
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 453, 2016 Ç.è. ä. éËpÁÍÏ×ï ëïîçòõüî�îïí ãåî�òáìéúá�ïòåöïòäáîï÷ïê ëìå�ëé1. ðÕÓÔØMn(C) { ÁÌÇÅÂÒÁ ËÏÍ�ÌÅËÓÎÙÈ n×n-ÍÁÔÒÉ� É A;B ∈ Mn(C).ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ MAB ÍÎÏÖÅÓÔ×Ï ÎÅ×ÙÒÏÖÄÅÎÎÙÈ ÍÁÔÒÉ�, �ÒÅÏÂÒÁ-ÚÕÀÝÉÈ A × B �ÏÄÏÂÉÅÍ: X−1AX = B: (1)óÔÒÕËÔÕÒÁ ÜÔÏÇÏ ÍÎÏÖÅÓÔ×Á ÔÁËÏ×Á. æÉËÓÉÒÕÅÍ ËÁËÕÀ-ÎÉÂÕÄØ ÍÁÔÒÉ-�Õ X0 ∈ MAB, É �ÕÓÔØ Y { ÌÀÂÁÑ ÄÒÕÇÁÑ ÍÁÔÒÉ�Á ÉÚ MAB :Y −1AY = B: (2)ðÏÌÁÇÁÑ Z = Y X−10 , ×Ù×ÏÄÉÍ ÉÚ (1), ÇÄÅ X ÚÁÍÅÎÅÎÏ ÎÁ X0, É (2)ÓÏÏÔÎÏÛÅÎÉÅ Z−1AZ = A;ÉÌÉ AZ = ZA;Ô.Å. Z �ÒÉÎÁÄÌÅÖÉÔ �ÅÎÔÒÁÌÉÚÁÔÏÒÕ CA ÍÁÔÒÉ�Ù A. éÔÁË, MAB ÅÓÔØÍÎÏÖÅÓÔ×Ï ÍÁÔÒÉ� ×ÉÄÁ Y = ZX0; (3)ÇÄÅ Z { �ÒÏÉÚ×ÏÌØÎÁÑ ÎÅ×ÙÒÏÖÄÅÎÎÁÑ ÍÁÔÒÉ�Á ÉÚ CA.÷ÍÅÓÔÏ ÏÔÎÏÛÅÎÉÊ �ÏÄÏÂÉÑ (1) É (2) ÒÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÏÔÎÏÛÅÎÉÑËÏÎÇÒÕÜÎÔÎÏÓÔÉ X∗AX = B (4)É Y ∗AY = B:ëÁË É ×ÙÛÅ, X É Y { ÎÅ×ÙÒÏÖÄÅÎÎÙÅ ÍÁÔÒÉ�Ù. ðÏ-�ÒÅÖÎÅÍÕ ÆÉËÓÉ-ÒÕÑ ËÁËÕÀ-ÌÉÂÏ ÍÁÔÒÉ�Õ X0 × ÓÏÏÔÎÏÛÅÎÉÉ (4) É �ÏÌÁÇÁÑ Z = Y X−10 ,�ÏÌÕÞÁÅÍ Z∗AZ = A:óÎÏ×Á �ÒÉÈÏÄÉÍ Ë ÔÏÍÕ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï NAB ÎÅ×ÙÒÏÖÄÅÎÎÙÈ ÍÁ-ÔÒÉ�, �ÒÅÏÂÒÁÚÕÀÝÉÈ A × B ËÏÎÇÒÕÜÎ�ÉÅÊ, Ï�ÉÓÙ×ÁÅÔÓÑ ÆÏÒÍÕÌÏÊ (3),ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ËÏÎÇÒÕÜÎ�ÉÉ, �ÅÎÔÒÁÌÉÚÁÔÏÒ, ÖÏÒÄÁÎÏ×Á ËÌÅÔËÁ, ÓÏÂÓÔ×ÅÎ-ÎÙÊ ×ÅËÔÏÒ. 85



86 è. ä. éëPáíï÷ÇÄÅ X0 { ÆÉËÓÉÒÏ×ÁÎÎÁÑ ÍÁÔÒÉ�Á, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÁÑ ÔÅ�ÅÒØ ÓÏÏÔÎÏÛÅ-ÎÉÀ (4), Á Z { �ÒÏÉÚ×ÏÌØÎÁÑ ÎÅ×ÙÒÏÖÄÅÎÎÁÑ ÍÁÔÒÉ�Á, ÄÌÑ ËÏÔÏÒÏÊZ∗AZ = A: (5)íÎÏÖÅÓÔ×Ï ÒÅÛÅÎÉÊ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ËÏÎÇÒÕÜÎÔÎÙÍ�ÅÎÔÒÁÌÉÚÁÔÏÒÏÍ ÍÁÔÒÉ�Ù A É ÏÂÏÚÎÁÞÁÔØ ÅÇÏ ÓÉÍ×ÏÌÏÍ C∗A.õÓÔÒÏÊÓÔ×Ï �ÅÎÔÒÁÌÉÚÁÔÏÒÁ CA ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÏ É Ï�ÉÓÙ×ÁÅÔÓÑ ×ÏÍÎÏÇÉÈ ÕÞÅÂÎÉËÁÈ ÌÉÎÅÊÎÏÊ ÁÌÇÅÂÒÙ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [1, §VIII.2℄).ïÓÎÏ×ÎÙÍÉ ËÏÍ�ÏÎÅÎÔÁÍÉ ÜÔÏÇÏ Ï�ÉÓÁÎÉÑ Ñ×ÌÑÀÔÓÑ �ÅÎÔÒÁÌÉÚÁÔÏÒÖÏÒÄÁÎÏ×ÏÊ ËÌÅÔËÉ É ÍÎÏÖÅÓÔ×Ï ÒÅÛÅÎÉÊ ÏÄÎÏÒÏÄÎÏÇÏ ÍÁÔÒÉÞÎÏÇÏÕÒÁ×ÎÅÎÉÑ J1X −XJ2 = 0;ÇÄÅ J1 É J2 { ÖÏÒÄÁÎÏ×Ù ËÌÅÔËÉ, ×ÏÏÂÝÅ ÇÏ×ÏÒÑ, ÒÁÚÌÉÞÎÙÈ �ÏÒÑÄËÏ×.óÔÒÕËÔÕÒÁ ÏÂÏÉÈ ÍÎÏÖÅÓÔ× ×ÅÓØÍÁ �ÒÏÓÔÁ: ÔÁË, �ÅÎÔÒÁÌÉÚÁÔÏÒ ÖÏÒ-ÄÁÎÏ×ÏÊ ËÌÅÔËÉ �ÏÒÑÄËÁ n ÅÓÔØ ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ ÍÎÏÇÏÞÌÅÎÏ× ÏÔ ÎÅÅ,ÉÎÁÞÅ ÇÏ×ÏÒÑ, ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ ÔÒÅÕÇÏÌØÎÙÈ ÔÅ�ÌÉ�Å×ÙÈ ÍÁÔÒÉ� ÔÏÇÏÖÅ �ÏÒÑÄËÁ.îÁ�ÒÏÔÉ×, Ï�ÉÓÁÎÉÅ ÍÎÏÖÅÓÔ×Á C∗A ÎÅ ÉÚ×ÅÓÔÎÏ ÄÁÖÅ × �ÒÏÓÔÅÊÛÅÍÓÌÕÞÁÅ ÖÏÒÄÁÎÏ×ÏÊ ËÌÅÔËÉ J (ÄÌÑ Ï�ÒÅÄÅÌÅÎÎÏÓÔÉ, �ÒÁ×ÏÊ) Ó ÎÕÌÅÍ ÎÁÇÌÁ×ÎÏÊ ÄÉÁÇÏÎÁÌÉ. ãÅÌØ ÄÁÎÎÏÊ ÓÔÁÔØÉ { ÓÆÏÒÍÕÌÉÒÏ×ÁÔØ ÎÅËÏÔÏÒÙÅÏÂÝÉÅ ÆÁËÔÙ ÏÔÎÏÓÉÔÅÌØÎÏ ÓÔÒÏÅÎÉÑ ÍÁÔÒÉ� ÉÚ C∗J �ÒÉ ÌÀÂÏÍ n (ÓÍ.ÒÁÚÄÅÌ 2) É ÄÁÔØ �ÏÌÎÏÅ Ï�ÉÓÁÎÉÅ ÜÔÉÈ ÇÒÕ�� ÄÌÑ ÍÁÌÙÈ �ÏÒÑÄËÏ×n = 2; 3; 4; 5 (ÒÁÚÄÅÌ 3).2. ðÕÓÔØ W { �ÒÏÉÚ×ÏÌØÎÁÑ ÍÁÔÒÉ�Á ÉÚ ÇÒÕ��Ù C∗J , Ô.Å.W ∗JW = J: (6)ðÅÒÅÞÉÓÌÉÍ ×ÎÁÞÁÌÅ �ÒÏÓÔÅÊÛÉÅ ÓÌÅÄÓÔ×ÉÑ ÉÚ (6).ðÒÅÄÌÏÖÅÎÉÅ 1. W ∈ C∗J :ðÒÅÄÌÏÖÅÎÉÅ 2. W;W ∈ G∗JT :äÏËÁÚÁÔÅÌØÓÔ×Ï. �ÒÁÎÓ�ÏÎÉÒÕÑ ÒÁ×ÅÎÓÔ×Ï (6), �ÏÌÕÞÁÅÍW TJTW = JT ; (7)Ô.Å. ×ËÌÀÞÅÎÉÅ W ∈ G∗JT , �ÏÓÌÅ ÞÅÇÏ �ÏÌØÚÕÅÍÓÑ �ÒÅÄÌÏÖÅÎÉÅÍ 1. �



ï ëïîçòõüî�îïí ãåî�òáìéúá�ïòå 87óÉÍ×ÏÌÏÍ P ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ �ÅÒßÅÄÉÎÉÞÎÕÀ ÍÁÔÒÉ�Õ
P = 



11: : :11 
�ÏÒÑÄËÁ n.ðÒÅÄÌÏÖÅÎÉÅ 3. PWP ∈ C∗J :äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÒÁ×ÅÎÓÔ×Á (7) ×Ù×ÏÄÉÍ(PW TP)(PJTP)(PWP) = PJTP :úÁÍÅÔÉÍ ÔÅ�ÅÒØ, ÞÔÏ PJTP = J , ÏÔËÕÄÁ ÓÌÅÄÕÅÔ ÎÕÖÎÏÅ ÕÔ×ÅÒÖÄÅ-ÎÉÅ. �úÁÍÅÞÁÎÉÅ. íÁÔÒÉ�Á PWP �ÏÌÕÞÁÅÔÓÑ ÉÚ W ÏÔÒÁÖÅÎÉÅÍ ÏÔÎÏÓÉ-ÔÅÌØÎÏ �ÅÎÔÒÁ É �ÏÜÌÅÍÅÎÔÎÙÍ ËÏÍ�ÌÅËÓÎÙÍ ÓÏ�ÒÑÖÅÎÉÅÍ.ðÅÒÅÊÄÅÍ Ë ÍÅÎÅÅ ÏÞÅ×ÉÄÎÙÍ ÆÁËÔÁÍ.ìÅÍÍÁ 1. ÷ÓÑËÁÑ ÍÁÔÒÉ�Á W ∈ C∗J , ÇÄÅ n > 1, ÎÅ×ÙÒÏÖÄÅÎÎÁ.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÒÁ×ÅÎÓÔ×Á (6) ÏÞÅ×ÉÄÎÏ, ÞÔÏrank W > n− 1:åÓÌÉ ÄÏ�ÕÓÔÉÔØ, ÞÔÏ detW = 0, ÔÏ ÑÄÒÏ ÍÁÔÒÉ�ÙW ÏÄÎÏÍÅÒÎÏ. ðÕÓÔØWx = 0; x 6= 0. �ÏÇÄÁ ÉÚ (6) ÓÌÅÄÕÅÔ, ÞÔÏ Jx = 0. üÔÏ ×ÏÚÍÏÖÎÏ ÌÉÛØÅÓÌÉ x ËÏÌÌÉÎÅÁÒÅÎ �ÅÒ×ÏÍÕ ËÏÏÒÄÉÎÁÔÎÏÍÕ ×ÅËÔÏÒÕ e1.ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÕÍÎÏÖÁÑ (6) ÓÌÅ×Á ÎÁ ×ÅËÔÏÒ-ÓÔÒÏËÕ x∗, ÎÁÈÏÄÉÍx∗W ∗JW = 0 = x∗JÉ, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, JTx = 0. ïÔÓÀÄÁ ÄÏÌÖÎÏ ÓÌÅÄÏ×ÁÔØ, ÞÔÏ x ËÏÌÌÉ-ÎÅÁÒÅÎ �ÏÓÌÅÄÎÅÍÕ ËÏÏÒÄÉÎÁÔÎÏÍÕ ×ÅËÔÏÒÕ en. üÔÏ ÎÅ×ÏÚÍÏÖÎÏ �ÒÉn > 1. �óÌÅÄÓÔ×ÉÅ. W−1 ∈ C∗J : �ÅÍ ÓÁÍÙÍ ÍÎÏÖÅÓÔ×Ï C∗J Ñ×ÌÑÅÔÓÑ ÇÒÕ�-�ÏÊ.�ÅÏÒÅÍÁ 1. ÷ÅËÔÏÒÙ e1 É en Ñ×ÌÑÀÔÓÑ (�ÒÁ×ÙÍÉ) ÓÏÂÓÔ×ÅÎÎÙÍÉ×ÅËÔÏÒÁÍÉ ÄÌÑ ÌÀÂÏÊ ÍÁÔÒÉ�Ù W ∈ C∗J .



88 è. ä. éëPáíï÷äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ (6) ×Ù×ÏÄÉÍW ∗JWe1 = Je1 = 0:ðÏÓËÏÌØËÕ ÍÁÔÒÉ�Á W ÎÅ×ÙÒÏÖÄÅÎÎÁ, ÔÏ J(We1) = 0. îÅÎÕÌÅ×ÏÊ ×ÅË-ÔÏÒWe1 (�ÅÒ×ÙÊ ÓÔÏÌÂÅ� ÍÁÔÒÉ�Ù W ) ÄÏÌÖÅÎ ÂÙÔØ ËÏÌÌÉÎÅÁÒÅÎ ×ÅË-ÔÏÒÕ e1 ÉÚ ÏÄÎÏÍÅÒÎÏÇÏ ÑÄÒÁ ËÌÅÔËÉ J :We1 = �e1: (8)�Å�ÅÒØ ÕÍÎÏÖÉÍ (6) ÓÌÅ×Á ÎÁ eTn :eTnW ∗JW = eTnJ = 0;ÉÌÉ W T JTWen = 0;ÏÔËÕÄÁ JT (Wen) = 0:òÁÓÓÕÖÄÁÑ, ËÁË ×ÙÛÅ, �ÒÉÈÏÄÉÍ Ë ÒÁ×ÅÎÓÔ×ÕWen = �en; � 6= 0;ÉÌÉ Wen = �en: (9)
��ÅÏÒÅÍÁ 2. ðÕÓÔØ n > 3. �ÏÇÄÁ ×ÅËÔÏÒÙ e2 É en−1 Ñ×ÌÑÀÔÓÑ ÌÅ×ÙÍÉÓÏÂÓÔ×ÅÎÎÙÍÉ ×ÅËÔÏÒÁÍÉ ÄÌÑ ÌÀÂÏÊ ÍÁÔÒÉ�Ù W ∈ C∗J .äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ (6) ×Ù×ÏÄÉÍW ∗JWen = Jen = en−1:óÏÇÌÁÓÎÏ (9), ÉÍÅÅÍ �W ∗Jen = en−1;ÉÌÉ W ∗en−1 = �−1en−1: (10)�ÁËÉÍ ÏÂÒÁÚÏÍ, en−1 ÅÓÔØ ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ ÍÁÔÒÉ�ÙW ∗, Ô.Å. ÌÅ×ÙÊÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ ÍÁÔÒÉ�Ù W .óÏÇÌÁÓÎÏ �ÒÅÄÌÏÖÅÎÉÀ 2, ÍÏÖÅÍ ÎÁ�ÉÓÁÔØW ∗JTW = JT ; (11)ÏÔËÕÄÁ W ∗JTWe1 = JT e1 = e2;



ï ëïîçòõüî�îïí ãåî�òáìéúá�ïòå 89ÉÌÉ W ∗e2 = �−1e2; (12)Ô.Å. e2 { ÌÅ×ÙÊ ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ ÍÁÔÒÉ�Ù W . ��ÅÏÒÅÍÁ 3. ðÕÓÔØ n > 5. �ÏÇÄÁ ÄÌÑ ÌÀÂÏÊ ÍÁÔÒÉ�Ù W ∈ C∗J ×ÅË-ÔÏÒ We3 (ÔÒÅÔÉÊ ÓÔÏÌÂÅ� ÍÁÔÒÉ�Ù W ) ÅÓÔØ ÌÉÎÅÊÎÁÑ ËÏÍÂÉÎÁ�ÉÑ×ÅËÔÏÒÏ× e1 É e3, Á ×ÅËÔÏÒ Wen−2 { ÌÉÎÅÊÎÁÑ ËÏÍÂÉÎÁ�ÉÑ ×ÅËÔÏÒÏ×en−2 É en.äÏËÁÚÁÔÅÌØÓÔ×Ï. úÁÍÅÔÉÍ, ÞÔÏ ×ÓÅ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑJz = e2Ï�ÉÓÙ×ÁÀÔÓÑ ÆÏÒÍÕÌÏÊ z = e3 + e1;ÇÄÅ  { �ÒÏÉÚ×ÏÌØÎÏÅ ËÏÍ�ÌÅËÓÎÏÅ ÞÉÓÌÏ. õÍÎÏÖÁÑ (6) ÎÁ ×ÅËÔÏÒ e3,�ÏÌÕÞÁÅÍ W ∗JWe3 = Je3 = e2;ÏÔËÕÄÁ JWe3 =W−∗e2:ðÏÓËÏÌØËÕ W−1 ∈ C∗J , ÔÏ, × ÓÉÌÕ ÔÅÏÒÅÍÙ 2, W−∗e2 = Æe2 ÄÌÑ ÎÅËÏÔÏ-ÒÏÇÏ Æ 6= 0. �Å�ÅÒØ ÉÚ ÒÁ×ÅÎÓÔ×ÁJWe3 = Æe2×Ù×ÏÄÉÍ We3 = Æe3 + e1; (13)ÞÔÏ ÄÏËÁÚÙ×ÁÅÔ �ÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ.äÏËÁÚÁÔÅÌØÓÔ×Ï ×ÔÏÒÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ ÎÁÞÎÅÍ Ó ÔÁËÏÇÏ ÚÁÍÅÞÁÎÉÑ:ÍÎÏÖÅÓÔ×Ï ÒÅÛÅÎÉÊ ÕÒÁ×ÎÅÎÉÑ JT z = en−1 ÄÁÅÔÓÑ ÆÏÒÍÕÌÏÊz = en−2 + �en;ÇÄÅ � { �ÒÏÉÚ×ÏÌØÎÏÅ ËÏÍ�ÌÅËÓÎÏÅ ÞÉÓÌÏ. õÍÎÏÖÁÑ (6) ÓÌÅ×Á ÎÁ eTn−2,ÉÍÅÅÍ eTn−2W ∗JW = eTn−2J = eTn−1;ÉÌÉ W ∗JTWen−2 = en−1;ÉÌÉ JTWen−2 = (W−1)∗en−1:



90 è. ä. éëPáíï÷óÎÏ×Á �ÒÉÍÅÎÑÑ ÔÅÏÒÅÍÕ 2, ÍÏÖÅÍ �ÅÒÅ�ÉÓÁÔØ ÜÔÏ ÒÁ×ÅÎÓÔ×Ï ËÁËJT (Wen−2) = �en−1; � 6= 0:ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ Wen−2 = �en−2 + �en: (14)
��ÅÏÒÅÍÁ 4. ðÕÓÔØ n > 7. �ÏÇÄÁ ÄÌÑ ÌÀÂÏÊ ÍÁÔÒÉ�Ù W ∈ C∗J ×ÅËÔÏÒW ∗e4 ÅÓÔØ ÌÉÎÅÊÎÁÑ ËÏÍÂÉÎÁ�ÉÑ ×ÅËÔÏÒÏ× e2 É e4, Á ×ÅËÔÏÒ W ∗en−3{ ÌÉÎÅÊÎÁÑ ËÏÍÂÉÎÁ�ÉÑ ×ÅËÔÏÒÏ× en−1 É en−3.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ (6) ÎÁÈÏÄÉÍW ∗JWen−2 = Jen−2 = en−3:éÓ�ÏÌØÚÕÑ (14), �ÏÌÕÞÁÅÍW ∗J(�en−2 + �en) = en−3;ÉÌÉ �W ∗en−3 = en−3 − �W ∗en−1 = en−3 − ��−1en−1(ÓÍ. (10)). ðÏÓËÏÌØËÕ � 6= 0, ÜÔÏ ÒÁ×ÅÎÓÔ×Ï ÄÏËÁÚÙ×ÁÅÔ ×ÔÏÒÏÅ ÕÔ×ÅÒ-ÖÄÅÎÉÅ ÔÅÏÒÅÍÙ.õÍÎÏÖÁÑ (11) ÎÁ e3, ÉÍÅÅÍW ∗JTWe3 = JT e3 = e4:ïÔÓÀÄÁ, ÓÏÇÌÁÓÎÏ (13), W ∗JT (Æe3 + e1) = e4;ÉÌÉ ÆW ∗e4 = e4 − W ∗JT e1 = e4 − W ∗e2 = e4 − �−1e2(ÓÍ. (12)). üÔÉ ÓÏÏÔÎÏÛÅÎÉÑ ÄÏËÁÚÙ×ÁÀÔ �ÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅ-ÍÙ. ��ÅÏÒÅÍÙ 1 É 3 ÏÚÎÁÞÁÀÔ, ÞÔÏ × ÌÀÂÏÊ ÍÁÔÒÉ�ÅW ∈ C∗J (ÄÏÓÔÁÔÏÞÎÏÂÏÌØÛÏÇÏ �ÏÒÑÄËÁ) ËÒÁÊÎÉÅ ÓÔÏÌÂ�Ù ÉÍÅÀÔ ÌÉÛØ �Ï ÏÄÎÏÍÕ ÎÅÎÕÌÅ×Ï-ÍÕ ÜÌÅÍÅÎÔÕ × Ó×ÏÉÈ ÄÉÁÇÏÎÁÌØÎÙÈ �ÏÚÉ�ÉÑÈ, Á ÓÔÏÌÂ�Ù Ó ÉÎÄÅËÓÁÍÉ 3É n − 2 { �Ï (ÎÅ ÂÏÌÅÅ, ÞÅÍ) Ä×Á ÎÅÎÕÌÅ×ÙÈ ÜÌÅÍÅÎÔÁ (× ÄÉÁÇÏÎÁÌØÎÏÊ�ÏÚÉ�ÉÉ É × �ÏÚÉ�ÉÑÈ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ 1 É n). áÎÁÌÏÇÉÞÎÙÊ ÓÍÙÓÌ, ÎÏÔÏÌØËÏ �Ï ÏÔÎÏÛÅÎÉÀ Ë ÓÔÒÏËÁÍ ÍÁÔÒÉ�Ù W , ×ÙÒÁÖÁÀÔ ÔÅÏÒÅÍÙ 2É 4: ÓÔÒÏËÉ 2 É n−1 ÉÍÅÀÔ �Ï ÏÄÎÏÍÕ ÎÅÎÕÌÅ×ÏÍÕ ÜÌÅÍÅÎÔÕ, Á ÓÔÒÏËÉ 4É n− 3 { �Ï (ÎÅ ÂÏÌÅÅ, ÞÅÍ) Ä×Á ÎÅÎÕÌÅ×ÙÈ ÜÌÅÍÅÎÔÁ.



ï ëïîçòõüî�îïí ãåî�òáìéúá�ïòå 91äÌÑ ÍÁÔÒÉ� ÂÏÌØÛÅÇÏ �ÏÒÑÄËÁ n ÜÔÏÔ ÒÑÄ ÔÅÏÒÅÍ ÍÏÖÎÏ �ÒÏÄÏÌ-ÖÉÔØ, É ËÏÌÉÞÅÓÔ×Ï ÎÅÎÕÌÅ×ÙÈ ÜÌÅÍÅÎÔÏ× × ÓÔÏÌÂ�Å ÉÌÉ ÓÔÒÏËÅ Õ×ÅÌÉ-ÞÉ×ÁÅÔÓÑ �Ï ÍÅÒÅ ÔÏÇÏ, ËÁË ÉÈ ÉÎÄÅËÓ �ÒÉÂÌÉÖÁÅÔÓÑ Ë ÞÉÓÌÕ n=2.3. ÷ ÜÔÏÍ ÒÁÚÄÅÌÅ ÍÙ ÄÁÅÍ �ÏÌÎÏÅ Ï�ÉÓÁÎÉÅ ÇÒÕ�� C∗J ÄÌÑ �ÏÒÑÄËÏ×n = 2; 3; 4; 5.n = 2. óÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ 1,W ÄÏÌÖÎÁ ÂÙÔØ ÄÉÁÇÏÎÁÌØÎÏÊ ÍÁÔÒÉ�ÅÊ:W = ( w11 00 w22 ) :íÁÔÒÉ�Á W ∗J2W ÉÍÅÅÔ ×ÉÄ
( 0 w11w220 0 ) :éÚ ÒÁ×ÅÎÓÔ×Á W ∗J2W = J2 ×Ù×ÏÄÉÍw22 = 1w11 :n = 3. óÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ 1, ÉÍÅÅÍW = 


w11 w12 00 w22 00 w32 w33 
 :÷ÙÞÉÓÌÑÑ �ÒÏÉÚ×ÅÄÅÎÉÅ W ∗J3W , ÎÁÈÏÄÉÍ




0 w11w22 00 w12w22 + w22w32 w22w330 0 0 
 :ðÏÓËÏÌØËÕ W ∗J3W = J3, ÔÏw22 = 1w11 ; w33 = 1w22 = w11:ðÒÅÄÓÔÁ×ÉÍ W ËÁË �ÒÏÉÚ×ÅÄÅÎÉÅW = D3W̃ ;ÇÄÅ D3 = diag(w11; 1w11 ; w11);W̃ = 


1 w12w11 00 1 00 w32w11 1 

 :



92 è. ä. éëPáíï÷ðÏÌÏÖÉÍ � = w12w11 :éÚ ÒÁ×ÅÎÓÔ×Á w12w22 + w22w32 = 0 ÚÁËÌÀÞÁÅÍ, ÞÔÏw32w11 = −
w12w11 = −�;Ô.Å. W { ÍÁÔÒÉ�Á ×ÉÄÁ




1 � 00 1 00 −� 1 
 :n = 4. éÚ ÔÅÏÒÅÍ 1 É 2 ×ÙÔÅËÁÅÔ, ÞÔÏW ÉÍÅÅÔ ÓÌÅÄÕÀÝÅÅ ÓÔÒÏÅÎÉÅ:W = 



w11 w12 w13 00 w22 0 00 0 w33 00 w42 w43 w44 
 :îÁÊÄÅÍ ÍÁÔÒÉ�Õ W ∗J4W :W ∗J4W = 



0 w11w22 0 00 w12w22 w22w33 00 w13w22 + w33w42 w33w43 w33w440 0 0 0 
 :�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÏÌÖÎÙ ×Ù�ÏÌÎÑÔØÓÑ ÒÁ×ÅÎÓÔ×Áw11w22 = w22w33 = w33w44 = 1; (15:1)w12w22 = w33w43 = 0; (15:2)w13w22 + w33w42 = 0: (15:3)éÚ ÓÏÏÔÎÏÛÅÎÉÊ (15.1) ×ÉÄÎÏ, ÞÔÏ ×ÓÅ ÄÉÁÇÏÎÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ ÍÁÔÒÉ-�Ù W ÏÔÌÉÞÎÙ ÏÔ ÎÕÌÑ, �ÒÉÞÅÍw22 = 1w11 ; w33 = 1w22 = w11; w44 = 1w33 = 1w11 :òÁ×ÅÎÓÔ×Á (15.2) ÏÚÎÁÞÁÀÔ, ÞÔÏ w12 = w43 = 0.ëÁË É × �ÒÅÄÙÄÕÝÅÍ ÓÌÕÞÁÅ, �ÒÅÄÓÔÁ×ÉÍ W × ×ÉÄÅ �ÒÏÉÚ×ÅÄÅÎÉÑW = D4W̃ ;ÇÄÅ D4 = diag(w11; 1w11 ; w11; 1w11 );



ï ëïîçòõüî�îïí ãåî�òáìéúá�ïòå 93W̃ = 


1 0 w13w11 00 1 0 00 0 1 00 w42w11 0 1 
 :ðÏÌÏÖÉÍ � = w13w11 :óÏÇÌÁÓÎÏ (15.3),w42w33 = w42w11 = −w22w13 = −

w13w11 = −�:éÔÁË, W̃ { ÍÁÔÒÉ�Á ×ÉÄÁ



1 0 � 00 1 0 00 0 1 00 −� 0 1 
 :n = 5. éÓ�ÏÌØÚÕÑ ÔÅÏÒÅÍÙ 1{3, ÚÁËÌÀÞÁÅÍ, ÞÔÏ ÍÁÔÒÉ�Á W ÄÏÌÖÎÁÉÍÅÔØ ×ÉÄ W = 



w11 w12 w13 w14 00 w22 0 0 00 w32 w33 w34 00 0 0 w44 00 w52 w53 w54 w55 

:÷ÙÞÉÓÌÑÅÍ �ÒÏÉÚ×ÅÄÅÎÉÅ W ∗J5W :W ∗J5W =



0 w11w22 0 0 00 w12w22 + w22w32 w22w33 w22w34 + w32w44 00 w13w22 0 w33w44 00 w14w22 + w44w52 w44w53 w34w44 + w44w54 w44w550 0 0 0 0 

:éÚ ÒÁ×ÅÎÓÔ×Á W ∗J5W = J5 ×Ù×ÏÄÉÍw11w22 = w22w33 = w33w44 = w44w55 = 1; (16:1)w13w22 = w44w53 = 0; (16:2)w12w22 + w22w32 = 0; w22w34 + w32w44 = 0; (16:3)w14w22 + w44w52 = 0; w34w44 + w44w54 = 0: (16:4)



94 è. ä. éëPáíï÷äÌÑ ÄÉÁÇÏÎÁÌØÎÙÈ ÜÌÅÍÅÎÔÏ× �ÏÌÕÞÁÅÍ ÓÏÏÔÎÏÛÅÎÉÑ:w22 = 1w11 ; w33 = w11; w44 = 1w11 ; w55 = w11:üÌÅÍÅÎÔÙ w13 É w53 ÒÁ×ÎÙ ÎÕÌÀ, ÞÔÏ É ÓÌÅÄÏ×ÁÌÏ ÏÖÉÄÁÔØ × ÓÏÏÔ×ÅÔ-ÓÔ×ÉÉ Ó ÔÅÏÒÅÍÏÊ 3. óÎÏ×Á ÚÁ�ÉÓÙ×ÁÅÍ W ËÁË �ÒÏÉÚ×ÅÄÅÎÉÅW = D5W̃ ;ÇÄÅ D5 = diag(w11; 1w11 ; w11; 1w11 ; w11);W̃ = 


1 w12w11 0 w14w11 00 1 0 0 00 w32w33 1 w34w33 00 0 0 1 00 w52w55 0 w54w55 1 

:ðÏÌÏÖÉÍ  = w12w11 ; Æ = w14w11 :éÚ ÓÏÏÔÎÏÛÅÎÉÊ (16.3) É (16.4) ÎÁÈÏÄÉÍw32w33 = w32w22 = −w22w12 = −

w12w11 = −;w34w33 = w34w22 = −w44w32 = −
w32w33 = ;w52w55 = w52w44 = −w22w14 = −
w14w11 = −Æ;w54w55 = w54w44 = −w44w34 = −
w34w33 = −:éÔÁË, ÍÁÔÒÉ�Á W̃ ÉÍÅÅÔ ×ÉÄ




1  0 Æ 00 1 0 0 00 − 1  00 0 0 1 00 −Æ 0 − 1 

:
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