
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 453, 2016 Ç.è. ä. éËpÁÍÏ×ëïîçòõüî�îùê ãåî�òáìéúá�ïò íá�òéãùóåòçåêþõëá{èïòîá
§1. ÷×ÅÄÅÎÉÅðÕÓÔØ A { ËÏÍ�ÌÅËÓÎÁÑ n × n-ÍÁÔÒÉ�Á. íÙ ÎÁÚÙ×ÁÅÍ ÍÎÏÖÅÓÔ×ÏÍÁÔÒÉ� X ÔÁËÉÈ, ÞÔÏ X∗AX = A; (1)ËÏÎÇÒÕÜÎÔÎÙÍ �ÅÎÔÒÁÌÉÚÁÔÏÒÏÍ ÍÁÔÒÉ�Ù A É ÏÂÏÚÎÁÞÁÅÍ ÜÔÏ ÍÎÏ-ÖÅÓÔ×Ï ÓÉÍ×ÏÌÏÍ C∗A. ïÎÏ �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ÁÎÁÌÏÇ ËÌÁÓÓÉÞÅÓËÏÇÏ�ÅÎÔÒÁÌÉÚÁÔÏÒÁ × ÔÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁ ÇÒÕ��Á GLn(C) ÄÅÊÓÔ×ÕÅÔ ÎÁ ÍÁ-ÔÒÉÞÎÏÍ �ÒÏÓÔÒÁÎÓÔ×ÅMn(C) ËÏÎÇÒÕÜÎ�ÉÑÍÉ ×ÍÅÓÔÏ �ÏÄÏÂÉÊ. ÷ ÄÁÌØ-ÎÅÊÛÅÍ ÔÅÒÍÉÎ \ËÏÎÇÒÕÜÎ�ÉÑ" ×ÓÅÇÄÁ ÏÚÎÁÞÁÅÔ \*-ËÏÎÇÒÕÜÎ�ÉÑ", Ô.Å.ÍÁÔÒÉÞÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ ×ÉÄÁ A → X∗AX Ó ÎÅ×ÙÒÏÖÄÅÎÎÏÊ ÍÁÔÒÉ-�ÅÊ X .ëÌÁÓÓÉÞÅÓËÉÊ �ÅÎÔÒÁÌÉÚÁÔÏÒ CA Ï�ÒÅÄÅÌÑÅÔÓÑ �ÏÓÒÅÄÓÔ×ÏÍ ÌÉÎÅÊ-ÎÏÇÏ ÍÁÔÒÉÞÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ, ÒÅÛÅÎÉÑ ËÏÔÏÒÏÇÏ ÄÌÑ ×ÓÑËÏÊ ÚÁÄÁÎÎÏÊÍÁÔÒÉ�Ù A ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÙ. óÏ×ÓÅÍ ÉÎÁÑ ÓÉÔÕÁ�ÉÑ Ó ËÏÎÇÒÕÜÎÔÎÙÍ�ÅÎÔÒÁÌÉÚÁÔÏÒÏÍ. úÁÄÁÞÁ Ï�ÉÓÁÎÉÑ ÍÎÏÖÅÓÔ×Á C∗A ÜË×É×ÁÌÅÎÔÎÁ ÏÔÙÓ-ËÁÎÉÀ ×ÓÅÈ ÒÅÛÅÎÉÊ ÓÉÓÔÅÍÙ ÉÚ n2 Ë×ÁÄÒÁÔÉÞÎÙÈ ÕÒÁ×ÎÅÎÉÊ ÏÔÎÏÓÉ-ÔÅÌØÎÏ ÜÌÅÍÅÎÔÏ× ÎÅÉÚ×ÅÓÔÎÏÊ ÍÁÔÒÉ�Ù X . îÅÕÄÉ×ÉÔÅÌØÎÏ, ÞÔÏ ÔÁËÏÅÏ�ÉÓÁÎÉÅ ÉÍÅÅÔÓÑ ÌÉÛØ ÄÌÑ ÎÅÓËÏÌØËÉÈ �ÒÏÓÔÙÈ ÍÁÔÒÉ�, ÔÁËÉÈ ËÁËA= In (× ÜÔÏÍ ÓÌÕÞÁÅ C∗A ÅÓÔØ ÇÒÕ��Á Un ÕÎÉÔÁÒÎÙÈ ÍÁÔÒÉ� �ÏÒÑÄ-ËÁ n), A = Ip ⊕ (−Iq) (ÇÒÕ��Á �ÓÅ×ÄÏÕÎÉÔÁÒÎÙÈ ÍÁÔÒÉ� ÔÉ�Á (p,q))ÉÌÉ A = ( 0 Im

−Im 0 )(ÓÉÍ�ÌÅËÔÉÞÅÓËÁÑ ÇÒÕ��Á �ÏÒÑÄËÁ n = 2m). üÔÉ Ï�ÉÓÁÎÉÑ ÍÏÇÕÔ ÂÙÔØÒÁÓ�ÒÏÓÔÒÁÎÅÎÙ ÎÁ ÍÁÔÒÉ�Ù, ËÏÎÇÒÕÜÎÔÎÙÅ ÎÁÚ×ÁÎÎÙÍ, ÞÅÍ, �Ï-×É-ÄÉÍÏÍÕ, ÉÓÞÅÒ�Ù×ÁÅÔÓÑ Ó�ÉÓÏË ÍÁÔÒÉ� Ó ÉÚ×ÅÓÔÎÙÍÉ ËÏÎÇÒÕÜÎÔÎÙÍÉ�ÅÎÔÒÁÌÉÚÁÔÏÒÁÍÉ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: �ÅÎÔÒÁÌÉÚÁÔÏÒ, ËÏÎÇÒÕÜÎÔÎÙÊ �ÅÎÔÒÁÌÉÚÁÔÏÒ, ÔÅ�ÌÉ�Å×Á ÍÁ-ÔÒÉ�Á, �ÅÒßÅÄÉÎÉÞÎÁÑ ÍÁÔÒÉ�Á. 104



ëïîçòõüî�îùê ãåî�òáìéúá�ïò 105ãÅÌØ ÜÔÏÊ �ÕÂÌÉËÁ�ÉÉ { ÉÓÓÌÅÄÏ×ÁÔØ ÍÎÏÖÅÓÔ×Ï C∗� ÄÌÑ ÍÁÔÒÉ�Ù�n = 



1
· · · i1 · · ·1 i 

 : (2)ðÒÉÞÉÎÁ, �Ï ËÏÔÏÒÏÊ ×ÙÂÒÁÎÁ ÜÔÁ ÍÁÔÒÉ�Á, ÔÁËÏ×Á. ëÁÎÏÎÉÞÅÓËÁÑÆÏÒÍÁ �ÒÏÉÚ×ÏÌØÎÏÊ ËÏÍ�ÌÅËÓÎÏÊ ÍÁÔÒÉ�Ù �Ï ÏÔÎÏÛÅÎÉÀ Ë ËÏÎÇÒÕÜÎ-�ÉÑÍ �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ �ÒÑÍÕÀ ÓÕÍÍÕ ÂÌÏËÏ× ×ÓÅÇÏ ÌÉÛØ ÔÒÅÈ ÒÁÚ-ÌÉÞÎÙÈ ÔÉ�Ï× (ÓÍ. [1, § 4.5℄). íÁÔÒÉ�Á (2) ÅÓÔØ × ÔÏÞÎÏÓÔÉ ÂÌÏË ÏÄÎÏÇÏÉÚ ÜÔÉÈ ÔÉ�Ï×. ÷ ÔÅÏÒÅÍÅ 2 (ÓÍ. §6) ÍÙ �ÏËÁÚÙ×ÁÅÍ, ÞÔÏ, Ó ÔÏÞÎÏÓÔØÀÄÏ ÄÉÁÇÏÎÁÌØÎÙÈ ÓÏÍÎÏÖÉÔÅÌÅÊ Ó�Å�ÉÁÌØÎÏÇÏ ×ÉÄÁ, ×ÓÅ ÍÁÔÒÉ�Ù ÉÚ
C∗� Ñ×ÌÑÀÔÓÑ ×ÅÒÈÎÅÔÒÅÕÇÏÌØÎÙÍÉ É ÔÅ�ÌÉ�Å×ÙÍÉ.

§2. �Å�ÌÉ�Å×Ï ÒÁÚÌÏÖÅÎÉÅîÁ�ÏÍÎÉÍ, ÞÔÏ ÔÅ�ÌÉ�Å×ÙÍ ÒÁÚÌÏÖÅÎÉÅÍ Ë×ÁÄÒÁÔÎÏÊ ËÏÍ�ÌÅËÓÎÏÊÍÁÔÒÉ�Ù A ÎÁÚÙ×ÁÅÔÓÑ ÅÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ × ×ÉÄÅA = B + iC;ÇÄÅ B = B∗ = 12(A+A∗); C = C∗ = 12i(A−A∗):íÁÔÒÉ�Ù B É C ÞÁÓÔÏ ÎÁÚÙ×ÁÀÔ ×ÅÝÅÓÔ×ÅÎÎÏÊ É ÍÎÉÍÏÊ ÞÁÓÔÑÍÉÍÁÔÒÉ�Ù A.÷ÅÝÅÓÔ×ÅÎÎÏÊ ÞÁÓÔØÀ ÍÁÔÒÉ�Ù �n Ñ×ÌÑÅÔÓÑ �ÅÒßÅÄÉÎÉÞÎÁÑ ÍÁÔÒÉ-�Á
Pn = 



11
· · · · · ·1 

 ;Á ÍÎÉÍÏÊ ÞÁÓÔØÀ { ÍÁÔÒÉ�Á
Qn = 



0 0 0 · · · 00 0 0 · · · 1
· · · · · · · · ·0 0 1 · · · 00 1 0 · · · 0 


= (0 00 Pn−1) :ðÕÓÔØ X { �ÒÏÉÚ×ÏÌØÎÁÑ ÍÁÔÒÉ�Á ÉÚ C∗�. éÚ ÒÁ×ÅÎÓÔ×Á�n = Pn + iQn



106 è. ä. éëPáíï÷×ÙÔÅËÁÅÔ, ÞÔÏ X∗�nX = X∗PnX + iX∗QnX:óÌÁÇÁÅÍÙÅ �ÒÁ×ÏÊ ÞÁÓÔÉ { ÜÔÏ ÜÒÍÉÔÏ×Á ÍÁÔÒÉ�Á X∗PnX É ËÏÓÏÜÒÍÉ-ÔÏ×Á ÍÁÔÒÉ�Á iX∗QnX . ðÏÓËÏÌØËÕ ÔÅ�ÌÉ�Å×Ï ÒÁÚÌÏÖÅÎÉÅ Ï�ÒÅÄÅÌÅÎÏÅÄÉÎÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ, ÉÚ ÒÁ×ÅÎÓÔ×Á X∗�nX = �n ×Ù×ÏÄÉÍ ÓÏÏÔÎÏ-ÛÅÎÉÑ X∗PnX = Pn (3)É X∗QnX = Qn: (4)�ÁËÉÍ ÏÂÒÁÚÏÍ, C∗� ÅÓÔØ �ÅÒÅÓÅÞÅÎÉÅ ËÏÎÇÒÕÜÎÔÎÙÈ �ÅÎÔÒÁÌÉÚÁÔÏÒÏ×ÍÁÔÒÉ� Pn É Qn.
§3. ÷ÅÒÈÎÅÔÒÅÕÇÏÌØÎÁÑ ÆÏÒÍÁ÷ ÜÔÏÍ �ÁÒÁÇÒÁÆÅ ÍÙ �ÏËÁÖÅÍ, ÞÔÏ ×ÓÅ ÍÁÔÒÉ�Ù ÉÚ C∗� ÉÍÅÀÔ ×ÅÒÈ-ÎÅÔÒÅÕÇÏÌØÎÕÀ ÆÏÒÍÕ.úÁÍÅÔÉÍ, �ÒÅÖÄÅ ×ÓÅÇÏ, ÞÔÏ ÉÚ ÎÅ×ÙÒÏÖÄÅÎÎÏÓÔÉ ÍÁÔÒÉ�Ù �n ×Ù-ÔÅËÁÅÔ, ÞÔÏ ×ÓÅ ÍÁÔÒÉ�Ù × C∗� ÔÁËÖÅ ÎÅ×ÙÒÏÖÄÅÎÎÙ.ìÅÍÍÁ 1. ÷ÅËÔÏÒ e1 = (1; 0; : : : ; 0)T Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÄÌÑ ×ÓÑ-ËÏÊ ÍÁÔÒÉ�Ù X ∈ C∗�.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÅÒÅ�ÉÛÅÍ (4) × ×ÉÄÅX∗Qn = QnX−1;Á ÚÁÔÅÍ ÕÍÎÏÖÉÍ ÏÂÅ ÞÁÓÔÉ ÓÌÅ×Á ÎÁ ×ÅËÔÏÒ-ÓÔÒÏËÕ eT1 . üÔÏ ÄÁÅÔeT1X∗Qn = 0;ÉÌÉ

Qn(Xe1) = 0:�ÅÍ ÓÁÍÙÍ ×ÅËÔÏÒ x1 = Xe1 (Ô.Å. �ÅÒ×ÙÊ ÓÔÏÌÂÅ� ÍÁÔÒÉ�Ù X) �ÒÉÎÁÄ-ÌÅÖÉÔ ÏÄÎÏÍÅÒÎÏÍÕ ÑÄÒÕ ÍÁÔÒÉ�Ù Qn. ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ x1 = �1e1ÄÌÑ ÎÅËÏÔÏÒÏÇÏ ÎÅÎÕÌÅ×ÏÇÏ ÞÉÓÌÁ �1 ∈ C. �ìÅÍÍÁ 2. ÷ÅËÔÏÒ en = (0; : : : ; 0; 1)T Ñ×ÌÑÅÔÓÑ ÌÅ×ÙÍ ÓÏÂÓÔ×ÅÎÎÙÍ×ÅËÔÏÒÏÍ ÄÌÑ ×ÓÑËÏÊ ÍÁÔÒÉ�Ù X ∈ C∗�.



ëïîçòõüî�îùê ãåî�òáìéúá�ïò 107äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÅÒÅ�ÉÛÅÍ (3) × ×ÉÄÅ
PnX = X−∗Pn:õÍÎÏÖÁÑ ÏÂÅ ÞÁÓÔÉ ÎÁ ×ÅËÔÏÒ e1 É ÉÓ�ÏÌØÚÕÑ ÌÅÍÍÕ 1, �ÏÌÕÞÁÅÍ

PnXe1 = Pnx1 = �1Pne1 = �1en;X−∗Pne1 = X−∗en;ÏÔËÕÄÁ ×Ù×ÏÄÉÍ X∗en = 1�1 en:üÔÏ ÒÁ×ÅÎÓÔ×Ï ÄÏËÁÚÙ×ÁÅÔ ÌÅÍÍÕ. úÁÏÄÎÏ ÏÎÏ �ÏËÁÚÙ×ÁÅÔ, ÞÔÏ ×ÅËÔÏ-ÒÁÍ e1 É eTn ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ �1 É 1=�1 ÍÁÔÒÉ-�Ù X . �ìÅÍÍÙ 1 É 2 �ÏÚ×ÏÌÑÀÔ ÎÁÍ �ÒÅÄÓÔÁ×ÉÔØ X ËÁË ÂÌÏÞÎÕÀ ÍÁÔÒÉ�ÕX = 


�1 yT �0 Xn−2 z0 0 �1−1 : (5)úÄÅÓØ y É z { ÜÔÏ ×ÅËÔÏÒÙ-ÓÔÏÌÂ�Ù ÒÁÚÍÅÒÎÏÓÔÉ n− 2, Á Xn−2 { �ÏÄ-ÍÁÔÒÉ�Á �ÏÒÑÄËÁ n− 2.ìÅÍÍÁ 3. ðÏÄÍÁÔÒÉ�Á Xn−2 �ÒÉÎÁÄÌÅÖÉÔ ËÏÎÇÒÕÜÎÔÎÏÍÕ �ÅÎÔÒÁ-ÌÉÚÁÔÏÒÕ ÍÁÔÒÉ�Ù Pn−2.äÏËÁÚÁÔÅÌØÓÔ×Ï. âÌÏÞÎÏÅ ÒÁÚÂÉÅÎÉÅ ÍÁÔÒÉ�Ù Pn, ÁÎÁÌÏÇÉÞÎÏÅ ÒÁÚ-ÂÉÅÎÉÀ (5), ×ÙÇÌÑÄÉÔ ÔÁË:

Pn = 


0 0 10 Pn−2 01 0 0 :ðÒÉÒÁ×ÎÉ×ÁÑ �ÅÎÔÒÁÌØÎÙÅ ÂÌÏËÉ × ÒÁ×ÅÎÓÔ×Å (3), �ÏÌÕÞÁÅÍX∗n−2Pn−2Xn−2 = Pn−2;ÞÔÏ ÄÏËÁÚÙ×ÁÅÔ ÌÅÍÍÕ. �ìÅÍÍÁ 4. ðÏÄÍÁÔÒÉ�Á Xn−2 �ÒÉÎÁÄÌÅÖÉÔ ËÏÎÇÒÕÜÎÔÎÏÍÕ �ÅÎÔÒÁ-ÌÉÚÁÔÏÒÕ ÍÁÔÒÉ�Ù Qn−2.



108 è. ä. éëPáíï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. âÌÏÞÎÏÅ ÒÁÚÂÉÅÎÉÅ ÍÁÔÒÉ�Ù Qn, ÁÎÁÌÏÇÉÞÎÏÅ ÒÁÚ-ÂÉÅÎÉÀ (5), ×ÙÇÌÑÄÉÔ ÔÁË:
Qn = 


0 0 00 Qn−2 e10 eT1 0

 : (6)úÄÅÓØ e1 { ÜÔÏ �ÅÒ×ÙÊ ËÏÏÒÄÉÎÁÔÎÙÊ ×ÅËÔÏÒ ÒÁÚÍÅÒÎÏÓÔÉ n− 2.ðÏÄÓÔÁ×ÌÑÑ (5) É (6) × ÒÁ×ÅÎÓÔ×Ï (4), �ÒÉÈÏÄÉÍ Ë ÓÏÏÔÎÏÛÅÎÉÀX∗n−2Qn−2Xn−2 = Qn−2;ÄÏËÁÚÙ×ÁÀÝÅÍÕ ÌÅÍÍÕ. �óÌÅÄÓÔ×ÉÅ 1. ðÏÄÍÁÔÒÉ�Á Xn−2 �ÒÉÎÁÄÌÅÖÉÔ ËÏÎÇÒÕÜÎÔÎÏÍÕ �ÅÎ-ÔÒÁÌÉÚÁÔÏÒÕ ÍÁÔÒÉ�Ù �n−2.ðÒÉÍÅÎÅÎÉÅ ÌÅÍÍ 1 É 2 Ë ÍÁÔÒÉ�ÅXn−2 �ÒÉ×ÏÄÉÔ Ë ÔÁËÏÍÕ ÚÁËÌÀÞÅ-ÎÉÀ.óÌÅÄÓÔ×ÉÅ 2. ÷ÓÅ �ÏÄÄÉÁÇÏÎÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ ×Ï ×ÔÏÒÏÍ ÓÔÏÌÂ�ÅÍÁÔÒÉ�Ù (5) ÒÁ×ÎÙ ÎÕÌÀ. üÔÏ ÖÅ ×ÅÒÎÏ × ÏÔÎÏÛÅÎÉÉ ×ÎÅÄÉÁÇÏÎÁÌØ-ÎÙÈ ÜÌÅÍÅÎÔÏ× ÓÔÒÏËÉ n− 1, ÒÁÓ�ÏÌÏÖÅÎÎÙÈ ÌÅ×ÅÅ ÇÌÁ×ÎÏÊ ÄÉÁÇÏÎÁ-ÌÉ. åÓÌÉ ÏÂÏÚÎÁÞÉÔØ ÞÅÒÅÚ �2 ÄÉÁÇÏÎÁÌØÎÙÊ ÜÌÅÍÅÎÔ x22, ÔÏ ÜÌÅÍÅÎÔxn−1;n−1 ÒÁ×ÅÎ 1=�2.üÔÏ ÖÅ ÒÁÓÓÕÖÄÅÎÉÅ ÍÏÖÅÔ ÂÙÔØ �ÒÉÍÅÎÅÎÏ Ë �ÅÎÔÒÁÌØÎÏÊ �ÏÄ-ÍÁÔÒÉ�Å Xn−4, ÚÁÔÅÍ Ë �ÏÄÍÁÔÒÉ�Å Xn−6, É Ô.Ä. ÷ ËÏÎÅÞÎÏÍ ÓÞÅÔÅ,�ÒÉÈÏÄÉÍ Ë ÓÌÅÄÕÀÝÅÍÕ ÕÔ×ÅÒÖÄÅÎÉÀ.�ÅÏÒÅÍÁ 1. ÷ÓÅ ÍÁÔÒÉ�Ù ÉÚ C∗� Ñ×ÌÑÀÔÓÑ ×ÅÒÈÎÅÔÒÅÕÇÏÌØÎÙÍÉ. ðÒÉÜÔÏÍ ÄÉÁÇÏÎÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ ÍÁÔÒÉ�Ù X ∈ C∗� �ÏÄÞÉÎÑÀÔÓÑ ÓÏÏÔ-ÎÏÛÅÎÉÑÍ xiixn+1−i;n+1−i = 1; i = 1; 2; : : : ; [n=2℄: (7)
§4. çÌÁ×ÎÁÑ ÄÉÁÇÏÎÁÌØ ÍÁÔÒÉ�Ù X�Å�ÅÒØ ÍÙ ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÂÌÏÞÎÙÍ ÒÁÚÂÉÅÎÉÅÍ ÍÁÔÒÉ�Ù X ∈ C∗�,ÏÔÌÉÞÎÙÍ ÏÔ (5), Á ÉÍÅÎÎÏ,X = (�1 ŷT0 X̂n−1) : (8)úÄÅÓØ X̂n−1 { �ÏÄÍÁÔÒÉ�Á �ÏÒÑÄËÁ n− 1.



ëïîçòõüî�îùê ãåî�òáìéúá�ïò 109ðÏÄÓÔÁ×ÉÍ (8) × ÓÏÏÔÎÏÛÅÎÉÅ (4), ÚÁÍÅÎÉÍ Qn ÁÎÁÌÏÇÉÞÎÙÍ ÂÌÏÞ-ÎÙÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅÍ É �ÒÉÒÁ×ÎÑÅÍ ÂÌÏËÉ, ÓÔÏÑÝÉÅ × �ÏÚÉ�ÉÉ (2,2), ÞÔÏÄÁÅÔ X̂∗n−1Pn−1X̂n−1 = Pn−1: (9)�ÁËÉÍ ÏÂÒÁÚÏÍ, × ÄÏ�ÏÌÎÅÎÉÅ Ë ÌÅÍÍÁÍ 3 É 4 ÉÍÅÅÍ ÓÌÅÄÕÀÝÅÅ �ÒÅÄ-ÌÏÖÅÎÉÅ.ìÅÍÍÁ 5. ðÏÄÍÁÔÒÉ�Á X̂n−1 �ÒÉÎÁÄÌÅÖÉÔ ËÏÎÇÒÕÜÎÔÎÏÍÕ �ÅÎÔÒÁ-ÌÉÚÁÔÏÒÕ ÍÁÔÒÉ�Ù Pn−1.ðÏÓËÏÌØËÕ �ÏÄÍÁÔÒÉ�Á X̂n−1 ÔÒÅÕÇÏÌØÎÁÑ, ËÏÏÒÄÉÎÁÔÎÙÊ ×ÅËÔÏÒen−11 ÒÁÚÍÅÒÎÏÓÔÉ n − 1 Ñ×ÌÑÅÔÓÑ ÄÌÑ ÎÅÅ ÓÏÂÓÔ×ÅÎÎÙÍ ×ÅËÔÏÒÏÍ, ÏÔ-×ÅÞÁÀÝÉÍ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÚÎÁÞÅÎÉÀ x22 = �2. éÓ�ÏÌØÚÕÑ ÜÔÏÔ ÆÁËÔ,ÒÁ×ÅÎÓÔ×Ï (9) É ÔÁËÉÅ ÖÅ ÒÁÓÓÕÖÄÅÎÉÑ, ËÁË × ÄÏËÁÚÁÔÅÌØÓÔ×Å ÌÅÍÍÙ 2,ÚÁËÌÀÞÁÅÍ, ÞÔÏ en−1n−1 ÅÓÔØ ÌÅ×ÙÊ ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ ÍÁÔÒÉ�Ù X̂n−1,ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÚÎÁÞÅÎÉÀ 1=�2. ÷ ÓÏÞÅÔÁÎÉÉ Ó ÓÏÏÔ-ÎÏÛÅÎÉÅÍ (7) �ÒÉ i = 1 ÜÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ�1 = �2:�Å ÖÅ ÓÏÏÂÒÁÖÅÎÉÑ, �ÒÉÍÅÎÑÅÍÙÅ Ë Xn−2 (ÎÁ�ÏÍÎÉÍ, ÞÔÏ ÜÔÁ �ÏÄÍÁ-ÔÒÉ�Á �ÒÉÎÁÄÌÅÖÉÔ ËÏÎÇÒÕÜÎÔÎÏÍÕ �ÅÎÔÒÁÌÉÚÁÔÏÒÕ ÍÁÔÒÉ�Ù �n−2),�ÒÉ×ÏÄÑÔ Ë ÒÁ×ÅÎÓÔ×Õ �2 = �3:ó�ÕÓËÁÑÓØ ÔÁËÉÍ ÏÂÒÁÚÏÍ �Ï ÒÁÚÍÅÒÎÏÓÔÑÍ �ÅÎÔÒÁÌØÎÙÈ �ÏÄÍÁÔÒÉ�,ÍÙ × ËÏÎÅÞÎÏÍ ÓÞÅÔÅ �ÏÌÕÞÉÍ ÒÁ×ÅÎÓÔ×Á�1 = �2 = · · · = �k; k = [n+ 12 ] :éÚ ÎÉÈ, × Ó×ÏÀ ÏÞÅÒÅÄØ, ×ÙÔÅËÁÀÔ ÒÁ×ÅÎÓÔ×Á�k+1 = · · · = �n = 1�1 :÷ ÞÁÓÔÎÏÓÔÉ, ÄÉÁÇÏÎÁÌØÎÁÑ ÍÁÔÒÉ�Á D ∈ C∗� �ÏÌÎÏÓÔØÀ Ï�ÒÅÄÅÌÑÅÔ-ÓÑ Ó×ÏÉÍ �ÅÒ×ÙÍ ÄÉÁÇÏÎÁÌØÎÙÍ ÜÌÅÍÅÎÔÏÍ �1. ðÏÓËÏÌØËÕ C∗� { ÍÕÌØ-ÔÉ�ÌÉËÁÔÉ×ÎÁÑ ÇÒÕ��Á, ÌÀÂÕÀ ÍÁÔÒÉ�Õ X ∈ C∗� ÍÏÖÎÏ �ÒÅ×ÒÁÔÉÔØ ×ÕÎÉÔÒÅÕÇÏÌØÎÕÀ ÕÍÎÏÖÅÎÉÅÍ ÎÁ �ÏÄÈÏÄÑÝÕÀ ÄÉÁÇÏÎÁÌØÎÕÀ ÍÁÔÒÉ�ÕD ∈ C∗�. õÞÉÔÙ×ÁÑ ÜÔÏ ÏÂÓÔÏÑÔÅÌØÓÔ×Ï, ÂÕÄÅÍ × ÄÁÌØÎÅÊÛÅÍ ÓÞÉÔÁÔØ,ÞÔÏ x11 = · · · = xnn = 1:
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§5. íÁÔÒÉ�Ù ÍÁÌÏÇÏ �ÏÒÑÄËÁþÔÏÂÙ �ÏÎÑÔØ ÓÔÒÕËÔÕÒÕ ÎÅÄÉÁÇÏÎÁÌØÎÙÈ ÍÁÔÒÉ� ÉÚ C∗�, ÎÁÊÄÅÍÑ×ÎÕÀ ÆÏÒÍÕ ÔÁËÉÈ ÍÁÔÒÉ� ÄÌÑ ÍÁÌÙÈ �ÏÒÑÄËÏ× n.n = 2. âÕÄÅÍ ÉÓËÁÔØ X × ×ÉÄÅX = (1 �0 1) :éÚ ÒÁ×ÅÎÓÔ×Á X∗P2X = P2 ×Ù×ÏÄÉÍ(0 11 �+ �) = (0 11 0) :óÌÅÄÏ×ÁÔÅÌØÎÏ, � { ÞÉÓÔÏ ÍÎÉÍÏÅ ÞÉÓÌÏ. þÔÏ ËÁÓÁÅÔÓÑ ÒÁ×ÅÎÓÔ×ÁX∗Q2X = Q2, ÔÏ ÏÎÏ ×Ù�ÏÌÎÅÎÏ ÄÌÑ ×ÓÅÈ �. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÎÅÄÉÁ-ÇÏÎÁÌØÎÙÅ ÍÁÔÒÉ�Ù X ∈ C∗� Ï�ÉÓÙ×ÁÀÔÓÑ ÆÏÒÍÕÌÏÊX = (1 ia0 1) ; a ∈ R: (10)n = 3. óÏÇÌÁÓÎÏ ÌÅÍÍÅ 5, ÎÉÖÎÑÑ ÕÇÌÏ×ÁÑ 2 × 2-�ÏÄÍÁÔÒÉ�Á ÉÓËÏÍÏÊÍÁÔÒÉ�Ù X ÄÏÌÖÎÁ ÓÏ×�ÁÄÁÔØ Ó ÍÁÔÒÉ�ÅÊ (10). ðÏÜÔÏÍÕ ÂÕÄÅÍ ÉÓËÁÔØX × ×ÉÄÅ X = 


1 �1 �20 1 ia0 0 1 

 : (11)úÁ�ÉÓÙ×ÁÑ ÒÁ×ÅÎÓÔ×Ï X∗P3X = P3, ÉÍÅÅÍ


0 0 10 1 �1 + ia1 �1 − ia �2 + �2 + a2 = P3;ÏÔËÕÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ �1 = ia; Re �2 = −

a22 ;ÔÏ ÅÓÔØ �2 = −
a22 + ib; b ∈ R:úÁÍÅÔÉÍ, ÞÔÏ ÓÄÅÌÁÎÎÙÊ ÎÁÍÉ ×ÙÂÏÒ ÎÉÖÎÅÊ ÕÇÌÏ×ÏÊ �ÏÄÍÁÔÒÉ�Ù�ÏÚ×ÏÌÑÅÔ ÉÚÂÅÖÁÔØ �ÒÏ×ÅÒËÉ ÕÓÌÏ×ÉÑ X∗Q3X = Q3. ÷ ÓÁÍÏÍ ÄÅÌÅ,�ÅÒ×ÙÊ ÓÔÏÌÂÅ� É �ÅÒ×ÁÑ ÓÔÒÏËÁ × �ÒÏÉÚ×ÅÄÅÎÉÉ, ÓÔÏÑÝÅÍ × ÌÅ×ÏÊ ÞÁ-ÓÔÉ, ÎÕÌÅ×ÙÅ, Á ÎÉÖÎÑÑ ÕÇÌÏ×ÁÑ �ÏÄÍÁÔÒÉ�Á × ÜÔÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ ÒÁ×-ÎÁ X∗2P2X2. úÄÅÓØ X2 { ÎÉÖÎÑÑ ÕÇÌÏ×ÁÑ �ÏÄÍÁÔÒÉ�Á ÍÁÔÒÉ�Ù X . ðÏ



ëïîçòõüî�îùê ãåî�òáìéúá�ïò 111ÌÅÍÍÅ 5, ÉÍÅÅÍ X∗2P2X2 = P2. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÍÁÔÒÉ�Á X∗Q3X ÓÏ×�Á-ÄÁÅÔ Ó Q3.(áÎÁÌÏÇÉÞÎÙÅ ÓÏÏÂÒÁÖÅÎÉÑ ÏÔÎÏÓÉÔÅÌØÎÏ ÎÉÖÎÅÊ ÕÇÌÏ×ÏÊ �ÏÄÍÁ-ÔÒÉ�Ù �ÏÒÑÄËÁ n− 1 Ó�ÒÁ×ÅÄÌÉ×Ù ÄÌÑ n > 3.)íÙ ÚÁËÌÀÞÁÅÍ, ÞÔÏ 3×3-ÍÁÔÒÉ�Ù ÉÚ C∗�, ÉÍÅÀÝÉÅ ÅÄÉÎÉÞÎÕÀ ÄÉÁ-ÇÏÎÁÌØ, ÄÁÀÔÓÑ ÆÏÒÍÕÌÏÊX = 


1 ia −a22 + ib0 1 ia0 0 1 

 ; a; b ∈ R: (12)n = 4. ÷ÓÌÅÄÓÔ×ÉÅ ÌÅÍÍÙ 5 É ÆÏÒÍÕÌÙ (12), ÍÙ ÍÏÖÅÍ ÉÓËÁÔØ X ××ÉÄÅ X = 



1 �1 �2 �30 1 ia −a22 + ib0 0 1 ia0 0 0 1 

 :òÁ×ÅÎÓÔ×Ï X∗P4X = P4 ×ÙÇÌÑÄÉÔ ÔÁË:




0 0 0 10 0 1 �1 + ia0 1 0 �2 + a22 + ib1 �1 − ia �2 + a22 − ib �3 + �3 + 2ab = P4:ïÔÓÀÄÁ ÎÁÈÏÄÉÍ�1 = ia; �2 = −
a22 + ib; Re �3 = −ab;ÔÏ ÅÓÔØ �3 = −ab+ i
; 
 ∈ R:éÔÁË, 4×4-ÍÁÔÒÉ�ÙX ∈ C∗� Ó ÅÄÉÎÉÞÎÏÊ ÄÉÁÇÏÎÁÌØÀ { ÜÔÏ ÍÁÔÒÉ�Ù×ÉÄÁ X = 



1 ia −a22 + ib −ab+ i
0 1 ia −a22 + ib0 0 1 ia0 0 0 1 

 ; a; b; 
 ∈ R: (13)
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§6. çÌÁ×ÎÙÊ ÒÅÚÕÌØÔÁÔæÏÒÍÕÌÙ (10), (12) É (13) �ÏËÁÚÙ×ÁÀÔ, ÞÔÏ ÍÁÔÒÉ�Ù X �ÏÒÑÄËÏ×2, 3 É 4 Ñ×ÌÑÀÔÓÑ ÔÅ�ÌÉ�Å×ÙÍÉ. ó ÒÏÓÔÏÍ �ÏÒÑÄËÁ n ÚÎÁÞÅÎÉÅ ia, ÎÁÊ-ÄÅÎÎÏÅ ÉÚ ÍÁÔÒÉ�Ù (10), �ÅÒÅÄÁÅÔÓÑ ××ÅÒÈ ×ÄÏÌØ �ÅÒ×ÏÊ ÎÁÄÄÉÁÇÏÎÁÌÉ,Á ÚÎÁÞÅÎÉÅ −a2=2+ ib, Ï�ÒÅÄÅÌÑÅÍÏÅ ÍÁÔÒÉ�ÅÊ (12), ÒÁÓ�ÒÏÓÔÒÁÎÑÅÔÓÑ×ÄÏÌØ ×ÔÏÒÏÊ ÎÁÄÄÉÁÇÏÎÁÌÉ. íÙ �ÏËÁÖÅÍ, ÞÔÏ ÜÔÏ Ï�ÉÓÁÎÉÅ ×ÅÒÎÏ ÄÌÑÍÁÔÒÉ� X ∈ C∗� ×ÓÅÈ �ÏÒÑÄËÏ× n.�ÅÏÒÅÍÁ 2. ÷ÓÅ ÍÁÔÒÉ�Ù X ∈ C∗� Ó ÅÄÉÎÉÞÎÏÊ ÄÉÁÇÏÎÁÌØÀ Ñ×ÌÑÀÔÓÑÔÅ�ÌÉ�Å×ÙÍÉ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÏ×ÅÄÅÍ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÉÎÄÕË�ÉÅÊ �Ï �ÏÒÑÄËÕÍÁÔÒÉ�Ù X . âÁÚÉÓ ÉÎÄÕË�ÉÉ ÄÁÀÔ ÒÅÚÕÌØÔÁÔÙ �ÒÅÄÙÄÕÝÅÇÏ ÒÁÚÄÅ-ÌÁ. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ n > 4 É ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ ×ÅÒÎÏ ÄÌÑ ×ÓÅÈ�ÏÒÑÄËÏ×, ÍÅÎØÛÉÈ ÞÅÍ n.úÁ�ÉÛÅÍ ÍÁÔÒÉ�Õ X ∈ C∗� × ×ÉÄÅX = 



1 �1 �2 �3 : : : �n−2 �n−11 t1 t2 : : : tn−3 tn−21 t1 : : : tn−4 tn−3: : : : : : : : : : : :1 t11



:ðÏ ÉÎÄÕËÔÉ×ÎÏÍÕ �ÒÅÄ�ÏÌÏÖÅÎÉÀ, ÎÉÖÎÑÑ ÕÇÌÏ×ÁÑ �ÏÄÍÁÔÒÉ�Á Xn−1Ñ×ÌÑÅÔÓÑ ÔÅ�ÌÉ�Å×ÏÊ. åÅ ÜÌÅÍÅÎÔÙ ÒÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ ËÁË ÉÚ×ÅÓÔÎÙÅÞÉÓÌÁ, Ï�ÒÅÄÅÌÑÅÍÙÅ ÕÇÌÏ×ÙÍÉ �ÏÄÍÁÔÒÉ�ÁÍÉ ÍÅÎØÛÉÈ �ÏÒÑÄËÏ×. ÷ÞÁÓÔÎÏÓÔÉ, ÄÌÑ ÎÅËÏÔÏÒÙÈ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÞÉÓÅÌ a; b; 
; : : : ÉÍÅÅÍt1 = ia; t2 = −

a22 + ib; t3 = −ab+ i
; : : : :îÁ�ÒÏÔÉ×, ÞÉÓÌÁ �1; �2; : : : ; �n−1 × �ÅÒ×ÏÊ ÓÔÒÏËÅ ÍÁÔÒÉ�Ù X �ÏËÁ ÎÅÉÚ×ÅÓÔÎÙ. îÁÊÄÅÍ ÜÔÉ ÞÉÓÌÁ, �ÒÉÒÁ×ÎÉ×ÁÑ ÜÌÅÍÅÎÔÙ �ÏÓÌÅÄÎÅÊ ÓÔÒÏËÉ× ÍÁÔÒÉÞÎÏÍ ÓÏÏÔÎÏÛÅÎÉÉ X∗PnX = Pn. äÌÑ �ÏÚÉ�ÉÊ (n; 2); (n; 3) É(n; 4) �ÏÌÕÞÁÅÍ t1 + �1 = 0;t2 + |t1|2 + �2 = 0;t3 + t2t1 + t1t2 + �3 = 0:



ëïîçòõüî�îùê ãåî�òáìéúá�ïò 113óÌÅÄÏ×ÁÔÅÌØÎÏ,�1 = −t1 = ia = t1;�2 = −t2 − |t1|2 = a22 + ib− a2 = −
a22 + ib = t2;�3 = −t3 − 2Re(t1t2) = ab+ i
− 2Re(ab− ia32 ) = −ab+ i
 = t3:ðÒÏÄÏÌÖÁÑ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ × ÒÅÚÕÌØÔÁÔÅ �ÒÉÄÅÍ Ë ÒÁ×ÅÎÓÔ×ÁÍ�i = ti; i = 1; 2; : : : ; n− 2:îÁËÏÎÅ�, �ÒÉÒÁ×ÎÉ×ÁÑ ÜÌÅÍÅÎÔÙ × ÄÉÁÇÏÎÁÌØÎÏÊ �ÏÚÉ�ÉÉ (n; n), ÎÁÊ-ÄÅÍ ×ÏÚÍÏÖÎÙÅ ÚÎÁÞÅÎÉÑ �ÁÒÁÍÅÔÒÁ �n−1. üÔÉÍ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏ-ÒÅÍÙ ÚÁËÁÎÞÉ×ÁÅÔÓÑ. �ìÉÔÅÒÁÔÕÒÁ1. R. A. Horn, C. R. Johnson, Matrix Analysis. Se
ond edition. | Cambridge Uni-versity Press, Cambridge, 2013.Ikramov Kh. D. The 
ongruen
e 
entralizer of the Sergei
huk{Horn ma-trix.Let A be a 
omplex n × n matrix. We 
all the set of matri
es X su
hthat X∗AX = A the 
ongruen
e 
entralizer of A. This is an analog of the
lassi
al 
entralizer of A in the 
ase where the group GLn(C) a
ts on thematrix spa
e Mn(C) by 
ongruen
e rather than similarity.We �nd the 
ongruen
e 
entralizer of the matrix�n = 



1
· · · i1 · · ·1 i 

 :This matrix represents one of the three types of building blo
ks for the
anoni
al form of square 
omplex matri
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