
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 454, 2016 Ç.F. G�otze, D. Kaliada, D. ZaporozhetsCORRELATION FUNCTIONS OF REAL ZEROS OFRANDOM POLYNOMIALSAbstrat. We give an expliit formula for the orrelation funtionsof real zeros of a random polynomial with arbitrary independentontinuously distributed oeÆients.
§1. IntrodutionLet �0; �1; : : : ; �n be independent random variables with probability den-sity funtions f0; : : : ; fn. Consider a random polynomialG(x) = �nxn + �n−1xn−1 + · · ·+ �1x+ �0; x ∈ R

1:With probability one, all zeros of G are simple. Denote by � the empirialmeasure ounting the real zeros of G:� = ∑x:G(x)=0 Æx;where Æx is the unit point mass at x. The distribution of � an be desribedby its orrelation funtions (also known as joint intensities). Reall (see,e.g., [6℄) that the orrelation funtions of � are funtions (if well-de�ned)�k : R
k → R

+ for k = 1; : : : ; n, suh that for any family of mutuallydisjoint Borel subsets B1; : : : ; Bk ⊂ R
1,E [ k∏i=1�(Bi)] = ∫B1 : : : ∫Bk �k(x1; : : : ; xk) dx1 : : : dxk:Key words and phrases: Random polynomial, orrelation between zeros, joint inten-sities, Coarea formula.The work was done with the �nanial support of the Bielefeld University (Germany)in terms of projet SFB 701. The work of the third author is supported by the grantRFBR 16-01-00367 and by the Program of Fundamental Researhes of Russian Aademyof Sienes \Modern Problems of Fundamental Mathematis."102



CORRELATION FUNCTIONS OF REAL ZEROS 103A standard tool for evaluating �k is the following extension of the Ka{Rieformula (see [1, 2℄):�k(x1; : : : ; xk) = ∫
Rk |t1 : : : tk|Dk(0; t; x1; : : : ; xk) dt1 : : : dtk; (1)where t = (t1; : : : ; tk) and Dk( · ; · ; x1; : : : ; xk) is the joint probability den-sity funtion of the random vetors(G(x1); : : : ; G(xk)) and (G′(x1); : : : ; G′(xk)):The goal of this paper is to provide more expliit expressions for �k(x).The main tool that we will use is the Coarea formula (see Lemma 5.2).Our methods an be applied to the ase of dependent oeÆients havingarbitrary joint probability density funtion. For simpliity, we onsider onlythe ase of independent oeÆients.

§2. Main resultLet us start with some notation. Denotex = (x1; : : : ; xk) ∈ R
k:We use the following notation for the elementary symmetri polynomi-als: �i(x) := { ∑1≤j1<···<ji≤k xj1xj2 : : : xji if 0 ≤ i ≤ k;0; otherwise.Denote by V (x) the Vandermonde matrixV (x) = 1 x1 : : : xk−11... ... . . . ...1 xk : : : xk−1k 


 :To formulate the �rst result, onsider the random funtion � = (�0; : : : ,�k−1)T : R

k → R
k de�ned as�(x) = −V −1(x)




n∑j=k �jxj1...n∑j=k �jxjk









: (2)



104 F. G�OTZE, D. KALIADA, D. ZAPOROZHETSTheorem 2.1. We have�k(x) = ∏1≤i<j≤k |xi − xj |−1 (3)
×E[ k∏i=1 ∣∣∣∣ k−1∑j=0 j�j(x)xj−1i + n∑j=k j�jxj−1i ∣

∣
∣
∣

k−1∏i=0 fi(�i(x))]:Theorem 2.1 has been stated in [11℄ without detailed proof.It is possible to obtain an expliit expression for �(x) in terms of theShur funtions. Reall that for a partition � = (�1; : : : ; �k) of length ≤ kthe Shur funtion S�(x) is given byS�(x) = det(x�k−j+1+j−1i )1≤i;j≤k
∏1≤i<j≤k(xj − xi) :Proposition 2.2. For i = 1; : : : ; k, we have�i(x) = (−1)k−i n∑j=k �jS�ij (x);where the partition �ij is de�ned as�ij = (j − k + 1; 1; : : : ; 1
︸ ︷︷ ︸k−i−1 ; 0; : : : ; 0

︸ ︷︷ ︸i ):For the basi properties of the Shur funtions see, e.g., [9, Setion 1.3℄.Now we are ready to state our main result.Theorem 2.3. We have�k(x) = ∏1≤i<j≤k |xi − xj |
×
∫

Rn−k+1 n∏i=0 fi( n−k∑j=0(−1)k−i+j�k−i+j (x)tj) k∏i=1 ∣∣∣∣ n−k∑j=0 tjxji ∣∣∣∣ dt0 : : : dtn−k:Corollary 2.4. For k = n we have�n(x) = ∏1≤i<j≤n |xi − xj | ∞∫

−∞

|t|n n∏i=0 fi((−1)n−i�n−i(x)t) dt: (4)
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§3. Uniformly distributed oeffiientsIn algebrai number theory, random polynomials with independent anduniformly distributed on [−1; 1℄ oeÆients are of speial interest (see [4,5, 7℄). Let us apply Theorem 2.3 to this ase.Suppose that fi = 121[−1; 1℄; i = 0; : : : ; n:Then it follows from Theorem 2.3 that�k(x) = 2−n−1 ∏1≤i<j≤k |xi − xj | ∫Dx k∏i=1 ∣∣∣∣ n−k∑j=0 tjxji ∣∣∣∣ dt0 : : : dtn−k;where the domain of integration Dx is de�ned asDx = {(t0; : : : ; tn−k) ∈ R

n−k+1 : max0≤i≤n ∣∣∣∣ n−k∑j=0(−1)i−j�i−j(x)tj ∣∣∣∣ ≤ 1}:In partiular, �n(x) = 2−nn+ 1 ·

∏1≤i<j≤k |xi − xj |(max0≤i≤n |�i(x)|)n+1 :
§4. The n-point orrelation funtionIt follows from the properties of the orrelation funtions (see, e.g., [6℄)that E [�(R1)(�(R1)− 1) : : : (�(R1)− n+ 1)] = ∫

Rn �n(x) dx:Sine �(R1) ≤ n, we an alulate the probability that all zeros of G arereal:P(�(R1) = n) = 1n! ∫
Rn �n(x) dx= 1n! ∫

Rn ∏1≤i<j≤n |xi − xj | ∞∫

−∞

|t|n n∏i=0 fi((−1)n−i�n−i(x)t) dt dx:This formula has been obtained earlier in [10℄.Let us alulate �n for some spei� distributions.



106 F. G�OTZE, D. KALIADA, D. ZAPOROZHETS4.1. Gaussian distribution. Suppose thatfi(t) = 1√2�vi exp(− t22v2i ) ; i = 0; : : : ; n:Using the formula for the n-th absolute moment of the Gaussian distribu-tion, it follows from (4) that�n(x) = √2�(n+12 )(2�)n=2v0 : : : vn( n∑i=0 �2n−i(x)v2i )−(n+1)=2 ∏1≤i<j≤n |xi − xj |:In partiular, for vi = vj we have�n(x) = √2� (n+12 )(2�)n=2 ( n∑i=0 �2n−i(x))−(n+1)=2 ∏1≤i<j≤n |xi − xj |:4.2. Exponential distribution. Suppose thatfi(t) = exp(−t)1{t ≥ 0}; i = 0; : : : ; n:Then with probability one G does not have positive real zeros. Hene�n(x) > 0 only if x lies in the negative orthant R
k
−. In this ase we have(−1)i�i(x) ≥ 0 and by some elementary transformations, (4) implies�n(x) = n!( n∑i=0(−1)i�i(x))−(n+1)

∏1≤i<j≤n |xi − xj |1{x ∈ R
k
−}:Using the well-known identityn∑i=0(−1)i�i(x) = n∏i=1(1− xi);we obtain �n(x) = n! ∏1≤i<j≤n |xi − xj |n∏i=1(1− xi)n+1 1{x ∈ R

k
−}:
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§5. Proof of Theorem 2.1Obviously, G(x1) = · · · = G(xk) = 0 if and only if





1 x1 : : : xn1... ... . . . ...1 xk : : : xnk�0...�n = 0; (5)whih is equivalent to





xk1 xk+11 : : : xn1... ... . . . ...xkk xk+1k : : : xnk�k...�n = −V (x) �0...�k−1 :Realling (2), we obtain that (5) is equivalent to�(x) =  �0...�k−1 :Denote by J�(x) the Jaobian matrix of � at the point x.Lemma 5.1.det J�(x) = −

k∏i=1( k−1∑j=0 j�j(x)xj−1i + n∑j=k j�jxj−1i )

∏1≤i<j≤k(xj − xi) :Proof. Di�erentiatingV (x)�(x) = −






xk1 xk+11 : : : xn1... ... . . . ...xkk xk+1k : : : xnk�k...�n ;we obtainV (x)J�(x) + diag( k−1∑j=0 j�j(x)xj−11 ; : : : ; k−1∑j=0 j�j(x)xj−1k )= − diag( n∑j=k j�jxj−11 ; : : : ; n∑j=k j�jxj−1k ):



108 F. G�OTZE, D. KALIADA, D. ZAPOROZHETSWe �nish the proof by taking the seond term from the left hand side tothe right hand side and usingdetV (x) = ∏1≤i<j≤k(xj − xi): �Lemma 5.2 (Coarea formula). Let B ⊂ R
k be a region. Let u : B → R

kbe a Lipshitz funtion and h : R
k → R

1 be an L1-funtion. Then
∫

Rk #{x ∈ B : u(x) = y} h(y) dy = ∫B | det Ju(x)|h(u(x)) dx;where Ju(x) is the Jaobian matrix of u(x).Proof. See [3, pp. 243{244℄. �Let B1; : : : ; Bk be a family of mutually disjoint Borel subsets in R
1.Denote B = B1 × · · · ×Bk ⊂ R

k. We haveE [ k∏i=1�(Bi)] = E#{x ∈ B : �(x) = (�0; : : : ; �k−1)}= E ∫
Rk #{x ∈ B : �(x) = y}f0(y0) : : : fk−1(yk−1) dy:Applying Lemma 5.2 and Fubini's theorem to the right hand side, weobtainE [ k∏i=1�(Bi)] = ∫B E | detJ�(x)| f0(�0(x)) : : : fk−1(�k−1(x)) dx:Now the proof of Theorem 2.1 follows from Lemma 5.1.

§6. Proof of Theorem 2.3Theorem 2.1 states that�k(x) = ∏1≤i<j≤k |xj − xi|−1
×

∫

Rn−k+1 k∏i=1 ∣∣∣∣ n∑j=0 jajxj−1i ∣
∣
∣
∣

n∏i=0 fi(ai) dak dak+1 : : : dan; (6)



CORRELATION FUNCTIONS OF REAL ZEROS 109where a0; : : : ; ak−1 are funtions of ak; : : : ; an and x1; : : : ; xk :





a0...ak−1 = −V −1(x)



n∑j=k ajxj1...n∑j=k ajxjk









: (7)To prove the theorem, we will use the ideas from [8, pp. 58{59℄ and [7,Lemmas 5 and 6℄. Equation (7) means that x1; x2; : : : ; xk are zeros of thepolynomial n∑j=0 ajxj . Hene there exists a unique polynomial n−k∑j=0 bjxj suhthat n∑j=0 ajxj = k∏i=1(x− xi)( n−k∑j=0 bjxj)= ( k∑j=0(−1)k−j�k−j(x)xj)( n−k∑j=0 bjxj): (8)The variables a0; : : : ; an are uniquely de�ned by x and b0; : : : ;bn−k from (8):ai = n−k∑j=0(−1)k−i+j�k−i+j (x)bj : (9)Thus we an hange variables in (6) substituting ak; : : : ; an by their ex-pressions in terms of x and b0; : : : ; bn−k from (9). The Jaobian of thissubstitution is a lower triangle matrix with unities in the diagonal. Heneits determinant is equal to one.Di�erentiating (8) at the point xi we getn∑j=0 jajxj−1i=∏j 6=i(xi − xj) (bn−kxn−ki + · · ·+ b1xi + b0) ; i = 1; : : : k: (10)Substituting (9) and (10) in (6) �nishes the proof.



110 F. G�OTZE, D. KALIADA, D. ZAPOROZHETS
§7. Proof of Proposition 2.2For 0 ≤ i ≤ k−1 and j ≥ k, denote by V ∗ij(x) the matrix obtained fromV (x) by substitution of the i-th olumn by (xj1; : : : ; xjk)T :V ∗ij(x) = 1 x1 : : : xr−11 xj1 xr+11 : : : xk−11... ... ... ... ... ...1 xk : : : xr−1k xjk xr+1k : : : xk−1k 


 :Then by Cramer's rule, we have�r(x) = − 1detV (x) n∑j=k �j detV ∗ij(x):It is easily seen that V ∗ij(x)detV (x) = (−1)k−i−1S�ij (x);and the proof follows.Aknowledgments. The third named author is grateful to Ildar Ibragi-mov and Vlad Vysotsky for many useful disussions.Referenes1. P. Bleher, X. Di, Correlations between zeros of a random polynomial. | J. Statist.Phys. 88, No. 1-2 (1997), 269{305.2. P. Bleher, X. Di, Correlations between zeros of non-Gaussian random polynomials.| Int. Math. Res. Not. 46 (2004), 2443{2484.3. H. Federer, Geometri measure theory, Springer, 1969.4. F. G�otze, D. Kaliada, D. Zaporozhets, Distribution of omplex algebrai numbers.| Pro. Amer. Math. So. 145 (2017), 61{67.5. F. G�otze, D. Zaporozhets, Disriminant and root separation of integral polynomials.| Preprint, arXiv:1407.6388, 2014.6. J. B. Hough, M. Krishnapur, Y. Peres, B. Vir�ag, Zeros of Gaussian analyti fun-tions and determinantal point proesses, volume 51 of University Leture Series,AMS, 2009.7. D. Kaliada, On the density funtion of the distribution of real algebrai numbers.| Preprint, arXiv:1405.1627, 2014.8. D. Kaliada, On the frequeny of integer polynomials with a given number of loseroots. | Tr. Inst. Mat. (Minsk) 20, No. 2 (2012), 51{63. (In Russian).9. I. Madonald, Symmetri Funtions and Hall Folynomials, Oxford mathematialmonographs, Oxford University Press, 2nd edition, 1998.
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