
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 453, 2016 Ç.è. ä. éËpÁÍÏ×ëïîçòõüî�îùê ãåî�òáìéúá�ïòâìïþîï-äéáçïîáìøîïê íá�òéãù1. ðÕÓÔØ A { ËÏÍ�ÌÅËÓÎÁÑ n× n-ÍÁÔÒÉ�Á ÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÏÇÏ ×ÉÄÁA = ( B 00 C ) : (1)úÄÅÓØ B É C { Ë×ÁÄÒÁÔÎÙÅ �ÏÄÍÁÔÒÉ�Ù �ÏÒÑÄËÏ× ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ kÉ l (k + l = n). ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÜÔÉ �ÏÄÍÁÔÒÉ�Ù ÎÅ ÉÍÅÀÔ ÏÂÝÉÈÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊ, É �ÕÓÔØ X { �ÒÏÉÚ×ÏÌØÎÁÑ ÍÁÔÒÉ�Á, ËÏÍÍÕ-ÔÉÒÕÀÝÁÑ Ó A (ÉÎÁÞÅ ÇÏ×ÏÒÑ, X ∈ CA, �ÅÎÔÒÁÌÉÚÁÔÏÒÕ ÍÁÔÒÉ�Ù A).ðÒÅÄÓÔÁ×ÉÍ X × ÂÌÏÞÎÏÍ ×ÉÄÅ, ÓÏÇÌÁÓÏ×ÁÎÎÏÍ Ó (1):X = ( X11 X12X21 X22 ) : (2)ðÒÉÒÁ×ÎÉ×ÁÑ × ÓÏÏÔÎÏÛÅÎÉÉ AX = XA (3)ÂÌÏËÉ, ÓÔÏÑÝÉÅ × �ÏÚÉ�ÉÉ (1,2), �ÏÌÕÞÁÅÍBX12 −X12C = 0:ðÏÓËÏÌØËÕ Ó�ÅËÔÒÙ ÍÁÔÒÉ� B É C ÎÅ �ÅÒÅÓÅËÁÀÔÓÑ, ÔÏ, ËÁË ÉÚ×ÅÓÔÎÏ,ÜÔÏ ÏÄÎÏÒÏÄÎÏÅ ÍÁÔÒÉÞÎÏÅ ÕÒÁ×ÎÅÎÉÅ óÉÌØ×ÅÓÔÒÁ ÉÍÅÅÔ ÔÏÌØËÏ ÎÕ-ÌÅ×ÏÅ ÒÅÛÅÎÉÅ X12 = 0. áÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ ÍÏÖÅÍ �ÏËÁÚÁÔØ, ÞÔÏX21 = 0. �ÅÍ ÓÁÍÙÍ ÕÓÌÏ×ÉÅ ÎÅ�ÅÒÅÓÅÞÅÎÉÑ Ó�ÅËÔÒÏ× ÏÂÅÓ�ÅÞÉ×ÁÅÔ,ÞÔÏ ×ÓÑËÁÑ ÍÁÔÒÉ�Á X ÉÚ �ÅÎÔÒÁÌÉÚÁÔÏÒÁ CA ÉÍÅÅÔ ÔÏÔ ÖÅ ÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÙÊ ×ÉÄ, ÞÔÏ É ÓÁÍÁ ÍÁÔÒÉ�Á A.÷ ÎÁÓÔÏÑÝÅÊ ÓÔÁÔØÅ ÏÂÓÕÖÄÁÅÔÓÑ ×Ï�ÒÏÓ, ÅÓÔØ ÌÉ Õ ÜÔÏÇÏ ÆÁËÔÁ ÁÎÁ-ÌÏÇ, ÅÓÌÉ ×ÍÅÓÔÏ ÓÔÁÎÄÁÒÔÎÏÇÏ �ÅÎÔÒÁÌÉÚÁÔÏÒÁ ÍÁÔÒÉ�Ù (1) ÒÁÓÓÍÁ-ÔÒÉ×ÁÔØ ÅÅ ËÏÎÇÒÕÜÎÔÎÙÊ �ÅÎÔÒÁÌÉÚÁÔÏÒ C∗A, Ô.Å. ÍÎÏÖÅÓÔ×Ï ÍÁÔÒÉ�X ÔÁËÉÈ, ÞÔÏ X∗AX = A: (4)÷ ÏÔÌÉÞÉÅ ÏÔ ÌÉÎÅÊÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ (3), ÓÏÏÔÎÏÛÅÎÉÅ (4) ÅÓÔØ Ë×Á-ÄÒÁÔÉÞÎÏÅ ÕÓÌÏ×ÉÅ ÎÁ ÒÅÛÅÎÉÅ X . óÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÚÁÄÁÞÁ Ï ÂÌÏÞÎÏÊëÌÀÞÅ×ÙÅ ÓÌÏ×Á: �ÅÎÔÒÁÌÉÚÁÔÏÒ, ËÏÎÇÒÕÜÎÔÎÙÊ �ÅÎÔÒÁÌÉÚÁÔÏÒ, ËÏË×ÁÄÒÁÔ,ÍÁÔÒÉÞÎÙÊ �ÕÞÏË, ËÁÎÏÎÉÞÅÓËÁÑ ÆÏÒÍÁ ÏÔÎÏÓÉÔÅÌØÎÏ ËÏÎÇÒÕÜÎ�ÉÊ.96



ëïîçòõüî�îùê ãåî�òáìéúá�ïò 97ÄÉÁÇÏÎÁÌØÎÏÓÔÉ ÚÎÁÞÉÔÅÌØÎÏ ÕÓÌÏÖÎÑÅÔÓÑ, É ÍÙ ÄÁÅÍ ÌÉÛØ ÞÁÓÔÉÞ-ÎÏÅ ÅÅ ÒÅÛÅÎÉÅ. ÷ ÒÁÚÄÅÌÅ 2 ÕËÁÚÁÎÙ ÕÓÌÏ×ÉÑ ÎÁ �ÏÄÍÁÔÒÉ�Ù B É C,�ÒÉ ×Ù�ÏÌÎÅÎÉÉ ËÏÔÏÒÙÈ ×ÓÑËÁÑ ÍÁÔÒÉ�Á X ∈ C∗A, ÏÂÌÁÄÁÀÝÁÑ ÎÅ-×ÙÒÏÖÄÅÎÎÙÍÉ ÂÌÏËÁÍÉ × �ÒÅÄÓÔÁ×ÌÅÎÉÉ (2), ÉÍÅÅÔ ÔÏÔ ÖÅ ÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÙÊ ×ÉÄ, ÞÔÏ É A. ÷ ÒÁÚÄÅÌÅ 3 ÁÎÁÌÏÇÉÞÎÏÅ ÉÓÓÌÅÄÏ×ÁÎÉÅ�ÒÏ×ÅÄÅÎÏ × ÏÔÎÏÛÅÎÉÉ ÍÁÔÒÉ�Ù A ÂÌÏÞÎÏ-ÁÎÔÉÄÉÁÇÏÎÁÌØÎÏÇÏ ×ÉÄÁ.2. îÅ×ÙÒÏÖÄÅÎÎÏÓÔØ ÍÁÔÒÉ�Ù A Á×ÔÏÍÁÔÉÞÅÓËÉ ×ÌÅÞÅÔ ÚÁ ÓÏÂÏÊ ÎÅ-×ÙÒÏÖÄÅÎÎÏÓÔØ ÍÁÔÒÉ�Ù X × (4). õÓÌÏ×ÉÍÓÑ, ÞÔÏ É × ÓÌÕÞÁÅ ×ÙÒÏ-ÖÄÅÎÎÏÊ ÍÁÔÒÉ�Ù A ÂÕÄÕÔ ÒÁÓÓÍÁÔÒÉ×ÁÔØÓÑ ÔÏÌØËÏ ÎÅ×ÙÒÏÖÄÅÎÎÙÅÒÅÛÅÎÉÑ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ.éÓ�ÏÌØÚÕÑ �ÒÅÄÓÔÁ×ÌÅÎÉÑ (1) É (2), ÚÁÍÅÎÉÍ (4) ÓÉÓÔÅÍÏÊ ÂÌÏÞÎÙÈÕÒÁ×ÎÅÎÉÊ X∗11BX11 +X∗21CX21 = B; (5:1)X∗11BX12 +X∗21CX22 = 0; (5:2)X∗12BX11 +X∗22CX21 = 0; (5:3)X∗12BX12 +X∗22CX22 = C: (5:4)úÁÍÅÔÉÍ, ÞÔÏ × ÓÌÕÞÁÅ ÜÒÍÉÔÏ×ÏÊ ÍÁÔÒÉ�Ù A ÓÏÏÔÎÏÛÅÎÉÑ (5.2)É (5.3) �ÏÌÕÞÁÀÔÓÑ ÄÒÕÇ ÉÚ ÄÒÕÇÁ �ÏÓÒÅÄÓÔ×ÏÍ ÍÁÔÒÉÞÎÏÊ Ï�ÅÒÁ�ÉÉÓÏ�ÒÑÖÅÎÉÑ. éÍÅÎÎÏ × ÜÔÏÍ ÓÌÕÞÁÅ ÍÙ ÎÅ ÍÏÖÅÍ ÒÁÓÓÞÉÔÙ×ÁÔØ ÎÁÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÙÊ ×ÉÄ ÍÁÔÒÉ�Ù X . ÷ÏÔ �ÒÏÓÔÏÊ �ÒÉÍÅÒ: �ÏÌÏÖÉÍB = diag (1; 8); C = diag (2; 1):íÏÖÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ ÏÄÎÉÍ ÉÚ ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ (4)Ñ×ÌÑÅÔÓÑ ÍÁÔÒÉ�Á








1 0 0 00 0 12 00 2 0 00 0 0 1 







:ëÁË ×ÉÄÉÍ, ÏÎÁ ÎÅ Ñ×ÌÑÅÔÓÑ ÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÏÊ �ÒÉ ÒÁÚÂÉÅÎÉÉ ÎÁ2× 2 ÂÌÏËÉ.õÞÉÔÙ×ÁÑ ÜÔÏ ÎÁÂÌÀÄÅÎÉÅ, ÍÙ × ÄÁÌØÎÅÊÛÅÍ ÓÞÉÔÁÅÍ ÍÁÔÒÉ�Õ AÎÅÜÒÍÉÔÏ×ÏÊ. ÷ ÔÁËÏÍ ÓÌÕÞÁÅ ÈÏÔÑ ÂÙ ÏÄÎÁ ÉÚ �ÏÄÍÁÔÒÉ� B É C × (1)ÎÅÜÒÍÉÔÏ×Á, É ÓÏÏÔÎÏÛÅÎÉÑ (5.2) É (5.3) ÎÅ ÜË×É×ÁÌÅÎÔÎÙ.ìÅÍÍÁ 1. ðÕÓÔØ �ÏÄÍÁÔÒÉ�Á C ÎÅ×ÙÒÏÖÄÅÎÎÁ. �ÏÇÄÁ, ÅÓÌÉ �ÏÄÍÁ-ÔÒÉ�Á X11 ×ÙÒÏÖÄÅÎÁ, ÔÏ ×ÙÒÏÖÄÅÎÁ É �ÏÄÍÁÔÒÉ�Á X22.



98 è. ä. éëPáíï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ z { ÎÅÎÕÌÅ×ÏÊ ×ÅËÔÏÒ ÉÚ ÑÄÒÁ �ÏÄÍÁÔÒÉ-�Ù X11. õÍÎÏÖÁÑ ÓÏÏÔÎÏÛÅÎÉÅ (5.3) ÎÁ z, ÉÍÅÅÍ X∗22CX21z = 0. òÁ×ÅÎ-ÓÔ×Ï X21z = 0 ÎÅ×ÏÚÍÏÖÎÏ: ÏÎÏ ÏÚÎÁÞÁÌÏ ÂÙ, ÞÔÏ z �ÒÉÎÁÄÌÅÖÉÔ ÑÄÒÕÍÁÔÒÉ�Ù
( X11X21 ) ;Ô.Å. �ÅÒ×ÙÅ k ÓÔÏÌÂ�Ï× ÍÁÔÒÉ�Ù X ÌÉÎÅÊÎÏ ÚÁ×ÉÓÉÍÙ. óÌÅÄÏ×ÁÔÅÌØÎÏ,X { ×ÙÒÏÖÄÅÎÎÁÑ ÍÁÔÒÉ�Á, ÞÔÏ �ÒÏÔÉ×ÏÒÅÞÉÔ �ÒÅÄ�ÏÌÏÖÅÎÉÀ, ÓÄÅ-ÌÁÎÎÏÍÕ × ÎÁÞÁÌÅ ÜÔÏÇÏ ÒÁÚÄÅÌÁ. �éÔÁË, X21z 6= 0 É CX21z 6= 0, �ÏÓËÏÌØËÕ ÍÁÔÒÉ�Á C ÎÅ×ÙÒÏÖÄÅÎÎÁ.�ÅÍ ÓÁÍÙÍ ÎÅÎÕÌÅ×ÏÊ ×ÅËÔÏÒ CX21z ÌÅÖÉÔ × ÑÄÒÅ ÍÁÔÒÉ�Ù X∗22, Á�ÏÔÏÍÕ kerX22 6= {0}.áÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÙ×ÁÅÔÓÑìÅÍÍÁ 2. ðÕÓÔØ �ÏÄÍÁÔÒÉ�Á B ÎÅ×ÙÒÏÖÄÅÎÎÁ. �ÏÇÄÁ ÉÚ ×ÙÒÏÖÄÅÎ-ÎÏÓÔÉ �ÏÄÍÁÔÒÉ�Ù X22 ×ÙÔÅËÁÅÔ ×ÙÒÏÖÄÅÎÎÏÓÔØ X11.åÓÌÉ k = l = n=2, ÔÏ ×ÓÅ ÞÅÔÙÒÅ ÂÌÏËÁ × �ÒÅÄÓÔÁ×ÌÅÎÉÉ (2) Ë×ÁÄÒÁÔ-ÎÙÅ. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ×ÅÒÎÙ ÓÌÅÄÕÀÝÉÅ Ä×Á ÕÔ×ÅÒÖÄÅÎÉÑ.ìÅÍÍÁ 3. ðÕÓÔØ �ÏÄÍÁÔÒÉ�Á B ÎÅ×ÙÒÏÖÄÅÎÎÁ. �ÏÇÄÁ ÉÚ ×ÙÒÏÖÄÅÎ-ÎÏÓÔÉ �ÏÄÍÁÔÒÉ�Ù X21 ×ÙÔÅËÁÅÔ ×ÙÒÏÖÄÅÎÎÏÓÔØ X12.ìÅÍÍÁ 4. ðÕÓÔØ �ÏÄÍÁÔÒÉ�Á C ÎÅ×ÙÒÏÖÄÅÎÎÁ. åÓÌÉ ×ÙÒÏÖÄÅÎÁ �ÏÄ-ÍÁÔÒÉ�Á X12, ÔÏ ×ÙÒÏÖÄÅÎÁ É X21.åÄÉÎÓÔ×ÅÎÎÏÅ ÓÕÝÅÓÔ×ÅÎÎÏÅ ÉÚÍÅÎÅÎÉÅ × ÄÏËÁÚÁÔÅÌØÓÔ×ÁÈ �Ï ÓÒÁ×-ÎÅÎÉÀ Ó �ÅÒ×ÙÍÉ Ä×ÕÍÑ ÌÅÍÍÁÍÉ ÓÏÓÔÏÉÔ × ÓÌÅÄÕÀÝÅÍ: ÅÓÌÉ z { ×ÅËÔÏÒÉÚ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ ÑÄÒÁ, ÔÏ ÕÒÁ×ÎÅÎÉÑ (5.2) É (5.3) ÎÕÖÎÏ ÕÍÎÏÖÁÔØÓÌÅ×Á ÎÁ ×ÅËÔÏÒ-ÓÔÒÏËÕ z∗.óÌÅÄÓÔ×ÉÅ. åÓÌÉ ÍÁÔÒÉ�Á A × (1) ÎÅ×ÙÒÏÖÄÅÎÎÁ, ÔÏ × ÌÀÂÏÊ ÍÁ-ÔÒÉ�Å X ∈ C∗A �ÏÄÍÁÔÒÉ�Ù X11 É X22 ÏÄÎÏ×ÒÅÍÅÎÎÏ ×ÙÒÏÖÄÅÎÙ ÉÌÉÎÅ×ÙÒÏÖÄÅÎÎÙ. åÓÌÉ k = l = n=2, ÔÏ ÁÎÁÌÏÇÉÞÎÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ×ÅÒÎÏ× ÏÔÎÏÛÅÎÉÉ �ÏÄÍÁÔÒÉ� X12 É X21.ðÕÓÔØ k = l = n=2. íÏÇÕÔ ÌÉ ÏËÁÚÁÔØÓÑ ×ÙÒÏÖÄÅÎÎÙÍÉ ×ÓÅ ÞÅÔÙÒÅ�ÏÄÍÁÔÒÉ�Ù Xij (i; j = 1; 2)? åÓÌÉ ÎÅ ÎÁËÌÁÄÙ×ÁÔØ ÎÁ B É C ÎÉËÁËÉÈ



ëïîçòõüî�îùê ãåî�òáìéúá�ïò 99ÏÇÒÁÎÉÞÅÎÉÊ, ÔÏ ÜÔÏ ×�ÏÌÎÅ ×ÏÚÍÏÖÎÏ. ðÒÏÓÔÅÊÛÕÀ ÉÌÌÀÓÔÒÁ�ÉÀ ÄÁ-ÀÔ ÅÄÉÎÉÞÎÁÑ ÍÁÔÒÉ�Á A = I4 É ÍÁÔÒÉ�Á-�ÅÒÅÓÔÁÎÏ×ËÁX = 







1 0 0 00 0 1 00 1 0 00 0 0 1 







;Á ÔÁËÖÅ ÍÁÔÒÉ�Ù, �ÒÉ×ÅÄÅÎÎÙÅ × ÎÁÞÁÌÅ ÄÁÎÎÏÇÏ ÒÁÚÄÅÌÁ. ÷ÏÚÍÏÖÅÎÌÉ ÁÎÁÌÏÇÉÞÎÙÊ �ÒÉÍÅÒ × ÓÌÕÞÁÅ ÎÅÜÒÍÉÔÏ×ÏÊ ÍÁÔÒÉ�Ù A ÏÓÔÁÅÔÓÑÏÔËÒÙÔÙÍ ×Ï�ÒÏÓÏÍ. îÁ�ÏÍÎÉÍ, ÞÔÏ ÍÙ ÓÞÉÔÁÅÍ A ÎÅÜÒÍÉÔÏ×ÏÊ ÍÁ-ÔÒÉ�ÅÊ. äÌÑ ÏÓÔÁ×ÛÅÊÓÑ ÞÁÓÔÉ ÓÔÁÔØÉ ÄÏÂÁ×ÉÍ Ë ÜÔÏÍÕ �ÒÅÄ�ÏÌÏÖÅÎÉÅÏ ÎÅ×ÙÒÏÖÄÅÎÎÏÓÔÉ A.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ × ÍÁÔÒÉ�Å X ∈ C∗A �ÏÄÍÁÔÒÉ�Á X11 ÎÅ×ÙÒÏÖÄÅÎ-ÎÁ. ðÏ ÌÅÍÍÅ 2, ÎÅ×ÙÒÏÖÄÅÎÎÁ É �ÏÄÍÁÔÒÉ�Á X22. ðÏÌÏÖÉÍY = X12X−122 ; Z = X21X−111 (6)É �ÅÒÅ�ÉÛÅÍ ÓÏÏÔÎÏÛÅÎÉÑ (5.2) É (5.3) × ×ÉÄÅBY + Z∗C = 0; (7:1)Y ∗B + CZ = 0: (7:2)éÚ (7.2) ×Ù×ÏÄÉÍ Z = −C−1Y ∗B: (8)ðÏÄÓÔÁ×ÌÑÑ ÜÔÏ ×ÙÒÁÖÅÎÉÅ × (7.1), �ÏÌÕÞÁÅÍBY −B∗Y C−∗C = 0:ðÏÌØÚÕÑÓØ ÎÅ×ÙÒÏÖÄÅÎÎÏÓÔØÀ ÍÁÔÒÉ�Ù B, ÍÏÖÅÍ ÚÁ�ÉÓÁÔØ ÜÔÏ ÓÏÏÔ-ÎÏÛÅÎÉÅ ËÁË ÏÄÎÏÒÏÄÎÏÅ ÕÒÁ×ÎÅÎÉÅ óÉÌØ×ÅÓÔÒÁ(B−∗B)Y − Y C−∗C = 0:ïÎÏ ÉÍÅÅÔ ÌÉÛØ ÔÒÉ×ÉÁÌØÎÏÅ ÒÅÛÅÎÉÅ Y = 0, ÅÓÌÉ Ó�ÅËÔÒÙ ÍÁÔÒÉ�B−∗B É C−∗C ÎÅ �ÅÒÅÓÅËÁÀÔÓÑ. ÷ ÜÔÏÍ ÓÌÕÞÁÅ, ÓÏÇÌÁÓÎÏ (8), ÉÍÅÅÍZ = 0. ÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó (6), ÜÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ X12 = 0 É X21 =0, Á, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÍÁÔÒÉ�Á X ÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÁÑ. õÒÁ×ÎÅÎÉÑ (5.1)É (5.4) �ÒÉÎÉÍÁÀÔ ×ÉÄX∗11BX11 = B; X∗22CX22 = C;Ô.Å. �ÏÄÍÁÔÒÉ�Ù X11 É X22 �ÒÉÎÁÄÌÅÖÁÔ ËÏÎÇÒÕÜÎÔÎÙÍ �ÅÎÔÒÁÌÉÚÁ-ÔÏÒÁÍ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÍÁÔÒÉ� B É C.



100 è. ä. éëPáíï÷úÁÍÅÔÉÍ, ÞÔÏ ÍÁÔÒÉ�Á B−∗B ÎÁÚÙ×ÁÅÔÓÑ ËÏË×ÁÄÒÁÔÏÍ ÍÁÔÒÉ�Ù B(ÓÍ. [1, §4.5℄). ðÏÜÔÏÍÕ ÒÅÚÕÌØÔÁÔ �ÒÅÄÙÄÕÝÉÈ ÒÁÓÓÕÖÄÅÎÉÊ ÍÏÖÎÏ�ÏÄÙÔÏÖÉÔØ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ.�ÅÏÒÅÍÁ 1. ðÕÓÔØ A { ÎÅ×ÙÒÏÖÄÅÎÎÁÑ n × n-ÍÁÔÒÉ�Á ×ÉÄÁ (1), É�ÕÓÔØ ËÏË×ÁÄÒÁÔÙ B−∗B É C−∗C ÎÅ ÉÍÅÀÔ ÏÂÝÉÈ ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁ-ÞÅÎÉÊ. åÓÌÉ X { ÍÁÔÒÉ�Á ÉÚ ËÏÎÇÒÕÜÎÔÎÏÇÏ �ÅÎÔÒÁÌÉÚÁÔÏÒÁ C∗A É ÅÅÄÉÁÇÏÎÁÌØÎÙÅ ÂÌÏËÉ X11 É X22 ÎÅ×ÙÒÏÖÄÅÎÎÙ, ÔÏ X ÅÓÔØ �ÒÑÍÁÑ ÓÕÍ-ÍÁ ÜÔÉÈ ÂÌÏËÏ×. óÁÍÉ ÜÔÉ ÂÌÏËÉ �ÒÉÎÁÄÌÅÖÁÔ ËÏÎÇÒÕÜÎÔÎÙÍ �ÅÎ-ÔÒÁÌÉÚÁÔÏÒÁÍ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÍÁÔÒÉ� B É C.úÁÍÅÞÁÎÉÅ. ïÄÎÁ ÉÚ �ÏÄÍÁÔÒÉ� B É C ÍÏÖÅÔ ÂÙÔØ ÜÒÍÉÔÏ×ÏÊ ÍÁÔÒÉ-�ÅÊ. ëÏË×ÁÄÒÁÔ ÎÅ×ÙÒÏÖÄÅÎÎÏÊ ÜÒÍÉÔÏ×ÏÊ ÍÁÔÒÉ�Ù ÅÓÔØ ÅÄÉÎÉÞÎÁÑÍÁÔÒÉ�Á ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ �ÏÒÑÄËÁ. åÓÌÉ, ÎÁ�ÒÉÍÅÒ, ÜÒÍÉÔÏ×ÏÊ Ñ×ÌÑ-ÅÔÓÑ ÍÁÔÒÉ�Á B, ÔÏ × ÕÓÌÏ×ÉÑ ÔÅÏÒÅÍÙ 1 ×ÈÏÄÉÔ ÔÒÅÂÏ×ÁÎÉÅ, ÞÔÏÂÙËÏË×ÁÄÒÁÔ ÍÁÔÒÉ�Ù C ÎÅ ÉÍÅÌ ÓÏÂÓÔ×ÅÎÎÏÇÏ ÚÎÁÞÅÎÉÑ 1.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ k = l = n=2. ÷ÏÚÍÏÖÎÙ ÌÉ × ÜÔÏÍ ÓÌÕÞÁÅ ÒÅÛÅÎÉÑX ÕÒÁ×ÎÅÎÉÑ (4) Ó ÎÅ×ÙÒÏÖÄÅÎÎÙÍÉ ÂÌÏËÁÍÉ X12 É X21? ðÕÓÔØ X{ ÔÁËÏÅ ÒÅÛÅÎÉÅ. òÁÓÓÕÖÄÁÑ, ËÁË × ÔÅÏÒÅÍÅ 1, ÍÏÖÅÍ �ÏËÁÚÁÔØ, ÞÔÏX11 = X22 = 0. õÒÁ×ÎÅÎÉÑ (5.1) É (5.4) �ÒÉÎÉÍÁÀÔ ×ÉÄX∗21CX21 = B; X∗12BX12 = C:üÔÉ ÓÏÏÔÎÏÛÅÎÉÑ ÏÚÎÁÞÁÀÔ, ÞÔÏ ÍÁÔÒÉ�Ù B É C ËÏÎÇÒÕÜÎÔÎÙ, Á, ÚÎÁ-ÞÉÔ, ÍÁÔÒÉ�Á A ËÏÎÇÒÕÜÎÔÎÁ �ÒÑÍÏÊ ÓÕÍÍÅ Ä×ÕÈ ÏÄÉÎÁËÏ×ÙÈ ÍÁÔÒÉ��ÏÌÏ×ÉÎÎÏÇÏ �ÏÒÑÄËÁ. �ÏÌØËÏ × ÜÔÏÍ ÓÌÕÞÁÅ ×ÏÚÍÏÖÎÙ ÒÅÛÅÎÉÑ ×ÉÄÁ
( 0 X12X21 0 ) :3. ðÕÓÔØ A { ÍÁÔÒÉ�Á ÞÅÔÎÏÇÏ �ÏÒÑÄËÁ n = 2k, ÉÍÅÀÝÁÑ ×ÍÅÓÔÏ (1)ÂÌÏÞÎÏ-ÁÎÔÉÄÉÁÇÏÎÁÌØÎÕÀ ÆÏÒÍÕA = ( 0 FG 0 ) ; (9)ÇÄÅ ×ÓÅ ÞÅÔÙÒÅ ÂÌÏËÁ ÉÍÅÀÔ �ÏÒÑÄÏË k. þÔÏ × ÜÔÏÍ ÓÌÕÞÁÅ ÍÏÖÎÏÓËÁÚÁÔØ ÏÂ ÕÓÔÒÏÊÓÔ×Å ÍÁÔÒÉ� X ∈ C∗A?óÎÏ×Á �ÒÅÄÓÔÁ×ÌÑÑ ÍÁÔÒÉ�Õ X × ×ÉÄÅ (2), ÚÁÍÅÎÉÍ (4) ÓÉÓÔÅÍÏÊÂÌÏÞÎÙÈ ÕÒÁ×ÎÅÎÉÊ X∗21GX11 +X∗11FX21 = 0; (10:1)X∗21GX12 +X∗11FX22 = F; (10:2)



ëïîçòõüî�îùê ãåî�òáìéúá�ïò 101X∗22GX11 +X∗12FX21 = G; (10:3)X∗22GX12 +X∗12FX22 = 0: (10:4)úÁÍÅÔÉÍ, ÞÔÏ × ÉÓËÌÀÞÅÎÎÏÍ ÎÁÍÉ ÓÌÕÞÁÅ ÜÒÍÉÔÏ×ÏÊ ÍÁÔÒÉ�Ù AÍÙ ÉÍÅÌÉ ÂÙ G = F ∗, Á ÕÒÁ×ÎÅÎÉÑ (10.2) É (10.3) �ÏÌÕÞÁÌÉÓØ ÂÙ ÏÄÎÏÉÚ ÄÒÕÇÏÇÏ �ÏÓÒÅÄÓÔ×ÏÍ ÍÁÔÒÉÞÎÏÊ Ï�ÅÒÁ�ÉÉ ÓÏ�ÒÑÖÅÎÉÑ.óÏ�ÏÓÔÁ×ÉÍ ÍÁÔÒÉ�Å (9) �ÕÞÏËF − �G∗: (11)ðÏ �ÒÅÄ�ÏÌÏÖÅÎÉÀ, ÍÁÔÒÉ�Ù F É G ÎÅ×ÙÒÏÖÄÅÎÎÙ, �ÏÜÔÏÍÕ �ÕÞÏË(11) ÒÅÇÕÌÑÒÅÎ.�ÅÏÒÅÍÁ 2. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ Ó�ÅËÔÒ �ÕÞËÁ (11) ÎÅ ÓÏÄÅÒÖÉÔ �ÁÒ×ÉÄÁ (�; 1=�). åÓÌÉ × �ÒÅÄÓÔÁ×ÌÅÎÉÉ (2) ÍÁÔÒÉ�Ù X ∈ C∗A ÂÌÏË X11ÎÅ×ÙÒÏÖÄÅÎ, ÔÏ:(i) ÂÌÏËÉ X12 É X21 ÎÕÌÅ×ÙÅ, Ô.Å. ÍÁÔÒÉ�Á X ÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÁÑ;(ii) ÂÌÏË X22 �ÏÄÏÂÅÎ ÍÁÔÒÉ�Å X−∗11 , É �ÏÄÏÂÉÅ ÍÅÖÄÕ ÎÉÍÉ ÏÓÕÝÅ-ÓÔ×ÌÑÅÔÓÑ ÍÁÔÒÉ�ÁÍÉ F É G∗.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÏÖÉ×Y = X21X−111 ; (12)�ÅÒÅ�ÉÛÅÍ (10.1) × ×ÉÄÅ FY + Y ∗G = 0: (13)üÔÏ ÕÒÁ×ÎÅÎÉÅ ÔÉ�Á óÉÌØ×ÅÓÔÒÁ, ËÏÔÏÒÏÅ × ÕÓÌÏ×ÉÑÈ ÄÁÎÎÏÊ ÔÅÏÒÅÍÙÉÍÅÅÔ ÔÏÌØËÏ ÔÒÉ×ÉÁÌØÎÏÅ ÒÅÛÅÎÉÅ Y = 0 (ÓÍ. [2, Lemma 8℄). ÷ ÓÏ-ÏÔ×ÅÔÓÔ×ÉÉ Ó (12), ÜÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ X21 = 0. ðÏÓËÏÌØËÕ ÍÁÔÒÉ�Á XÎÅ×ÙÒÏÖÄÅÎÎÁ, ÔÏ ÎÅ×ÙÒÏÖÄÅÎÎÙÍ ÄÏÌÖÅÎ ÂÙÔØ É ÂÌÏË X22. ðÏÌÁÇÁÑZ = X12X−122 ; (14)ÍÏÖÅÍ �ÅÒÅ�ÉÓÁÔØ (10.4) × ×ÉÄÅ ÕÒÁ×ÎÅÎÉÑ ÔÉ�Á óÉÌØ×ÅÓÔÒÁGZ + Z∗F = 0: (15)áÓÓÏ�ÉÉÒÏ×ÁÎÎÙÊ Ó ÜÔÉÍ ÕÒÁ×ÎÅÎÉÅÍ �ÕÞÏË G− �F ∗ ÉÍÅÅÔ ÓÏÂÓÔ×ÅÎ-ÎÙÅ ÚÎÁÞÅÎÉÑ, ÓÏ�ÒÑÖÅÎÎÙÅ Ó ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ �ÕÞËÁ (11).óÌÅÄÏ×ÁÔÅÌØÎÏ, × ÅÇÏ Ó�ÅËÔÒÅ ÔÁËÖÅ ÎÅÔ �ÁÒ ×ÉÄÁ (�; 1=�), Á �ÏÔÏÍÕZ = 0 ÅÓÔØ ÅÄÉÎÓÔ×ÅÎÎÏÅ ÒÅÛÅÎÉÅ ÕÒÁ×ÎÅÎÉÑ (15). ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏX12 = 0, Ô.Å. ÍÁÔÒÉ�Á X ÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÁÑ.îÅÉÓ�ÏÌØÚÏ×ÁÎÎÙÅ �ÏËÁ ÕÒÁ×ÎÅÎÉÑ (10.2) É (10.3) �ÒÉÎÉÍÁÀÔ ÔÅ�ÅÒØ×ÉÄ X∗11FX22 = F; X∗22GX11 = G;



102 è. ä. éëPáíï÷ÏÔËÕÄÁ ×Ù×ÏÄÉÍ �ÒÅÄÓÔÁ×ÌÅÎÉÑX22 = F−1X−∗11 F; X22 = G−∗X−∗11 G∗;ÄÏËÁÚÙ×ÁÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÅ (ii). �õÓÌÏ×ÉÑ ÔÅÏÒÅÍÙ 2 ×Ù�ÏÌÎÅÎÙ, × ÞÁÓÔÎÏÓÔÉ, ÄÌÑ ÍÁÔÒÉ�ÙA = ( 0 IkJk(�) 0 ) : (16)úÄÅÓØ Jk(�) { ÖÏÒÄÁÎÏ×Á ËÌÅÔËÁ �ÏÒÑÄËÁ k ÄÌÑ ÞÉÓÌÁ �, ÍÏÄÕÌØ ËÏÔÏ-ÒÏÇÏ ÏÔÌÉÞÅÎ ÏÔ 1. �ÁËÉÍ ÏÂÒÁÚÏÍ, ×ÓÑËÁÑ ÍÁÔÒÉ�Á X ∈ C∗A Ó ÎÅ×ÙÒÏ-ÖÄÅÎÎÙÍ ÂÌÏËÏÍ X11 Ñ×ÌÑÅÔÓÑ ÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÏÊ.íÁÔÒÉ�Á (16) ÉÎÔÅÒÅÓÎÁ ÔÅÍ, ÞÔÏ �ÒÅÄÓÔÁ×ÌÑÅÔ ÏÄÉÎ ÉÚ ÔÒÅÈ ÔÉ�Ï×ÂÌÏËÏ×, �ÒÑÍÁÑ ÓÕÍÍÁ ËÏÔÏÒÙÈ ÏÂÒÁÚÕÅÔ ËÁÎÏÎÉÞÅÓËÕÀ ÆÏÒÍÕ �ÒÏÉÚ-×ÏÌØÎÏÊ Ë×ÁÄÒÁÔÎÏÊ ÍÁÔÒÉ�Ù ÏÔÎÏÓÉÔÅÌØÎÏ ËÏÎÇÒÕÜÎ�ÉÊ. ÷ ÞÁÓÔÎÏ-ÓÔÉ, ËÏÎÇÒÕÜÎÔÎÏÍÕ �ÅÎÔÒÁÌÉÚÁÔÏÒÕ C∗A �ÒÉÎÁÄÌÅÖÉÔ ÅÅ ËÏË×ÁÄÒÁÔA−∗A = Jk(�)⊕ Jk(�)−∗;ÉÍÅÀÝÉÊ, ËÁË ×ÉÄÉÍ, ÂÌÏÞÎÏ-ÄÉÁÇÏÎÁÌØÎÕÀ ÆÏÒÍÕ.ïÞÅ×ÉÄÎÏ, ÞÔÏ × ÕÓÌÏ×ÉÑÈ ÔÅÏÒÅÍÙ 2 ÂÌÏË X11 ÍÏÖÎÏ ÚÁÍÅÎÉÔØÎÁ X22. á ÞÔÏ �ÏÌÕÞÉÔÓÑ, ÅÓÌÉ �ÏÔÒÅÂÏ×ÁÔØ ÎÅ×ÙÒÏÖÄÅÎÎÏÓÔØ ÂÌÏ-ËÁ X21?úÁÍÅÎÁ Y = X11X−121 (ÓÒ. (12)) �ÒÅ×ÒÁÝÁÅÔ (10.1) × ÏÄÎÏÒÏÄÎÏÅ ÕÒÁ×-ÎÅÎÉÅ ÔÉ�Á óÉÌØ×ÅÓÔÒÁ GY + Y ∗F = 0;ÄÏ�ÕÓËÁÀÝÅÅ ÔÏÌØËÏ ÎÕÌÅ×ÏÅ ÒÅÛÅÎÉÅ. ïÔÓÀÄÁ ÓÌÅÄÕÅÔ X11 = 0, Á ÔÏ-ÇÄÁ ÍÁÔÒÉ�Á X12 ÏÂÑÚÁÎÁ ÂÙÔØ ÎÅ×ÙÒÏÖÄÅÎÎÏÊ. ðÏ×ÔÏÒÑÑ ÔÅ ÖÅ ÒÁÓ-ÓÕÖÄÅÎÉÑ ÄÌÑ ÕÒÁ×ÎÅÎÉÑ (10.4), �ÏÌÕÞÁÅÍ X22 = 0. �Å�ÅÒØ ÕÒÁ×ÎÅÎÉÑ(10.2) É (10.3) �ÒÉÎÉÍÁÀÔ ×ÉÄX∗21GX12 = F; X∗12FX21 = G:÷ÔÏÒÏÅ ÉÚ ÜÔÉÈ ÕÒÁ×ÎÅÎÉÊ ÄÁÅÔX21 = F−1X−∗12 G:ðÏÄÓÔÁ×ÌÑÑ ÜÔÏ ×ÙÒÁÖÅÎÉÅ × �ÅÒ×ÏÅ ÕÒÁ×ÎÅÎÉÅ, ÉÍÅÅÍG∗X−112 F−∗GX12 = F;ÉÌÉ X−112 (F−∗G)X12 = G−∗F:



ëïîçòõüî�îùê ãåî�òáìéúá�ïò 103éÔÁË, ÍÁÔÒÉ�Ù M = F−∗G É N = G−∗F �ÏÄÏÂÎÙ. íÅÖÄÕ ÔÅÍ,M−∗ = FG−∗;Á ÍÁÔÒÉ�Ù FG−∗ É N = G−∗F , ËÁË ÉÚ×ÅÓÔÎÏ, ÉÍÅÀÔ ÏÄÉÎÁËÏ×ÙÊÓ�ÅËÔÒ. ðÏÜÔÏÍÕ �ÏÄÏÂÉÅ M É N ÏÚÎÁÞÁÅÔ, ÞÔÏ Ó�ÅËÔÒ ÜÔÉÈ ÍÁÔÒÉ�ÎÁÒÑÄÕ Ó ËÁÖÄÙÍ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ � ÓÏÄÅÒÖÉÔ É ÞÉÓÌÏ 1=�.ïÄÎÁËÏ Ó�ÅËÔÒ ÍÁÔÒÉ�Ù N ÓÏ×�ÁÄÁÅÔ ÓÏ Ó�ÅËÔÒÏÍ �ÕÞËÁ (11), × ËÏ-ÔÏÒÏÍ, �Ï ÕÓÌÏ×ÉÀ ÔÅÏÒÅÍÙ, �ÁÒ ×ÉÄÁ (�; 1=�) ÎÅ ÄÏÌÖÎÏ ÂÙÔØ. üÔÏ�ÒÏÔÉ×ÏÒÅÞÉÅ ÄÏËÁÚÙ×ÁÅÔ, ÞÔÏ × �ÅÎÔÒÁÌÉÚÁÔÏÒÅ C∗A ÎÅÔ ÍÁÔÒÉ� Ó ÎÅ-×ÙÒÏÖÄÅÎÎÙÍ ÂÌÏËÏÍ X21 (Á ÔÁËÖÅ ÍÁÔÒÉ� Ó ÎÅ×ÙÒÏÖÄÅÎÎÙÍ ÂÌÏ-ËÏÍ X12). ìÉÔÅÒÁÔÕÒÁ1. R. A. Horn, C. R. Johnson, Matrix Analysis. Seond edition. Cambridge UniversityPress, Cambridge, 2012.2. D. Kressner, C. Shr�oder, D. S. Watkins, Impliit QR algorithms for palindromiand even eigenvalue problems. | Numer. Algorithms 51 (2009), 209{238.Ikramov Kh. D. The ongruene entralizer of a blok diagonal matrix.Let a omplex matrix A be the diret sum of its square submatries Band C that have no ommon eigenvalues. Then every matrix X belongingto the entralizer of A has the same blok diagonal form as the matrixA itself. In this paper, we disuss how the onditions on the submatri-es B and C should be modi�ed to make valid an analogous statementabout the ongruene entralizer of A, whih is the set of matries X suhthat X∗AX = A. We also onsider the question whether the matries inthe ongruene entralizer are blok diagonal if A is a blok antidiagonalmatrix. ðÏÓÔÕ�ÉÌÏ 14 ÍÁÒÔÁ 2016 Ç.íÏÓËÏ×ÓËÉÊ ÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔìÅÎÉÎÓËÉÅ ÇÏÒÙ,119991 íÏÓË×Á, òÏÓÓÉÑE-mail : ikramov�s.msu.su


