
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 454, 2016 Ç.á. î. âÏÒÏÄÉÎòáóðòåäåìåîéñ éî�åçòáìøîùèæõîëãéïîáìï÷ ï� äéææõúéê,ïó�áîï÷ìåîîùè ÷ íïíåî�, ïâòá�îùê ëòáúíáèõ1. ÷ ÒÁÂÏÔÅ �ÏÌÕÞÅÎÙ ÒÅÚÕÌØÔÁÔÙ, �ÏÚ×ÏÌÑÀÝÉÅ ×ÙÞÉÓÌÑÔØ ÒÁÓ�ÒÅÄÅ-ÌÅÎÉÑ ÉÎÔÅÇÒÁÌØÎÙÈ ÆÕÎË�ÉÏÎÁÌÏ× ÏÔ ÄÉÆÆÕÚÉÏÎÎÏÇÏ �ÒÏ�ÅÓÓÁ, ÏÓÔÁ-ÎÏ×ÌÅÎÎÏÇÏ × ÍÏÍÅÎÔ, ÏÂÒÁÔÎÙÊ Ë ÒÁÚÍÁÈÕ �ÒÏ�ÅÓÓÁ.òÁÚÍÁÈÏÍ �ÒÏ�ÅÓÓÁ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÒÁÚÎÏÓÔØ ÍÅÖÄÕ ÅÇÏ ÍÁËÓÉÍÁÌØ-ÎÙÍ É ÍÉÎÉÍÁÌØÎÙÍ ÚÎÁÞÅÎÉÑÍÉ ÎÁ ËÏÎÅÞÎÏÍ ÉÎÔÅÒ×ÁÌÅ ×ÒÅÍÅÎÉ.òÁÚÌÉÞÎÙÅ ÚÁÄÁÞÉ, Ó×ÑÚÁÎÎÙÅ Ó ÒÁÚÍÁÈÏÍ ÂÒÏÕÎÏ×ÓËÏÇÏ Ä×ÉÖÅÎÉÑ ÉÓ �ÒÏ�ÅÓÓÏÍ, ÏÂÒÁÔÎÙÍ Ë ÒÁÚÍÁÈÕ, ÉÚÕÞÁÌÉÓØ ÍÎÏÇÉÍÉ Á×ÔÏÒÁÍÉ. ïÔ-ÍÅÔÉÍ, ÎÁ�ÒÉÍÅÒ, ÉÎÔÅÒÅÓÎÙÅ ÒÁÂÏÔÙ [1℄ É [2℄. äÌÑ ÂÒÏÕÎÏ×ÓËÏÇÏ Ä×É-ÖÅÎÉÑ ×Ï�ÒÏÓ Ï ÒÁÓ�ÒÅÄÅÌÅÎÉÉ ÔÁËÉÈ ÆÕÎË�ÉÏÎÁÌÏ× ÂÙÌ ÒÅÛÅÎ × ÒÁÂÏ-ÔÅ [3℄, ÓÍ. ÔÁËÖÅ § 8 ÇÌ. III ÉÚ [4℄. ÷ [5℄ �ÒÉ×ÅÄÅÎÏ ÍÎÏÇÏ Ñ×ÎÙÈ ÆÏÒÍÕÌ,ËÁÓÁÀÝÉÈÓÑ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ ËÏÎËÒÅÔÎÙÈ ÆÕÎË�ÉÏÎÁÌÏ× ÏÔ ÂÒÏÕÎÏ×ÓËÏ-ÇÏ Ä×ÉÖÅÎÉÑ, ÏÓÔÁÎÏ×ÌÅÎÎÏÇÏ × ÍÏÍÅÎÔ, ÏÂÒÁÔÎÙÊ Ë ÒÁÚÍÁÈÕ.ðÕÓÔØ W { ÂÒÏÕÎÏ×ÓËÏÅ Ä×ÉÖÅÎÉÅ É �ÕÓÔØ X { ÒÅÛÅÎÉÅ ÓÔÏÈÁÓÔÉ-ÞÅÓËÏÇÏ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÏÇÏ ÕÒÁ×ÎÅÎÉÑdX(t) = �(X(t)) dW (t) + �(X(t)) dt; X(0) = x; (1:1)ÇÄÅ �(x) É �(x), x ∈ R, { ÎÅ�ÒÅÒÙ×ÎÏ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÅ ÆÕÎË�ÉÉ,ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÅ ÕÓÌÏ×ÉÀ ÎÁ ÎÅ ÂÏÌÅÅ ÞÅÍ ÌÉÎÅÊÎÙÊ ÒÏÓÔ:
|�(x)|+ |�(x)| 6 C(1 + |x|) ÄÌÑ ×ÓÅÈ x ∈ R:�ÏÇÄÁ, ÓÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ 7.3 ÇÌ. II ÉÚ [4℄, ÓÕÝÅÓÔ×ÕÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅÓÉÌØÎÏÅ ÒÅÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÑ (1.1). ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ �2(x) > 0 �ÒÉx ∈ R É �ÒÏÉÚ×ÏÄÎÁÑ ( �(x)�2(x))′ ÏÇÒÁÎÉÞÅÎÁ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÄÉÆÆÕÚÉÏÎÎÙÅ �ÒÏ�ÅÓÓÙ, ÍÏÍÅÎÔ, ÏÂÒÁÔÎÙÊ Ë ÒÁÚÍÁÈÕ, ÒÁÓ-�ÒÅÄÅÌÅÎÉÑ ÆÕÎË�ÉÏÎÁÌÏ×.îÁÓÔÏÑÝÁÑ ÒÁÂÏÔÁ ÞÁÓÔÉÞÎÏ �ÏÄÄÅÒÖÉ×ÁÌÁÓØ ÇÒÁÎÔÁÍÉ òææé 16-01-00367 ÉðÒÏÇÒÁÍÍÏÊ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÈ ÉÓÓÌÅÄÏ×ÁÎÉÊ òáî \óÏ×ÒÅÍÅÎÎÙÅ �ÒÏÂÌÅÍÙ ÔÅÏ-ÒÅÔÉÞÅÓËÏÊ ÍÁÔÅÍÁÔÉËÉ". 43



44 á. î. âïòïäéîðÕÓÔØ � { ÍÏÍÅÎÔ ×ÒÅÍÅÎÉ, ÎÅ ÚÁ×ÉÓÑÝÉÊ ÏÔ ÄÉÆÆÕÚÉÉ X(t), t > 0, ÉÉÍÅÀÝÉÊ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÕÀ �ÌÏÔÎÏÓÔØ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ �e−�t1[0;∞)(t),� > 0.òÁÓÓÍÏÔÒÉÍ ÒÅÚÕÌØÔÁÔÙ, ËÏÔÏÒÙÅ �ÏÚ×ÏÌÑÀÔ ×ÙÞÉÓÌÑÔØ ÒÁÓ�ÒÅÄÅ-ÌÅÎÉÑ ÎÅËÏÔÏÒÙÈ ÆÕÎË�ÉÏÎÁÌÏ× ÏÔ ÄÉÆÆÕÚÉÉ X(s), s ∈ [0;∞), ÏÓÔÁÎÏ-×ÌÅÎÎÏÊ × ÍÏÍÅÎÔ, ÏÂÒÁÔÎÙÊ Ë ÒÁÚÍÁÈÕ, Ô.Å. × ÍÏÍÅÎÔ�v = min{t : sup06s6tX(s)− inf06s6tX(s) = v}:üÔÏ { �ÅÒ×ÙÊ ÍÏÍÅÎÔ, ËÏÇÄÁ ÒÁÚÍÁÈ �ÒÏ�ÅÓÓÁ X ÄÏÓÔÉÇÁÅÔ ÚÁÄÁÎÎÏÇÏÚÎÁÞÅÎÉÑ v > 0. îÁÒÑÄÕ Ó ÍÏÍÅÎÔÏÍ �v ÍÙ ÒÁÓÓÍÏÔÒÉÍ ÔÁËÖÅ ÍÏÍÅÎÔÏÓÔÁÎÏ×ËÉ, ÏÂÒÁÚÏ×ÁÎÎÙÊ Ó �ÏÍÏÝØÀ Ï�ÅÒÁ�ÉÉ ÍÉÎÉÍÕÍÁ ÉÚ ÍÏÍÅÎÔÏ×�v É � .ëÁË É ÄÌÑ ÂÒÏÕÎÏ×ÓËÏÇÏ Ä×ÉÖÅÎÉÑ, ÚÁÄÁÞÁ Ï ×ÙÞÉÓÌÅÎÉÉ ÒÁÓ�ÒÅÄÅ-ÌÅÎÉÊ ÆÕÎË�ÉÏÎÁÌÏ× ÏÔ ÄÉÆÆÕÚÉÉ X , ÏÓÔÁÎÏ×ÌÅÎÎÏÊ × ÍÏÍÅÎÔ �v , ËÏ-ÔÏÒÙÊ Ñ×ÌÑÅÔÓÑ ÏÂÒÁÔÎÙÍ Ë ÒÁÚÍÁÈÕ �ÒÏ�ÅÓÓÁ X , ÍÏÖÅÔ ÂÙÔØ ÔÒÁÎÓ-ÆÏÒÍÉÒÏ×ÁÎÁ Ë ÚÁÄÁÞÅ Ï ×ÙÞÉÓÌÅÎÉÉ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ ÔÁËÉÈ ÖÅ ÆÕÎË-�ÉÏÎÁÌÏ× ÏÔ �ÒÏ�ÅÓÓÁ X , ÏÓÔÁÎÏ×ÌÅÎÎÏÇÏ × ÍÏÍÅÎÔ �ÅÒ×ÏÇÏ ×ÙÈÏÄÁÉÚ ËÏÎÅÞÎÏÇÏ ÉÎÔÅÒ×ÁÌÁ, Ô.Å. × ÍÏÍÅÎÔ Ha;b = min{s : X(s) 6∈ (a; b)}.üÔÏÔ ÆÁËÔ Ñ×ÌÑÅÔÓÑ ÏÓÎÏ×Ï�ÏÌÁÇÁÀÝÉÍ �ÒÉ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÍÎÏÇÉÈÒÅÚÕÌØÔÁÔÏ× Ï ÒÁÓ�ÒÅÄÅÌÅÎÉÉ ÆÕÎË�ÉÏÎÁÌÏ×, × ËÏÔÏÒÙÈ �ÒÉÓÕÔÓÔ×ÕÅÔÍÏÍÅÎÔ �v.òÁÓÓÍÏÔÒÉÍ ÚÁÄÁÞÕ Ï ÒÁÓ�ÒÅÄÅÌÅÎÉÉ ÉÎÔÅÇÒÁÌØÎÙÈ ÆÕÎË�ÉÏÎÁÌÏ×A(t) := t
∫0 f(X(s)) ds;ËÏÇÄÁ ×ÍÅÓÔÏ t ÂÅÒÅÔÓÑ ÍÏÍÅÎÔ �v.ïÂÏÚÎÁÞÉÍ Px É Ex { ×ÅÒÏÑÔÎÏÓÔØ É ÍÁÔÅÍÁÔÉÞÅÓËÏÅ ÏÖÉÄÁÎÉÅ �Ï�ÒÏ�ÅÓÓÕ X Ó ÎÁÞÁÌØÎÙÍ ÚÎÁÞÅÎÉÅÍ X(0) = x.äÌÑ ÔÏÇÏ ÞÔÏÂÙ Õ�ÒÏÓÔÉÔØ ÆÏÒÍÕÌÙ, × ÄÁÌØÎÅÊÛÅÍ ÍÙ ÂÕÄÅÍ ÉÓ-�ÏÌØÚÏ×ÁÔØ ÏÂÏÚÎÁÞÅÎÉÅ E{�;A} := E{�1A}.óÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ Ñ×ÌÑÅÔÓÑ ËÌÀÞÅ×ÙÍ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ ÕÓÌÏ×-ÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ ÆÕÎË�ÉÏÎÁÌÁ A(t) × ÍÏÍÅÎÔ �v ÅÓÌÉ X(�v)=z.�ÅÏÒÅÍÁ 1.1. ðÕÓÔØ f(x) { ËÕÓÏÞÎÏ ÎÅ�ÒÅÒÙ×ÎÁÑ ÎÅÏÔÒÉ�ÁÔÅÌØÎÁÑÆÕÎË�ÉÑ. �ÏÇÄÁ �ÒÉ |z − x| < vddzEx{e−A(�v);X(�v) < z}



òáóðòåäåìåîéñ éî�åçòáìøîùè æõîëãéïîáìï÷ 45= { ddvEx{e−A(Hz;z+v);X(Hz;z+v) = z} �ÒÉ x− v < z < x;ddvEx{e−A(Hz−v;z);X(Hz−v;z) = z} �ÒÉ x < z < x+ v: (1:2)äÏËÁÚÁÔÅÌØÓÔ×Ï. óÔÒÕËÔÕÒÁ ÄÏËÁÚÁÔÅÌØÓÔ×Á × ÚÎÁÞÉÔÅÌØÎÏÊ ÓÔÅ�Å-ÎÉ �Ï×ÔÏÒÑÅÔ ÈÏÄ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÌÑ ÂÒÏÕÎÏ×ÓËÏÇÏ Ä×ÉÖÅÎÉÑ, �ÒÉÜÔÏÍ, ÏÄÎÁËÏ, ÎÕÖÎÏ ÉÍÅÔØ ÁÎÁÌÏÇÉÞÎÙÅ Ï�ÅÎËÉ ÕÖÅ ÄÌÑ ÄÉÆÆÕÚÉ-ÏÎÎÙÈ �ÒÏ�ÅÓÓÏ×. ó ×Ù×ÏÄÁ ÔÁËÉÈ Ï�ÅÎÏË ÍÙ É ÎÁÞÎÅÍ.óÏÇÌÁÓÎÏ �ÒÅÄÌÏÖÅÎÉÀ 12.5 §12, ÇÌ. II ÉÚ [4℄ ×ÅÒÏÑÔÎÏÓÔÉ ×ÙÈÏÄÁ�ÒÏ�ÅÓÓÁ X ÎÁ ÇÒÁÎÉ�Ù ÉÎÔÅÒ×ÁÌÁ [a; b℄ ÉÍÅÀÔ ×ÉÄPx(X(Ha;b) = a) = S(b)− S(x)S(b)− S(a) ; Px(X(Ha;b) = b) = S(x)− S(a)S(b)− S(a) ;ÇÄÅ S(x) := x
∫a exp(

−
y

∫a 2�(z)�2(z) dz) dy: (1:3)ðÏÌÏÖÉÍ M := supx∈R ∣

∣

∣

( �(x)�2(x))′
∣

∣

∣
. �ÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ 0 < Æ < b − a ÉÍÅÅÍÏ�ÅÎËÉ Pb−Æ(X(Ha;b) = a) 6 ÆeM(b−a)2( b−a

∫0 e−My2 dy)−1; (1:4)Pa+Æ(X(Ha;b)=b)6ÆeM(b−a)2( b−a
∫0 e−My2 dy)−1: (1:5)éÚ �ÒÅÄÌÏÖÅÎÉÑ 12.4 § 12 ÇÌ. II ÉÚ [4℄ ÍÏÖÎÏ ×Ù×ÅÓÔÉ, ÞÔÏ �ÒÉ x ∈ (a; b)Ex{Ha;b;X(Ha;b)=a}= S(b)−S(x)(S(b)−S(a))2 x

∫a (S(b)−S(y))(S(y)−S(a))dM(y)+ S(x)− S(a)(S(b)− S(a))2 b
∫x (S(b)− S(y))2 dM(y); (1:6)Ex{Ha;b;X(Ha;b) = b} = S(b)− S(x)(S(b)− S(a))2 x

∫a (S(y)− S(a))2 dM(y)



46 á. î. âïòïäéî+ S(x) − S(a)(S(b)− S(a))2 b
∫x (S(b)− S(y))(S(y)− S(a)) dM(y); (1:7)É dM(x) := 2�2(x) exp(

x
∫a 2�(z)�2(z) dz) dx 6

2�a;b eM(x−a)2 dx:ÇÄÅ �a;b := minx∈[a;b℄ �2(x). éÓ�ÏÌØÚÕÑ ÜÔÕ Ï�ÅÎËÕ É �ÒÉÍÅÎÑÑ (1.6) É(1.7), ÎÅÔÒÕÄÎÏ ×Ù×ÅÓÔÉ Ï�ÅÎËÉEa+Æ{Ha;b;X(Ha;b) = a} 6
Cb−a�a;b Æ; (1:8)Eb−Æ{Ha;b;X(Ha;b) = b} 6
Cb−a�a;b Æ; (1:9)ÇÄÅ ËÏÎÓÔÁÎÔÁ Cb−a ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ ÒÁÚÎÏÓÔÉ b− a.ï�ÅÎËÉ (1.4), (1.5) É (1.8), (1.9) �ÏÚ×ÏÌÑÀÔ �ÒÏ×ÅÓÔÉ ÄÏËÁÚÁÔÅÌØÓÔ×ÏÔÅÏÒÅÍÙ 1.1 �ÏÌÎÏÓÔØÀ ÁÎÁÌÏÇÉÞÎÏ ÔÏÍÕ ËÁË ÜÔÏ ÓÄÅÌÁÎÏ ÄÌÑ ÂÒÏÕÎÏ×-ÓËÏÇÏ Ä×ÉÖÅÎÉÑ (ÓÍ. ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 8.1 ÇÌ. II ÉÚ [4℄).ðÏÜÔÏÍÕ ÍÙ ÏÓÔÁÎÏ×ÉÍÓÑ ÌÉÛØ ÎÁ ×ÙÒÁÖÅÎÉÉ �ÒÁ×ÏÊ ÞÁÓÔÉ (1.2)ÞÅÒÅÚ ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙÅ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ12�2(x)�′′(x) + �(x)�′(x) − f(x)�(x) = 0; x ∈ R: (1:10)óÏÇÌÁÓÎÏ �ÒÅÄÌÏÖÅÎÉÀ 12.2 ÇÌ. II ÉÚ [4℄ ÕÒÁ×ÎÅÎÉÅ (1:10) ÉÍÅÅÔ Ä×ÁÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙÈ ÒÅÛÅÎÉÑ  É ' ÔÁËÉÈ, ÞÔÏ (x), x ∈ R, Ñ×ÌÑÅÔÓÑ ×ÏÚÒÁÓÔÁÀÝÉÍ, Á '(x), x ∈ R, { ÕÂÙ×ÁÀÝÉÍÒÅÛÅÎÉÅÍ. �ÁËÉÅ ÒÅÛÅÎÉÑ ÎÁÚÙ×ÁÀÔÓÑ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÍÉ. ðÏÌÏÖÉÍw(x) :=  ′(x)'(x) −  (x)'′(x) { ÉÈ ×ÒÏÎÓËÉÁÎ.ðÕÓÔØ �(x; y) :=  (x)'(y) −  (y)'(x):ìÅÇËÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ÄÌÑ ÌÀÂÙÈ a; b É 
ddb �(a; b) �(b; 
)− �(a; b) ddb �(b; 
) = −w(b) �(a; 
): (1:11)



òáóðòåäåìåîéñ éî�åçòáìøîùè æõîëãéïîáìï÷ 47ïÓÕÝÅÓÔ×ÌÑÑ ×ÙËÌÁÄËÉ, ÁÎÁÌÏÇÉÞÎÙÅ �ÒÉ×ÅÄÅÎÎÙÍ �ÒÉ ÄÏËÁÚÁÔÅÌØ-ÓÔ×Å ÔÅÏÒÅÍÙ 8.1 ÇÌ. II ÉÚ [4℄, �ÏÌÕÞÉÍddzEx{e−A(�v);X(�v) < z}= {w(z+v)�(x;z)�2(z+v;z) ; x− v < z 6 x;w(z−v)�(z;x)�2(z;z−v) ; x 6 z < x+ v: (1.12)
�ëÁË ÓÌÅÄÓÔ×ÉÅ ÉÚ (1.12) ÓÆÏÒÍÕÌÉÒÕÅÍ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ.ðÒÅÄÌÏÖÅÎÉÅ 1.1. ðÕÓÔØ �(x), f(x) { ËÕÓÏÞÎÏ ÎÅ�ÒÅÒÙ×ÎÙÅ ÆÕÎË�ÉÉÉ f ÎÅÏÔÒÉ�ÁÔÅÌØÎÁ. �ÏÇÄÁEx{�(X(�v)) exp(

−
�v
∫0 f(X(s)) ds)} = x

∫x−v w(z + v)�(z)�(x; z)�2(z + v; z) dz+ x+v
∫x w(z − v)�(z)�(z; x)�2(z; z − v) dz: (1:13)2. ïÂÏÚÎÁÞÉÍ ��v := �v ∧ � . îÁÓ ÉÎÔÅÒÅÓÕÅÔ ÁÎÁÌÏÇ ÔÅÏÒÅÍÙ 1.1 ÄÌÑÍÏÍÅÎÔÁ ��v . ÷ÏÓ�ÏÌØÚÕÅÍÓÑ ÓÌÅÄÕÀÝÉÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅÍddzEx{e−A(��v );X(��v ) < z} = ddzEx{e−A(�v);X(�v) < z; �v 6 �}+ ddzEx{e−A(�);X(�) < z; �v > �} =: I1 + I2:òÁÓÓÍÏÔÒÉÍ ÓÌÁÇÁÅÍÏÅ I1. ðÏÓËÏÌØËÕ � ÎÅ ÚÁ×ÉÓÉÔ ÏÔ �ÒÏ�ÅÓÓÁ X , ÔÏÓ�ÒÁ×ÅÄÌÉ×Á ÆÏÒÍÕÌÁP(�v 6 � ∣∣�(X(·))) = e−��v ;ÇÄÅ �(X(·)) { �-ÁÌÇÅÂÒÁ ÓÏÂÙÔÉÊ, �ÏÒÏÖÄÅÎÎÁÑ �ÒÏ�ÅÓÓÏÍ X . �ÏÇÄÁ,�ÒÉÍÅÎÑÑ ÔÅÏÒÅÍÕ æÕÂÉÎÉ É ÓÎÁÞÁÌÁ ×ÙÞÉÓÌÑÑ ÍÁÔÅÍÁÔÉÞÅÓËÏÅ ÏÖÉ-ÄÁÎÉÅ �Ï � , Á ÚÁÔÅÍ �Ï �ÒÏ�ÅÓÓÕ X , �ÏÌÕÞÉÍ, ÞÔÏI1 = ddzEx{ exp(

−
�v
∫0 (�+ f(X(s))) ds);X(�v) < z}:äÌÑ ×ÙÞÉÓÌÅÎÉÑ I1 ÍÏÖÎÏ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÔÅÏÒÅÍÏÊ 1.1 Ó ÆÕÎË�ÉÅÊ�+ f(x) ×ÍÅÓÔÏ f(x), x ∈ R.



48 á. î. âïòïäéîðÕÓÔØ ÄÁÌÅÅ  É ' { ÆÕÎÄÁÍÅÎÔÁÌØÎÙÅ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ12�2(x)�′′(x) + �(x)�′(x)− (�+ f(x))�(x) = 0; x ∈ R; (2:1)É w(x) { ÉÈ ×ÒÏÎÓËÉÁÎ. �ÏÇÄÁ ×ÙÒÁÖÅÎÉÅ ÄÌÑ I1 ÄÁÅÔÓÑ ÆÏÒÍÕÌÏÊ(1.12).òÁÓÓÍÏÔÒÉÍ I2. ðÏÓËÏÌØËÕ ÓÏÂÙÔÉÅ {�v > �} ÜË×É×ÁÌÅÎÔÎÏ ÓÏÂÙÔÉÀ
{ sup06s6�X(s)− inf06s6� X(s) < v};ÉÍÅÅÍI2 = ddzEx{e−A(�); sup06s6�X(s)− inf06s6� X(s) < v;X(�) < z}:äÁÌÅÅ ÎÁÍ �ÏÎÁÄÏÂÑÔÓÑ ÓÌÅÄÕÀÝÉÅ Ó×ÅÄÅÎÉÑ (ÓÍ. ÔÅÏÒÅÍÕ 6.2 É �ÒÅÄ-ÌÏÖÅÎÉÅ 6.1 ÇÌ. IV ÉÚ [4℄). ðÏÌÏÖÉÍGz(x) := ddzEx{e−A(�); a 6 inf06s6�X(s); sup06s6�X(s) 6 b;X(�) < z}:�ÏÇÄÁ �ÒÉ z ∈ (a; b)Gz(x) = { 2�wa;b(z)�2(z)'b(z) a(x) �ÒÉ a 6 x 6 z;2�wa;b(z)�2(z) a(z)'b(x) �ÒÉ z 6 x 6 b; (2:2)ÇÄÅ  a(x) { ×ÏÚÒÁÓÔÁÀÝÅÅ, Á 'b(x) { ÕÂÙ×ÁÀÝÅÅ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ(2:1) �ÒÉ x ∈ (a; b), ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÅ ÇÒÁÎÉÞÎÙÍ ÕÓÌÏ×ÉÑÍ  a(a) = 0,'b(b) = 0. æÕÎË�ÉÑ wa;b(x) =  ′a(x)'b(x)− a(x)'′b(x) > 0 { ×ÒÏÎÓËÉÁÎÜÔÉÈ ÒÅÛÅÎÉÊ. òÅÛÅÎÉÑ  a(x) É 'b(x) ÎÅÔÒÕÄÎÏ ×ÙÒÁÚÉÔØ ÞÅÒÅÚ ÆÕÎ-ÄÁÍÅÎÔÁÌØÎÙÅ ÒÅÛÅÎÉÑ  (x) É '(x) ÕÒÁ×ÎÅÎÉÑ (2.1), ÄÌÑ ËÏÔÏÒÙÈ ÎÅÔÇÒÁÎÉÞÎÙÈ ÕÓÌÏ×ÉÊ. äÅÊÓÔ×ÉÔÅÌØÎÏ a(x) = �(x; a)�(b; a) ; 'b(x) = �(b; x)�(b; a) : (2:3)ðÒÉÍÅÎÑÑ (1.11), ÎÅÔÒÕÄÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ×ÒÏÎÓËÉÁÎ ÜÔÉÈ ÒÅÛÅÎÉÊÓÏ×�ÁÄÁÅÔ Ó ×ÒÏÎÓËÉÁÎÏÍ ÒÅÛÅÎÉÊ  É ', Ô.Å. wa;b(x) = w(x). éÓ�ÏÌØ-ÚÕÑ ×ÙÒÁÖÅÎÉÑ (2.3) É (2.2), �ÏÌÕÞÉÍGz(x) = { 2��(b;z)�(x;a)w(z)�2(z)�(b;a) �ÒÉ a 6 x 6 z;2��(b;x)�(z;a)w(z)�2(z)�(b;a) �ÒÉ z 6 x 6 b; (2:4)



òáóðòåäåìåîéñ éî�åçòáìøîùè æõîëãéïîáìï÷ 49ïÂÏÚÎÁÞÉÍ F (a; b; x; z) := Gz(x). ðÒÉÍÅÎÑÑ (1.11), ÎÅÔÒÕÄÎÏ �ÒÏ×Å-ÒÉÔØ, ÞÔÏ �ÒÉ a < x < z < bF ′b(a; b; x; z) = 2�w(b)�(z; a)�(x; a)w(z)�2(z)�2(b; a) ;É �ÒÉ a < z < x < bF ′a(a; b; x; z) = −2�w(a)�(b; z)�(b; x)w(z)�2(z)�2(b; a) :÷ÅÒÎÅÍÓÑ Ë ×ÙÞÉÓÌÅÎÉÀ ÓÌÁÇÁÅÍÏÇÏ I2. ðÒÉ x < z ÉÍÅÅÍI2 = x+v
∫z ddzEx{e−A(�); b− v < inf06s6�X(s); X(�) < z; sup06s6�X(s) ∈ db}= x+v

∫z F ′b(b− v; b; x; z) db = 2�w(z)�2(z) x+v
∫z w(b)�(z; b− v)�(x; b − v)�2(b; b− v) db:áÎÁÌÏÇÉÞÎÏ �ÒÉ z < x ÉÍÅÅÍI2 = z

∫x−v ddzEx{e−A(�); sup06s6�X(s) < a+ v;X(�) < z; inf06s6�X(s) ∈ da}= −
z

∫x−v F ′a(a; v+a; x; z) da = 2�w(z)�2(z) z
∫x−v w(a)�(a + v; z)�(a+ v; x)�2(a+ v; a) da:óÕÍÍÉÒÕÑ ÓÌÁÇÁÅÍÙÅ I1 É I2, �ÏÌÕÞÉÍ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ.�ÅÏÒÅÍÁ 2.1. ðÕÓÔØ f(x) { ËÕÓÏÞÎÏ ÎÅ�ÒÅÒÙ×ÎÁÑ ÎÅÏÔÒÉ�ÁÔÅÌØÎÁÑÆÕÎË�ÉÑ. �ÏÇÄÁ �ÒÉ |z − x| < vddzEx{e−A(��v );X(��v ) < z} (2:5)= 
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
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


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




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w(z+v)�(x;z)�2(z+v;z) + 2�w(z)�2(z) z
∫x−v w(u)�(u+v;z)�(u+v;x)�2(u+v;u) du;�ÒÉ x− v < z < x;w(z−v)�(z;x)�2(z;z−v) + 2�w(z)�2(z) x+v

∫z w(u)�(z;u−v)�(x;u−v)�2(u;u−v) du;�ÒÉ x < z < x+ v;ÇÄÅ ÆÕÎË�ÉÑ � É ×ÒÏÎÓËÉÁÎ w Ï�ÒÅÄÅÌÅÎÙ �Ï ÆÕÎÄÁÍÅÎÔÁÌØÎÙÍ ÒÅÛÅ-ÎÉÑÍ  É ' { ÕÒÁ×ÎÅÎÉÑ (2:1).



50 á. î. âïòïäéîðÒÉÍÅÒ 2.1. òÁÓÓÍÏÔÒÉÍ ÂÒÏÕÎÏ×ÓËÏÅ Ä×ÉÖÅÎÉÅ Ó ÌÉÎÅÊÎÙÍ ÓÎÏÓÏÍ:W�(t) = �t+W (t), t > 0. ÷ÙÞÉÓÌÉÍddzEx{e−���v ;W�(��v ) < z}:÷ ÄÁÎÎÏÍ ÓÌÕÞÁÅ �(x) ≡ 1, �(x) ≡ �, f(x) ≡ � > 0, (x) = 1√2 e(�−�)x; '(x) = 1√2 e−(�+�)x; w(x) = �e−2�x;�(b; a) = e−(b+a)� sh((b− a)� );ÇÄÅ � := √2�+ 2�+ �2.ðÒÉÍÅÎÑÑ ÔÅÏÒÅÍÕ 2.1, ÎÅÔÒÕÄÎÏ ×ÙÞÉÓÌÉÔØ, ÞÔÏ �ÒÉ |z − x| < vddzEx{e−���v ;W�(��v ) < z} = �e(z−x)�sh2(v� ) sh(|z − x|� )+�e(z−x)�sh2(v� ) (
h(v� )� sh((v − |z − x|)� ) − (v − |z − x|) 
h((z − x)� )):éÎÔÅÇÒÉÒÕÑ ÜÔÏ ÒÁ×ÅÎÓÔ×Ï �Ï z ÉÚ ÉÎÔÅÒ×ÁÌÁ (x− v; x+ v), �ÏÌÕÞÉÍExe−���v = 2�+2�+�2(�+�) sh2(v� )[ 
h(v� ) 
h(v�)− 1− �� sh(v� ) sh(v�)]+ �sh2(v� )[2 
h(v� )(
h(v� )−
h(v�))� 2−�2 + 1−
h(v(�+�))(�+�)2 + 1−
h(v(�−�))(�−�)2 ]= ��+� + 2��(�+�) sh2(v� )( sh2(v(�+�)=2)�+� + sh2(v(�−�)=2)�−� ):ìÉÔÅÒÁÔÕÒÁ1. J. P. Imhof, On the range of Brownian motion and its inverse pro
ess. | Ann.Probab. 13 (1985), 1{13.2. P. Vallois, De
omposition of the Brownian path via the range pro
ess. | Sto
h. Pro
.Appl. 55 (1995) 211{226.3. á. î. âÏÒÏÄÉÎ, ï ÒÁÓ�ÒÅÄÅÌÅÎÉÉ ÆÕÎË�ÉÏÎÁÌÏ× ÏÔ ÂÒÏÕÎÏ×ÓËÏÇÏ Ä×ÉÖÅÎÉÑ,ÏÓÔÁÎÏ×ÌÅÎÎÏÇÏ × ÍÏÍÅÎÔ, ÏÂÒÁÔÎÙÊ Ë ÒÁÚÍÁÈÕ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé260 (1999) 50{72.4. á. î. âÏÒÏÄÉÎ, óÌÕÞÁÊÎÙÅ �ÒÏ�ÅÓÓÙ, óÁÎËÔ-ðÅÔÅÒÂÕÒÇ, ìÁÎØ, 2013.5. á. î. âÏÒÏÄÉÎ, ð. óÁÌÍÉÎÅÎ, ó�ÒÁ×ÏÞÎÉË �Ï ÂÒÏÕÎÏ×ÓËÏÍÕ Ä×ÉÖÅÎÉÀ. æÁËÔÙÉ ÆÏÒÍÕÌÙ, óÁÎËÔ-ðÅÔÅÒÂÕÒÇ, ìÁÎØ, 2016.
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omputations of distributions ofintegral fun
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