï ÆÕÎË�ÉÊ  (x), ÔÁËÉÈ ÞÔÏËÁÖÄÁÑ  (x) �ÏÌÏÖÉÔÅÌØÎÁ É ÎÅ ÕÂÙ×ÁÅÔ × ÏÂÌÁÓÔÉ x > x0 �ÒÉ ÎÅËÏ-ÔÏÒÏÍ x0 É ÒÑÄ ∑nr−2= (n) ÓÈÏÄÉÔÓÑ. éÚ ÜÔÏÇÏ Ï�ÒÅÄÅÌÅÎÉÑ ÓÌÅÄÕÅÔ,ÞÔÏ 	1 = 	. ëÒÏÍÅ ÔÏÇÏ, ÅÓÌÉ r1 > r2, ÔÏ 	r1 ⊂ 	r2 É 	r ⊂ 	 ÄÌÑÌÀÂÏÇÏ r > 1.�ÅÏÒÅÍÁ F ([9℄). ðÕÓÔØ p > 1, � > 1=2 É �p > 1. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ

{Xn}∞n=1 { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎÓ ËÏÎÅÞÎÙÍÉ ÍÏÍÅÎÔÁÍÉ �ÏÒÑÄËÁ p, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÁÑ ÕÓÌÏ×ÉÑÍESnn� → A �ÒÉ n→ ∞ (5)É E |Sn −ESn|p = O( np (n)) ÄÌÑ ÎÅËÏÔÏÒÏÊ ÆÕÎË�ÉÉ  ∈ 	p : (6)�ÏÇÄÁ
∞
∑n=1n�p−2P(|Sn −ESn| > n�") <∞ ÄÌÑ ×ÓÅÈ " > 0: (7)÷ [9℄ ÔÁËÖÅ �ÏËÁÚÁÎÏ, ÞÔÏ ÕÓÌÏ×ÉÅ (6) × ÔÅÏÒÅÍÅ F ÎÅÌØÚÑ ÚÁÍÅÎÉÔØÂÏÌÅÅ ÓÌÁÂÙÍ ÕÓÌÏ×ÉÅÍ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÍ ÚÁÍÅÎÅ ÓÌÏ× \ÄÌÑ ÎÅËÏÔÏÒÏÊÆÕÎË�ÉÉ  (x) ∈ 	p" ÓÌÏ×ÁÍÉ \ÄÌÑ ÎÅËÏÔÏÒÏÊ ÆÕÎË�ÉÉ  (x) ∈ 	".÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÍÙ ÏÂÏÂÝÁÅÍ ÔÅÏÒÅÍÕ F. ëÒÏÍÅ ÔÏÇÏ, ÍÙ �Ï-ËÁÚÙ×ÁÅÍ, ÞÔÏ × ÓÌÕÞÁÅ � = 1 ÕÓÌÏ×ÉÅ (5) × ÔÅÏÒÅÍÅ F ÍÏÖÎÏ ÏÓÌÁÂÉÔØ.÷ ÄÏËÁÚÁÔÅÌØÓÔ×ÁÈ ÔÅÏÒÅÍ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ ÉÓ�ÏÌØÚÕÀÔÓÑ ÍÅÔÏ-ÄÙ, ÒÁÚ×ÉÔÙÅ × ÒÁÂÏÔÁÈ [7, 9℄.



186 ÷. í. ëïòþå÷óëéê
§2. ïÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙ.�ÅÏÒÅÍÁ 1. ðÕÓÔØ p > 1, � > 1=2 É �p > 1. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ

{Xn}∞n=1 { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎÓ ËÏÎÅÞÎÙÍÉ ÍÏÍÅÎÔÁÍÉ �ÏÒÑÄËÁ p, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÁÑ ÕÓÌÏ×ÉÀ (5).åÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÁÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ ÞÉ-ÓÅÌ {n}∞n=1, ÞÔÏE |Sn −ESn|p 6

n
∑i=1 i ÄÌÑ ×ÓÅÈ n > 1 (8)É

∞
∑n=1 nn <∞; (9)ÔÏ ÉÍÅÅÔ ÍÅÓÔÏ ÓÏÏÔÎÏÛÅÎÉÅ (7).ðÏËÁÖÅÍ, ÞÔÏ ÔÅÏÒÅÍÁ F Ñ×ÌÑÅÔÓÑ ÓÌÅÄÓÔ×ÉÅÍ ÔÅÏÒÅÍÙ 1. ðÒÅÄ�Ï-ÌÏÖÉÍ, ÞÔÏ ÉÍÅÅÔ ÍÅÓÔÏ ÕÓÌÏ×ÉÅ (6) Ó ÎÅËÏÔÏÒÏÊ ÆÕÎË�ÉÅÊ  ∈ 	p .îÅ ÕÍÁÌÑÑ ÏÂÝÎÏÓÔÉ, ÍÏÖÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÆÕÎË�ÉÑ  Ï�ÒÅÄÅÌÅÎÁ ×ÏÂÌÁÓÔÉ x > x0, ÇÄÅ 0 < x0 < 1. äÌÑ n > 1 ÉÍÅÅÍE |Sn −ESn|p 6 C np (n) 6 C n

∑i=1 ip − (i− 1)p (i) :ðÏÌÏÖÉÍ n = C (np − (n− 1)p) = (n), ÄÌÑ n > 1. �ÏÇÄÁ ÍÙ �ÏÌÕÞÉÍ,ÞÔÏ
∞
∑n=1 nn = C ∞

∑n=1 np − (n− 1)pn (n) 6 C ∞
∑n=1 np−2 (n) <∞:óÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ �ÏËÁÚÙ×ÁÅÔ, ÞÔÏ × ÓÌÕÞÁÅ � = 1 ÕÓÌÏ×ÉÅ (5) ×ÔÅÏÒÅÍÅ 1 ÍÏÖÎÏ ÚÁÍÅÎÉÔØ ÂÏÌÅÅ ÓÌÁÂÙÍ ÕÓÌÏ×ÉÅÍ ESn = O(n).�ÅÏÒÅÍÁ 2. ðÕÓÔØ {Xn}∞n=1 { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ�ÁÔÅÌØ-ÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ Ó ËÏÎÅÞÎÙÍÉ ÍÏÍÅÎÔÁÍÉ �ÏÒÑÄËÁ p > 1, ÕÄÏ-×ÌÅÔ×ÏÒÑÀÝÁÑ ÕÓÌÏ×ÉÀ ESn = O(n): (10)åÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ ÞÉÓÅÌ

{n}∞n=1, ÔÁËÁÑ ÞÔÏ ×Ù�ÏÌÎÅÎÙ ÕÓÌÏ×ÉÑ (8) É (9), ÔÏ
∞
∑n=1np−2P(|Sn −ESn| > n") <∞ ÄÌÑ ×ÓÅÈ " > 0: (11)



ï óëïòïó�é óèïäéíïó�é 187óÌÅÄÓÔ×ÉÅ 1. ðÕÓÔØ {Xn}∞n=1 { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ�ÁÔÅÌØ-ÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ Ó ËÏÎÅÞÎÙÍÉ ÍÏÍÅÎÔÁÍÉ �ÏÒÑÄËÁ p > 1, ÕÄÏ-×ÌÅÔ×ÏÒÑÀÝÁÑ ÕÓÌÏ×ÉÑÍ (10) É (6). �ÏÇÄÁ ÉÍÅÅÔ ÍÅÓÔÏ ÓÏÏÔÎÏÛÅ-ÎÉÅ (11).
§3. äÏËÁÚÁÔÅÌØÓÔ×Á.äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1. ðÕÓÔØ b > 1, " > 0. ðÏÌÏÖÉÍm1 = inf{m > 0 : bm 6 n < bm+1 ÄÌÑ ÎÅËÏÔÏÒÏÇÏ n};ml = inf{m > ml−1 : bm 6 n < bm+1 ÄÌÑ ÎÅËÏÔÏÒÏÇÏ n} ÄÌÑ l > 2:�ÁËÉÍ ÏÂÒÁÚÏÍ, {ml}∞l=1 { �ÅÌÏÞÉÓÌÅÎÎÁÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ, ÔÁËÁÑÞÔÏ 0 6 m1 < m2 < : : : É ml → ∞ (l → ∞).äÁÌÅÅ, ÄÌÑ ÌÀÂÏÇÏ n > 1 ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÅ l = l(n), ÞÔÏbml(n) 6 n < bml(n)+1:äÌÑ ËÁÖÄÏÇÏ l > 1 �ÏÌÏÖÉÍk−l = inf{k : bml 6 k < bml+1};k+l = sup{k : bml 6 k < bml+1}:ðÏ Ï�ÒÅÄÅÌÅÎÉÀ k−l É k+lbml(n) 6 k−l(n) 6 n 6 k+l(n) < bml(n)+1 (12)É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, 1b < k±l(n)n < b: (13)éÚ ÕÓÌÏ×ÉÑ (5) ÓÌÅÄÕÅÔ, ÞÔÏ ÄÌÑ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ n

∣

∣

∣

∣

∣

ESnn� −
ESk±l(n)(k±l(n))� ∣

∣

∣

∣

∣

< "É ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÁÑ �ÏÓÔÏÑÎÎÁÑ M , ÞÔÏ 0 < ESn=n� < M .



188 ÷. í. ëïòþå÷óëéêäÌÑ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ n ÉÍÅÅÍSn −ESnn� 6

Sk+l(n) −ESk+l(n)(k+l(n))� ·
(k+l(n))�n� −

ESnn�+ ESk+l(n)(k+l(n))� + ESk+l(n)(k+l(n))� ·

( (k+l(n))�n� − 1)
6

Sk+l(n) −ESk+l(n)(k+l(n))� · b� + "+M(b− 1): (14)áÎÁÌÏÇÉÞÎÏ �ÏÌÕÞÁÅÍ ÎÉÖÎÀÀ Ï�ÅÎËÕSn −ESnn� >

Sk−l(n) −ESk−l(n)(k−l(n))� ·
(k−l(n))�n� −

ESnn�+ ESk−l(n)(k−l(n))� + ESk−l(n)(k−l(n))� ·

( (k−l(n))�n� − 1)
>

Sk−l(n) −ESk−l(n)(k−l(n))� ·
1b� − "−M(1− 1b): (15)íÙ ÍÏÖÅÍ ×ÙÂÒÁÔØ b ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ 1 < b < 1+"=M . �ÏÇÄÁÉÚ (14) É (15) ÓÌÅÄÕÅÔ, ÞÔÏSk−l(n)−ESk−l(n)(k−l(n))� ·

1b� − 2" 6
Sn −ESnn� 6

Sk+l(n)−ESk+l(n)(k+l(n))� · b�+ 2":ïÔÓÀÄÁ ÍÙ �ÏÌÕÞÁÅÍ, ÞÔÏ
∣

∣

∣

∣

Sn−ESnn� ∣

∣

∣

∣

6max{∣

∣

∣

∣

Sk−l(n) −ESk−l(n)(k−l(n))� ∣

∣

∣

∣

·
1b�+2"; ∣∣∣∣Sk+l(n) −ESk+l(n)(k+l(n))� ∣

∣

∣

∣

·b�+2"}É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,
{|Sn −ESn| > 3" · n�} ⊂

{

|Sk−l(n) −ESk−l(n) | > " · (k−l(n))� · b�}

∪
{

|Sk+l(n) −ESk+l(n) | > " · (k+l(n))� · b−�} : (16)



ï óëïòïó�é óèïäéíïó�é 189�ÁËÉÍ ÏÂÒÁÚÏÍ, × ÓÉÌÕ (12), (13) É ÎÅÒÁ×ÅÎÓÔ×Á þÅÂÙÛÅ×Á, �ÏÌÕÞÁÅÍ
∞
∑n=1n�p−2P(|Sn −ESn| > 3" · n�)

6

∞
∑n=1n�p−2P(∣

∣

∣
Sk−l(n) −ESk−l(n) ∣∣∣ > " · (k−l(n))� · b�)+ ∞

∑n=1n�p−2P(∣

∣

∣
Sk+l(n) −ESk+l(n)∣∣∣ > " · (k+l(n))� · b−�)= ∞

∑n=1( nk−l(n))�p · (k−l(n)n )2
· (k−l(n))�p−2

×P(∣

∣

∣
Sk−l(n) −ESk−l(n) ∣∣∣ > " · (k−l(n))� · b�)+ ∞

∑n=1( nk+l(n))�p · (k+l(n)n )2
· (k+l(n))�p−2

×P(
∣

∣

∣
Sk+l(n) −ESk+l(n) ∣∣∣ > " · (k+l(n))� · b−�)

6

∞
∑n=1 b�p+2 · (k−l(n))�p−2 · E ∣

∣

∣
Sk−l(n) −ESk−l(n) ∣∣∣p"p · (k−l(n))�p · b�p+ ∞

∑n=1 b�p+2 · (k+l(n))�p−2 · E ∣

∣

∣
Sk+l(n) −ESk+l(n) ∣∣∣p"p · (k+l(n))�p · b�p

6 b2"−p ∞
∑n=1(k−l(n))−2E ∣

∣

∣
Sk−l(n) −ESk−l(n) ∣∣∣p+ b2�p+2"−p ∞

∑n=1(k+l(n))−2E ∣

∣

∣
Sk+l(n) −ESk+l(n) ∣∣∣p

6 b2"−p ∞
∑l=1(k−l )−2E ∣

∣

∣
Sk−l −ESk−l ∣

∣

∣

p (bml+1 − bml)+ b2�p+2"−p ∞
∑l=1(k+l )−2E ∣

∣

∣
Sk+l − ESk+l ∣

∣

∣

p (bml+1 − bml): (17)
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∞
∑l=1(k−l )−2E ∣

∣

∣
Sk−l −ESk−l ∣

∣

∣

p (bml+1 − bml) <∞: (18)éÚ ÕÓÌÏ×ÉÑ (8) ÓÌÅÄÕÅÔ, ÞÔÏ
∞
∑l=1(k−l )−2E ∣

∣

∣
Sk−l −ESk−l ∣

∣

∣

p (bml+1 − bml)
6

∞
∑l=1(k−l )−2 k−l

∑i=1 i(bml+1 − bml) 6 (b− 1) ∞
∑i=1 i ∑l:k−l >i bml(k−l )−2:ï�ÅÎÉÍ ×ÙÒÁÖÅÎÉÅ ∑l:k−l >i bml(k−l )−2. ðÕÓÔØ l0 = min{l : k−l > i}. �ÏÇÄÁk−l0 > i É bml0 6 k−l0 < bml0+1. �ÁËÉÍ ÏÂÒÁÚÏÍ,

∑l:k−l >i bml(k−l )−2 6

∞
∑l=l0 b−ml 6 Cb−(ml0+1) 6 Ci−1:óÌÅÄÏ×ÁÔÅÌØÎÏ, × ÓÉÌÕ ÕÓÌÏ×ÉÑ (9)

∞
∑l=1(k−l )−2E ∣

∣

∣
Sk−l −ESk−l ∣

∣

∣

p (bml+1 − bml) 6 ó ∞
∑i=1 ii <∞:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÓÏÏÔÎÏÛÅÎÉÅ (18) ÄÏËÁÚÁÎÏ. ó �ÏÍÏÝØÀ ÁÎÁÌÏÇÉÞÎÙÈÒÁÓÓÕÖÄÅÎÉÊ ÍÏÖÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ

∞
∑l=1(k+l )−2E ∣

∣

∣
Sk+l −ESk+l ∣

∣

∣

p (bml+1 − bml) <∞: (19)éÚ (17), (18) É (19) ÓÌÅÄÕÅÔ (7). �äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 2. ÷ ÓÉÌÕ ÕÓÌÏ×ÉÑ (10) ÓÕÝÅÓÔ×ÕÅÔ �Ï-ÓÔÏÑÎÎÁÑ M , ÔÁËÁÑ ÞÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ESn=n 6 M ×Ù�ÏÌÎÅÎÏ ÄÌÑ ÌÀ-ÂÏÇÏ n > 1. ðÕÓÔØ b > 1, " > 0, L = [M="℄ { �ÅÌÁÑ ÞÁÓÔØ ÏÔ M=".ðÏÌÏÖÉÍm1 = inf{m > 0 : bm 6 n < bm+1 ÄÌÑ ÎÅËÏÔÏÒÏÇÏ n};ml = inf{m > ml−1 : bm 6 n < bm+1 ÄÌÑ ÎÅËÏÔÏÒÏÇÏ n} ÄÌÑ l > 2:



ï óëïòïó�é óèïäéíïó�é 191�ÁËÉÍ ÏÂÒÁÚÏÍ, {ml}∞l=1 { �ÅÌÏÞÉÓÌÅÎÎÁÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ, ÔÁËÁÑÞÔÏ 0 6 m1 < m2 < : : : É ml → ∞ (l → ∞).äÌÑ ËÁÖÄÏÊ �ÁÒÙ ÞÉÓÅÌ l É s, ÔÁËÉÈ ÞÔÏ l = 1; 2; : : :, s = 0; 1; : : : ; L,�ÏÌÏÖÉÍ As(l) = {k : bml 6 k < bml+1; ESkk ∈ [s"; (s+ 1)")}:ðÏÌÏÖÉÍ k−s (l) = inf As(l), k+s (l) = supAs(l), ÅÓÌÉ ÍÎÏÖÅÓÔ×Ï As(l) ÎÅ�ÕÓÔÏ, É k−s (l) = k+s (l) = inf{k : bml 6 k < bml+1} × �ÒÏÔÉ×ÎÏÍ ÓÌÕÞÁÅ.ðÏ Ï�ÒÅÄÅÌÅÎÉÀ k±s (l) ÄÌÑ ÌÀÂÏÇÏ l > 1 ÉÍÅÅÍbml 6 max16s6L k±s (l) < bml+1: (20)äÌÑ ÌÀÂÏÇÏ n > 1 ÓÕÝÅÓÔ×ÕÀÔ ÔÁËÉÅ l = l(n) É s = s(n),limn→∞
l(n) =∞; 0 6 s(n) 6 L;ÞÔÏ bml(n) 6 n < bml(n)+1; ESnn ∈ [s"; (s+ 1)"):ðÏ Ï�ÒÅÄÅÌÅÎÉÀ k±s (l) ÉÍÅÅÍk−s (l) 6 n 6 k+s (l); ∣

∣

∣

∣

ESk±s (l)k±s (l) −
ESnn ∣

∣

∣

∣

< ";É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,
− "− (1− 1b)M + 1b 1k−s (l) (Sk−s (l) −ESk−s (l))

6 −"− (1− 1b)ESk−s (l)k−s (l) + 1b 1k−s (l) (Sk−s (l) −ESk−s (l))= −"− ESk−s (l)k−s (l) + 1b Sk−s (l)k−s (l) 6 −"− ESk−s (l)k−s (l) + Sk−s (l)n 6
Sk−s (l)n −

ESnn
6
Sn −ESnn 6

Sk+s (l)n −
ESnn 6

Sk+s (l)n −
ESk+s (l)k+s (l) + "

6 bSk+s (l)k+s (l) −
ESk+s (l)k+s (l) + " = b (Sk+s (l) −ESk+s (l))k+s (l) + (b− 1)ESk+s (l)k+s (l) + "

6 b (Sk+s (l) −ESk+s (l))k+s (l) + (b− 1)M + ": (21)



192 ÷. í. ëïòþå÷óëéêíÙ ÍÏÖÅÍ ×ÙÂÒÁÔØ b ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ 1 < b < 1+"=M . �ÏÇÄÁÉÚ (21) ÓÌÅÄÕÅÔ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ s = 0; 1; : : : ; LSk−s (l) −ESk−s (l)k−s (l) ·
1b − 2" 6

Sn −ESnn 6
Sk+s (l) −ESk+s (l)k+s (l) · b+ 2":ïÔÓÀÄÁ ÍÙ �ÏÌÕÞÁÅÍ, ÞÔÏ

∣

∣

∣

∣

Sn−ESnn ∣

∣

∣

∣

6max{∣

∣

∣

∣

Sk−s (l)−ESk−s (l)k−s (l) ∣

∣

∣

∣

·
1b+2"; ∣∣∣∣Sk+s (l)−ESk+s (l)k+s (l) ∣

∣

∣

∣

· b+2"}É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,
{|Sn −ESn| > 3" · n} ⊂

{

|Sk−s (l) −ESk−s (l)| > " · k−s (l) · b}
∪

{

|Sk+s (l) −ESk+s (l)| > " · k+s (l) · b−1} : (22)�ÁËÉÍ ÏÂÒÁÚÏÍ, × ÓÉÌÕ (20) É ÎÅÒÁ×ÅÎÓÔ×Á þÅÂÙÛÅ×Á, �ÏÌÕÞÁÅÍ
∞
∑n=1np−2P(|Sn −ESn| > 3" · n)
6

∞
∑n=1 max16s6L [np−2P(∣

∣

∣
Sk−s (l(n)) −ESk−s (l(n))∣∣∣ > " · (k−s (l(n))) · b)]+ ∞

∑n=1 max16s6L [np−2P(∣

∣

∣
Sk+s (l(n)) −ESk+s (l(n))∣∣∣ > " · (k+s (l(n))) · b−1)]= ∞

∑n=1 max16s6L[ ( nk−s (l(n)))p
·

(k−s (l(n))n )2
·
(k−s (l(n)))p−2

×P(∣

∣

∣
Sk−s (l(n)) −ESk−s (l(n))∣∣∣ > " · (k−s (l(n))) · b)]+ ∞

∑n=1 max16s6L[ ( nk+s (l(n)))p · (k+s (l(n))n )2
·
(k+s (l(n)))p−2

×P(∣

∣

∣
Sk+s (l(n)) −ESk+s (l(n))∣∣∣ > " · (k+s (l(n))) · b−1) ]

6

∞
∑n=1 max16s6L [bp+2 · (k−s (l(n)))p−2

·
E ∣

∣

∣
Sk−s (l(n)) −ESk−s (l(n))∣∣∣p"p · (k−s (l(n)))p · bp ]
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∑n=1 max16s6L [bp+2 · (k+s (l(n)))p−2

·
E ∣

∣

∣
Sk+s (l(n)) −ESk+s (l(n))∣∣∣p"p · (k+s (l(n)))p · bp]

6 b2"−p ∞
∑n=1 max16s6L [

(k−s (l(n)))−2E ∣

∣

∣
Sk−s (l(n)) −ESk−s (l(n))∣∣∣p]+ b2p+2"−p ∞

∑n=1 max16s6L [

(k+s (l(n)))−2E ∣

∣

∣
Sk+s (l(n)) −ESk+s (l(n))∣∣∣p]

6 b2"−p ∞
∑l=1 max16s6L [

(k−s (l))−2E ∣

∣

∣
Sk−s (l) −ESk−s (l)∣∣∣p (bml+1 − bml)]+ b2p+2"−p ∞

∑l=1 max16s6L [

(k+s (l))−2E ∣

∣

∣
Sk+s (l) −ESk+s (l)∣∣∣p (bml+1 − bml)] :(23)õÞÉÔÙ×ÁÑ (20), ÍÙ ÍÏÖÅÍ ÄÏËÁÚÁÔØ, ÞÔÏ

∞
∑l=1 max16s6L [

(k−s (l))−2E ∣

∣

∣
Sk−s (l) −ESk−s (l)∣∣∣p (bml+1 − bml)] <∞ (24)É

∞
∑l=1 max16s6L [

(k+s (l))−2E ∣

∣

∣
Sk+s (l) −ESk+s (l)∣∣∣p (bml+1 − bml)] <∞; (25)ÄÏÓÌÏ×ÎÏ �Ï×ÔÏÒÑÑ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÓÏÏÔÎÏÛÅÎÉÑ (18). éÚ (23){(25) ÓÌÅ-ÄÕÅÔ (11). �ìÉÔÅÒÁÔÕÒÁ1. ÷. í. ëÏÒÞÅ×ÓËÉÊ, ÷. ÷. ðÅÔÒÏ×, ïÂ ÕÓÉÌÅÎÎÏÍ ÚÁËÏÎÅ ÂÏÌØÛÉÈ ÞÉÓÅÌ ÄÌÑ �Ï-ÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ ÚÁ×ÉÓÉÍÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ. | ÷ÅÓÔÎÉË óðÂçõ. óÅÒ. 1,÷Ù�. 3, (2010) 26{30.2. ÷. ÷. ðÅÔÒÏ×, ïÂ ÕÓÉÌÅÎÎÏÍ ÚÁËÏÎÅ ÂÏÌØÛÉÈ ÞÉÓÅÌ. | �ÅÏÒÉÑ ×ÅÒÏÑÔÎ. É ÅÅ�ÒÉÍÅÎ. 14 (1969), 193{202.3. ÷. ÷. ðÅÔÒÏ×, óÕÍÍÙ ÎÅÚÁ×ÉÓÉÍÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ, îÁÕËÁ, í., 1972.4. ÷. ÷. ðÅÔÒÏ×, ðÒÅÄÅÌØÎÙÅ ÔÅÏÒÅÍÙ ÄÌÑ ÓÕÍÍ ÎÅÚÁ×ÉÓÉÍÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ,îÁÕËÁ, í., 1987.5. ÷. ÷. ðÅÔÒÏ×, ïÂ ÕÓÉÌÅÎÎÏÍ ÚÁËÏÎÅ ÂÏÌØÛÉÈ ÞÉÓÅÌ ÄÌÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ. | �ÅÏÒÉÑ ×ÅÒÏÑÔÎ. É ÅÅ �ÒÉÍÅÎ. 53(2008), 379{382.
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