
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 453, 2016 Ç.ï. ÷. íÁÒËÏ×Áëïííõ�á�é÷îùå îéìøðï�åî�îùåðïäáìçåâòù éîäåëóá îéìøðï�åî�îïó�én− 1 ÷ áìçåâòå íá�òéã ðïòñäëá n
§1. ÷×ÅÄÅÎÉÅï�ÉÓÁÎÉÅ ËÏÍÍÕÔÁÔÉ×ÎÙÈ ÍÁÔÒÉÞÎÙÈ �ÏÄÁÌÇÅÂÒ É ÉÚÕÞÅÎÉÅ ÉÈ ÞÉ-ÓÌÏ×ÙÈ ÈÁÒÁËÔÅÒÉÓÔÉË Ñ×ÌÑÅÔÓÑ ËÌÁÓÓÉÞÅÓËÏÊ ÏÂÌÁÓÔØÀ ÉÓÓÌÅÄÏ×ÁÎÉÊ.äÌÑ ÆÕÎË�ÉÉ ÒÁÚÍÅÒÎÏÓÔÉ ÜÔÉ ÉÓÓÌÅÄÏ×ÁÎÉÑ ×ÏÓÈÏÄÑÔ Ë ÒÁÂÏÔÅ é. ûÕ-ÒÁ 1905 Ç. [10℄, × ËÏÔÏÒÏÊ �ÏÌÕÞÅÎÁ ×ÅÒÈÎÑÑ Ï�ÅÎËÁ ÒÁÚÍÅÒÎÏÓÔÉ [n24 ]+1ËÏÍÍÕÔÁÔÉ×ÎÙÈ �ÏÄÁÌÇÅÂÒ ÁÌÇÅÂÒÙ ÍÁÔÒÉ� �ÏÒÑÄËÁ n ÎÁÄ �ÏÌÅÍ ËÏÍ-�ÌÅËÓÎÙÈ ÞÉÓÅÌ C, ÇÄÅ [x℄ ÏÂÏÚÎÁÞÁÅÔ ÎÁÉÂÏÌØÛÅÅ �ÅÌÏÅ ÞÉÓÌÏ, ÎÅ �ÒÅ-×ÏÓÈÏÄÑÝÅÅ x. üÔÁ ÏÂÌÁÓÔØ ÁËÔÉ×ÎÏ ÒÁÚ×É×ÁÌÁÓØ × ÔÅÞÅÎÉÅ XX ×ÅËÁ,ÄÏÓÔÁÔÏÞÎÏ Õ�ÏÍÑÎÕÔØ ÒÁÂÏÔÕ î. äÖÅËÏÂÓÏÎÁ 1944 Ç. [4℄, × ËÏÔÏÒÏÊÏ�ÅÎËÁ ûÕÒÁ ÂÙÌÁ �ÅÒÅÎÅÓÅÎÁ ÎÁ ÓÌÕÞÁÊ �ÒÏÉÚ×ÏÌØÎÏÇÏ �ÏÌÑ, ÒÁÂÏÔÕí. çÅÒÛÔÅÎÈÁÂÅÒÁ 1961 Ç. [2℄, × ËÏÔÏÒÏÊ �ÏÌÕÞÅÎÁ Ï�ÅÎËÁ ÒÁÚÍÅÒÎÏ-ÓÔÉ ËÏÍÍÕÔÁÔÉ×ÎÏÊ ÁÌÇÅÂÒÙ, �ÏÒÏÖÄ£ÎÎÏÊ Ä×ÕÍÑ ÍÁÔÒÉ�ÁÍÉ, ÍÏÎÏ-ÇÒÁÆÉÀ ä. á. óÕ�ÒÕÎÅÎËÏ É ò. é. �ÙÛËÅ×ÉÞ 1966 Ç. [12℄, Á ÔÁËÖÅ,ÎÁ�ÒÉÍÅÒ, ÒÁÂÏÔÙ [1,5,6,11℄. ÷ ÓÔÁÔØÅ á. ðÁÚÁ ÓÆÏÒÍÕÌÉÒÏ×ÁÎÁ ÚÁÄÁ-ÞÁ ×ÙÞÉÓÌÅÎÉÑ ÄÌÉÎÙ ÄÌÑ ÍÁÔÒÉÞÎÏÊ ÁÌÇÅÂÒÙ É, × ÞÁÓÔÎÏÓÔÉ, �ÏÌÕÞÅÎÁ×ÅÒÈÎÑÑ Ï�ÅÎËÁ n − 1 ÄÌÑ ÄÌÉÎÙ ËÏÍÍÕÔÁÔÉ×ÎÙÈ �ÏÄÁÌÇÅÂÒ ÁÌÇÅÂÒÙËÏÍ�ÌÅËÓÎÙÈ ÍÁÔÒÉ� �ÏÒÑÄËÁ n. ÷ ÒÁÂÏÔÅ [3℄ (ÓÏ×ÍÅÓÔÎÏ Ó á. ü. çÕÔÅÒ-ÍÁÎÏÍ) É ÒÁÂÏÔÅ Á×ÔÏÒÁ [7℄ ×ÅÒÈÎÑÑ Ï�ÅÎËÁ á. ðÁÚÁ ÄÏËÁÚÁÎÁ ÄÌÑ ÄÌÉÎÙËÏÍÍÕÔÁÔÉ×ÎÙÈ �ÏÄÁÌÇÅÂÒ ÍÁÔÒÉÞÎÏÊ ÁÌÇÅÂÒÙ ÎÁÄ �ÒÏÉÚ×ÏÌØÎÙÍ �Ï-ÌÅÍ É Ï�ÉÓÁÎÙ ËÏÍÍÕÔÁÔÉ×ÎÙÅ �ÏÄÁÌÇÅÂÒÙ ÍÁËÓÉÍÁÌØÎÏÊ ÄÌÉÎÙ. äÌÑÄÁÌØÎÅÊÛÅÇÏ ÉÚÕÞÅÎÉÑ ËÏÍÍÕÔÁÔÉ×ÎÙÈ ÍÁÔÒÉÞÎÙÈ �ÏÄÁÌÇÅÂÒ ÚÁÄÁÎ-ÎÏÊ ÄÌÉÎÙ ÔÒÅÂÕÅÔÓÑ Ï�ÉÓÁÎÉÅ ÎÉÌØ�ÏÔÅÎÔÎÙÈ �ÏÄÁÌÇÅÂÒ ÁÌÇÅÂÒÙ ÍÁ-ÔÒÉ� ÒÁÚÌÉÞÎÙÈ ÉÎÄÅËÓÏ× ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ. äÁÎÎÁÑ ÒÁÂÏÔÁ �ÏÓ×ÑÝÅÎÁËÏÍÍÕÔÁÔÉ×ÎÙÍ ÎÉÌØ�ÏÔÅÎÔÎÙÍ �ÏÄÁÌÇÅÂÒÁÍ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏ-ÓÔÉ n− 1 ÁÌÇÅÂÒÙ ÍÁÔÒÉ� �ÏÒÑÄËÁ n.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÁÌÇÅÂÒÁ ÎÉÌØÔÒÅÕÇÏÌØÎÙÈ ÍÁÔÒÉ�, ËÏÍÍÕÔÁÔÉ×ÎÁÑ ÎÉÌØ�Ï-ÔÅÎÔÎÁÑ ÍÁÔÒÉÞÎÁÑ �ÏÄÁÌÇÅÂÒÁ, ÉÎÄÅËÓ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ ÞÁÓÔÉÞÎÏÊ ÆÉÎÁÎÓÏ×ÏÊ �ÏÄÄÅÒÖËÅ ÇÒÁÎÔÏÍ òææé 15-01-01132. 219



220 ï. ÷. íáòëï÷áðÕÓÔØ ÄÁÌÅÅMn(F) ÏÂÏÚÎÁÞÁÅÔ ÁÌÇÅÂÒÕ ÍÁÔÒÉ� �ÏÒÑÄËÁ n ÎÁÄ �ÏÌÅÍ
F, Tn(F) { �ÏÄÁÌÇÅÂÒÕ ×ÅÒÈÎÅÔÒÅÕÇÏÌØÎÙÈ ÍÁÔÒÉ� × Mn(F), Nn(F) {�ÏÄÁÌÇÅÂÒÕ ÎÉÌØ�ÏÔÅÎÔÎÙÈ ÍÁÔÒÉ� × Tn(F) (ÉÎÙÍÉ ÓÌÏ×ÁÍÉ, ÁÌÇÅ-ÂÒÕ ×ÅÒÈÎÉÈ ÎÉÌØÔÒÅÕÇÏÌØÎÙÈ ÍÁÔÒÉ�). þÅÒÅÚ Ei;j ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØÍÁÔÒÉÞÎÕÀ ÅÄÉÎÉ�Õ, Ô.Å. ÍÁÔÒÉ�Õ Ó 1 ÎÁ �ÏÚÉ�ÉÉ (i; j) É ÎÕÌÑÍÉ ÎÁÏÓÔÁÌØÎÙÈ ÍÅÓÔÁÈ. þÅÒÅÚ TA ÏÂÏÚÎÁÞÉÍ ÔÒÁÎÓ�ÏÎÉÒÏ×ÁÎÎÕÀ ÍÁÔÒÉ�ÕÄÌÑ ÍÁÔÒÉ�Ù A.þÅÒÅÚ 〈S〉 ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÌÉÎÅÊÎÕÀ ÏÂÏÌÏÞËÕ �ÏÄÍÎÏÖÅÓÔ×Á SÎÅËÏÔÏÒÏÇÏ ÌÉÎÅÊÎÏÇÏ �ÒÏÓÔÒÁÎÓÔ×Á.ðÕÓÔØA { ËÏÎÅÞÎÏÍÅÒÎÁÑ ÁÓÓÏ�ÉÁÔÉ×ÎÁÑ ÁÌÇÅÂÒÁ ÎÁÄ �ÏÌÅÍ F. îÉÌØ-�ÏÔÅÎÔÎÙÊ ÜÌÅÍÅÎÔ (ÉÌÉ ÎÉÌØ�ÏÔÅÎÔ) a ÁÌÇÅÂÒÙ A { ÜÌÅÍÅÎÔ, ÕÄÏ-×ÌÅÔ×ÏÒÑÀÝÉÊ ÒÁ×ÅÎÓÔ×Õ an = 0 ÄÌÑ ÎÅËÏÔÏÒÏÇÏ ÎÁÔÕÒÁÌØÎÏÇÏ n. íÉ-ÎÉÍÁÌØÎÏÅ ÚÎÁÞÅÎÉÅ n, ÄÌÑ ËÏÔÏÒÏÇÏ Ó�ÒÁ×ÅÄÌÉ×Ï ÜÔÏ ÒÁ×ÅÎÓÔ×Ï, ÎÁÚÙ-×ÁÅÔÓÑ ÉÎÄÅËÓÏÍ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ ÜÌÅÍÅÎÔÁ a. áÌÇÅÂÒÁ A ÎÁÚÙ×ÁÅÔ-ÓÑ ÎÉÌØ-ÁÌÇÅÂÒÏÊ, ÅÓÌÉ ËÁÖÄÙÊ Å£ ÜÌÅÍÅÎÔ Ñ×ÌÑÅÔÓÑ ÎÉÌØ�ÏÔÅÎÔÎÙÍ;ÎÉÌØ-ÉÎÄÅËÓÏÍ �(A) ÎÉÌØ-ÁÌÇÅÂÒÙ A ÎÁÚÏ×£Í ÍÁËÓÉÍÁÌØÎÙÊ ÉÎÄÅËÓÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ Å£ ÜÌÅÍÅÎÔÏ×. éÎÄÅËÓÏÍ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ ÁÌÇÅÂÒÙ
A ÎÁÚÙ×ÁÅÔÓÑ ÞÉÓÌÏ k, ÔÁËÏÅ ÞÔÏ Ak = (0), ÎÏ Ak−1 6= (0). åÓÌÉ ÔÁËÏÅk ÓÕÝÅÓÔ×ÕÅÔ, ÁÌÇÅÂÒÁ ÎÁÚÙ×ÁÅÔÓÑ ÎÉÌØ�ÏÔÅÎÔÎÏÊ ÉÎÄÅËÓÁ k. ìÀÂÁÑÎÉÌØ�ÏÔÅÎÔÎÁÑ ÁÌÇÅÂÒÁ, ÏÞÅ×ÉÄÎÏ, Ñ×ÌÑÅÔÓÑ ÎÉÌØ-ÁÌÇÅÂÒÏÊ.äÌÑ ÍÁËÓÉÍÁÌØÎÙÈ (ÏÔÎÏÓÉÔÅÌØÎÏ ×ËÌÀÞÅÎÉÑ) ËÏÍÍÕÔÁÔÉ×ÎÙÈÎÉÌØ�ÏÔÅÎÔÎÙÈ �ÏÄÁÌÇÅÂÒ × Mn(F) ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n − 1ÉÚ×ÅÓÔÎÙ ÓÌÅÄÕÀÝÉÅ ÈÁÒÁËÔÅÒÉÚÁ�ÉÏÎÎÙÅ ÒÅÚÕÌØÔÁÔÙ.�ÅÏÒÅÍÁ 1.1 ([12, ÇÌÁ×Á 3, ÔÅÏÒÅÍÁ 1℄). ðÕÓÔØ n > 3 É A { ÍÁËÓÉ-ÍÁÌØÎÁÑ ËÏÍÍÕÔÁÔÉ×ÎÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ �ÏÄÁÌÇÅÂÒÁ × Mn(C) ÉÎÄÅË-ÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n− 1. �ÏÇÄÁ1. A ÓÏ�ÒÑÖÅÎÁ Ó ÏÄÎÏÊ ÉÚ ÓÌÅÄÕÀÝÉÈ ÔÒ£È �Ï�ÁÒÎÏ ÎÅÓÏ�ÒÑÖ£Î-ÎÙÈ ÁÌÇÅÂÒ:

B1;n = 〈A;A2; : : : ; An−2; E1;n〉;
B2;n = 〈A;A2; : : : ; An−2; En;n−1〉;

B3;n(1) = 〈A;A2; : : : ; An−2; E1;n +En;n−1〉;ÇÄÅ A = E1;2 + · · ·+En−2;n−1.2. áÌÇÅÂÒÙ B3;n(�)=〈A;A2; : : : ; An−2; E1;n +�En;n−1〉, ÇÄÅ � 6=0∈C,ÓÏ�ÒÑÖÅÎÙ × Mn(C) Ó ÁÌÇÅÂÒÏÊ B3(1).�ÅÏÒÅÍÁ 1.2 ([8℄). ðÕÓÔØ n > 3 É �ÕÓÔØ F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ ÎÕ-ÌÅ×ÏÊ ÈÁÒÁËÔÅÒÉÓÔÉËÉ, ÉÌÉ ÈÁÒÁËÔÅÒÉÓÔÉËÉ p > n − 1. ïÂÏÚÎÁÞÉÍ



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 221ÞÅÒÅÚ F∗ ÍÕÌØÔÉ�ÌÉËÁÔÉ×ÎÕÀ ÇÒÕ��Õ �ÏÌÑ F, ÞÅÒÅÚ Q { �ÏÄÇÒÕ��Õ F∗,ÏÂÒÁÚÏ×ÁÎÎÕÀ Ë×ÁÄÒÁÔÁÍÉ ÜÌÅÍÅÎÔÏ× ÉÚ F∗. ðÕÓÔØ A { ÍÁËÓÉÍÁÌØÎÁÑËÏÍÍÕÔÁÔÉ×ÎÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ �ÏÄÁÌÇÅÂÒÁ × Mn(F) ÉÎÄÅËÓÁ ÎÉÌØ�Ï-ÔÅÎÔÎÏÓÔÉ n− 1. �ÏÇÄÁ1. �ÒÉ ÎÅÞ£ÔÎÏÍ n ÁÌÇÅÂÒÁ A ÓÏ�ÒÑÖÅÎÁ Ó ÏÄÎÏÊ ÉÚ ÔÒ£È �Ï�ÁÒÎÏÎÅÓÏ�ÒÑÖ£ÎÎÙÈ ÁÌÇÅÂÒ B1;n, B2;n É B3;n(1);2. �ÒÉ Þ£ÔÎÏÍ n ÁÌÇÅÂÒÁ A ÓÏ�ÒÑÖÅÎÁ Ó ÏÄÎÏÊ ÉÚ �Ï�ÁÒÎÏ ÎÅÓÏ�ÒÑ-Ö£ÎÎÙÈ ÁÌÇÅÂÒ B1;n, B2;n, B3;n(�1); : : : ;B3;n(�i); : : :, ÇÄÅ {�j} { �ÏÌÎÁÑÓÉÓÔÅÍÁ �ÒÅÄÓÔÁ×ÉÔÅÌÅÊ F∗ �Ï ÍÏÄÕÌÀ Q.ðÒÉ ÜÔÏÍ × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÜÔÉÈ ÔÅÏÒÅÍ ÓÕÝÅÓÔ×ÅÎÎÏ ÉÓ�ÏÌØÚÕÅÔÓÑÓÕÝÅÓÔ×Ï×ÁÎÉÅ × ÔÁËÏÊ ÁÌÇÅÂÒÅ ÜÌÅÍÅÎÔÁ a, ÉÎÄÅËÓ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉËÏÔÏÒÏÇÏ ÓÏ×�ÁÄÁÅÔ Ó ÉÎÄÅËÓÏÍ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ ×ÓÅÊ ÁÌÇÅÂÒÙ, Ô.Å.ÓÏ×�ÁÄÅÎÉÅ ÎÉÌØ-ÉÎÄÅËÓÁ É ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ ÁÌÇÅÂÒÙ. üÔÉÍÏÂßÑÓÎÑÅÔÓÑ ÕÓÌÏ×ÉÅ ÎÁ ÈÁÒÁËÔÅÒÉÓÔÉËÕ �ÏÌÑ, �ÏÓËÏÌØËÕ �ÒÉ ÔÁËÏÍÕÓÌÏ×ÉÉ ÓÕÝÅÓÔ×Ï×ÁÎÉÅ ÔÒÅÂÕÅÍÏÇÏ ÜÌÅÍÅÎÔÁ ×ÙÔÅËÁÅÔ ÉÚ ÓÌÅÄÕÀÝÅÇÏÒÅÚÕÌØÔÁÔÁ, �ÒÉÎÁÄÌÅÖÁÝÅÇÏ ç. æÒÏÂÅÎÉÕÓÕ.�ÅÏÒÅÍÁ 1.3 ([12, ÇÌÁ×Á 1, �ÒÅÄÌÏÖÅÎÉÅ 5, ÓÌÅÄÓÔ×ÉÅ℄). ðÕÓÔØ s ∈ NÉ �ÕÓÔØ F { �ÏÌÅ Ó ÕÓÌÏ×ÉÅÍ harF = 0 ÉÌÉ harF > s.1. ðÕÓÔØ A { ËÏÍÍÕÔÁÔÉ×ÎÁÑ ÁÓÓÏ�ÉÁÔÉ×ÎÁÑ ÁÌÇÅÂÒÁ �ÒÏÉÚ×ÏÌØ-ÎÏÊ ÒÁÚÍÅÒÎÏÓÔÉ ÎÁÄ F. åÓÌÉ ÄÌÑ ÌÀÂÏÇÏ a ∈ A ×Ù�ÏÌÎÅÎÏ as = 0, ÔÏ
As = (0).2. åÓÌÉ A { ÎÉÌØ�ÏÔÅÎÔÎÁÑ ËÏÍÍÕÔÁÔÉ×ÎÁÑ ÁÓÓÏ�ÉÁÔÉ×ÎÁÑ ÁÌ-ÇÅÂÒÁ ÎÁÄ F ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ s, ÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÜÌÅÍÅÎÔa ∈ A, ÔÁËÏÊ, ÞÔÏ as−1 6= 0.÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÄÌÑ ×ÓÅÈ n > 5 ÂÕÄÅÔ ÄÁÎÏ ËÏÎÓÔÒÕËÔÉ×ÎÏÅ ÄÏËÁ-ÚÁÔÅÌØÓÔ×Ï ÓÕÝÅÓÔ×Ï×ÁÎÉÑ ÜÌÅÍÅÎÔÁ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n − 1× ÌÀÂÏÊ ÎÉÌØ�ÏÔÅÎÔÎÏÊ ËÏÍÍÕÔÁÔÉ×ÎÏÊ �ÏÄÁÌÇÅÂÒÅ ÉÎÄÅËÓÁ ÎÉÌØ�Ï-ÔÅÎÔÎÏÓÔÉ n−1 × ÁÌÇÅÂÒÅ Nn(F) (ËÁË ÓÌÅÄÓÔ×ÉÅ, × ÁÌÇÅÂÒÅMn(F)) ÎÁÄ�ÏÌÅÍ F, ÓÏÓÔÏÑÝÉÍ ÉÚ ÎÅ ÍÅÎÅÅ, ÞÅÍ n ÜÌÅÍÅÎÔÏ×. éÚ ÜÔÏÇÏ ÒÅÚÕÌØÔÁ-ÔÁ ÓÌÅÄÕÅÔ ÕÌÕÞÛÅÎÉÅ �ÒÉ×ÅÄ£ÎÎÙÈ ×ÙÛÅ ËÌÁÓÓÉÆÉËÁ�ÉÏÎÎÙÈ ÔÅÏÒÅÍÏÔÎÏÓÉÔÅÌØÎÏ ÏÓÎÏ×ÎÏÇÏ �ÏÌÑ. ÷ ÓÌÕÞÁÑÈ n = 3; 4 ÎÉÌØ�ÏÔÅÎÔÎÙÅ ËÏÍ-ÍÕÔÁÔÉ×ÎÙÅ �ÏÄÁÌÇÅÂÒÙ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n−1 ×Mn(F) ÂÕÄÕÔÏ�ÉÓÁÎÙ Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÓÏ�ÒÑÖ£ÎÎÏÓÔÉ ÎÁÄ ÌÀÂÙÍ �ÏÌÅÍ F.



222 ï. ÷. íáòëï÷á
§2. ï ËÏÍÍÕÔÁÔÉ×ÎÙÈ ÎÉÌØ�ÏÔÅÎÔÎÙÈ �ÏÄÁÌÇÅÂÒÁÈÁÌÇÅÂÒ ÍÁÔÒÉ� �ÏÒÑÄËÏ× 3 É 4�ÅÏÒÅÍÁ 2.1. ðÕÓÔØ F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ. �ÏÇÄÁ �ÒÏÉÚ×ÏÌØÎÁÑ ËÏÍ-ÍÕÔÁÔÉ×ÎÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ �ÏÄÁÌÇÅÂÒÁ A × M3(F) ÉÎÄÅËÓÁ ÎÉÌØ�Ï-ÔÅÎÔÎÏÓÔÉ 2 ÓÏ�ÒÑÖÅÎÁ Ó ÏÄÎÏÊ ÉÚ ÓÌÅÄÕÀÝÉÈ �Ï�ÁÒÎÏ ÎÅÓÏ�ÒÑÖ£Î-ÎÙÈ ÁÌÇÅÂÒ:(1) B0;3 = 〈E1;2〉;(2) B1;3 = 〈E1;2; E1;3〉;(3) B2;3 = 〈E1;2; E3;2〉.äÏËÁÚÁÔÅÌØÓÔ×Ï. áÌÇÅÂÒÁ A �Ï ÕÓÌÏ×ÉÀ ÎÅÎÕÌÅ×ÁÑ, Ô.Å. dimA > 1; ÓÄÒÕÇÏÊ ÓÔÏÒÏÎÙ �Ï ÔÅÏÒÅÍÅ ûÕÒÁ [12, ÇÌÁ×Á 2, ÔÅÏÒÅÍÁ 19℄, dimA 6[9=4℄ = 2.1. ðÕÓÔØ dimA = 2. ÷ [12, ÇÌÁ×Á 2, §3℄ �ÏËÁÚÁÎÏ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔÎÅ×ÙÒÏÖÄÅÎÎÁÑ ÍÁÔÒÉ�Á T ∈ M3(F) ÔÁËÁÑ, ÞÔÏ ÌÀÂÁÑ ÍÁÔÒÉ�Á ÉÚ ÁÌÇÅ-ÂÒÙAT = TAT−1 ÉÍÅÅÔ ×ÉÄ ÌÉÂÏ0 y1;2 y1;30 0 00 0 0 , ÌÉÂÏ0 0 y1;30 0 y2;30 0 0 ;ÁÌÇÅÂÒÙ B1;3 É B′2;3 = 〈E1;3; E2;3〉 ÎÅ ÓÏ�ÒÑÖÅÎÙ.�ÏÇÄÁ × �ÅÒ×ÏÍ ÓÌÕÞÁÅ ×ÅÒÎÏ ÒÁ×ÅÎÓÔ×ÏAT = B1;3. ÷Ï ×ÔÏÒÏÍ ÓÌÕÞÁÅÉÍÅÅÍ





0 1 00 0 11 0 0B′2;30 1 00 0 11 0 0−1 = B2;3:�ÁËÉÍ ÏÂÒÁÚÏÍ, ÁÌÇÅÂÒÁ A ÓÏ�ÒÑÖÅÎÁ ÌÉÂÏ Ó ÁÌÇÅÂÒÏÊ B1;3, ÌÉÂÏ  B2;3.2. ðÕÓÔØ dimA = 1, Ô.Å. A = 〈A〉, ÇÄÅ A 6= 0, ÎÏ A2 = 0. îÉÌØ�ÏÔÅÎÔ-ÎÁÑ ÍÁÔÒÉ�Á A ÎÁÄ �ÒÏÉÚ×ÏÌØÎÙÍ �ÏÌÅÍ �ÒÉ×ÏÄÉÔÓÑ Ë ÖÏÒÄÁÎÏ×ÏÊÎÏÒÍÁÌØÎÏÊ ÆÏÒÍÅ, ËÏÔÏÒÁÑ ÓÏ×�ÁÄÁÅÔ Ó ÍÁÔÒÉ�ÅÊ E1;2. óÌÅÄÏ×ÁÔÅÌØ-ÎÏ, ÁÌÇÅÂÒÁ A ÓÏ�ÒÑÖÅÎÁ Ó ÁÌÇÅÂÒÏÊ B0;3. �÷ÏÏÂÝÅ, × ÒÁÂÏÔÁÈ [8, 12℄ ÂÙÌÏ ÆÁËÔÉÞÅÓËÉ ÄÏËÁÚÁÎÏ ÓÌÅÄÕÀÝÅÅÕÔ×ÅÒÖÄÅÎÉÅ.�ÅÏÒÅÍÁ 2.2 ([8, 12℄). ðÕÓÔØ n > 3 É �ÕÓÔØ F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ.ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ F∗ ÍÕÌØÔÉ�ÌÉËÁÔÉ×ÎÕÀ ÇÒÕ��Õ �ÏÌÑ F, ÞÅÒÅÚ Q {�ÏÄÇÒÕ��Õ F∗, ÏÂÒÁÚÏ×ÁÎÎÕÀ Ë×ÁÄÒÁÔÁÍÉ ÜÌÅÍÅÎÔÏ× ÉÚ F∗. ðÕÓÔØ A {ËÏÍÍÕÔÁÔÉ×ÎÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ �ÏÄÁÌÇÅÂÒÁ × Mn(F) ÉÎÄÅËÓÁ ÎÉÌØ�Ï-ÔÅÎÔÎÏÓÔÉ n−1, ÓÏÄÅÒÖÁÝÁÑ ÍÁÔÒÉ�Õ B ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉn− 1. �ÏÇÄÁ Ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ:



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 2231. áÌÇÅÂÒÁ A ÓÏ�ÒÑÖÅÎÁ × Mn(F) Ó ÏÄÎÏÊ ÉÚ ÓÌÅÄÕÀÝÉÈ �ÏÄÁÌÇÅÂÒ:(i) B0;n = 〈A;A2; : : : ; An−2〉 { �ÏÄÁÌÇÅÂÒÁ, �ÏÒÏÖÄ£ÎÎÁÑ ÍÁÔÒÉ�ÅÊA = E1;2 + · · ·+En−2;n−1;(ii) B1;n = 〈E1;n; C| C ∈ B0;n〉;(iii) B2;n = 〈En;n−1; C| C ∈ B0;n〉;(iv) B3;n(�) = 〈E1;n + �En;n−1; C| C ∈ B0;n〉, ÇÄÅ � ∈ F, � 6= 0.2. ðÏÄÁÌÇÅÂÒÙ ÒÁÚÎÙÈ ÔÉ�Ï× ÎÅ ÓÏ�ÒÑÖÅÎÙ ÍÅÖÄÕ ÓÏÂÏÊ; �ÏÄÁÌÇÅ-ÂÒÙ ÔÉ�Ï× (ii){(iv) Ñ×ÌÑÀÔÓÑ ÍÁËÓÉÍÁÌØÎÙÍÉ �Ï ×ËÌÀÞÅÎÉÀ ËÏÍÍÕ-ÔÁÔÉ×ÎÙÍÉ ÎÉÌØ�ÏÔÅÎÔÎÙÍÉ �ÏÄÁÌÇÅÂÒÁÍÉ É ÓÏÄÅÒÖÁÔ �ÏÄÁÌÇÅÂÒÕ
B0;n, ÎÅ Ñ×ÌÑÀÝÕÀÓÑ ÍÁËÓÉÍÁÌØÎÏÊ �Ï ×ËÌÀÞÅÎÉÀ.3. ðÒÉ ÎÅÞ£ÔÎÏÍ n É �ÒÏÉÚ×ÏÌØÎÏÍ � ∈ F, � 6= 0, �ÏÄÁÌÇÅÂÒÁ B3;n(�)ÓÏ�ÒÑÖÅÎÁ Ó �ÏÄÁÌÇÅÂÒÏÊ B3;n(1); �ÒÉ Þ£ÔÎÏÍ n É �ÒÏÉÚ×ÏÌØÎÏÍ � ∈ F,� 6= 0, �ÏÄÁÌÇÅÂÒÁ B3;n(�) ÓÏ�ÒÑÖÅÎÁ Ó ÏÄÎÏÊ ÉÚ �Ï�ÁÒÎÏ ÎÅÓÏ�ÒÑÖ£Î-ÎÙÈ �ÏÄÁÌÇÅÂÒ B3;n(�1); : : : ;B3;n(�i); : : :, ÇÄÅ {�j} { �ÏÌÎÁÑ ÓÉÓÔÅÍÁ�ÒÅÄÓÔÁ×ÉÔÅÌÅÊ F∗ �Ï ÍÏÄÕÌÀ Q.÷ ÁÌÇÅÂÒÅ ÍÁÔÒÉ� �ÏÒÑÄËÁ 4 ËÏÍÍÕÔÁÔÉ×ÎÙÅ ÎÉÌØ�ÏÔÅÎÔÎÙÅ �ÏÄ-ÁÌÇÅÂÒÙ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ 3 ÕÄÁ£ÔÓÑ ËÌÁÓÓÉÆÉ�ÉÒÏ×ÁÔØ ÎÁÄ�ÒÏÉÚ×ÏÌØÎÙÍ �ÏÌÅÍ, �ÒÉÞ£Í ËÌÁÓÓÉÆÉËÁ�ÉÑ ÚÁ×ÉÓÉÔ ÏÔ ÔÏÇÏ, ÒÁ×ÎÁÌÉ ÈÁÒÁËÔÅÒÉÓÔÉËÁ �ÏÌÑ 2.�ÅÏÒÅÍÁ 2.3. ðÕÓÔØ F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ ÈÁÒÁËÔÅÒÉÓÔÉËÉ ÏÔÌÉÞ-ÎÏÊ ÏÔ 2. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ F∗ ÍÕÌØÔÉ�ÌÉËÁÔÉ×ÎÕÀ ÇÒÕ��Õ �ÏÌÑ F,ÞÅÒÅÚ Q { �ÏÄÇÒÕ��Õ F∗, ÏÂÒÁÚÏ×ÁÎÎÕÀ Ë×ÁÄÒÁÔÁÍÉ ÜÌÅÍÅÎÔÏ× ÉÚ F∗.ðÕÓÔØ A { ËÏÍÍÕÔÁÔÉ×ÎÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ �ÏÄÁÌÇÅÂÒÁ × M4(F) ÉÎ-ÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ 3. �ÏÇÄÁ ÁÌÇÅÂÒÁ A ÓÏ�ÒÑÖÅÎÁ Ó ÏÄÎÏÊ ÉÚ �Ï-�ÁÒÎÏ ÎÅÓÏ�ÒÑÖ£ÎÎÙÈ ÁÌÇÅÂÒ B0;4, B1;4, B2;4, B3;4(�1); : : : ;B3;4(�i); : : :,ÇÄÅ {�j} { �ÏÌÎÁÑ ÓÉÓÔÅÍÁ �ÒÅÄÓÔÁ×ÉÔÅÌÅÊ F

∗ �Ï ÍÏÄÕÌÀ Q.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ, × A ÓÕÝÅÓÔ×ÕÀÔ ÜÌÅÍÅÎÔÙ A É BÔÁËÉÅ, ÞÔÏ AB = BA 6= 0. óÌÅÄÏ×ÁÔÅÌØÎÏ, × A ÅÓÔØ ÎÅÎÕÌÅ×ÙÅ ÜÌÅ-ÍÅÎÔÙ, ÏÔËÕÄÁ 2 6 �(A) 6 n − 1 = 3. ðÒÉ ÜÔÏÍ, ÅÓÌÉ �(A) = 2, ÔÏ(A + B)2 = A2 + B2 + 2AB = 2AB = 0, É × ÓÌÕÞÁÅ harF 6= 2 ÏÔÓÀÄÁÓÌÅÄÕÅÔ, ÞÔÏ ÔÁËÖÅ AB = 0, �ÒÏÔÉ×ÏÒÅÞÉÅ. úÎÁÞÉÔ, ÅÓÌÉ harF 6= 2,ÔÏ �(A) = 3, Ô.Å. ÁÌÇÅÂÒÁ A ÓÏÄÅÒÖÉÔ ÜÌÅÍÅÎÔ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏ-ÓÔÉ 3 É, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÑÍ ËÌÁÓÓÉÆÉËÁ�ÉÏÎÎÏÊÔÅÏÒÅÍÙ 2.2. ��ÅÏÒÅÍÁ 2.4. ðÕÓÔØ F { �ÏÌÅ ÈÁÒÁËÔÅÒÉÓÔÉËÉ 2. ðÕÓÔØ A { ËÏÍÍÕ-ÔÁÔÉ×ÎÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ �ÏÄÁÌÇÅÂÒÁ × M4(F) ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎ-



224 ï. ÷. íáòëï÷áÔÎÏÓÔÉ 3. �ÏÇÄÁ �(A) = 2 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÁÌÇÅÂÒÁ AÓÏ�ÒÑÖÅÎÁ × M4(F) Ó ÁÌÇÅÂÒÏÊ B4;4 = 〈E1;2 +E3;4; E1;3 +E2;4; E1;4〉.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÏÖÉÍ A4 = E1;2 +E3;4, B4 = E1;3 +E2;4. úÁÍÅ-ÔÉÍ, ÞÔÏA24 = B24 = E21;4 = 0; A4E1;4 = E1;4A4 = B4E1;4 = E1;4B4 = 0;A4B4 = B4A4 = E1;4;�ÏÜÔÏÍÕ ÁÌÇÅÂÒÁ B4;4 Ñ×ÌÑÅÔÓÑ ËÏÍÍÕÔÁÔÉ×ÎÏÊ �ÏÄÁÌÇÅÂÒÏÊ × ÁÌÇÅÂÒÅN4(F) ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ 3 É ÎÉÌØ-ÉÎÄÅËÓÁ �(B4;4) = 2.÷ÓÑËÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ ËÏÍÍÕÔÁÔÉ×ÎÁÑ �ÏÄÁÌÇÅÂÒÁ × ÍÁÔÒÉÞÎÏÊ ÁÌ-ÇÅÂÒÅ ÎÁÄ �ÒÏÉÚ×ÏÌØÎÙÍ �ÏÌÅÍ ÓÏ�ÒÑÖÅÎÉÅÍ �ÅÒÅ×ÏÄÉÔÓÑ × ÎÉÌØÔÒÅ-ÕÇÏÌØÎÕÀ �ÏÄÁÌÇÅÂÒÕ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [12, ÇÌÁ×Á 2, ÔÅÏÒÅÍÁ 6℄). ðÏÜÔÏ-ÍÕ ÓÕÝÅÓÔ×ÕÅÔ ÎÅ×ÙÒÏÖÄÅÎÎÁÑ ÍÁÔÒÉ�Á T ∈ M4(F) ÔÁËÁÑ, ÞÔÏ ÁÌÇÅÂÒÁ
AT = TAT−1 ⊂ N4(F), �ÒÉÞ£Í AT ÔÁËÖÅ Ñ×ÌÑÅÔÓÑ ËÏÍÍÕÔÁÔÉ×ÎÏÊÍÁÔÒÉÞÎÏÊ �ÏÄÁÌÇÅÂÒÏÊ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ 3 É ÎÉÌØ-ÉÎÄÅËÓÁ 2.óÌÅÄÏ×ÁÔÅÌØÎÏ, ÎÁÊÄÕÔÓÑ ÍÁÔÒÉ�Ù X;Y ∈ AT ÔÁËÉÅ, ÞÔÏX2 = Y 2 = 0; XY = Y X 6= 0:ïÔÓÀÄÁ, × ÞÁÓÔÎÏÓÔÉ, ÓÌÅÄÕÅÔ, ÞÔÏ X É Y ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ.úÁ�ÉÛÅÍ ÏÂÝÉÊ ×ÉÄ ÍÁÔÒÉ� X É Y :X = 



0 x1;2 x1;3 x1;40 0 x2;3 x2;40 0 0 x3;40 0 0 0  ; Y = 


0 y1;2 y1;3 y1;40 0 y2;3 y2;40 0 0 y3;40 0 0 0  :éÍÅÅÍ X2 = 


0 0 x1;2x2;3 x1;2x2;4 + x1;3x3;40 0 0 x2;3x3;40 0 0 00 0 0 0 







= 0; (2.1)Y 2 = 


0 0 y1;2y2;3 y1;2y2;4 + y1;3y3;40 0 0 y2;3y3;40 0 0 00 0 0 0 







= 0; (2.2)XY = 


0 0 x1;2y2;3 x1;2y2;4 + x1;3y3;40 0 0 x2;3y3;40 0 0 00 0 0 0 







6= 0; (2.3)



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 225Y X = 


0 0 y1;2x2;3 y1;2x2;4 + y1;3x3;40 0 0 y2;3x3;40 0 0 00 0 0 0 







6= 0; (2.4)XY −YX=( 0 0 x1;2y2;3−y1;2x2;3 x1;2y2;4+x1;3y3;4−y1;2x2;4−y1;3x3;40 0 0 x2;3y3;4−y2;3x3;40 0 0 00 0 0 0 )= 0:(2.5)ðÏËÁÖÅÍ, ÞÔÏ x2;3 = y2;3 = 0. ðÒÅÄ�ÏÌÏÖÉÍ �ÒÏÔÉ×ÎÏÅ. îÅ ÏÇÒÁ-ÎÉÞÉ×ÁÑ ÏÂÝÎÏÓÔÉ, ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ x2;3 6= 0. �ÏÇÄÁ ÉÚ ÓÏÏÔÎÏÛÅ-ÎÉÑ (2.1) �ÏÌÕÞÁÅÍ, ÞÔÏx1;2 = x−12;3 · 0 = 0; x3;4 = x−12;3 · 0 = 0:ðÏÄÓÔÁ×ÌÑÑ ÜÔÉ ÚÎÁÞÅÎÉÑ × ÓÏÏÔÎÏÛÅÎÉÅ ËÏÍÍÕÔÁÔÉ×ÎÏÓÔÉ (2.5), ÚÁ-ËÌÀÞÁÅÍ, ÞÔÏ ÔÁËÖÅy1;2 = x−12;3 · 0 = 0; y3;4 = x−12;3 · 0 = 0:ïÔËÕÄÁ XY = 0, �ÒÏÔÉ×ÏÒÅÞÉÅ.óÌÅÄÏ×ÁÔÅÌØÎÏ, ÓÏÏÔÎÏÛÅÎÉÑ (2.1){(2.5) �ÒÉÍÕÔ ÔÁËÏÊ ×ÉÄ:X2 = 


0 0 0 x1;2x2;4 + x1;3x3;40 0 0 00 0 0 00 0 0 0 







= 0; (2.6)Y 2 = 


0 0 0 y1;2y2;4 + y1;3y3;40 0 0 00 0 0 00 0 0 0 







= 0; (2.7)XY = 


0 0 0 x1;2y2;4 + x1;3y3;40 0 0 00 0 0 00 0 0 0 







6= 0; (2.8)Y X = 


0 0 0 y1;2x2;4 + y1;3x3;40 0 0 00 0 0 00 0 0 0 







6= 0; (2.9)



226 ï. ÷. íáòëï÷áXY − Y X = 


0 0 0 x1;2y2;4 + x1;3y3;4 − y1;2x2;4 − y1;3x3;40 0 0 00 0 0 00 0 0 0 







= 0:(2.10)éÚ (2.8) ÚÁËÌÀÞÁÅÍ, ÞÔÏ E1;4 ∈ AT .éÚ (2.8) É (2.9) ÓÌÅÄÕÅÔ, ÞÔÏ(x1;2; x1;3) 6= (0; 0); (x2;4; x3;4) 6= (0; 0);(y1;2; y1;3) 6= (0; 0); (y2;4; y3;4) 6= (0; 0);(x1;2; y3;4) 6= (0; 0); (x1;3; y2;4) 6= (0; 0);(y1;2; x3;4) 6= (0; 0); (y1;3; x2;4) 6= (0; 0):�ÏÇÄÁ ÉÚ (2.6) É (2.7) �ÏÌÕÞÁÅÍ, ÞÔÏ × ËÁÖÄÏÊ ÉÚ �ÁÒ (x1;2, x3;4),(x1;3, x2;4), (y1;2, y3;4), (y1;3, y2;4) ÏÂÁ ÜÌÅÍÅÎÔÁ ÏÂÒÁÝÁÀÔÓÑ ÌÉÂÏ ÎÅÏÂÒÁÝÁÀÔÓÑ × ÎÏÌØ ÏÄÎÏ×ÒÅÍÅÎÎÏ.ïÔËÕÄÁ (x1;2; y1;2) 6= (0; 0); (x1;3; y1;3) 6= (0; 0):âÅÚ ÏÇÒÁÎÉÞÅÎÉÑ ÏÂÝÎÏÓÔÉ ÄÁÌÅÅ ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ x1;2 6= 0, ÉÔÏÇÄÁ x3;4 6= 0.åÓÌÉ ×ÅËÔÏÒÙ (x1;2; x3;4) É (y1;2; y3;4) ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ, ÔÏ ÓÕÝÅ-ÓÔ×ÕÀÔ ÔÁËÉÅ ÞÉÓÌÁ 1, 2, Æ1, Æ2 ∈ F, ÞÔÏ(1; 0) = 1(x1;2; x3;4) + Æ1(y1;2; y3;4);(0; 1) = 2(x1;2; x3;4) + Æ2(y1;2; y3;4);
∣

∣

∣

∣

1 Æ12 Æ2∣∣∣∣ = 1Æ2 + 2Æ1 6= 0:�ÏÇÄÁ 0 6= (1Æ2 + 2Æ1)XY = (2X + Æ2Y )(1X + Æ1Y )= 


0 0 ∗ ∗0 0 0 ∗0 0 0 10 0 0 00 1 ∗ ∗0 0 0 ∗0 0 0 00 0 0 0 = 0:ðÒÏÔÉ×ÏÒÅÞÉÅ.�ÁËÉÍ ÏÂÒÁÚÏÍ, (y1;2; y3;4) = �(x1;2; x3;4) ÄÌÑ ÎÅËÏÔÏÒÏÇÏ � ∈ F. úÁ-ÍÅÎÑÑ ÉÓÈÏÄÎÕÀ ÍÁÔÒÉ�Õ Y ÍÁÔÒÉ�ÅÊ Y − �X , �ÏÌÕÞÉÍ, ÞÔÏ y1;2 =y3;4 = 0.



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 227�ÏÇÄÁ, �Ï ÄÏËÁÚÁÎÎÏÍÕ ×ÙÛÅ, y1;3 6= 0 É y2;4 6= 0.åÓÌÉ ×ÅËÔÏÒÙ (x1;3; x2;4) É (y1;3; y2;4) ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ, ÔÏ ÓÕ-ÝÅÓÔ×ÕÀÔ ÔÁËÉÅ ÞÉÓÌÁ 3, 4, Æ3, Æ4 ∈ F, ÞÔÏ (1; 0) = 3(x1;3; x2;4) +Æ3(y1;3; y2;4), (0; 1) = 4(x1;3; x2;4)+Æ4(y1;3; y2;4), ∣∣∣
∣

3 Æ34 Æ4∣∣∣∣=3Æ4+4Æ3 6=0.÷ ÜÔÏÍ ÓÌÕÞÁÅ0 6= (3Æ4 + 4Æ3)XY = (4X + Æ4Y )(3X + Æ3Y )= 


0 ∗ 0 ∗0 0 0 10 0 0 ∗0 0 0 00 ∗ 1 ∗0 0 0 00 0 0 ∗0 0 0 0 = 0:ðÒÏÔÉ×ÏÒÅÞÉÅ.�ÁËÉÍ ÏÂÒÁÚÏÍ, (x1;3; x2;4) = �(y1;3; y2;4) ÄÌÑ ÎÅËÏÔÏÒÏÇÏ � ∈ F. úÁ-ÍÅÎÑÑ ÉÓÈÏÄÎÕÀ ÍÁÔÒÉ�Õ X ÍÁÔÒÉ�ÅÊ X − �Y , �ÏÌÕÞÉÍ, ÞÔÏ x1;3 =x2;4 = 0.�ÁËÖÅ ÉÚ ÓÏÏÔÎÏÛÅÎÉÑ ËÏÍÍÕÔÁÔÉ×ÎÏÓÔÉ (2.10) ÚÁËÌÀÞÁÅÍ, ÞÔÏx1;2y2;4 − y1;3x3;4 = 0. úÎÁÞÉÔ, ×ÅËÔÏÒÙ (x1;2; x3;4), (y1;3; y2;4) �ÒÏ�ÏÒ-�ÉÏÎÁÌØÎÙ.éÔÁË, ÍÙ ÕÓÔÁÎÏ×ÉÌÉ, ÞÔÏ ÓÕÝÅÓÔ×ÕÀÔ ÎÅÎÕÌÅ×ÙÅ ÞÉÓÌÁ �; � ∈ FÔÁËÉÅ, ÞÔÏ ÍÁÔÒÉ�Ù A1 = �E1;2 + �E3;4; A2 = �E1;3 + �E2;4; E1;4ÓÏÄÅÒÖÁÔÓÑ × ÁÌÇÅÂÒÅ AT .òÁÓÓÍÏÔÒÉÍ �ÒÏÉÚ×ÏÌØÎÕÀ ÍÁÔÒÉ�Õ Z = {zi;j} ∈ N4(F), ËÏÍÍÕÔÉ-ÒÕÀÝÕÀ Ó ÍÁÔÒÉ�ÁÍÉ A1 É A2. éÍÅÅÍ(A1Z − ZA1)1;3 = �z2;3 = 0; (A1Z − ZA1)1;4 = �z2;4 − �z1;3 = 0;(A2Z − ZA2)1;4 = �z3;4 − �z1;2 = 0;Ô.Å. Z = z3;4�−1A1 + z2;4�−1A2 + z1;4E1;4 ∈ 〈A1; A2; E1;4〉.óÌÅÄÏ×ÁÔÅÌØÎÏ,
AT = 〈A1; A2; E1;4〉;É ÁÌÇÅÂÒÁ AT Ñ×ÌÑÅÔÓÑ ÍÁËÓÉÍÁÌØÎÏÊ �Ï ×ËÌÀÞÅÎÉÀ ËÏÍÍÕÔÁÔÉ×ÎÏÊÎÉÌØ�ÏÔÅÎÔÎÏÊ �ÏÄÁÌÇÅÂÒÏÊ.ðÏÌÏÖÉÍ D = �−1E1;1 +E2;2 +E3;3 + �E4;4 ∈ D4(F). éÍÅÅÍDA1D−1 = E1;2 +E3;4; DA2D−1 = E1;3 +E2;4;DE1;4D−1 = (��)−1E1;4;DATD−1 = B4;4; (DT )A(DT )−1 = B4;4: �



228 ï. ÷. íáòëï÷áëÁË ÓÌÅÄÓÔ×ÉÅ �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ.�ÅÏÒÅÍÁ 2.5. ðÕÓÔØ F { �ÏÌÅ ÈÁÒÁËÔÅÒÉÓÔÉËÉ 2. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ
F
∗ ÍÕÌØÔÉ�ÌÉËÁÔÉ×ÎÕÀ ÇÒÕ��Õ �ÏÌÑ F, ÞÅÒÅÚ Q { �ÏÄÇÒÕ��Õ F

∗, ÏÂÒÁ-ÚÏ×ÁÎÎÕÀ Ë×ÁÄÒÁÔÁÍÉ ÜÌÅÍÅÎÔÏ× ÉÚ F∗. ðÕÓÔØ A { ËÏÍÍÕÔÁÔÉ×ÎÁÑÎÉÌØ�ÏÔÅÎÔÎÁÑ �ÏÄÁÌÇÅÂÒÁ ×M4(F) ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ 3. �Ï-ÇÄÁ ÁÌÇÅÂÒÁ A ÓÏ�ÒÑÖÅÎÁ Ó ÏÄÎÏÊ ÉÚ �Ï�ÁÒÎÏ ÎÅÓÏ�ÒÑÖ£ÎÎÙÈ ÁÌÇÅÂÒ
B0;4, B1;4, B2;4, B4;4, B3;4(�1); : : : ;B3;4(�i); : : :, ÇÄÅ {�j} { �ÏÌÎÁÑ ÓÉÓÔÅ-ÍÁ �ÒÅÄÓÔÁ×ÉÔÅÌÅÊ F∗ �Ï mod Q.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÅÊÓÔ×ÉÔÅÌØÎÏ, ËÁË �ÏËÁÚÁÎÏ × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÔÅ-ÏÒÅÍÙ 2.5, ÅÓÔØ Ä×Å ×ÏÚÍÏÖÎÏÓÔÉ: �(A) = 3 É �(A) = 2. üÔÉ ÓÌÕÞÁÉÒÁÓÓÍÏÔÒÅÎÙ × ÔÅÏÒÅÍÁÈ 2.2 É 2.4 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.ïÓÔÁÌÏÓØ ÔÏÌØËÏ ÚÁÍÅÔÉÔØ, ÞÔÏ ÉÎÄÅËÓ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ ÜÌÅÍÅÎÔÁÓÏÈÒÁÎÑÅÔÓÑ �ÒÉ ÓÏ�ÒÑÖÅÎÉÉ, �ÏÜÔÏÍÕ ÁÌÇÅÂÒÁ B4;4 ÎÅ ÓÏ�ÒÑÖÅÎÁ ÓÄÒÕÇÉÍÉ �ÏÄÁÌÇÅÂÒÁÍÉ. �

§3. óÕÝÅÓÔ×Ï×ÁÎÉÅ ÜÌÅÍÅÎÔÁ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉn− 1÷ ÄÁÎÎÏÍ �ÁÒÁÇÒÁÆÅ ÂÕÄÅÔ �ÏËÁÚÁÎÏ, ÞÔÏ �ÒÉ n > 5 �ÒÏÉÚ×ÏÌØÎÁÑËÏÍÍÕÔÁÔÉ×ÎÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ �ÏÄÁÌÇÅÂÒÁ A × Mn(F) ÉÎÄÅËÓÁ ÎÉÌØ-�ÏÔÅÎÔÎÏÓÔÉ n− 1 ÎÁÄ �ÏÌÅÍ ÍÏÝÎÏÓÔÉ ÎÅ ÍÅÎÅÅ n ÓÏÄÅÒÖÉÔ ÜÌÅÍÅÎÔÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n− 1.îÁÍ �ÏÔÒÅÂÕÅÔÓÑ ÓÌÅÄÕÀÝÉÊ Ó�Å�ÉÁÌØÎÙÊ ËÌÁÓÓ ÍÁÔÒÉ�.ï�ÒÅÄÅÌÅÎÉÅ 3.1. ðÕÓÔØ F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ. íÁÔÒÉ�Á C∈Mn(F)ÎÁÚÙ×ÁÅÔÓÑ �ÉËÌÉÞÅÓËÏÊ, ÅÓÌÉdimF(〈E; C; C2; : : : ; Cn−1〉) = n:ðÒÅÄÌÏÖÅÎÉÅ 3.2. ðÕÓÔØ n > 2 É F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ. �ÏÇÄÁ ÍÁ-ÔÒÉ�Á C = i;j ∈ Nn(F) ÔÁËÁÑ, ÞÔÏ k;k+1 6= 0 ÄÌÑ ×ÓÅÈ k = 1; : : : ; n−1,Ñ×ÌÑÅÔÓÑ �ÉËÌÉÞÅÓËÏÊ.äÏËÁÚÁÔÅÌØÓÔ×Ï. íÁÔÒÉ�Ù E, C; : : : , Cn−1 ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ, �Ï-ÓËÏÌØËÕ �ÒÉ m < n ÄÌÑ Cm = {i;j;m} ×Ù�ÏÌÎÅÎÙ ÒÁ×ÅÎÓÔ×Á i;j;m = 0,j < i + m, É i;i+m;m ÒÁ×ÎÙ ÎÅËÏÔÏÒÙÍ �ÒÏÉÚ×ÅÄÅÎÉÑÍ ÜÌÅÍÅÎÔÏ×i;i+1;1 = i;i+1 6= 0. úÎÁÞÉÔ, ÍÁÔÒÉ�Á C �ÉËÌÉÞÅÓËÁÑ. �ðÒÅÄÌÏÖÅÎÉÅ 3.3. ðÕÓÔØ F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ É n ∈ N, n > 4. òÁÓ-ÓÍÏÔÒÉÍ �ÒÏÉÚ×ÏÌØÎÙÅ ÍÁÔÒÉ�Ù X1; : : : ; Xn−2 ∈ Nn(F),Xr = {xi;j;r}, É ÉÈ �ÒÏÉÚ×ÅÄÅÎÉÅ Y = X1 · · ·Xn−2, Y = {yi;j}. �ÏÇÄÁ



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 2291. y1;n−1 = n−2
∏i=1 xi;i+1;i;2. y2;n = n−2

∏i=1 xi+1;i+2;i;3. y1;n = n−2
∑i=1 i−1

∏j=1 xj;j+1;j · xi;i+2;i · n−2
∏k=i+1 xk+1;k+2;k.äÏËÁÚÁÔÅÌØÓÔ×Ï. 1. üÌÅÍÅÎÔ y1;n−1 ÒÁ×ÅÎ ÓÕÍÍÅ ÓÌÁÇÁÅÍÙÈ ×ÉÄÁx1;i1;1 · xi1;i2;2 · · ·xin−4;in−3;n−3 · xin−3;n−1;n−2;ÇÄÅ 2 6 i1 < i2 < : : : < in−3 6 n − 2. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÎÁÍ ÎÕÖÎÏ×ÙÂÒÁÔØ n − 3 ÒÁÚÌÉÞÎÙÈ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÌÁ, ÌÅÖÁÝÉÈ ÎÁ ÏÔÒÅÚËÅ[2; n− 2℄. ÷ÓÅ ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ, �ÒÉÎÁÄÌÅÖÁÝÉÅ ÏÔÒÅÚËÕ [2; n− 2℄, {ÜÔÏ ÞÉÓÌÁ 2; 3; : : : ; n− 2, ÉÈ ÒÏ×ÎÏ n− 3, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ir = r + 1 ÄÌÑËÁÖÄÏÇÏ r = 1; : : : ; n− 3. úÎÁÞÉÔ, y1;n−1 = n−2

∏i=1 xi;i+1;i.2. üÌÅÍÅÎÔ y2;n ÏÂÒÁÚÏ×ÁÎ ÓÌÁÇÁÅÍÙÍÉ ×ÉÄÁx2;i1;1 · xi1 ;i2;2 · · ·xin−4;in−3;n−3 · xin−3;n;n−2;ÇÄÅ 3 6 i1 < i2 < : : : < in−3 6 n − 1, Ô.Å. ÎÁÍ ÎÕÖÎÏ ×ÙÂÒÁÔØn − 3 ÒÁÚÌÉÞÎÙÈ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÌÁ, ÌÅÖÁÝÉÈ ÎÁ ÏÔÒÅÚËÅ [3; n − 1℄.÷ÓÅ ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ, �ÒÉÎÁÄÌÅÖÁÝÉÅ ÏÔÒÅÚËÕ [3; n− 1℄, { ÜÔÏ ÞÉÓÌÁ3; 4; : : : ; n − 1, ÉÈ ÒÏ×ÎÏ n − 3, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ir = r + 2 ÄÌÑ ËÁÖÄÏÇÏr = 1; : : : ; n− 3. úÎÁÞÉÔ, y2;n = n−2
∏i=1 xi+1;i+2;i.3. üÌÅÍÅÎÔ y1;n ÏÂÒÁÚÏ×ÁÎ ÓÌÁÇÁÅÍÙÍÉ ×ÉÄÁx1;i1;1 · xi1 ;i2;2 · · ·xin−4;in−3;n−3 · xin−3;n;n−2;ÇÄÅ 2 6 i1 < i2 < : : : < in−3 6 n − 1, Ô.Å. ÎÁÍ ÎÕÖÎÏ ×ÙÂÒÁÔØn − 3 ÒÁÚÌÉÞÎÙÈ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÌÁ, ÌÅÖÁÝÉÈ ÎÁ ÏÔÒÅÚËÅ [2; n − 1℄.÷ÓÅ ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ, �ÒÉÎÁÄÌÅÖÁÝÉÅ ÏÔÒÅÚËÕ [2; n− 1℄, { ÜÔÏ ÞÉÓÌÁ2; 3; : : : ; n−1, ÉÈ ÒÏ×ÎÏ n−2. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÎÁÂÏÒ ÞÉÓÅÌ (i1; : : : ; in−3)×ÏÚÍÏÖÎÏ ×ÙÂÒÁÔØ Cn−3n−2 = n − 2 ÒÁÚÌÉÞÎÙÍÉ Ó�ÏÓÏÂÁÍÉ, Ô.Å. ÄÌÑ ËÁ-ÖÄÏÇÏ m = 1; : : : ; n − 2 �ÏÌÕÞÉÍ ÎÁÂÏÒ Im ×ÉÄÁ: (Im)j = j + 1 �ÒÉ



230 ï. ÷. íáòëï÷á1 6 j 6 m− 1, (Im)j = j + 2, m 6 j 6 n− 3. úÎÁÞÉÔ,y1;n = n−2
∑i=1 i−1

∏j=1xj;j+1;j · xi;i+2;i · n−2
∏k=i+1 xk+1;k+2;k : �äÁÌØÎÅÊÛÉÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÂÕÄÕÔ ÏÓÎÏ×Ù×ÁÔØÓÑ ÎÁ ÓÌÅÄÕÀÝÅÍ ÕÓÉ-ÌÅÎÎÏÍ ×ÁÒÉÁÎÔÅ ÕÔ×ÅÒÖÄÅÎÉÑ [3, �ÒÅÄÌÏÖÅÎÉÅ 7.4℄.ðÒÅÄÌÏÖÅÎÉÅ 3.4. ðÕÓÔØ n ∈ N, F { �ÏÌÅ É |F| > n. åÓÌÉ V { �ÏÄ-�ÒÏÓÔÒÁÎÓÔ×Ï × Fn ÔÁËÏÅ, ÞÔÏ ÄÌÑ ËÁÖÄÏÇÏ i = 1; : : : ; n ÎÁÊÄ£ÔÓÑ×ÅËÔÏÒ v(i) ∈ V , ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÊ ÕÓÌÏ×ÉÀ v(i)i 6= 0 (×ÅËÔÏÒÙ v(i)ÎÅ ÏÂÑÚÁÔÅÌØÎÏ �Ï�ÁÒÎÏ ÒÁÚÌÉÞÎÙ), ÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÊ ×ÅËÔÏÒv ∈ V , v ∈ 〈v(i)| i = 1; : : : ; n〉, ÞÔÏ vi 6= 0 ÄÌÑ ×ÓÅÈ i = 1; : : : ; n.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÏ×ÅÄÅÍ ÉÎÄÕË�ÉÅÊ �Ï n.âÁÚÁ ÉÎÄÕË�ÉÉ. ðÒÉ n = 1 ÕÔ×ÅÒÖÄÅÎÉÅ ×ÅÒÎÏ.ûÁÇ ÉÎÄÕË�ÉÉ. äÏ�ÕÓÔÉÍ, ÞÔÏ n > 1 É ÄÌÑ n− 1 ÕÔ×ÅÒÖÄÅÎÉÅ ÄÏËÁ-ÚÁÎÏ. üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ×ÅËÔÏÒ v0 ∈ 〈v(i)| i = 1; : : : ; n− 1〉ÔÁËÏÊ, ÞÔÏ v0i 6= 0; i = 1; : : : ; n − 1. äÏÂÁ×ÌÑÅÍ Ë ÒÁÓÓÍÏÔÒÅÎÉÀ ×ÅË-ÔÏÒ v1 = v(n). åÓÌÉ v0n 6= 0, ÔÏ �ÏÌÏÖÉÍ v = v0; ÅÓÌÉ v1i 6= 0 ÄÌÑ ×ÓÅÈi = 1; : : : ; n, ÔÏ �ÏÌÏÖÉÍ v = v1. ÷ �ÒÏÔÉ×ÎÏÍ ÓÌÕÞÁÅ ÒÁÓÓÍÏÔÒÉÍ ×ÅË-ÔÏÒÙ v0 + av1; a ∈ F; a 6= 0. ðÕÓÔØ yi(x) = v1i x + v0i ; i = 1; : : : ; n − 1.ðÒÉ ËÁÖÄÏÍ i v0i 6= 0 �Ï �ÏÓÔÒÏÅÎÉÀ, ÚÎÁÞÉÔ ÕÒÁ×ÎÅÎÉÅ yi(x) = 0 ÉÍÅ-ÅÔ × F ÎÅ ÂÏÌÅÅ ÏÄÎÏÇÏ ÒÅÛÅÎÉÑ. ðÒÉ ÜÔÏÍ ×ÅËÔÏÒ v1 ÉÍÅÅÔ ÎÕÌÅ×ÕÀËÏÏÒÄÉÎÁÔÕ, ÚÎÁÞÉÔ �Ï ËÒÁÊÎÅÊ ÍÅÒÅ ÏÄÎÏ ÉÚ ÕÒÁ×ÎÅÎÉÊ yi(x) = 0 ÎÅÓÏ-×ÍÅÓÔÎÏ. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÅÓÌÉX = {x ∈ F| ∃i ∈ {1; : : : ; n−1} yi(x) = 0},ÔÏ |X | 6 n− 2. éÚ ÕÓÌÏ×ÉÑ ÎÁ ÞÉÓÌÏ ÜÌÅÍÅÎÔÏ× �ÏÌÑ ÓÌÅÄÕÅÔ, ÞÔÏ ÎÁÊ-Ä£ÔÓÑ a ∈ F; a 6= 0, ÔÁËÏÅ ÞÔÏ a =∈ X , Ô.Å. v0i + av1i 6= 0; i = 1; : : : ; n.÷ÅËÔÏÒ v0 + av1 ∈ 〈v(i)| i = 1; : : : ; n〉 É ÅÓÔØ ÉÓËÏÍÙÊ. �÷ ÔÅÒÍÉÎÁÈ ÔÅÏÒÉÉ ËÏÄÉÒÏ×ÁÎÉÑ �ÒÅÄÌÏÖÅÎÉÅ 3.4 ÄÏ�ÕÓËÁÅÔ ÓÌÅÄÕ-ÀÝÕÀ ËÏÍ�ÁËÔÎÕÀ ÆÏÒÍÕÌÉÒÏ×ËÕ: ÅÓÌÉ |F| > n, ÔÏ ÌÀÂÏÊ ÌÉÎÅÊÎÙÊËÏÄ ÎÁÄ F, ÉÍÅÀÝÉÊ ÒÅÁÌØÎÕÀ ÄÌÉÎÕ n, ÓÏÄÅÒÖÉÔ ÓÌÏ×Ï ×ÅÓÁ n.ðÒÅÄÌÏÖÅÎÉÅ 3.5. ðÕÓÔØ n ∈ N, n > 2, F { �ÏÌÅ É |F| > n − 1.òÁÓÓÍÏÔÒÉÍ ËÏÍÍÕÔÁÔÉ×ÎÕÀ �ÏÄÁÌÇÅÂÒÕ A × Nn(F) ÉÎÄÅËÓÁ ÎÉÌØ�Ï-ÔÅÎÔÎÏÓÔÉ n− 1. �ÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ ÉÎÄÅËÓ r = r(A) ∈ {1; : : : ; n− 1}ÔÁËÏÊ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ ÍÁÔÒÉ�Ù B = {bi;j} ∈ A ×Ù�ÏÌÎÅÎÏ ÒÁ×ÅÎÓÔ×Ïbr;r+1 = 0.



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 231äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ, �(A) 6 n − 1, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÁÌ-ÇÅÂÒÁ A ÎÅ ÓÏÄÅÒÖÉÔ �ÉËÌÉÞÅÓËÏÊ ÍÁÔÒÉ�Ù.ëÁË �ÏËÁÚÁÎÏ × �ÒÅÄÌÏÖÅÎÉÉ 3.2, ÍÁÔÒÉ�Á C ∈ Nn(F) ÔÁËÁÑ, ÞÔÏ ×ÓÅÜÌÅÍÅÎÔÙ k;k+1 6= 0, Ñ×ÌÑÅÔÓÑ �ÉËÌÉÞÅÓËÏÊ. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÄÌÑ ÌÀÂÏÊÍÁÔÒÉ�Ù X = {xi;j} ∈ A ÓÕÝÅÓÔ×ÕÅÔ ÉÎÄÅËÓ r(X) ∈ {1; : : : ; n− 1} ÔÁ-ËÏÊ, ÞÔÏ xr(X);r(X)+1 = 0. ðÒÉ ÜÔÏÍ, ÅÓÌÉ ÄÌÑ ËÁÖÄÏÇÏ i ∈ {1; : : : ; n−1}ÎÁÊÄ£ÔÓÑ ÍÁÔÒÉ�Á Ai ∈ A ÔÁËÁÑ, ÞÔÏ (Ai)i;i+1 6= 0, ÔÏ ÉÚ �ÒÅÄÌÏ-ÖÅÎÉÑ 3.4 �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÌÉÎÅÊÎÁÑ ËÏÍÂÉÎÁ�ÉÑ ÍÁÔÒÉ�Ai { ÍÁÔÒÉ�Á B = {bi;j} ÔÁËÁÑ, ÞÔÏ ×ÓÅ ÜÌÅÍÅÎÔÙ bk;k+1 6= 0, Ô.Å. �É-ËÌÉÞÅÓËÁÑ, �ÒÏÔÉ×ÏÒÅÞÉÅ. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÓÕÝÅÓÔ×ÕÅÔ ÏÂÝÉÊ ÉÎÄÅËÓr = r(A) ∈ {1; : : : ; n−1} ÔÁËÏÊ, ÞÔÏ ÄÌÑ ÌÀÂÏÊ ÍÁÔÒÉ�Ù B = {bi;j} ∈ A×Ù�ÏÌÎÅÎÏ ÓÏÏÔÎÏÛÅÎÉÅ br;r+1 = 0. �÷ ÓÌÅÄÕÀÝÉÈ ÞÅÔÙÒ£È ÌÅÍÍÁÈ �ÏÓÔÒÏÅÎÉÅ ÔÒÅÂÕÅÍÏÊ ÍÁÔÒÉ�Ù ÉÎ-ÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n − 1 �ÒÏ×ÅÄ£Í ÏÔÄÅÌØÎÏ ÄÌÑ ÒÁÚÌÉÞÎÙÈ ÚÎÁ-ÞÅÎÉÊ r(A).ìÅÍÍÁ 3.6. ðÕÓÔØ n ∈ N, n > 5 É F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ ÍÏÝÎÏ-ÓÔÉ |F| > n− 1. òÁÓÓÍÏÔÒÉÍ ËÏÍÍÕÔÁÔÉ×ÎÕÀ �ÏÄÁÌÇÅÂÒÕ A × Nn(F)ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n − 1 ÔÁËÕÀ, ÞÔÏ r(A) = 1. �ÏÇÄÁ ÓÕÝÅ-ÓÔ×ÕÅÔ ÜÌÅÍÅÎÔ A ∈ A ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n− 1.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÓÔÒÏÉÍ ÍÁÔÒÉ�Õ A ∈ A ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏ-ÓÔÉ n− 1.ðÏ Ï�ÒÅÄÅÌÅÎÉÀ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ ÁÌÇÅÂÒÙ, ÓÕÝÅÓÔ×ÕÀÔÍÁÔÒÉ�Ù B1; : : : ; Bn−2 ∈ A, Bk = {bi;j;k}, ÔÁËÉÅ, ÞÔÏ B1 · · ·Bn−2 6= 0.ðÒÉ ÜÔÏÍ, �Ï Ï�ÒÅÄÅÌÅÎÉÀ ÕÍÎÏÖÅÎÉÑ ÍÁÔÒÉ�, (B1 · · ·Bn−2)i;j = 0 ÄÌÑ×ÓÅÈ i; j ÔÁËÉÈ, ÞÔÏ 0 6 j − i 6 n− 3.�ÁËÖÅ, ÓÏÇÌÁÓÎÏ �ÒÅÄÌÏÖÅÎÉÀ 3.3,(B1 · · ·Bn−2)1;n−1 = b1;2;1 · (b2;3;2 · · · bn−2;n−1;n−2)= 0 · (b2;3;2 · · · bn−2;n−1;n−2) = 0:úÎÁÞÉÔ, ÈÏÔÑ ÂÙ ÏÄÉÎ ÉÚ Ä×ÕÈ ÜÌÅÍÅÎÔÏ× (B1 · B2 · · ·Bn−2)1;n É (B1 ·B2 · · ·Bn−2)2;n ÎÅ ÒÁ×ÅÎ ÎÕÌÀ. éÍÅÅÍ



232 ï. ÷. íáòëï÷á(B1 · · ·Bn−2)1;n = b1;3;1 · (b3;4;2 · · · bn−1;n;n−2)+ b1;2;1 · n−2
∑i=2 i−1

∏j=2 bj;j+1;j · bi;i+2;i · n−2
∏k=i+1 bk+1;k+2;k= b1;3;1 · (b3;4;2 · · · bn−1;n;n−2)É (B1 · B2 · · ·Bn−2)2;n = b2;3;1 · (b3;4;2 · · · bn−1;n;n−2):óÌÅÄÏ×ÁÔÅÌØÎÏ, b3;4;2 · · · bn−1;n;n−2 6= 0. üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ bj;j+1;j−1 6= 0ÄÌÑ ×ÓÅÈ j ∈ {3; : : : ; n − 1} É ÓÕÝÅÓÔ×ÕÅÔ ÉÎÄÅËÓ " ∈ {0; 1} ÔÁËÏÊ, ÞÔÏb1+";3;1 6= 0.�ÏÇÄÁ ÉÚ �ÒÅÄÌÏÖÅÎÉÑ 3.4 �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÌÉÎÅÊÎÁÑ ËÏÍ-ÂÉÎÁ�ÉÑ ÍÁÔÒÉ� Bm { ÍÁÔÒÉ�Á A = {ai;j} ÔÁËÁÑ, ÞÔÏ ×ÓÅ ÜÌÅÍÅÎÔÙa1+";3; ak;k+1, k ∈ {3; : : : ; n− 1}, ÎÅ ÒÁ×ÎÙ ÎÕÌÀ. ïÔËÕÄÁ(An−2)1+";n = a1+";3 ·(n−1

∏k=3 ak;k+1) 6= 0;An−2 6= 0; An−1 = 0;Ô.Å. �(A) = n− 1. �ìÅÍÍÁ 3.7. ðÕÓÔØ n ∈ N, n > 5 É F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ ÍÏÝÎÏÓÔÉ
|F| > n. òÁÓÓÍÏÔÒÉÍ ËÏÍÍÕÔÁÔÉ×ÎÕÀ �ÏÄÁÌÇÅÂÒÕ A × Nn(F) ÉÎÄÅËÓÁÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n − 1 ÔÁËÕÀ, ÞÔÏ r(A) = 2. �ÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔÜÌÅÍÅÎÔ A ∈ A ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n− 1.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÓÔÒÏÉÍ ÍÁÔÒÉ�Õ A ∈ A ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏ-ÓÔÉ n − 1. äÌÑ ÜÔÏÇÏ ÒÁÓÓÍÏÔÒÉÍ ÍÁÔÒÉ�Ù B1; : : : ; Bn−2 ∈ A, ËÁË ×ÄÏËÁÚÁÔÅÌØÓÔ×Å ÌÅÍÍÙ 3.6.éÍÅÅÍ(B1 · · ·Bn−2)1;n−1 = b1;2;1 · b2;3;2 · (b3;4;3 · · · bn−2;n−1;n−2)= b1;2;1 · 0 · (b3;4;3 · · · bn−2;n−1;n−2) = 0;(B1 · · ·Bn−2)2;n = b2;3;1 · (b3;4;2 · · · bn−1;n;n−2)= 0 · (b3;4;2 · · · bn−1;n;n−2) = 0:



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 233úÎÁÞÉÔ, × ÓÉÌÕ ÕÓÌÏ×ÉÑ B1 ·B2 · · ·Bn−2 6= 0, ÜÌÅÍÅÎÔ (B1 ·B2 · · ·Bn−2)1;nÎÅ ÒÁ×ÅÎ ÎÕÌÀ. óÏÇÌÁÓÎÏ �ÒÅÄÌÏÖÅÎÉÀ 3.3,(B1 · · ·Bn−2)1;n = n−2
∑i=1 i−1

∏j=1 bj;j+1;j · bi;i+2;i · n−2
∏k=i+1 bk+1;k+2;k+ (b1;3;1b3;4;2 + b1;2;1b2;4;2) · (b4;5;3 · · · bn−1;n;n−2)+ b1;2;1b2;3;2 n−2

∑i=3 i−1
∏j=3 bj;j+1;j · bi;i+2;i · n−2

∏k=i+1 bk+1;k+2;k= (b1;3;1b3;4;2 + b1;2;1b2;4;2) · (b4;5;3 · · · bn−1;n;n−2):óÌÅÄÏ×ÁÔÅÌØÎÏ, b4;5;3 · · · bn−1;n;n−2 6= 0. üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ bj;j+1;j−1 6= 0ÄÌÑ ×ÓÅÈ j ∈ {4; : : : ; n− 1}. �ÁËÖÅ b1;3;1b3;4;2 + b1;2;1b2;4;2 6= 0.ïÔÄÅÌØÎÏ ÒÁÓÓÍÏÔÒÉÍ ×ÓÅ×ÏÚÍÏÖÎÙÅ ÓÌÕÞÁÉ ÏÂÒÁÝÅÎÉÑ × ÎÏÌØ ÜÌÅ-ÍÅÎÔÏ× ÍÁÔÒÉ� Bi ÎÁ �ÏÚÉ�ÉÑÈ (1; 3), (3; 4), (1; 2), (2; 4).(1) ðÒÅÄ�ÏÌÏÖÉÍ, ÓÕÝÅÓÔ×ÕÅÔ ÉÎÄÅËÓ j ∈ {2; 3} ÔÁËÏÊ, ÞÔÏ ÒÁ×ÅÎ-ÓÔ×Ï b1;j;q = 0 ×Ù�ÏÌÎÑÅÔÓÑ ÄÌÑ ×ÓÅÈ q = 1; : : : ; n − 2. ÷ ÜÔÏÍ ÓÌÕÞÁÅÎÅÒÁ×ÅÎÓÔ×Ï b1;3;1b3;4;2+ b1;2;1b2;4;2 6= 0 ×ÌÅÞ£Ô b1;5−j;1b5−j;4;2 6= 0, ÏÔËÕ-ÄÁ b1;5−j;1 6= 0, b5−j;4;2 6= 0. �ÏÇÄÁ ÉÚ �ÒÅÄÌÏÖÅÎÉÑ 3.4 �ÏÌÕÞÁÅÍ, ÞÔÏÓÕÝÅÓÔ×ÕÅÔ ÌÉÎÅÊÎÁÑ ËÏÍÂÉÎÁ�ÉÑ ÍÁÔÒÉ� Bm { ÍÁÔÒÉ�Á A = {ai;j} ÔÁ-ËÁÑ, ÞÔÏ ×ÓÅ ÜÌÅÍÅÎÔÙ a1;5−j ; a5−j;4; ak;k+1, k ∈ {4; : : : ; n− 1}, ÎÅ ÒÁ×ÎÙÎÕÌÀ, É a1;j = 0. ïÔËÕÄÁ(An−2)1;n = a1;5−ja5−j;4 ·(n−1
∏k=4 ak;k+1) 6= 0;An−2 6= 0; An−1 = 0;Ô.Å. �(A) = n− 1.(2) ðÒÅÄ�ÏÌÏÖÉÍ, ÓÕÝÅÓÔ×ÕÅÔ ÉÎÄÅËÓ j ∈ {2; 3} ÔÁËÏÊ, ÞÔÏ ÒÁ×ÅÎ-ÓÔ×Ï bj;4;q = 0 ×Ù�ÏÌÎÑÅÔÓÑ ÄÌÑ ×ÓÅÈ q = 1; : : : ; n − 2. ÷ ÜÔÏÍ ÓÌÕÞÁÅÎÅÒÁ×ÅÎÓÔ×Ï b1;3;1b3;4;2+ b1;2;1b2;4;2 6= 0 ×ÌÅÞ£Ô b1;5−j;1b5−j;4;2 6= 0, ÏÔËÕ-ÄÁ b1;5−j;1 6= 0, b5−j;4;2 6= 0. �ÏÇÄÁ ÉÚ �ÒÅÄÌÏÖÅÎÉÑ 3.4 �ÏÌÕÞÁÅÍ, ÞÔÏÓÕÝÅÓÔ×ÕÅÔ ÌÉÎÅÊÎÁÑ ËÏÍÂÉÎÁ�ÉÑ ÍÁÔÒÉ� Bm { ÍÁÔÒÉ�Á A = {ai;j} ÔÁ-ËÁÑ, ÞÔÏ ×ÓÅ ÜÌÅÍÅÎÔÙ a1;5−j ; a5−j;4; ak;k+1, k ∈ {4; : : : ; n− 1}, ÎÅ ÒÁ×ÎÙÎÕÌÀ, É aj;4 = 0. ïÔËÕÄÁ(An−2)1;n = a1;5−ja5−j;4 · ( n−1
∏k=4 ak;k+1) 6= 0;



234 ï. ÷. íáòëï÷áAn−2 6= 0; An−1 = 0;Ô.Å. �(A) = n− 1.(3) ïÓÔÁÌÏÓØ ÒÁÓÓÍÏÔÒÅÔØ ÓÌÕÞÁÊ, ËÏÇÄÁ ÓÕÝÅÓÔ×ÕÀÔ ÉÎÄÅËÓÙ s1,s2, s3, s4 ∈ {1; : : : ; n − 2} ÔÁËÉÅ, ÞÔÏ b1;3;s1 6= 0, b3;4;s2 6= 0, b1;2;s3 6= 0,b2;4;s4 6= 0. éÚ �ÒÅÄÌÏÖÅÎÉÑ 3.4 �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÌÉÎÅÊÎÁÑËÏÍÂÉÎÁ�ÉÑ ÍÁÔÒÉ� Bm { ÍÁÔÒÉ�Á A = {ai;j} ÔÁËÁÑ, ÞÔÏ ×ÓÅ ÜÌÅÍÅÎÔÙa1;2; a1;3; a2;4; a3;4; ak;k+1, k ∈ {4; : : : ; n− 1}, ÎÅ ÒÁ×ÎÙ ÎÕÌÀ, É a2;3 = 0.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ An−2 = 0 É �ÒÉ×ÅÄ£Í ÜÔÏ ÕÔ×ÅÒÖÄÅÎÉÅ Ë �ÒÏÔÉ×Ï-ÒÅÞÉÀ. éÍÅÅÍ(An−2)1;n = (a1;3a3;4 + a1;2a2;4) · a4;5 · · · an−1;n = 0;a1;3a3;4 + a1;2a2;4 = 0: (3.1)ïÂÏÚÎÁÞÉÍ � = a1;2 6= 0, � = a1;3 6= 0. ðÕÓÔØ q = �−1a3;4. �ÏÇÄÁ q 6= 0,a3;4 = q�, É ÉÚ ÒÁ×ÅÎÓÔ×Á (3.1) �ÏÌÕÞÁÅÍ ×ÙÒÁÖÅÎÉÅ a2;4 = −��−1a3;4 =
−q�.òÁÓÓÍÏÔÒÉÍ, ËÁËÉÅ ÕÓÌÏ×ÉÑ ×ÏÚÎÉËÁÀÔ ÄÌÑ ÍÁÔÒÉ�Ù Y = {Yi;j} ∈Nn(F), ÅÓÌÉ Y ËÏÍÍÕÔÉÒÕÅÔ Ó ÍÁÔÒÉ�ÅÊ A. ðÏÌÏÖÉÍ G = [A; Y ℄ =AY − Y A, ÏÂÏÚÎÁÞÉÍ G = {gi;j}. �ÏÇÄÁ ÉÚ ÕÓÌÏ×ÉÑ G = 0 �ÏÌÕÞÁÅÍg1;3 = a1;2Y2;3 − Y1;2a2;3 = �Y2;3 = 0 ⇒ Y2;3 = 0; (3.2)g3;5 = a3;4Y4;5 − Y3;4a4;5 = q�Y4;5 − Y3;4a4;5 = 0

⇒ Y3;4 = q� · (Y4;5a−14;5); (3.3)g2;5 = a2;3Y3;5 + a2;4Y4;5 − Y2;3a3;5 − Y2;4a4;5 = −q�Y4;5 − Y2;4a4;5 = 0
⇒ Y2;4 = −q� · (Y4;5a−14;5); (3.4)g1;4 = a1;2Y2;4 + a1;3Y3;4 − Y1;2a2;4 − Y1;3a3;4= � · (−q� · (Y4;5a−14;5)) + �q� · (Y4;5a−14;5) + q�Y1;2 − q�Y1;3= q�Y1;2 − q�Y1;3 = 0 ⇒ Y1;3 = ��−1Y1;2: (3.5)íÁÔÒÉ�Ù B1; : : : ; Bn−2 ∈ A ËÏÍÍÕÔÉÒÕÀÔ Ó ÍÁÔÒÉ�ÅÊ A, ÓÌÅÄÏ×Á-ÔÅÌØÎÏ, ÄÌÑ ÉÈ ÜÌÅÍÅÎÔÏ× ×Ù�ÏÌÎÅÎÙ ÓÏÏÔÎÏÛÅÎÉÑ (3.2){(3.5). �ÏÇÄÁb1;3;1b3;4;2 + b1;2;1b2;4;2= ��−1b1;2;1 · q� · (b4;5;2a−14;5) + b1;2;1 · (−q� · (b4;5;2a−14;5)) = 0;



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 235(B1 · · ·Bn−2)1;n = (b1;3;1b3;4;2 + b1;2;1b2;4;2) · (b4;5;3 · · · bn−1;n;n−2)= 0 · (b4;5;3 · · · bn−1;n;n−2) = 0;B1 · · ·Bn−2 = 0:ðÒÏÔÉ×ÏÒÅÞÉÅ Ó ×ÙÂÏÒÏÍ ÍÁÔÒÉ� B1; : : : ; Bn−2.�ÁËÉÍ ÏÂÒÁÚÏÍ, An−2 6= 0, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, �(A) = n− 1. �÷ ÓÌÅÄÕÀÝÅÊ ÌÅÍÍÅ ÒÁÓÓÍÏÔÒÉÍ ÏÓÔÁ×ÛÉÅÓÑ ÚÎÁÞÅÎÉÑ ÉÚ ÏÔÒÅÚËÁ[1; ⌈n−12 ⌉℄, ÇÄÅ ⌈x⌉ ÏÂÏÚÎÁÞÁÅÔ ÎÁÉÍÅÎØÛÅÅ �ÅÌÏÅ ÞÉÓÌÏ z, ÔÁËÏÅ ÞÔÏz > x. ðÒÉ n = 5 ÉÍÅÅÍ ⌈n−12 ⌉ = 2, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÌÅÍÍÙ 3.6 É 3.7�ÏËÒÙ×ÁÀÔ ×ÓÅ ×ÏÚÍÏÖÎÙÅ �ÅÌÙÅ ÚÎÁÞÅÎÉÑ ÉÚ ÏÔÒÅÚËÁ [1; ⌈n−12 ⌉℄. ðÏ-ÜÔÏÍÕ ÕÓÌÏ×ÉÅ n > 6 ÎÅ ÏÇÒÁÎÉÞÉ×ÁÅÔ ÏÂÝÎÏÓÔÉ.ìÅÍÍÁ 3.8. ðÕÓÔØ n ∈ N, n > 6 É F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ ÍÏÝÎÏÓÔÉ
|F| > n. òÁÓÓÍÏÔÒÉÍ ËÏÍÍÕÔÁÔÉ×ÎÕÀ �ÏÄÁÌÇÅÂÒÕ A × Nn(F) ÉÎÄÅËÓÁÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n − 1 ÔÁËÕÀ, ÞÔÏ 3 6 r(A) 6

⌈n−12 ⌉. �ÏÇÄÁ ÓÕÝÅ-ÓÔ×ÕÅÔ ÜÌÅÍÅÎÔ A ∈ A ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n− 1.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ËÒÁÔËÏÓÔÉ ÏÂÏÚÎÁÞÉÍ r = r(A). úÁÍÅÔÉÍ, ÞÔÏÉÚ ÕÓÌÏ×ÉÑ ÓÌÅÄÕÅÔ Ï�ÅÎËÁ 3 6 r 6 n− 3.ðÏÓÔÒÏÉÍ ÍÁÔÒÉ�Õ A ∈ A ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n− 1.ðÏ Ï�ÒÅÄÅÌÅÎÉÀ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ ÁÌÇÅÂÒÙ, ÓÕÝÅÓÔ×ÕÀÔÍÁÔÒÉ�Ù B1; : : : ; Bn−2 ∈ A, Bk = {bi;j;k}, ÔÁËÉÅ, ÞÔÏB1 · · ·Bn−2 6= 0:ðÒÉ ÜÔÏÍ, �Ï Ï�ÒÅÄÅÌÅÎÉÀ �ÒÏÉÚ×ÅÄÅÎÉÑ ÍÁÔÒÉ�, (B1 · · ·Bn−2)i;j = 0ÄÌÑ ×ÓÅÈ ÔÁËÉÈ i; j, ÞÔÏ 0 6 j − i 6 n− 3.óÏÇÌÁÓÎÏ �ÒÅÄÌÏÖÅÎÉÀ 3.3, ÉÍÅÅÍ(B1 · · ·Bn−2)1;n−1 = b1;2;1 · · · br;r+1;r · · · bn−2;n−1;n−2= b1;2;1 · · · 0 · · · bn−2;n−1;n−2 = 0;(B1 · · ·Bn−2)2;n = b2;3;1 · · · br;r+1;r−1 · · · bn−1;n;n−2= b2;3;1 · · · 0 · · · bn−1;n;n−2 = 0:úÎÁÞÉÔ, × ÓÉÌÕ ÕÓÌÏ×ÉÑB1 ·B2 · · ·Bn−2 6=0, ÉÍÅÅÍ (B1 ·B2 · · ·Bn−2)1;n
6= 0. óÏÇÌÁÓÎÏ �ÒÅÄÌÏÖÅÎÉÀ 3.3,



236 ï. ÷. íáòëï÷á(B1 · · ·Bn−2)1;n = n−2
∑i=1 i−1

∏j=1 bj;j+1;j · bi;i+2;i · n−2
∏k=i+1 bk+1;k+2;k= (b1;2;1 · · · br−2;r−1;r−2) · (br−1;r;r−1br;r+2;r + br−1;r+1;r−1br+1;r+2;r)

× (br+2;r+3;r+1 · · · bn−1;n;n−2)+ n−2
∑i=1i6=r−1;r i−1

∏j=1 bj;j+1;j · bi;i+2;i · n−2
∏k=i+1 bk+1;k+2;k= (b1;2;1 · · · br−2;r−1;r−2) · (br−1;r;r−1br;r+2;r + br−1;r+1;r−1br+1;r+2;r)

× (br+2;r+3;r+1 · · · bn−1;n;n−2):óÌÅÄÏ×ÁÔÅÌØÎÏ, ÎÅ ÒÁ×ÎÙ ÎÕÌÀ ×ÓÅ ÔÒÉ ÇÒÕ��Ù ÓÏÍÎÏÖÉÔÅÌÅÊ × �Ï-ÓÌÅÄÎÅÍ �ÒÏÉÚ×ÅÄÅÎÉÉ, ÏÔËÕÄÁ �ÏÌÕÞÁÅÍbj;j+1;j 6= 0; j ∈ {1; : : : ; r − 2};bk+1;k+2;k 6= 0; k ∈ {r + 1; : : : ; n− 2};br−1;r;r−1br;r+2;r + br−1;r+1;r−1br+1;r+2;r 6= 0:ïÔÄÅÌØÎÏ ÒÁÓÓÍÏÔÒÉÍ ×ÓÅ×ÏÚÍÏÖÎÙÅ ÓÌÕÞÁÉ ÏÂÒÁÝÅÎÉÑ × ÎÏÌØ ÜÌÅ-ÍÅÎÔÏ× ÍÁÔÒÉ� Bi ÎÁ �ÏÚÉ�ÉÑÈ (r−1; r); (r−1; r+1); (r; r+2); (r+1; r+2).(1) ðÒÅÄ�ÏÌÏÖÉÍ, ÓÕÝÅÓÔ×ÕÅÔ ÉÎÄÅËÓ j ∈ {r; r+1} ÔÁËÏÊ, ÞÔÏ ÒÁ×ÅÎ-ÓÔ×Ï br−1;j;q = 0 ×Ù�ÏÌÎÑÅÔÓÑ ÄÌÑ ×ÓÅÈ q = 1; : : : ; n− 2. ÷ ÜÔÏÍ ÓÌÕÞÁÅÎÅÒÁ×ÅÎÓÔ×Ï br−1;r;r−1br;r+2;r + br−1;r+1;r−1br+1;r+2;r 6= 0×ÌÅÞ£Ô br−1;2r+1−j;r−1b2r+1−j;r+2;r 6= 0;br−1;2r+1−j;r−1 6= 0;b2r+1−j;r+2;r 6= 0:�ÏÇÄÁ ÉÚ �ÒÅÄÌÏÖÅÎÉÑ 3.4 �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÌÉÎÅÊÎÁÑ ËÏÍÂÉ-ÎÁ�ÉÑ ÍÁÔÒÉ� Bm { ÍÁÔÒÉ�Á A = {ai;j} ÔÁËÁÑ, ÞÔÏ ×ÓÅ ÜÌÅÍÅÎÔÙa2r+1−j;r+2; ar−1;2r+1−j; ak;k+1; k ∈ {1; : : : ; n− 1} \ {r − 1; r; r + 1};ÎÅ ÒÁ×ÎÙ ÎÕÌÀ, É ar−1;j = 0. ïÔËÕÄÁ(An−2)1;n = (r−2
∏k=1 ak;k+1) ·ar−1;2r+1−j ·a2r+1−j;r+2 ·( n−1

∏k=r+2 ak;k+1) 6= 0;



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 237An−2 6= 0; An−1 = 0;Ô.Å. �(A) = n− 1.(2) ðÒÅÄ�ÏÌÏÖÉÍ, ÓÕÝÅÓÔ×ÕÅÔ ÉÎÄÅËÓ j ∈ {r; r+1} ÔÁËÏÊ, ÞÔÏ ÒÁ×ÅÎ-ÓÔ×Ï bj;r+2;q = 0 ×Ù�ÏÌÎÑÅÔÓÑ ÄÌÑ ×ÓÅÈ q = 1; : : : ; n− 2. ÷ ÜÔÏÍ ÓÌÕÞÁÅÎÅÒÁ×ÅÎÓÔ×Ï br−1;r;r−1br;r+2;r + br−1;r+1;r−1br+1;r+2;r 6= 0×ÌÅÞ£Ô br−1;2r+1−j;r−1b2r+1−j;r+2;r 6= 0;br−1;2r+1−j;r−1 6= 0;b2r+1−j;r+2;r 6= 0:�ÏÇÄÁ ÉÚ �ÒÅÄÌÏÖÅÎÉÑ 3.4 �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÌÉÎÅÊÎÁÑ ËÏÍ-ÂÉÎÁ�ÉÑ ÍÁÔÒÉ� Bm { ÍÁÔÒÉ�Á A = {ai;j} ÔÁËÁÑ, ÞÔÏ ×ÓÅ ÜÌÅÍÅÎÔÙa2r+1−j;r+2; ar−1;2r+1−j ; ak;k+1, k ∈ {1; : : : ; n − 1} \ {r − 1; r; r + 1}, ÎÅÒÁ×ÎÙ ÎÕÌÀ, É aj;r+2 = 0. ïÔËÕÄÁ(An−2)1;n = (r−2
∏k=1 ak;k+1) ·ar−1;2r+1−j ·a2r+1−j;r+2 ·( n−1

∏k=r+2 ak;k+1) 6= 0;An−2 6= 0; An−1 = 0;Ô.Å. �(A) = n− 1.(3) ïÓÔÁÌÏÓØ ÒÁÓÓÍÏÔÒÅÔØ ÓÌÕÞÁÊ, ËÏÇÄÁ ÓÕÝÅÓÔ×ÕÀÔ ÉÎÄÅËÓÙ s1, s2,s3, s4 ∈ {1; : : : ; n−2} ÔÁËÉÅ, ÞÔÏ br−1;r;s1 6= 0, br;r+2;s2 6= 0, br−1;r+1;s3 6=0, br+1;r+2;s4 6= 0. éÚ �ÒÅÄÌÏÖÅÎÉÑ 3.4 �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÌÉ-ÎÅÊÎÁÑ ËÏÍÂÉÎÁ�ÉÑ ÍÁÔÒÉ� Bm { ÍÁÔÒÉ�Á A = {ai;j} ÔÁËÁÑ, ÞÔÏ ×ÓÅÜÌÅÍÅÎÔÙar−1;r; ar;r+2; ar−1;r+1; ar+1;r+2; ak;k+1; k ∈ {1; : : : ; n−1}\{r−1; r; r+1};ÎÅ ÒÁ×ÎÙ ÎÕÌÀ, É ar;r+1 = 0.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ An−2 = 0, É �ÒÉ×ÅÄ£Í ÜÔÏ ÕÔ×ÅÒÖÄÅÎÉÅ Ë �ÒÏÔÉ-×ÏÒÅÞÉÀ. éÍÅÅÍ(An−2)1;n = (a1;2 · · · ar−2;r−1) · (ar−1;rar;r+2 + ar−1;r+1ar+1;r+2)
× (ar+2;r+3 · · · an−1;n) = 0;ar−1;rar;r+2 + ar−1;r+1ar+1;r+2 = 0: (3.6)ïÂÏÚÎÁÞÉÍ � = ar−1;r 6= 0, � = ar−1;r+1 6= 0. ðÕÓÔØ q = �−1ar+1;r+2.�ÏÇÄÁ q 6= 0, ar+1;r+2 = q�, É ÉÚ ÒÁ×ÅÎÓÔ×Á (3.6) �ÏÌÕÞÁÅÍ ×ÙÒÁÖÅÎÉÅar;r+2 = −��−1ar+1;r+2 = −q�.



238 ï. ÷. íáòëï÷áòÁÓÓÍÏÔÒÉÍ, ËÁËÉÅ ÕÓÌÏ×ÉÑ ×ÏÚÎÉËÁÀÔ ÄÌÑ ÍÁÔÒÉ�Ù Y = {Yi;j} ∈Nn(F), ÅÓÌÉ Y ËÏÍÍÕÔÉÒÕÅÔ Ó ÍÁÔÒÉ�ÅÊ A. ðÏÌÏÖÉÍ G = [A; Y ℄, ÏÂÏ-ÚÎÁÞÉÍ G = {gi;j}. �ÏÇÄÁ ÉÚ ÕÓÌÏ×ÉÑ G = 0 �ÏÌÕÞÁÅÍgr−1;r+1 = ar−1;rYr;r+1 − Yr−1;rar;r+1 = �Yr;r+1 = 0
⇒ Yr;r+1 = 0; (3.7)gr−2;r = ar−2;r−1Yr−1;r − Yr−2;r−1ar−1;r= ar−2;r−1Yr−1;r − Yr−2;r−1� = 0

⇒ Yr−1;r = � · (Yr−2;r−1a−1r−2;r−1); (3.8)gr−2;r+1= ar−2;rYr;r+1 + ar−2;r−1Yr−1;r+1 − Yr−2;rar;r+1 − Yr−2;r−1ar−1;r+1= ar−2;r−1Yr−1;r+1 − �Yr−2;r−1 = 0
⇒ Yr−1;r+1 = � · (Yr−2;r−1a−1r−2;r−1); (3.9)gr−1;r+2 = ar−1;rYr;r+2 + ar−1;r+1Yr+1;r+2 − Yr−1;rar;r+2
− Yr−1;r+1ar+1;r+2= �Yr;r+2 + �Yr+1;r+2 − � · (Yr−2;r−1a−1r−2;r−1)(−q�)

− � · (Yr−2;r−1a−1r−2;r−1)q�= �Yr;r+2 + �Yr+1;r+2 = 0 ⇒ Yr;r+2 = −��−1Yr+1;r+2: (3.10)íÁÔÒÉ�Ù B1; : : : ; Bn−2 ∈ A ËÏÍÍÕÔÉÒÕÀÔ Ó ÍÁÔÒÉ�ÅÊ A, ÓÌÅÄÏ×Á-ÔÅÌØÎÏ, ÄÌÑ ÉÈ ÜÌÅÍÅÎÔÏ× ×Ù�ÏÌÎÅÎÙ ÓÏÏÔÎÏÛÅÎÉÑ (3.7){(3.10). �ÏÇÄÁbr−1;r;r−1br;r+2;r + br−1;r+1;r−1br+1;r+2;r= � · (br−2;r−1;r−1a−1r−2;r−1) · (−��−1br+1;r+2;r)+ � · (br−2;r−1;r−1a−1r−2;r−1) · (br+1;r+2;r) = 0;(B1 · · ·Bn−2)1;n= (b1;2;1 · · · br−2;r−1;r−2) · (br−1;r;r−1br;r+2;r + br−1;r+1;r−1br+1;r+2;r)
× (br+2;r+3;r+1 · · · bn−1;n;n−2)= (b1;2;1 · · · br−2;r−1;r−2) · 0 · (br+2;r+3;r+1 · · · bn−1;n;n−2) = 0;B1 · · ·Bn−2 = 0:



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 239ðÒÏÔÉ×ÏÒÅÞÉÅ Ó ×ÙÂÏÒÏÍ ÍÁÔÒÉ� B1; : : : ; Bn−2.�ÁËÉÍ ÏÂÒÁÚÏÍ, An−2 6= 0, �(A) = n− 1. �ìÅÍÍÁ 3.9. ðÕÓÔØ n ∈ N, n > 5 É F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ ÍÏÝÎÏÓÔÉ
|F| > n. òÁÓÓÍÏÔÒÉÍ ËÏÍÍÕÔÁÔÉ×ÎÕÀ �ÏÄÁÌÇÅÂÒÕ A × Nn(F) ÉÎÄÅËÓÁÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n − 1 ÔÁËÕÀ, ÞÔÏ r = r(A) >

⌈n−12 ⌉ + 1. �ÏÇÄÁÓÕÝÅÓÔ×ÕÅÔ ÜÌÅÍÅÎÔ A ∈ A ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n− 1.äÏËÁÚÁÔÅÌØÓÔ×Ï. ë ÁÌÇÅÂÒÅ A �ÒÉÍÅÎÉÍ ÏÔÏÂÒÁÖÅÎÉÅ � :Mn(F) →Mn(F) ÔÒÁÎÓ�ÏÎÉÒÏ×ÁÎÉÑ ÏÔÎÏÓÉÔÅÌØÎÏ �ÏÂÏÞÎÏÊ ÄÉÁÇÏÎÁÌÉ. úÁÍÅ-ÔÉÍ, ÞÔÏ � ÚÁÄÁ£ÔÓÑ �ÒÁ×ÉÌÏÍ�(X) = P (TX)P;ÇÄÅ P = 
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∈ Mn(F) { ÔÁË ÎÁÚÙ×ÁÅÍÁÑ �ÅÒßÅÄÉÎÉÞ-ÎÁÑ ÍÁÔÒÉ�Á, × ÞÁÓÔÎÏÓÔÉ, P−1 = P , �ÏÜÔÏÍÕ � Ñ×ÌÑÅÔÓÑ ÁÎÔÉÁ×ÔÏ-ÍÏÒÆÉÚÍÏÍ ÍÁÔÒÉÞÎÏÊ ÁÌÇÅÂÒÙ. ðÏ �ÏÓÔÒÏÅÎÉÀ ÔÁËÖÅ ÉÍÅÅÍ, ÞÔÏ�(Nn(F)) = Nn(F), �ÏÜÔÏÍÕ B = �(A) ⊆ Nn(F). é, × ÓÉÌÕ ÔÏÇÏ, ÞÔÏ� { ÁÎÔÉÉÚÏÍÏÒÆÉÚÍ ÁÌÇÅÂÒÙ A, ÁÌÇÅÂÒÁ B Ñ×ÌÑÅÔÓÑ ËÏÍÍÕÔÁÔÉ×ÎÏÊ�ÏÄÁÌÇÅÂÒÏÊ ÁÌÇÅÂÒÙ Nn(F), �ÒÉÞ£Í ÁÌÇÅÂÒÙ A É B ÉÍÅÀÔ ÏÄÉÎÁËÏ-×ÙÅ ÉÎÄÅËÓÙ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ É ÎÉÌØ-ÉÎÄÅËÓÙ. âÏÌÅÅ ÔÏÇÏ, ×Ù�ÏÌÎÅ-ÎÉÅ ÕÓÌÏ×ÉÑ (A)r;r+1 = 0 ÄÌÑ ÌÀÂÏÊ ÍÁÔÒÉ�Ù A ∈ A ×ÌÅÞ£Ô, ÞÔÏ ÄÌÑÌÀÂÏÊ ÍÁÔÒÉ�Ù B = �(A) ×Ù�ÏÌÎÅÎÏ ÒÁ×ÅÎÓÔ×Ï (B)n−r;n−r+1 = 0. ðÏ-ÜÔÏÍÕ, × ÓÉÌÕ ÂÉÅËÔÉ×ÎÏÓÔÉ �, Ï�ÒÅÄÅÌ£Î �ÁÒÁÍÅÔÒ r(B) É r(B) = n−r.éÍÅÅÍ r(B) ∈ [1; n− 1− ⌈n−12 ⌉℄ ⊆ [1; ⌈n−12 ⌉℄. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÁÌÇÅÂÒÁ BÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÑÍ ÏÄÎÏÊ ÉÚ ÌÅÍÍ 3.6{3.8 É ÓÏÄÅÒÖÉÔ ÜÌÅÍÅÎÔ B0ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n− 1. �ÏÇÄÁ ÉÓËÏÍÙÍ ÜÌÅÍÅÎÔÏÍ × A ÂÕÄÅÔA0 = �−1(B0). ��Å�ÅÒØ ÄÏËÁÖÅÍ ÏÓÎÏ×ÎÏÊ ÒÅÚÕÌØÔÁÔ.�ÅÏÒÅÍÁ 3.10. ðÕÓÔØ n > 5 É �ÕÓÔØ F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ ÍÏÝ-ÎÏÓÔÉ |F| > n. �ÏÇÄÁ �ÒÏÉÚ×ÏÌØÎÁÑ ËÏÍÍÕÔÁÔÉ×ÎÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ�ÏÄÁÌÇÅÂÒÁ A × Mn(F) ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n − 1 ÓÏÄÅÒÖÉÔÜÌÅÍÅÎÔ A ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n− 1.



240 ï. ÷. íáòëï÷áäÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ÓÑËÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ ËÏÍÍÕÔÁÔÉ×ÎÁÑ �ÏÄÁÌÇÅÂÒÁ× ÍÁÔÒÉÞÎÏÊ ÁÌÇÅÂÒÅ ÎÁÄ �ÒÏÉÚ×ÏÌØÎÙÍ �ÏÌÅÍ ÓÏ�ÒÑÖÅÎÉÅÍ �ÅÒÅ×Ï-ÄÉÔÓÑ × ÎÉÌØÔÒÅÕÇÏÌØÎÕÀ �ÏÄÁÌÇÅÂÒÕ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [12, ÇÌÁ×Á 2, ÔÅ-ÏÒÅÍÁ 6℄), �ÏÜÔÏÍÕ ÓÕÝÅÓÔ×ÕÅÔ ÎÅ×ÙÒÏÖÄÅÎÎÁÑ ÍÁÔÒÉ�Á T ∈ Mn(F)ÔÁËÁÑ, ÞÔÏ ÁÌÇÅÂÒÁ AT = TAT−1 ⊂ Nn(F), �ÒÉÞ£Í AT ÔÁËÖÅ Ñ×ÌÑÅÔ-ÓÑ ËÏÍÍÕÔÁÔÉ×ÎÏÊ ÍÁÔÒÉÞÎÏÊ �ÏÄÁÌÇÅÂÒÏÊ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉn− 1.÷ ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÚÎÁÞÅÎÉÑ r(AT ) ÁÌÇÅÂÒÁ AT ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ-×ÉÑÍ ÏÄÎÏÊ ÉÚ ÌÅÍÍ 3.6{3.9. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÎÁÊÄ�ÅÔÓÑ ÍÁÔÒÉ�Á B ∈ ATÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n−1. �ÏÇÄÁ A = T−1BT ∈ A { ÉÓËÏÍÙÊ ÜÌÅ-ÍÅÎÔ ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉ n− 1. �ëÁË �ÏËÁÚÙ×ÁÅÔ �ÒÉÍÅÒ ÌÉÎÅÊÎÏÊ ÏÂÏÌÏÞËÉ ×ÅËÔÏÒÏ× v = (0; �1; : : :,�n−1) É u = (1; : : : ; 1; 0), ÇÄÅ �1; : : : ; �n−1 ∈ F∗ É ËÁÖÄÙÊ ÜÌÅÍÅÎÔ F∗×ÓÔÒÅÞÁÅÔÓÑ × ÓÔÒÏËÅ v, ÕÓÌÏ×ÉÅ ÎÁ ÍÏÝÎÏÓÔØ �ÏÌÑ × �ÒÅÄÌÏÖÅÎÉÉ 3.4ÎÅ×ÏÚÍÏÖÎÏ ÏÓÌÁÂÉÔØ, �ÏÜÔÏÍÕ ×ÓÔÁ£Ô ÓÌÅÄÕÀÝÉÊ ×Ï�ÒÏÓ.÷Ï�ÒÏÓ 3.11. ñ×ÌÑÅÔÓÑ ÌÉ ÕÓÌÏ×ÉÅ |F| > n ÓÕÝÅÓÔ×ÅÎÎÙÍ × ÔÅÏÒÅ-ÍÅ 3.10?ïÂßÅÄÉÎÑÑ ÔÅÏÒÅÍÙ 2.2 É 3.10, �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÉÊ ËÌÁÓÓÉÆÉËÁ�É-ÏÎÎÙÊ ÒÅÚÕÌØÔÁÔ.�ÅÏÒÅÍÁ 3.12. ðÕÓÔØ n > 5 É �ÕÓÔØ F { �ÒÏÉÚ×ÏÌØÎÏÅ �ÏÌÅ ÍÏÝÎÏ-ÓÔÉ |F| > n. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ F∗ ÍÕÌØÔÉ�ÌÉËÁÔÉ×ÎÕÀ ÇÒÕ��Õ �ÏÌÑ F,ÞÅÒÅÚ Q { �ÏÄÇÒÕ��Õ F∗, ÏÂÒÁÚÏ×ÁÎÎÕÀ Ë×ÁÄÒÁÔÁÍÉ ÜÌÅÍÅÎÔÏ× ÉÚ F∗.ðÏÌÏÖÉÍ A = E1;2+ · · ·+En−2;n−1 ∈ Nn(F). ðÕÓÔØ A { ËÏÍÍÕÔÁÔÉ×-ÎÁÑ ÎÉÌØ�ÏÔÅÎÔÎÁÑ �ÏÄÁÌÇÅÂÒÁ × Mn(F) ÉÎÄÅËÓÁ ÎÉÌØ�ÏÔÅÎÔÎÏÓÔÉn− 1. �ÏÇÄÁ1. áÌÇÅÂÒÁ A ÓÏ�ÒÑÖÅÎÁ × Mn(F) Ó ÏÄÎÏÊ ÉÚ ÓÌÅÄÕÀÝÉÈ �ÏÄÁÌÇÅÂÒ:i. B0;n = 〈A;A2; : : : ; An−2〉 ⊂ Nn(F);ii. B1;n = 〈E1;n; B| B ∈ B0;n〉 ⊂ Tn(F);iii. B2;n = 〈En;n−1; B| B ∈ B0;n〉 ⊂ Mn(F);iv. B3;n(�) = 〈E1;n+�En;n−1; B| B ∈ B0;n〉 ⊂ Mn(F), ÇÄÅ � ∈ F, � 6= 0.2. ðÏÄÁÌÇÅÂÒÙ ÒÁÚÎÙÈ ÔÉ�Ï× ÎÅ ÓÏ�ÒÑÖÅÎÙ ÍÅÖÄÕ ÓÏÂÏÊ; �ÏÄÁÌ-ÇÅÂÒÙ ÔÉ�Ï× ii{iv Ñ×ÌÑÀÔÓÑ ÍÁËÓÉÍÁÌØÎÙÍÉ �Ï ×ËÌÀÞÅÎÉÀ ËÏÍÍÕ-ÔÁÔÉ×ÎÙÍÉ ÎÉÌØ�ÏÔÅÎÔÎÙÍÉ �ÏÄÁÌÇÅÂÒÁÍÉ É ÓÏÄÅÒÖÁÔ �ÏÄÁÌÇÅÂÒÕ
B0;n, ÎÅ Ñ×ÌÑÀÝÕÀÓÑ ÍÁËÓÉÍÁÌØÎÏÊ �Ï ×ËÌÀÞÅÎÉÀ.3. ðÒÉ ÎÅÞ£ÔÎÏÍ n É �ÒÏÉÚ×ÏÌØÎÏÍ � ∈ F, � 6= 0 �ÏÄÁÌÇÅÂÒÁ B3;n(�)ÓÏ�ÒÑÖÅÎÁ Ó �ÏÄÁÌÇÅÂÒÏÊ B3;n(1); �ÒÉ Þ£ÔÎÏÍ n É �ÒÏÉÚ×ÏÌØÎÏÍ � ∈ F,



ëïííõ�á�é÷îùå îéìøðï�åî�îùå ðïäáìçåâòù 241� 6= 0, �ÏÄÁÌÇÅÂÒÁ B3;n(�) ÓÏ�ÒÑÖÅÎÁ Ó ÏÄÎÏÊ ÉÚ �Ï�ÁÒÎÏ ÎÅÓÏ�ÒÑÖ£Î-ÎÙÈ �ÏÄÁÌÇÅÂÒ B3;n(�1); : : : ;B3;n(�i); : : :, ÇÄÅ {�j} { �ÏÌÎÁÑ ÓÉÓÔÅÍÁ�ÒÅÄÓÔÁ×ÉÔÅÌÅÊ F∗ �Ï ÍÏÄÕÌÀ Q.÷Ï�ÒÏÓ 3.13. éÎÔÅÒÅÓÎÏ ÎÁÊÔÉ ÁÎÁÌÏÇ ÔÅÏÒÅÍÙ 3.10 ÄÌÑ ÁÓÓÏ�ÉÁÔÉ×-ÎÙÈ ËÏÎÅÞÎÏÍÅÒÎÙÈ ËÏÍÍÕÔÁÔÉ×ÎÙÈ ÎÉÌØ�ÏÔÅÎÔÎÙÈ ÁÌÇÅÂÒ ÎÁÄ �Ï-ÌÅÍ. ÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ ËÁËÉÈ ÕÓÌÏ×ÉÑÈ ÔÁËÁÑ ÁÌÇÅÂÒÁ ÉÎÄÅËÓÁ ÎÉÌØ�Ï-ÔÅÎÔÎÏÓÔÉ N �ÒÅÄÓÔÁ×ÉÍÁ ÍÁÔÒÉ�ÁÍÉ �ÏÒÑÄËÁ ÉÍÅÎÎÏ N + 1?á×ÔÏÒ ×ÙÒÁÖÁÅÔ ÂÌÁÇÏÄÁÒÎÏÓÔØ á. ü. çÕÔÅÒÍÁÎÕ ÚÁ �ÏÌÅÚÎÙÅ ÏÂÓÕ-ÖÄÅÎÉÑ �ÒÉ �ÏÄÇÏÔÏ×ËÅ ÓÔÁÔØÉ.ìÉÔÅÒÁÔÕÒÁ1. R. C. Courter, The dimension of maximal ommutative subalgebras of Kn.|DukeMath. J. 32 (1965), 225{232.2. M. Gerstenhaber, On dominane and varieties of ommuting matries. | AnnalsMath. 73, No. 2 (1961), 324{348.3. A. E. Guterman, O. V. Markova, Commutative matrix subalgebras and length fun-tion. | Linear Algebra Appl. 430 (2009), 1790{1805.4. N. Jaobson, Shur's theorems on ommutative matries. | Bull. Amer. Math.So. 50 (1944), 431{436.5. T. J. La�ey, The minimal dimension of maximal ommutative subalgebras of fullmatrix algebras. | Linear Algebra Appl. 71 (1985), 199{212.6. T. J. La�ey, S. Lazarus, Two-generated ommutative matrix subalgebras. | LinearAlgebra Appl. 147 (1991), 249{273.7. ï. ÷. íÁÒËÏ×Á, èÁÒÁËÔÅÒÉÚÁ�ÉÑ ËÏÍÍÕÔÁÔÉ×ÎÙÈ ÍÁÔÒÉÞÎÙÈ �ÏÄÁÌÇÅÂÒ ÍÁË-ÓÉÍÁÌØÎÏÊ ÄÌÉÎÙ ÎÁÄ �ÒÏÉÚ×ÏÌØÎÙÍ �ÏÌÅÍ. | ÷ÅÓÔÎ. íÏÓË. ÕÎ-ÔÁ. óÅÒ.1. íÁ-ÔÅÍÁÔÉËÁ. íÅÈÁÎÉËÁ. 5 (2009), 53{55.8. é. á. ðÁ×ÌÏ×, ï ËÏÍÍÕÔÁÔÉ×ÎÙÈ ÎÉÌØ�ÏÔÅÎÔÎÙÈ ÁÌÇÅÂÒÁÈ ÍÁÔÒÉ�. | äÏËÌ.áËÁÄ. ÎÁÕË âóóò 11, No. 10 (1967), 870{872.9. A. Paz, An appliation of the Cayley{Hamilton theorem to matrix polynomials inseveral variables. | Linear Multilinear Algebra 15 (1984), 161{170.10. I. Shur, Zur Theorie der Vertaushb�aren Matrizen. | J. reine angew. Math. 130(1905), 66{76.11. Youngkwon Song, A onstrution of maximal ommutative subalgebra of matrixalgebras. | J. Korean Math. So. 40, No. 2 (2003), 241{250.12. ä. á. óÕ�ÒÕÎÅÎËÏ, ò. é. �ÙÛËÅ×ÉÞ, ðÅÒÅÓÔÁÎÏ×ÏÞÎÙÅ ÍÁÔÒÉ�Ù. 2-Å ÉÚÄ. í.,õòóó, 2003Markova O. V. Commutative nilpotent subalgebras with nilpoteny in-dex n− 1 in the algebra of matries of order n.The paper establishes the existene of an element with nilpoteny indexn − 1 in the algebra of upper niltriangular matries Nn(F) over a �eld Fwith at least n elements for all n > 5 and, as a orollary, also in the full



242 ï. ÷. íáòëï÷ámatrix algebraMn(F). This result implies an improvement with respet tothe basi �eld of known lassi�ation theorems due to D. A. Suprunenko,R. I. Tyshkevih, and I. A. Pavlov for algebras of the lass onsidered.ðÏÓÔÕ�ÉÌÏ 2 ÎÏÑÂÒÑ 2016 Ç.íÏÓËÏ×ÓËÉÊ ÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔÉÍ. í. ÷. ìÏÍÏÎÏÓÏ×ÁE-mail : ov markova�mail.ru


