
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 453, 2016 Ç.à. ë. äÅÍØÑÎÏ×ÉÞ, á. ó. ðÏÎÏÍÁÒÅ×ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçïòáúìïöåîéñ ðåò÷ïçï ðïòñäëá÷Ó�ÌÅÓËÏ×ÙÅ (×ÜÊ×ÌÅÔÎÙÅ) ÒÁÚÌÏÖÅÎÉÑ ÛÉÒÏËÏ ÉÓ�ÏÌØÚÕÀÔÓÑ �ÒÉÏÂÒÁÂÏÔËÅ ÞÉÓÌÏ×ÙÈ ÉÎÆÏÒÍÁ�ÉÏÎÎÙÈ �ÏÔÏËÏ×; ÏÂßÅÍÙ ÔÁËÉÈ �ÏÔÏ-ËÏ× �ÏÓÔÏÑÎÎÏ ×ÏÚÒÁÓÔÁÀÔ, É ÜÔÏ Ñ×ÌÑÅÔÓÑ ÓÔÉÍÕÌÏÍ Ë ÄÁÌØÎÅÊÛÅÍÕÒÁÚ×ÉÔÉÀ ÔÅÏÒÉÉ ×Ó�ÌÅÓËÏ× (ÓÍ. [1{2℄). éÓ�ÏÌØÚÕÅÍÙÊ × ÄÁÎÎÏÊ ÒÁ-ÂÏÔÅ �ÏÄÈÏÄ Ë �ÏÓÔÒÏÅÎÉÀ ×Ó�ÌÅÓËÏ× ÏÓÎÏ×Ù×ÁÅÔÓÑ ÎÁ �ÒÉÍÅÎÅÎÉÉÁ��ÒÏËÓÉÍÁ�ÉÏÎÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [3℄), ÔÁË ÞÔÏ Á×ÔÏ-ÍÁÔÉÞÅÓËÉ ÏÂÅÓ�ÅÞÉ×ÁÅÔÓÑ ÜÆÆÅËÔÉ×ÎÁÑ Á��ÒÏËÓÉÍÁ�ÉÑ (ÞÁÝÅ ×ÓÅÇÏ,ÏÎÁ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉ Ï�ÔÉÍÁÌØÎÁ �ÏN -�Ï�ÅÒÅÞÎÉËÕ ÓÔÁÎÄÁÒÔÎÙÈ ËÏÍ-�ÁËÔÏ×). ÷ �ÒÏÔÉ×Ï�ÏÌÏÖÎÏÓÔØ ËÌÁÓÓÉÞÅÓËÉÍ ×ÜÊ×ÌÅÔÁÍ (ÓÍ. [1℄) Õ�Ï-ÍÑÎÕÔÙÊ �ÏÄÈÏÄ �ÏÚ×ÏÌÑÅÔ ÂÅÚ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈ ÓÌÏÖÎÙÈ ÉÓÓÌÅÄÏ×Á-ÎÉÊ ÉÓ�ÏÌØÚÏ×ÁÔØ ÎÅÒÁ×ÎÏÍÅÒÎÕÀ ÓÅÔËÕ (ËÁË ËÏÎÅÞÎÕÀ, ÔÁË É ÂÅÓËÏ-ÎÅÞÎÕÀ), ÞÔÏ ×ÅÓØÍÁ ×ÁÖÎÏ ÄÌÑ ÜËÏÎÏÍÉÉ ËÏÍ�ØÀÔÅÒÎÙÈ ÒÅÓÕÒÓÏ× ×ÓÌÕÞÁÅ �ÏÑ×ÌÅÎÉÑ ÓÉÎÇÕÌÑÒÎÙÈ ÉÚÍÅÎÅÎÉÊ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ �ÏÔÏËÏ×.ëÒÏÍÅ ÔÏÇÏ, �ÒÉ �ÏÓÔÒÏÅÎÉÉ ×Ó�ÌÅÓËÏ×ÙÈ ÒÁÚÌÏÖÅÎÉÊ × ÍÎÏÇÏÍÅÒÎÏÍÓÌÕÞÁÅ (É ÄÁÖÅ ÎÁ �ÒÏÉÚ×ÏÌØÎÏÍ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÏÍ ÍÎÏÇÏÏÂÒÁÚÉÉ,ÓÍ. [4℄) ÍÏÇÕÔ �ÒÉÍÅÎÑÔØÓÑ ÉÚ×ÅÓÔÎÙÅ ËÏÎÅÞÎÏ-ÜÌÅÍÅÎÔÎÙÅ Á��ÒÏËÓÉ-ÍÁ�ÉÉ (ëÕÒÁÎÔÁ, úÌÁÍÁÌÁ É Ô.�.), ÞÔÏ ÓÕÝÅÓÔ×ÅÎÎÏ ÒÁÓÛÉÒÑÅÔ ×ÏÚÍÏÖ-ÎÏÓÔÉ ÉÓ�ÏÌØÚÏ×ÁÎÉÑ ×Ó�ÌÅÓËÏ×ÙÈ ÒÁÚÌÏÖÅÎÉÊ. ÷ ËÌÁÓÓÉÞÅÓËÏÍ ÓÌÕÞÁÅÂÏÌØÛÕÀ ÔÒÕÄÎÏÓÔØ �ÒÅÄÓÔÁ×ÌÑÅÔ �ÏÓÔÒÏÅÎÉÅ ×Ó�ÌÅÓËÏ×ÏÇÏ (×ÜÊ×ÌÅÔ-ÎÏÇÏ) ÂÁÚÉÓÁ × ÔÏÍ ÉÌÉ ÉÎÏÍ ÆÕÎË�ÉÏÎÁÌØÎÏÍ �ÒÏÓÔÒÁÎÓÔ×Å (ÞÁÓÔÏ× L2(R1)); ÉÓ�ÏÌØÚÕÅÍÙÊ ÚÄÅÓØ �ÏÄÈÏÄ ÎÅ ÔÒÅÂÕÅÔ �ÒÅÄ×ÁÒÉÔÅÌØÎÏÇÏ�ÏÓÔÒÏÅÎÉÑ ×Ó�ÌÅÓËÏ×ÏÇÏ ÂÁÚÉÓÁ (�ÒÉ ÖÅÌÁÎÉÉ ÜÔÏÔ ÂÁÚÉÓ ÍÏÖÅÔ ÂÙÔØ�ÏÌÕÞÅÎ �ÏÓÌÅ �ÒÏ×ÅÄÅÎÉÑ ÏÓÎÏ×ÎÙÈ ÉÓÓÌÅÄÏ×ÁÎÉÊ). ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ,ÚÎÁÎÉÅ ×Ó�ÌÅÓËÏ×ÏÇÏ ÂÁÚÉÓÁ �ÏÚ×ÏÌÑÅÔ ÄÏÓÔÉÞØ ÓÕÝÅÓÔ×ÅÎÎÏÊ ÜËÏÎÏÍÉÉ
ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÄÉÓËÒÅÔÎÙÅ Ó�ÌÁÊÎ-×Ó�ÌÅÓËÉ, ÆÏÒÍÕÌÙ ÄÅËÏÍ�ÏÚÉ�ÉÉ, ÆÏÒ-ÍÕÌÙ ÒÅËÏÎÓÔÒÕË�ÉÉ, ËÁÌÉÂÒÏ×ÏÞÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ, Ï�ÅÎËÁ ×ÒÅÍÅÎÉ ×ÙÞÉÓÌÅÎÉÊ.òÁÂÏÔÁ ÞÁÓÔÉÞÎÏ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÏÍ òææé No. 15-01-08847.33



34 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷ËÏÍ�ØÀÔÅÒÎÙÈ É ÓÅÔÅ×ÙÈ ÒÅÓÕÒÓÏ×. úÁÍÅÔÉÍ, ÞÔÏ ÄÌÑ �ÏÌÕÞÅÎÉÑ Õ�Ï-ÍÑÎÕÔÏÊ ÜËÏÎÏÍÉÉ ÎÅ ÎÕÖÅÎ ×Ó�ÌÅÓËÏ×ÙÊ ÂÁÚÉÓ × �ÒÏÓÔÒÁÎÓÔ×Å ÆÕÎË-�ÉÊ Ó ËÏÎÔÉÎÕÁÌØÎÏÊ ÏÂÌÁÓÔØÀ Ï�ÒÅÄÅÌÅÎÉÑ, ÄÏÓÔÁÔÏÞÎÏ ÌÉÛØ �ÏÌÕ-ÞÉÔØ �ÏÄÈÏÄÑÝÉÊ ÂÁÚÉÓ ÄÌÑ �ÒÏÓÔÒÁÎÓÔ×Á ×Ó�ÌÅÓËÏ×ÙÈ ÞÉÓÌÏ×ÙÈ �Ï-ÔÏËÏ×, ÎÏ ÄÌÑ ÜÔÏÇÏ ÎÅÏÂÈÏÄÉÍÏ ×ÓÅ �ÏÓÔÒÏÅÎÉÑ ×Ù�ÏÌÎÑÔØ ÂÅÚ ÉÓ�ÏÌØ-ÚÏ×ÁÎÉÑ ÆÕÎË�ÉÊ Ó ËÏÎÔÉÎÕÁÌØÎÏÊ ÏÂÌÁÓÔØÀ Ï�ÒÅÄÅÌÅÎÉÑ.ãÅÌØ ÄÁÎÎÏÊ ÒÁÂÏÔÙ ÓÏÓÔÏÉÔ × ÔÏÍ, ÞÔÏÂÙ × ÒÁÍËÁÈ Õ�ÏÍÑÎÕÔÏÇÏ�ÏÄÈÏÄÁ ÒÁÓÓÍÏÔÒÅÔØ ÄÉÓËÒÅÔÎÏÅ Ó�ÌÁÊÎ-×Ó�ÌÅÓËÏ×ÏÅ ÒÁÚÌÏÖÅÎÉÅ �ÅÒ-×ÏÇÏ �ÏÒÑÄËÁ, Á ÉÍÅÎÎÏ, �ÒÏ×ÅÓÔÉ ×ÓÅ �ÏÓÔÒÏÅÎÉÑ ÂÅÚ ÏÔÏÂÒÁÖÅÎÉÑ× �ÒÏÓÔÒÁÎÓÔ×Á ÆÕÎË�ÉÊ Ó ËÏÎÔÉÎÕÁÌØÎÏÊ ÏÂÌÁÓÔØÀ Ï�ÒÅÄÅÌÅÎÉÑ: ×ÓÅ�ÏÓÔÒÏÅÎÉÑ �ÒÏ×ÏÄÑÔÓÑ ÌÉÛØ ÄÌÑ ÓÅÔÏÞÎÙÈ ÆÕÎË�ÉÊ (Ô.Å. ÄÌÑ ÆÕÎË-�ÉÊ, ÚÁÄÁÎÎÙÈ ÎÁ ÔÏÊ ÉÌÉ ÉÎÏÊ ÓÅÔËÅ; ÚÄÅÓØ ÏÎÉ ÞÁÓÔÏ ÎÁÚÙ×ÁÀÔÓÑ�ÏÔÏËÁÍÉ ÞÉÓÌÏ×ÏÊ ÉÎÆÏÒÍÁ�ÉÉ). ÷×ÉÄÕ ÜÔÏÇÏ �ÏÑ×ÌÑÀÔÓÑ Ó�Å�ÉÆÉ-ÞÅÓËÉÅ Ï�ÒÅÄÅÌÅÎÉÑ É Ó×ÏÊÓÔ×Á: × ÞÁÓÔÎÏÓÔÉ, ××ÏÄÑÔÓÑ ËÏÎÅÞÎÏÍÅÒÎÙÅ�ÒÏÓÔÒÁÎÓÔ×Á ÉÓÈÏÄÎÙÈ �ÏÔÏËÏ×, ×Ó�ÌÅÓËÏ×ÙÈ �ÏÔÏËÏ× É ÏÓÎÏ×ÎÙÈ �Ï-ÔÏËÏ×, ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÙÅ Ó ÉÓÈÏÄÎÏÊ É Ó ÕËÒÕ�ÎÅÎÎÏÊ ÓÅÔËÁÍÉ ÓÏÏÔ-×ÅÔÓÔ×ÅÎÎÏ. ÷ ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÅÎÙ ÄÏÓÔÁÔÏÞÎÏ �ÒÏÓÔÙÅ ÆÏÒÍÕÌÙ ÄÅ-ËÏÍ�ÏÚÉ�ÉÉ É ÒÅËÏÎÓÔÒÕË�ÉÉ É ÕÓÔÁÎÏ×ÌÅÎÏ, ÞÔÏ ÂÁÚÉÓÏÍ �ÒÏÓÔÒÁÎ-ÓÔ×Á ×Ó�ÌÅÓËÏ× Ñ×ÌÑÅÔÓÑ �ÒÏÓÔÅÊÛÁÑ ÓÏ×ÏËÕ�ÎÏÓÔØ ÏÒÔÏ× Å×ËÌÉÄÏ×Á�ÒÏÓÔÒÁÎÓÔ×Á. ëÒÏÍÅ ÔÏÇÏ, ÄÁÎÁ Ï�ÅÎËÁ ×ÒÅÍÅÎÉ ÒÅÁÌÉÚÁ�ÉÉ ÄÅËÏÍ-�ÏÚÉ�ÉÉ Ó ÕÞÅÔÏÍ Ó×ÏÊÓÔ× ËÏÍÍÕÎÉËÁ�ÉÏÎÎÏÊ ÓÒÅÄÙ ×ÙÞÉÓÌÉÔÅÌØÎÏÊÓÉÓÔÅÍÙ.òÁÂÏÔÁ ÓÏÄÅÒÖÉÔ Ä×ÅÎÁÄ�ÁÔØ ÒÁÚÄÅÌÏ×. ÷ �ÅÒ×ÏÍ ÒÁÚÄÅÌÅ ÉÚÌÁÇÁÅÔ-ÓÑ ÏÓÎÏ×ÎÁÑ ÉÄÅÑ ÏÂÝÅÇÏ �ÏÄÈÏÄÁ Ë Ó�ÌÁÊÎ-×Ó�ÌÅÓËÏ×ÏÍÕ ÒÁÚÌÏÖÅÎÉÀÎÁ ÏÄÎÏÍÅÒÎÏÍ ÍÏÄÅÌØÎÏÍ �ÒÉÍÅÒÅ; ÄÌÑ ÎÁÇÌÑÄÎÏÓÔÉ ÚÄÅÓØ ÏÂÌÁÓÔØÀÏ�ÒÅÄÅÌÅÎÉÑ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ ÆÕÎË�ÉÊ ÓÌÕÖÉÔ ËÏÎÔÉÎÕÕÍ (ÉÎÔÅÒ×ÁÌ×ÅÝÅÓÔ×ÅÎÎÏÊ ÏÓÉ). ÷Ï ×ÔÏÒÏÍ ÒÁÚÄÅÌÅ ××ÏÄÉÔÓÑ ÉÓÈÏÄÎÁÑ ÓÅÔËÁ, ÓÌÕ-ÖÁÝÁÑ ÏÂÌÁÓÔØÀ Ï�ÒÅÄÅÌÅÎÉÑ ÉÓÈÏÄÎÏÇÏ �ÏÔÏËÁ ÞÉÓÌÏ×ÏÊ ÉÎÆÏÒÍÁ-�ÉÉ. ÷ ÔÒÅÔØÅÍ ÒÁÚÄÅÌÅ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÕËÒÕ�ÎÅÎÉÅ Õ�ÏÍÑÎÕÔÏÊ ÓÅÔ-ËÉ: ×ÎÏ×Ø �ÏÌÕÞÁÅÍÁÑ ÓÅÔËÁ ÓÌÕÖÉÔ ÏÂÌÁÓÔØÀ Ï�ÒÅÄÅÌÅÎÉÑ ÏÓÎÏ×ÎÏÇÏ�ÏÔÏËÁ. ÷ ÞÅÔ×ÅÒÔÏÍ ÒÁÚÄÅÌÅ ÒÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ ËÁÌÉÂÒÏ×ÏÞÎÙÅ ÓÏÏÔ-ÎÏÛÅÎÉÑ, Ó×ÑÚÙ×ÁÀÝÉÅ ÄÉÓËÒÅÔÎÙÅ Ó�ÌÁÊÎÙ ÎÁ ÕËÒÕ�ÎÅÎÎÏÊ ÓÅÔËÅ ÓÄÉÓËÒÅÔÎÙÍÉ Ó�ÌÁÊÎÁÍÉ ÎÁ ÉÓÈÏÄÎÏÊ ÓÅÔËÅ. ðÑÔÙÊ É ÛÅÓÔÏÊ ÒÁÚÄÅÌÙÓÌÕÖÁÔ ÄÌÑ Ï�ÉÓÁÎÉÑ ÄÉÓËÒÅÔÎÏÇÏ Ó�ÌÁÊÎ-×Ó�ÌÅÓËÏ×ÏÇÏ ÒÁÚÌÏÖÅÎÉÑ;ÚÄÅÓØ �ÏÌÕÞÁÀÔÓÑ ÆÏÒÍÕÌÙ ÄÅËÏÍ�ÏÚÉ�ÉÉ × ÏÂÝÅÊ ÆÏÒÍÅ. ÷ ÓÅÄØÍÏÍ



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 35É ×ÏÓØÍÏÍ ÒÁÚÄÅÌÁÈ ÜÔÉ ÆÏÒÍÕÌÙ ËÏÎËÒÅÔÉÚÉÒÕÀÔÓÑ ÄÌÑ ÒÁÓÓÍÁÔÒÉ×Á-ÅÍÏÊ ÓÉÔÕÁ�ÉÉ (Ô.Å. ×ÙÞÉÓÌÑÀÔÓÑ ËÏÜÆÆÉ�ÉÅÎÔÙ × Õ�ÏÍÑÎÕÔÙÈ ÆÏÒ-ÍÕÌÁÈ Ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ �ÒÅÄÓÔÁ×ÌÅÎÉÊ ÄÉÓËÒÅÔÎÙÈ Ó�ÌÁÊÎÏ×). ÷ ÄÅ-×ÑÔÏÍ ÒÁÚÄÅÌÅ �ÒÉ×ÏÄÉÔÓÑ ÉÌÌÀÓÔÁÔÉ×ÎÙÊ �ÒÉÍÅÒ ÄÉÓËÒÅÔÎÏÇÏ ×Ó�ÌÅ-ÓËÏ×ÏÇÏ ÒÁÚÌÏÖÅÎÉÑ. ÷ ÄÅÓÑÔÏÍ ÒÁÚÄÅÌÅ ÒÁÓÓÍÏÔÒÅÎ ËÏÎÔÉÎÕÁÌØÎÙÊÏÂÒÁÚ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÇÏ ÒÁÚÌÏÖÅÎÉÑ. ïÄÉÎÎÁÄ�ÁÔÙÊ ÒÁÚÄÅÌ �ÏÓ×ÑÝÅÎ×ÁÒÉÁÎÔÁÍ ÁÌÇÏÒÉÔÍÏ× ÁÄÁ�ÔÉ×ÎÏÇÏ ÕËÒÕ�ÎÅÎÉÑ ÓÅÔËÉ, Ï�ÒÅÄÅÌÑÅÍÏÇÏÉÓÈÏÄÎÙÍ �ÏÔÏËÏÍ. ÷ Ä×ÅÎÁÄ�ÁÔÏÍ ÒÁÚÄÅÌÅ ÎÁÊÄÅÎÏ ×ÒÅÍÑ ×ÙÞÉÓÌÅÎÉÊ×Ó�ÌÅÓËÏ×ÏÇÏ ÒÁÚÌÏÖÅÎÉÑ ÎÁ ×ÙÞÉÓÌÉÔÅÌØÎÏÊ ÓÉÓÔÅÍÅ Ó ÕÞÅÔÏÍ ×ÌÉÑ-ÎÉÑ ËÏÍÍÕÎÉËÁ�ÉÏÎÎÏÊ ÓÒÅÄÙ.
§1. ïÓÎÏ×ÎÁÑ ÉÄÅÑ Ó�ÌÁÊÎ-×Ó�ÌÅÓËÏ×ÏÇÏ ÒÁÚÌÏÖÅÎÉÑ(ÎÅËÌÁÓÓÉÞÅÓËÉÊ �ÏÄÈÏÄ)äÌÑ ÕÄÏÂÓÔ×Á ÞÉÔÁÔÅÌÑ ÚÄÅÓØ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÏÂÝÁÑ ÉÄÅÑ (ÓÍ. [5℄)Ó�ÌÁÊÎ-×Ó�ÌÅÓËÏ×ÏÇÏ ÒÁÚÌÏÖÅÎÉÑ ÎÁ ÏÄÎÏÍÅÒÎÏÍ �ÒÉÍÅÒÅ; ÄÌÑ �ÒÏÓÔÏ-ÔÙ ÏÂÌÁÓÔØÀ Ï�ÒÅÄÅÌÅÎÉÑ ÚÄÅÓØ ÓÌÕÖÉÔ ËÏÎÔÉÎÕÕÍ { ÉÎÔÅÒ×ÁÌ ×ÅÝÅ-ÓÔ×ÅÎÎÏÊ ÏÓÉ.ðÕÓÔØ L { ÌÉÎÅÊÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË�ÉÊ, Ï�ÒÅÄÅÌÅÎÎÙÈ ÎÁ ÉÎ-ÔÅÒ×ÁÌÅ (�; �) ⊂ R1. òÁÓÓÍÏÔÒÉÍ ÓÅÔËÕX : : : : < x−2 < x−1 < x0 < x1 < x2 < : : : ; (1:1)limj→−∞

xj = �; limj→−∞
xj = �; (1:2)É ×ÅËÔÏÒ-ÆÕÎË�ÉÀ '(t) def== ('0(t); '1(t); : : : ; 'm(t)), t ∈ (�; �), Ó ËÏÍ�Ï-ÎÅÎÔÁÍÉ, �ÒÉÎÁÄÌÅÖÁÝÉÍÉ �ÒÏÓÔÒÁÎÓÔ×Õ L: 'i ∈ L, i ∈ {0; 1; : : : ;m}.òÁÓÓÍÏÔÒÉÍ ÍÎÏÖÅÓÔ×Ï G ÌÉÎÅÊÎÙÈ ÆÕÎË�ÉÏÎÁÌÏ× g(s) ∈ L∗, G def==

{g(s)}s∈Z, ÓÏ Ó×ÏÊÓÔ×ÏÍsupp g(s) ⊂ (xs; xs+1) ∀s ∈ Z: (1:3)òÅÚÕÌØÔÁÔ ÄÅÊÓÔ×ÉÑ ÆÕÎË�ÉÏÎÁÌÁ g(s) ÎÁ ÆÕÎË�ÉÀ u ∈ L ÏÂÏÚÎÁÞÁÅÔ-ÓÑ ÏÓÔÒÙÍÉ ÓËÏÂËÁÍÉ 〈g(s); u〉, Á ÒÅÚÕÌØÔÁÔ ÄÅÊÓÔ×ÉÑ ÆÕÎË�ÉÏÎÁÌÁ ÎÁ×ÅËÔÏÒ-ÆÕÎË�ÉÀ '(t) �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ×ÅËÔÏÒ-ÓÔÏÌÂÅ� Ó ÞÉÓÌÏ×ÙÍÉËÏÍ�ÏÎÅÎÔÁÍÉ × ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÆÏÒÍÕÌÁÍÉ
〈g(s); '〉 def== (〈g(s); '0〉; 〈g(s); '1〉; : : : ; 〈g(s); 'm〉)T :ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅdet(〈g(s); '〉; 〈g(s+1); '〉; : : : ; 〈g(s+m); '〉) 6= 0 ∀s ∈ Z: (1:4)



36 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷ðÏ Ï�ÒÅÄÅÌÅÎÉÀ �ÏÌÏÖÉÍ as def== 〈g(s); '〉: (1:5)ìÉÎÅÊÎÁÑ ÎÅÚÁ×ÉÓÉÍÏÓÔØ ×ÅËÔÏÒÏ× as; as+1; : : : ; as+m+1 ÓÌÅÄÕÅÔ ÉÚ ÆÏÒ-ÍÕÌÙ (1.4).�Å�ÅÒØ ÒÁÓÓÍÏÔÒÉÍ Á��ÒÏËÓÉÍÁ�ÉÏÎÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑk∑i=k−m ai!i(t) = '(t) ∀t ∈ (xk; xk+1) ∀k ∈ Z; (1:6)supp!s ⊂ [xs; xs+m+1℄ ∀s ∈ Z: (1:7)éÚ Á��ÒÏËÓÉÍÁ�ÉÏÎÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ (1.6){(1.7) ÏÄÎÏÚÎÁÞÎÏ Ï�ÒÅÄÅÌÑ-ÀÔÓÑ ÆÕÎË�ÉÉ !i(t).ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ !s ∈ L. óÏÇÌÁÓÎÏ ÆÏÒÍÕÌÁÍ (1.3){(1.7) ÉÍÅÅÍ
〈g(j); !s〉 = Æj;s ∀j; s ∈ Z:òÁÓÓÍÏÔÒÉÍ ÌÉÎÅÊÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï S = S(X;') def== L{!s}s∈Z; ÇÄÅ L {ÌÉÎÅÊÎÁÑ ÏÂÏÌÏÞËÁ ÆÕÎË�ÉÊ, ÎÁÈÏÄÑÝÉÈÓÑ × ÆÉÇÕÒÎÙÈ ÓËÏÂËÁÈ.åÓÌÉ ÒÁÓÓÍÏÔÒÅÔØ �ÏÄÍÎÏÖÅÓÔ×Ï X̃ ÓÅÔËÉ X ÔÁËÏÅ, ÞÔÏX̃ : : : : < x̃−2 < x̃−1 < x̃0 < x̃1 < x̃2 < : : : ;limj→−∞

x̃j = �; limj→−∞
x̃j = �; X̃ ⊂ X;ÔÏ ÍÏÖÎÏ ÎÁÊÔÉ ÆÕÎË�ÉÉ !̃i, Ó×ÑÚÁÎÎÙÅ Ó ÎÏ×ÏÊ ÓÅÔËÏÊ X̃ ÁÎÁÌÏÇÉÞ-ÎÏ �ÒÅÄÙÄÕÝÅÍÕ, É ÒÁÓÓÍÏÔÒÅÔØ ÌÉÎÅÊÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï S̃ = S(X̃; '),ËÏÔÏÒÏÅ �ÒÉ Ï�ÒÅÄÅÌÅÎÎÙÈ ÕÓÌÏ×ÉÑÈ ÏËÁÖÅÔÓÑ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÏÍ �ÒÏ-ÓÔÒÁÎÓÔ×Á S(X;').òÁÓÓÍÏÔÒÉÍ Ï�ÅÒÁÔÏÒ P , ËÏÔÏÒÙÊ �ÒÏÅ�ÉÒÕÅÔ �ÒÏÓÔÒÁÎÓÔ×Ï S ÎÁ�ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï S̃:Pu def== ∑s∈Z

〈g̃(s); u〉!s ∀u ∈ S(X;'); (1:8)ÇÄÅ {g̃(s)}s∈Z { ÆÉËÓÉÒÏ×ÁÎÎÁÑ ÓÉÓÔÅÍÁ ÆÕÎË�ÉÏÎÁÌÏ×, ÂÉÏÒÔÏÇÏÎÁÌØ-ÎÁÑ ÓÉÓÔÅÍÅ ÆÕÎË�ÉÊ {!̃i}i∈Z. ñÓÎÏ, ÞÔÏ ÅÓÌÉ t ∈ (x̃k ; x̃k+1) ÆÉËÓÉÒÏ-×ÁÎÏ, ÔÏ �ÒÁ×ÁÑ ÞÁÓÔØ ÆÏÒÍÕÌÙ (1.8) ÉÍÅÅÔ ÎÅ ÂÏÌÅÅ m+1 ÓÌÁÇÁÅÍÏÇÏ:Pu(t) def== k∑s=k−m〈g̃(s); u〉!s(t) ∀t ∈ (x̃k; x̃k+1): (1:9)



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 37ðÒÏÅ�ÉÒÕÀÝÉÊ Ï�ÅÒÁÔÏÒ P Ï�ÒÅÄÅÌÑÅÔ ×Ó�ÌÅÓËÏ×ÏÅ ÒÁÚÌÏÖÅÎÉÅ
S = S̃

:+W: (1:10)ðÕÓÔØ 
 = (: : : ; 
−2; 
−1; 
0; 
1; 
2; : : :) { ÉÓÈÏÄÎÙÊ �ÏÔÏË ÞÉÓÌÏ×ÏÊ ÉÎ-ÆÏÒÍÁ�ÉÉ. òÁÓÓÍÏÔÒÉÍ ÆÕÎË�ÉÀu(t) def== ∑j 
j!j(t); (1:11)ÅÅ �ÒÏÅË�ÉÑ ũ def== Pu ÎÁ �ÒÏÓÔÒÁÎÓÔ×Ï S̃ ÍÏÖÅÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÁ ×ÆÏÒÍÅ ũ = ∑i ai!̃i: (1:12)éÔÁË, ÉÍÅÅÍ ÔÁË ÎÁÚÙ×ÁÅÍÙÊ ÏÓÎÏ×ÎÏÊ �ÏÔÏËa def== (: : : ; a−2; a−1; a0; a1; a2; : : :);ËÏÔÏÒÙÊ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÕËÒÕ�ÎÅÎÉÀ X̃ ÓÅÔËÉ X , Á ÔÁËÖÅ ×Ó�ÅÓËÏ×ÙÊ�ÏÔÏË b def== (: : : ; b−2; b−1; b0; b1; b2; : : :), ËÏÔÏÒÙÊ Ï�ÒÅÄÅÌÑÅÔÓÑ ÒÁÚÌÏÖÅ-ÎÉÅÍ ÒÁÚÎÏÓÔÉ w def== u− ũ �Ï ÂÁÚÉÓÕ �ÒÏÓÔÒÁÎÓÔ×Á S: w = ∑s bs!s (ÓÍ.ÆÏÒÍÕÌÙ (1.9){(1.12)).ðÅÒÅÈÏÄ ÏÔ ÉÓÈÏÄÎÏÇÏ �ÏÔÏËÁ 
 Ë �ÏÔÏËÁÍ a É b ÎÁÚÙ×ÁÅÔÓÑ ÄÅËÏÍ-�ÏÚÉ�ÉÅÊ, Á ÏÂÒÁÔÎÙÊ �ÅÒÅÈÏÄ ÎÁÚÙ×ÁÅÔÓÑ ÒÅËÏÎÓÔÒÕË�ÉÅÊ.æÏÒÍÕÌÙ ÄÅËÏÍ�ÏÚÉ�ÉÉ ÍÏÇÕÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÙ × ÆÏÒÍÅ a = Q
;b = 
−PTQ
; Á ÆÏÒÍÕÌÙ ÒÅËÏÎÓÔÒÕË�ÉÉ { × ÆÏÒÍÅ 
 = b+PTa; ÇÄÅ
P É Q { ÍÁÔÒÉ�Ù ÓÕÖÅÎÉÑ É �ÒÏÄÏÌÖÅÎÉÑ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.÷ ÞÁÓÔÎÏÍ ÓÌÕÞÁÅ ÄÌÑm = 1, '(t) = (1; t)T , X\X̃ = {xk+1} ÆÏÒÍÕÌÙÄÅËÏÍ�ÏÚÉ�ÉÉ ÉÍÅÀÔ ×ÉÄai = 
i �ÒÉ i 6 k − 1; ai = 
i+1 �ÒÉ i > k;bj = 0 �ÒÉ j 6= k; bk = −xk+2 − xk+1xk+2 − xk ·
k−1+
k− xk+1 − xkxk+2 − xk ·
k+1;Á ÆÏÒÍÕÌÙ ÒÅËÏÎÓÔÒÕË�ÉÉ ÍÏÇÕÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÙ × ÆÏÒÍÅ
j = aj + bj �ÒÉ j 6 k − 1;
k = xk+2 − xk+1xk+2 − xk · ak−1 + xk+1 − xkxk+2 − xk · ak + bk;
j = aj−1 + bj �ÒÉ j > k + 1:



38 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷úÁÍÅÔÉÍ, ÞÔÏ ÅÓÌÉ ÏÔÒÅÚÏË [a; b℄ ÓÏÄÅÒÖÉÔÓÑ × ÉÎÔÅÒ×ÁÌÅ (�; �), ÔÏ×ÓÅ �ÒÅÄÙÄÕÝÉÅ �ÏÓÔÒÏÅÎÉÑ Ó�ÒÁ×ÅÄÌÉ×Ù ÄÌÑ ÓÕÖÅÎÉÑ ÒÁÓÓÍÁÔÒÉ×Á-ÅÍÙÈ ÆÕÎË�ÉÊ ÎÁ ÜÔÏÔ ÏÔÒÅÚÏË; �ÒÉ ÜÔÏÍ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÅ ÓÅÔËÉ, ÁÔÁËÖÅ ÉÓÈÏÄÎÙÊ, ÏÓÎÏ×ÎÏÊ É ×Ó�ÌÅÓËÏ×ÙÊ �ÏÔÏËÉ ÏËÁÚÙ×ÁÀÔÓÑ ËÏÎÅÞ-ÎÙÍÉ.îÁ ÜÔÏÍ ÚÁËÏÎÞÉÍ Ï�ÉÓÁÎÉÅ ÏÓÎÏ×ÎÏÊ ÉÄÅÉ �ÏÓÔÒÏÅÎÉÊ É �ÅÒÅÊÄÅÍË ÒÅÁÌÉÚÁ�ÉÉ ÜÔÏÊ ÉÄÅÉ × ÕÓÌÏ×ÉÑÈ, ËÏÇÄÁ ÒÁÓÍÁÔÒÉ×ÁÀÔÓÑ ÌÉÛØ ÓÅ-ÔÏÞÎÙÅ ÆÕÎË�ÉÉ.
§2. ðÅÒ×ÏÎÁÞÁÌØÎÙÅ ÏÂÏÚÎÁÞÅÎÉÑ÷ ÏÔÌÉÞÉÅ ÏÔ �ÒÅÄÙÄÕÝÅÇÏ �ÕÎËÔÁ, ÇÄÅ Ï�ÉÓÙ×ÁÅÔÓÑ ÏÓÎÏ×ÎÁÑ ÉÄÅÑÓ�ÌÁÊÎ-×Ó�ÌÅÓËÏ×ÙÈ ÒÁÚÌÏÖÅÎÉÊ, × ÄÁÎÎÏÊ ÒÁÂÏÔÅ ×ÓÀÄÕ (ËÒÏÍÅ ÒÁÚÄÅ-ÌÁ 11) ÒÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ ÓÅÔÏÞÎÙÅ ÆÕÎË�ÉÉ, ÏÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑ ËÏ-ÔÏÒÙÈ { ÔÁ ÉÌÉ ÉÎÁÑ ÓÅÔËÁ ×ÉÄÁ (1.1){(1.2) ÉÌÉ ÅÅ ÞÁÓÔØ. �ÁËÏÊ �ÏÄ-ÈÏÄ ÕÄÏÂÅÎ �ÒÉ ÏÂÒÁÂÏÔËÅ ÞÉÓÌÏ×ÙÈ �ÏÔÏËÏ×, �ÒÅÄÓÔÁ×ÌÑÀÝÉÈ ÓÏÂÏÊ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ ÞÉÓÅÌ; �ÏÓÌÅÄÎÉÅ ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË ÆÕÎË-�ÉÉ ÚÁÄÁÎÎÙÅ ÎÁ ÓÅÔËÅ (ÎÁ�ÒÉÍÅÒ, ÎÁ ÍÎÏÖÅÓÔ×Å �ÅÌÙÈ ÞÉÓÅÌ).ðÕÓÔØ ÎÁ ÉÎÔÅÒ×ÁÌÅ (�; �) ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÓÅÔËÁ� : : : : < �−2 < �−1 < �0 < �1 < �2 : : : ; (2:1)limi→−∞

�i = �; limi→+∞
�i = �: (2:2)íÎÏÖÅÓÔ×Ï ÆÕÎË�ÉÊ u(t), ÚÁÄÁÎÎÙÈ ÎÁ ÓÅÔËÅ �, ÏÂÏÚÎÁÞÉÍ C(�); ÑÓÎÏ,ÞÔÏ C(�) { ÌÉÎÅÊÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï.åÓÌÉ a ∈ �, ÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÅ i ∈ Z, ÞÔÏ a = �i; × ÜÔÏÍ ÓÌÕÞÁÅÏÂÏÚÎÁÞÉÍ a− def== �i−1, a+ def== �i+1.äÁÌÅÅ �ÒÅÄ�ÏÌÁÇÁÅÔÓÑ, ÞÔÏa; b ∈ �; a+ < b−; (2:3)Ô.Å. ÄÌÑ ÎÅËÏÔÏÒÙÈ i; j ∈ Z, i + 2 < j, ×ÅÒÎÙ ÒÁ×ÅÎÓÔ×Á a = �i, b = �j .ðÒÉ Õ�ÏÍÑÎÕÔÙÈ a É b ××ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÅ 〚a; b〛def== {�s | a 6 �s 6 b; s ∈

Z}; ÔÁËÉÍ ÏÂÒÁÚÏÍ, 〚a; b〛= {�s | i 6 s 6 j; s ∈ Z}; ÍÎÏÖÅÓÔ×Ï 〚a; b〛ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÓÅÔÏÞÎÙÍ ÏÔÒÅÚËÏÍ.òÁÓÓÍÏÔÒÉÍ ÌÉÎÅÊÎÏÅ ÎÏÒÍÉÒÏ×ÁÎÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï C〚a; b〛 ÆÕÎË-�ÉÊ u(t), ÚÁÄÁÎÎÙÈ ÎÁ ÓÅÔÏÞÎÏÍ ÏÔÒÅÚËÅ 〚a; b〛, ÇÄÅ ÎÏÒÍÁ ××ÏÄÉÔÓÑÓÏÏÔÎÏÛÅÎÉÅÍ
‖u‖C〚a; b〛 def== maxt∈〚a; b〛 |u(t)|: (2:4)



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 39ïÞÅ×ÉÄÎÏ, ÞÔÏ �ÒÏÓÔÒÁÎÓÔ×Ï C〚a; b〛 ËÏÎÅÞÎÏÍÅÒÎÏ.
§3. õËÒÕ�ÎÅÎÉÅ ÓÅÔËÉäÌÑ ÎÁÔÕÒÁÌØÎÏÇÏ ÞÉÓÌÁ m �ÏÌÏÖÉÍJm def== {0; 1; : : : ;m}; J ′m def== {−1; 0; 1; : : : ;m}:îÁ ÓÅÔÏÞÎÏÍ ÏÔÒÅÚËÅ 〚a; b〛 ,a = �0 < �1 < : : : < �M−1 < �M = b;ÒÁÓÓÍÏÔÒÉÍ ÆÕÎË�ÉÉ {!j(t)}j∈J ′M−1 �ÒÏÓÔÒÁÎÓÔ×Á C〚a; b〛 :!j(�s) = Æs;j+1; s ∈ JM ; (3:1)Á ÔÁËÖÅ ÌÉÎÅÊÎÙÅ ÆÕÎË�ÉÏÎÁÌÙ g(i), i ∈ J ′M−1, Ï�ÒÅÄÅÌÑÅÍÙÅ ÆÏÒÍÕ-ÌÏÊ

〈g(i); u〉 def== u(�i+1) ∀u ∈ C〚a; b〛: (3:2)óÉÓÔÅÍÁ {!j}j∈J ′M−1 Ñ×ÌÑÅÔÓÑ ÂÁÚÉÓÏÍ × �ÒÏÓÔÒÁÎÓÔ×Å C〚a; b〛; ÂÕ-ÄÅÍ ÎÁÚÙ×ÁÔØ ÅÅ ÄÉÓËÒÅÔÎÙÍ ÂÁÚÉÓÏÍ.ìÅÍÍÁ 1. óÉÓÔÅÍÁ ÆÕÎË�ÉÏÎÁÌÏ× {g(i)}i∈J ′M−1 ÂÉÏÒÔÏÇÏÎÁÌØÎÁ ÄÉÓ-ËÒÅÔÎÏÍÕ ÂÁÚÉÓÕ {!j}j∈J ′M−1 :
〈g(i); !j〉 = Æi;j ∀ i; j ∈ J ′M−1: (3:3)æÏÒÍÕÌÁ (3.3) ÌÅÇËÏ �ÏÌÕÞÁÅÔÓÑ ÉÚ ÆÏÒÍÕÌ (3.1){(3.2).÷ ÄÁÌØÎÅÊÛÅÍ ÕÓÌÏ×ÉÍÓÑ ÓÞÉÔÁÔØ, ÞÔÏ �ÒÉ 
 > d ÍÎÏÖÅÓÔ×Ï 〚
; d〛�ÕÓÔÏ.ðÕÓÔØ 5 6 K < M . òÁÓÓÍÏÔÒÉÍ ÉÎßÅËÔÉ×ÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ κ ÍÎÏ-ÖÅÓÔ×Á JK × ÍÎÏÖÅÓÔ×Ï JM , �ÒÉ ËÏÔÏÒÏÍ

κ(0) = 0; κ(i) < κ(i+ 1); κ(K) =M: (3:4)÷×ÅÄÅÍ ÍÎÏÖÅÓÔ×Ï J∗ ⊂ JM , ÚÁÄÁ×ÁÅÍÏÅ ÆÏÒÍÕÌÏÊJ∗ def== κJK ; (3:5)ÎÁ ÜÔÏÍ ÍÎÏÖÅÓÔ×Å Ï�ÒÅÄÅÌÅÎÏ ÏÄÎÏÚÎÁÞÎÏÅ ÏÂÒÁÔÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ
∀r ∈ J∗ κ−1 : r −→ s; s ∈ JK ; JK = κ−1J∗: òÁÓÓÍÏÔÒÉÍ ÎÏ-×ÕÀ ÓÅÔËÕ X̂ : a = x̂0 < x̂1 < : : : < x̂K = b; (3:6)ÇÄÅ x̂i def== �κ(i), i ∈ JK .



40 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷úÁÍÅÞÁÎÉÅ 1. ÷ ÄÁÌØÎÅÊÛÅÍ ÉÎÏÇÄÁ ÒÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ ×ÉÒÔÕÁÌØÎÙÅÕÚÌÙ �−1 É x̂−1 ÓÅÔÏË 〚a; b〛 É X̃ ÓÏ Ó×ÏÊÓÔ×ÏÍ �−1 = x̂−1 < a; ÏÎÉ×ÉÒÔÕÁÌØÎÙ × ÔÏÍ ÓÍÙÓÌÅ, ÞÔÏ ÓÌÕÖÁÔ ÄÌÑ ÕÄÏÂÓÔ×Á ÚÁ�ÉÓÅÊ, ÎÏ ÎÁÏËÏÎÞÁÔÅÌØÎÙÊ ÒÅÚÕÌØÔÁÔ ÏÎÉ ÎÅ ÏËÁÚÙ×ÁÀÔ ×ÌÉÑÎÉÑ.÷×ÅÄÅÍ ÆÕÎË�ÉÉ !̂j(t), j ∈ J ′K−1, ÓÏÇÌÁÓÎÏ ÆÏÒÍÕÌÁÍ!̂−1(t) = (x̂1 − t)(x̂1 − x̂0)−1 �ÒÉ t ∈ 〚x̂0; x̂−1 〛; (3:7)!̂−1(t) = 0 �ÒÉ t ∈ 〚a; b〛\〚x̂0; x̂−1 〛; (3:8)!̂i(t) = (t− x̂i)(x̂i+1 − x̂i)−1 �ÒÉ t ∈ 〚x̂+i ; x̂−i+1〛; (3:9)!̂i(t) = (x̂i+2 − t)(x̂i+2 − x̂i+1)−1 �ÒÉ t ∈ 〚x̂i+1; x̂−i+2〛; (3:10)!̂i(t) = 0 �ÒÉ t ∈ 〚a; b〛 \ 〚x̂+i ; x̂−i+2〛; i ∈ JK−2; (3:11)!̂K−1(t) = (t− x̂K−1)(x̂K − x̂K−1)−1 �ÒÉ t ∈ 〚x̂+K−1; x̂K〛; (3:12)!̂K−1(t) = 0 �ÒÉ t ∈ 〚a; b〛\〚x̂+K−1; x̂K〛: (3:13)æÏÒÍÕÌÙ (3.7){(3.13) ÍÏÇÕÔ ÂÙÔØ �ÅÒÅ�ÉÓÁÎÙ Ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ÕÚÌÏ×ÉÓÈÏÄÎÏÊ ÓÅÔËÉ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:!̂−1(t) = (�κ(1) − t)(�κ(1) − �κ(0))−1 �ÒÉ t ∈ 〚�κ(0); � −
κ(1)〛; (3:14)!̂−1(t) = 0 �ÒÉ t ∈ 〚a; b〛\〚�κ(0); � −

κ(1)〛; (3:15)!̂i(t) = (t− �κ(i))(�κ(i+1) − �κ(i))−1 �ÒÉ t ∈ 〚� +
κ(i); �κ(i+1)〛; (3:16)!̂i(t) = (�κ(i+2) − t)(�κ(i+2) − �κ(i+1))−1�ÒÉ t ∈ 〚� +

κ(i+1); � −
κ(i+2)〛; (3:17)!̂i(t) = 0 �ÒÉ t ∈ 〚a; b〛\〚� +

κ(i); � −
κ(i+2)〛; i ∈ JK−2; (3:18)!̂K−1(t) = (t− �κ(K−1))(�κ(K) − �κ(K−1))−1�ÒÉ t ∈ 〚� +

κ(K−1); �κ(K)〛; (3:19)!̂K−1(t) = 0 �ÒÉ t ∈ 〚a; b〛 \ 〚� +
κ(K−1); �κ(K)〛: (3:20)äÌÑ t ∈ 〚a; b〛 ÉÍÅÅÍ̂!i(t) = (t− �κ(i))(�κ(i+1) − �κ(i))−1�ÒÉ t ∈ 〚� +

κ(i); �κ(i+1)〛; i ∈ JK−1; (3:21)!̂i(t) = (�κ(i+2) − t)(�κ(i+2) − �κ(i+1))−1�ÒÉ t ∈ 〚�κ(i+1); � −
κ(i+2)〛; i ∈ J ′K−2; (3:22)!̂i(t) = 0 �ÒÉ t ∈ 〚a; b〛 \ 〚� +

κ(i); � −
κ(i+2)〛: (3:23)



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 41ñÓÎÏ, ÞÔÏ !̂i(�κ(i+1)) = 1 ∀i ∈ J ′K−1: (3:24)úÁÍÅÞÁÎÉÅ 2. îÏÓÉÔÅÌÅÍ ÆÕÎË�ÉÉ !̂i ÎÁÚÏ×ÅÍ ÍÎÏÖÅÓÔ×Ï, ÓÏÓÔÏÑÝÅÅÉÚ ÔÅÈ ÕÚÌÏ× ÓÅÔËÉ X , × ËÏÔÏÒÙÈ ÜÔÁ ÆÕÎË�ÉÑ ÏÔÌÉÞÎÁ ÏÔ ÎÕÌÑ, Á ËÒÁÔ-ÎÏÓÔØÀ ÎÁËÒÙÔÉÑ �(t) ÔÏÞËÉ t ∈ X ÎÏÓÉÔÅÌÑÍÉ ÆÕÎË�ÉÊ !̂i ÎÁÚÏ×ÅÍÞÉÓÌÏ ÆÕÎË�ÉÊ, ÏÔÌÉÞÎÙÈ ÏÔ ÎÕÌÑ × ÔÏÞËÅ t. ñÓÎÏ, ÞÔÏ 1 6 �(t) 6 2, ÁËÒÏÍÅ ÔÏÇÏ �(t) = 2 ∀t ∈ X \ X̂; ÉÌÉ (ÞÔÏ ÔÏ ÖÅ ÓÁÍÏÅ)�(�s) = 2 ∀s ∈ JM\J∗: (3:25)÷ ÄÁÌØÎÅÊÛÅÍ ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÏÂÏÚÎÁÞÅÎÉÅsupp !̂i = 〚x̂i; x̂i+2〛: (3:26)
§4. ëÁÌÉÂÒÏ×ÏÞÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑó�ÌÁÊÎÙ !̂i ÍÏÇÕÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÙ × ×ÉÄÅ ÌÉÎÅÊÎÙÈ ËÏÍÂÉÎÁ�ÉÊÓ�ÌÁÊÎÏ× !ĵ!i(t) = ∑j∈J ′M−1 pi;j!j(t) ∀t ∈ 〚a; b〛; i ∈ J ′K−1; (4:1)ÎÁÚÙ×ÁÅÍÙÈ ËÁÌÉÂÒÏ×ÏÞÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ.ðÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍ t ∈ X × ÓÕÍÍÅ (4.1) ÉÍÅÅÔÓÑ ÏÄÎÏ ÓÌÁÇÁÅÍÏÅ,ÔÁË ÞÔÏ (4.1) ÍÏÖÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ËÁË ÒÁÚÌÏÖÅÎÉÅ ×ÅËÔÏÒÁ !̂i �Ï ÏÒ-ÔÏÇÏÎÁÌØÎÏÊ (× Å×ËÌÉÄÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å RM+1) ÓÉÓÔÅÍÅ ×ÅËÔÏÒÏ× !j .ìÅÍÍÁ 2. äÌÑ ÞÉÓÅÌ pi;j Ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÆÏÒÍÕÌÙ:

p−1;j = !̂−1(�j+1) ∀j ∈ {κ(0)− 1;κ(0); : : : ;κ(1)− 2}; (4:2)
pi;j = !̂i(�j+1) ∀j ∈ {κ(i);κ(i) + 1; : : : ;κ(i+ 2)− 2} ∀i ∈ JK−2;(4:3)

pK−1;j = !̂K−1(�j+1) ∀j ∈ {κ(K − 1);κ(K − 1) + 1; : : : ;κ(K)− 1};(4:4)ÞÉÓÌÁ pr;s, r ∈ J ′K−1, s ∈ J ′M−1, ÎÅ Õ�ÏÍÑÎÕÔÙÅ × ÜÔÉÈ ÆÏÒÍÕÌÁÈ,ÒÁ×ÎÙ ÎÕÌÀ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉÍÅÎÑÑ ÆÕÎË�ÉÏÎÁÌÙ g(j) × (4.1) É ÕÞÉÔÙ×ÁÑ ÓÏ-ÏÔÎÏÛÅÎÉÑ (3.2){(3.3), ÉÍÅÅÍ!̂−1(t) = κ(1)−2∑j=κ(0)−1 !̂−1(�j+1)!j(t) �ÒÉ t ∈ 〚�κ(0); � +
κ(1)〛; (4:5)



42 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷!̂−1(t) = 0 �ÒÉ t ∈ 〚a; b〛 \ 〚�κ(0); � +
κ(1)〛; (4:6)!̂i(t) = κ(i+2)−2∑j=κ(i) !̂i(�j+1)!j(t) �ÒÉ t ∈ 〚� +

κ(i); � −
κ(i+2)〛; (4:7)!̂i(t) = 0 �ÒÉ t ∈ 〚a; b〛\〚� +

κ(i); � −
κ(i+2)〛; i ∈ JK−2; (4:8)!̂K−1(t) = κ(K)−1∑j=κ(K−1) !̂K−1(�j+1)!j(t) �ÒÉ t ∈ 〚� +

κ(K−1); �κ(K)〛; (4:9)!̂K−1(t) = 0 �ÒÉ t ∈ 〚a; b〛 \ 〚� +
κ(K−1); �κ(K)〛: (4:10)éÚ ÆÏÒÍÕÌ (4.5){(4.10) ÓÌÅÄÕÀÔ ÓÏÏÔÎÏÛÅÎÉÑ (4.2){(4.4). �ìÅÍÍÁ 3. þÉÓÌÁ pi;j ÍÏÇÕÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÙ × ÓÌÅÄÕÀÝÅÍ ×ÉÄÅ:

p−1;j = (�κ(1) − �κ(0))−1(�κ(1) − �j+1)
∀j ∈ {κ(0)− 1;κ(0); : : : ;κ(1) − 2}; (4.11)

pi;j = (�κ(i+1) − �κ(i))−1(�j+1 − �κ(i))
∀j ∈ {κ(i);κ(i) + 1; : : : ;κ(i+ 1)− 1} ∀i ∈ JK−2; (4.12)

pi;j = (�κ(i+2) − �κ(i+1))−1(�κ(i+2) − �j+1)
∀j ∈ {κ(i+ 1);κ(i) + 1; : : : ;κ(i+ 2)− 2} ∀i ∈ JK−2; (4.13)

pK−1;j = (�κ(K) − �κ(K−1))−1(�j+1 − �κ(K−1))
∀j ∈ {κ(K − 1);κ(K − 1) + 1; : : : ;κ(K)− 1}; (4.14)ÞÉÓÌÁ pr;s, r ∈ J ′K−1, s ∈ J ′M−1, ÎÅ ÆÉÇÕÒÉÒÕÀÝÉÅ × ÜÔÉÈ ÆÏÒÍÕÌÁÈ,ÒÁ×ÎÙ ÎÕÌÀ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ó ÕÞÅÔÏÍ ÓÏÏÔÎÏÛÅÎÉÊ (3.14){(3.20) �ÒÅÄÓÔÁ×ÌÅ-ÎÉÑ (4.5){(4.10) ÍÏÇÕÔ ÂÙÔØ ÚÁ�ÉÓÁÎÙ × ÓÌÅÄÕÀÝÅÊ ÆÏÒÍÅ:!̂−1(t) = (�κ(1) − �κ(0))−1 κ(1)−2∑j=κ(0)−1(�κ(1) − �j+1) · !j(t)�ÒÉ t ∈ 〚�κ(0); � +

κ(1)〛; (4:15)!̂−1(t) = 0 �ÒÉ t ∈ 〚a; b〛 \ 〚�κ(0); � +
κ(1)〛; (4:16)



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 43!̂i(t) = (�κ(i+1) − �κ(i))−1 κ(i+1)−1∑j=κ(i) (�j+1 − �κ(i)) · !j(t)�ÒÉ t ∈ 〚� +
κ(i); �κ(i+1)〛; (4:17)!̂i(t) = (�κ(i+2) − �κ(i+1))−1 κ(i+2)−2∑j=κ(i+1)(�κ(i+2) − �j+1) · !j(t)�ÒÉ t ∈ 〚� +

κ(i+1); � −
κ(i+2)〛; (4:18)!̂i(t) = 0 �ÒÉ t ∈ 〚a; b〛\〚� +

κ(i); � −
κ(i+2)〛; i ∈ JK−2; (4:19)!̂K−1(t) = (�κ(K) − �κ(K−1))−1 κ(K)−1∑j=κ(K−1)(�j+1 − �κ(K−1)) · !j(t)�ÒÉ t ∈ 〚� +

κ(K−1); �κ(K)〛; (4:20)!̂K−1(t) = 0 �ÒÉ t ∈ 〚a; b〛 \ 〚� +
κ(K−1); �κ(K)〛: (4:21)éÚ (4.15){(4.21) �ÏÌÕÞÁÅÍ ÓÏÏÔÎÏÛÅÎÉÑ (4.11){(4.14). �òÁÓÓÍÏÔÒÉÍ ÆÕÎË�ÉÏÎÁÌÙ

〈ĝ(i); u〉 def== u(x̂i+1) ∀u ∈ C〚a; b〛; i ∈ J ′K−1: (4:22)ìÅÍÍÁ 4. óÉÓÔÅÍÁ ÆÕÎË�ÉÏÎÁÌÏ× (4.22) ÂÉÏÒÔÏÇÏÎÁÌØÎÁ ÓÉÓÔÅÍÅÓ�ÌÁÊÎÏ× {!̂j}j∈J ′K−1 :
〈ĝ(i); !̂j〉 = Æi;j ∀i; j ∈ J ′K−1: (4:23)äÏËÁÚÁÔÅÌØÓÔ×Ï ÓÏÏÔÎÏÛÅÎÉÊ (4.23) ÌÅÇËÏ �ÏÌÕÞÁÅÔÓÑ ÉÚ ÆÏÒÍÕÌ(3.7){(3.13) �ÒÉÍÅÎÅÎÉÅÍ Ë ÎÉÍ ÆÕÎË�ÉÏÎÁÌÏ× (4.22). �ìÅÍÍÁ 5. ó�ÒÁ×ÅÄÌÉ×Ù ÒÁ×ÅÎÓÔ×Áĝ(i) = g(κ(i+1)−1) �ÒÉ i ∈ J ′K−1: (4:24)äÏËÁÚÁÔÅÌØÓÔ×Ï. éÓ�ÏÌØÚÕÑ ÓÏÏÔÎÏÛÅÎÉÑ (3.2), (3.4){(3.6) É (4.22),ÄÌÑ u ∈ C〚a; b〛 É i ∈ J ′K−1 ÉÍÅÅÍ

〈ĝ(i); u〉 = u(x̂i+1) = u(�κ(i+1)) = 〈gκ(i+1)−1; u〉;�ÏÓÌÅÄÎÅÅ ÜË×É×ÁÌÅÎÔÎÏ ÒÁ×ÅÎÓÔ×ÁÍ (4.24). �óÌÅÄÓÔ×ÉÅ 1. ÷ÅÒÎÏ ÒÁ×ÅÎÓÔ×Ïĝ(κ−1(j+1)−1) = g(j) ∀j + 1 ∈ J∗: (4:25)



44 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ (4.24) �ÏÌÏÖÉÍ j = κ(i + 1) − 1. ðÏÓËÏÌØËÕ i ∈J ′K−1, ÔÏ i + 1 ∈ JK , É ÓÏÇÌÁÓÎÏ Ï�ÒÅÄÅÌÅÎÉÀ J∗ (ÓÍ. ÆÏÒÍÕÌÕ (3.5))ÉÍÅÅÍ κ(i+1) ∈ J∗. éÔÁË, j +1 ∈ J∗ É i = κ−1(j +1)− 1. ðÏÄÓÔÁ×ÌÑÑ�ÏÌÕÞÅÎÎÏÅ i × (4.24), ÎÁÈÏÄÉÍ (4.25). �

§5. íÁÔÒÉ�Á ÓÕÖÅÎÉÑ É ÅÅ Ó×ÏÊÓÔ×ÁòÁÓÓÍÏÔÒÉÍ ÍÁÔÒÉ�Õ P
def== (pi;j), i ∈ J ′K−1; j ∈ J ′M−1, ÎÁÚÙ×ÁÅÍÕÀÍÁÔÒÉ�ÅÊ ÓÕÖÅÎÉÑ; ÚÄÅÓØ, ËÁË É �ÒÅÖÄÅ,
pi;j = 〈g(j); !̂i〉: (5:1)÷×ÅÄÅÍ Õ�ÏÒÑÄÏÞÅÎÎÙÅ (�Ï ×ÏÚÒÁÓÔÁÎÉÀ) �ÏÄÍÎÏÖÅÓÔ×Á ÍÎÏÖÅÓÔ×Á �Å-ÌÙÈ ÞÉÓÅÌ, ÏÂÏÚÎÁÞÁÑ J0 def== {−1; : : : ;κ(1)− 2}; (5:2)J1(r) def== {κ(r); : : : ;κ(r + 1)− 1} ∀r ∈ JK−1; (5:3)J2(r) def== {κ(r + 1); : : : ;κ(r + 2)− 2} ∀r ∈ JK−2; (5:4)J(r) def== J1(r)⋃ J2(r) ∀r ∈ JK−2; J(K − 1) def== J1(K − 1): (5:5)õÓÌÏ×ÉÍÓÑ ÓÞÉÔÁÔØ ÍÎÏÖÅÓÔ×Ï �ÕÓÔÙÍ, ÅÓÌÉ �ÅÒ×ÏÅ ÉÚ ×Ù�ÉÓÁÎÎÙÈÞÉÓÅÌ ÂÏÌØÛÅ �ÏÓÌÅÄÎÅÇÏ.úÁÍÅÞÁÎÉÅ 3. óÏÇÌÁÓÎÏ ÔÏÌØËÏ ÞÔÏ ××ÅÄÅÎÎÙÍ ÓÏÇÌÁÛÅÎÉÑÍ, ÒÁ×ÅÎ-ÓÔ×Ï J2(r) = ∅ ÜË×É×ÁÌÅÎÔÎÏ ÓÏÏÔÎÏÛÅÎÉÀ κ(r + 2)−κ(r + 1) < 2.ðÏÓËÏÌØËÕ κ(s) { ×ÏÚÒÁÓÔÁÀÝÁÑ �ÅÌÏÞÉÓÌÅÎÎÁÑ ÆÕÎË�ÉÑ (ÔÁË ÞÔÏ

κ(r + 2) − κ(r + 1) > 1), ÔÏ ÍÎÏÖÅÓÔ×Ï J2(r) ÍÏÖÅÔ ÂÙÔØ �ÕÓÔÙÍÌÉÛØ × ÔÏÍ ÓÌÕÞÁÅ, ËÏÇÄÁ κ(r + 2) = κ(r + 1) + 1. íÎÏÖÅÓÔ×Ï J1(r)ÎÅ ÍÏÖÅÔ ÏËÁÚÁÔØÓÑ �ÕÓÔÙÍ, ÉÂÏ ÎÅÒÁ×ÅÎÓÔ×Ï κ(r + 1) − κ(r) < 1 ÄÌÑÆÕÎË�ÉÉ κ(s) ÎÅ×ÏÚÍÏÖÎÏ. ìÅÇËÏ ×ÉÄÅÔØ, ÞÔÏ ÍÎÏÖÅÓÔ×Á J0 É J(K−1)ÔÁËÖÅ ÎÅ ÍÏÇÕÔ ÂÙÔØ �ÕÓÔÙÍÉ.�ÅÏÒÅÍÁ 1. C�ÒÁ×ÅÄÌÉ×Ù ËÁÌÉÂÒÏ×ÏÞÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ!̂r(t) = ∑q∈J ′M−1 pr;q!q(t) ∀t ∈ 〚a; b〛; r ∈ J ′K−1; (5:6)ÇÄÅ
p−1;q = �κ(1) − �q+1�κ(1) − �κ(0) ; q ∈ J0; (5:7)

pr;q = �q+1 − �κ(r)�κ(r+1) − �κ(r) ; q ∈ J1(r); r ∈ JK−1; (5:8)
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pr;q = �κ(r+2) − �q+1�κ(r+2) − �κ(r+1) ; q ∈ J2(r); r ∈ JK−2; (5:9)Á ÎÅÕ�ÏÍÑÎÕÔÙÅ × ÆÏÒÍÕÌÁÈ (5.7){(5.9) ÜÌÅÍÅÎÔÙ pr;q ÍÁÔÒÉ�Ù P ÒÁ×-ÎÙ ÎÕÌÀ.äÏËÁÚÁÔÅÌØÓÔ×Ï. úÁÍÅÔÉÍ, ÞÔÏ ÓÏÏÔÎÏÛÅÎÉÑ (5.8) É (5.9) ÎÅ�ÒÏÔÉ×Ï-ÒÅÞÉ×Ù, ÉÂÏ �ÒÉ ÚÁÄÁÎÎÏÍ r ÍÎÏÖÅÓÔ×Á J1(r) É J2(r) ÎÅ �ÅÒÅÓÅËÁÀÔÓÑ.îÅÔÒÕÄÎÏ ×ÉÄÅÔØ, ÞÔÏ ÆÏÒÍÕÌÙ (5.6){(5.9) Ñ×ÌÑÀÔÓÑ ÄÒÕÇÏÊ ÆÏÒÍÏÊÚÁ�ÉÓÉ ÕÓÔÁÎÏ×ÌÅÎÎÙÈ ÒÁÎÅÅ ÆÏÒÍÕÌ (4.15){(4.21). �óÌÅÄÓÔ×ÉÅ 2. ëÁÌÉÂÒÏ×ÏÞÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ (5.6){(5.9) ÄÌÑ ∀t ∈ 〚a; b〛ÍÏÇÕÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÙ × ×ÉÄÅ!̂−1(t) = ∑j∈J0 p−1;j!j(t); (5:10)!̂i(t) = ∑j∈J(i) pi;j!j(t); i ∈ J ′K−2; (5:11)!̂K−1(t) = ∑j∈J1(K−1) pK−1;j!j(t) ∀t ∈ 〚a; b〛; (5:12)Á ÔÁËÖÅ × ×ÉÄÅ !̂−1(t) = ∑j∈J0 �κ(1) − �j+1�κ(1) − �κ(0)!j(t); (5:13)!̂i(t) = ∑j∈J1(i) �j+1 − �κ(i)�κ(i+1) − �κ(i)!j(t) + ∑j∈J2(i) �κ(i+2) − �j+1�κ(i+2) − �κ(i+1)!j(t);i ∈ JK−2; (5:14)!̂K−1(t) = ∑j∈J1(K−1) �j+1 − �κ(K−1)�κ(K) − �κ(K−1)!j(t) ∀t ∈ 〚a; b〛: (5:15)äÏËÁÚÁÔÅÌØÓÔ×Ï. æÏÒÍÕÌÙ (5.10){(5.15) ÏÞÅ×ÉÄÎÙÍ ÏÂÒÁÚÏÍ ÓÌÅÄÕ-ÀÔ ÉÚ ÔÅÏÒÅÍÙ 1 (ÏÎÉ ÜË×É×ÁÌÅÎÔÎÙ ÓÏÏÔÎÏÛÅÎÉÑÍ (5.6){(5.9)). �óÌÅÄÓÔ×ÉÅ 3. ó�ÒÁ×ÅÄÌÉ×Ù ÓÏÏÔÎÏÛÅÎÉÑ

pi;κ(i+1)−1 = 1 ∀i ∈ J ′K−1: (5:16)åÓÌÉ �ÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍ i ∈ JK−2
κ(i+ 1) = κ(i) + 1; κ(i+ 2) = κ(i+ 1) + 1; (5:17)



46 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷ÔÏ (ËÒÏÍÅ ÅÄÉÎÉÞÎÏÇÏ ÜÌÅÍÅÎÔÁ, ÕËÁÚÁÎÎÏÇÏ ÆÏÒÍÕÌÏÊ (5.16)) ×ÓÅ ÏÓ-ÔÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ i-Ê ÓÔÒÏËÉ ÒÁ×ÎÙ ÎÕÌÀ, ÔÁË ÞÔÏ
pi;s = Æκ(i+1)−1; s ∀s ∈ J ′M−1: (5:18)åÓÌÉ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ κ(1) = 1, ÔÏ ÆÏÒÍÕÌÁ (5.18) ×ÅÒÎÁ ÄÌÑ i = −1,Á ÅÓÌÉ κ(K−1) =M−1, ÔÏ Õ�ÏÍÑÎÕÔÁÑ ÆÏÒÍÕÌÁ ×ÅÒÎÁ �ÒÉ i = K−1.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉ i = −1 ÆÏÒÍÕÌÕ (5.16) �ÏÌÕÞÁÅÍ ÉÚ (5.7), �Ï-ÌÁÇÁÑ ÔÁÍ q = −1. åÓÌÉ i ∈ JK−1, ÔÏ (5.16) ×ÙÔÅËÁÅÔ ÉÚ (5.8) �ÒÉq = κ(i+ 1)− 1.åÓÌÉ i ∈ JK−2, ÔÏ �ÒÉ ÕÓÌÏ×ÉÉ (5.17) ÍÎÏÖÅÓÔ×Ï ÉÎÄÅËÓÏ× J1(i)ÓÏÓÔÏÉÔ ÉÚ ÏÄÎÏÇÏ ÜÌÅÍÅÎÔÁ, J1(i) = {κ(i)}, Á ÍÎÏÖÅÓÔ×Ï ÉÎÄÅËÓÏ×J2(i) �ÕÓÔÏ. ÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÔÅÏÒÅÍÏÊ 1 ÜÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÜÌÅÍÅÎÔÙ

pi;q ÍÁÔÒÉ�Ù P ÄÌÑ q 6= κ(i + 1) − 1 ÒÁ×ÎÙ ÎÕÌÀ, É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,×ÅÒÎÏ ÓÏÏÔÎÏÛÅÎÉÅ (5.18).åÓÌÉ κ(1) = 1, ÔÏ J0 = {−1}, É �ÏÜÔÏÍÕ (ÓÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ 1) ×ÅÒÎÁÆÏÒÍÕÌÁ (5.18) �ÒÉ i = −1, Á ÅÓÌÉ κ(K − 1) = M − 1, ÔÏ J1(K − 1) =
{M−1}, ÏÔËÕÄÁ (ÓÎÏ×Á ÉÓ�ÏÌØÚÕÅÍ ÔÅÏÒÅÍÕ 1) ×Ù×ÏÄÉÍ ÆÏÒÍÕÌÕ (5.18)�ÒÉ i = K − 1. �óÌÅÄÓÔ×ÉÅ 4. åÓÌÉ j + 1 ∈ J∗, ÔÏ × j-Í ÓÔÏÌÂ�Å ÍÁÔÒÉ�Ù P ÎÁ i-ÍÍÅÓÔÅ, i = κ−1(j + 1) − 1, ÎÁÈÏÄÉÔÓÑ ÅÄÉÎÉ�Á; ÏÓÔÁÌØÎÙÅ ÜÌÅÍÅÎÔÙÜÔÏÇÏ ÓÔÏÌÂ�Á { ÎÕÌÉ, ÔÁË ÞÔÏ

pr;j = Ær;κ−1(j+1)−1 ∀r ∈ J ′K−1: (5:19)äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÉÓ�ÏÌØÚÕÅÍ ÆÏÒÍÕÌÙ (5.1) ÄÌÑÞÉÓÅÌ pr;j , ÆÏÒÍÕÌÕ (4.25) É Ó×ÏÊÓÔ×Ï (4.23). ðÒÉ ÌÀÂÏÍ r ∈ J ′K−1ÉÍÅÅÍ pr;j = 〈g(j); !̂r〉 = 〈ĝ(κ−1(j+1)−1); !̂r〉 ∀ r ∈ J ′K−1;ÏÔËÕÄÁ ×ÙÔÅËÁÅÔ ÓÏÏÔÎÏÛÅÎÉÅ (5.19). �

§6. äÉÓËÒÅÔÎÏÅ Ó�ÌÁÊÎ-×Ó�ÌÅÓËÏ×ÏÅ ÒÁÚÌÏÖÅÎÉÅïÂÏÚÎÁÞÉÍ S(X̂) ÌÉÎÅÊÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï, Ñ×ÌÑÀÝÅÅÓÑ ÌÉÎÅÊÎÏÊ ÏÂÏ-ÌÏÞËÏÊ ÆÕÎË�ÉÊ !̂j :
S(X̂) def== L{!̂i(t) | ∀t ∈ 〚a; b〛 ∀i ∈ J ′K−1}:ðÒÏÓÔÒÁÎÓÔ×Ï S(X̂) ÎÁÚÙ×ÁÅÔÓÑ �ÒÏÓÔÒÁÎÓÔ×ÏÍ ÄÉÓËÒÅÔÎÙÈ Ó�ÌÁÊÎÏ×�ÅÒ×ÏÊ ÓÔÅ�ÅÎÉ ÎÁ ÓÅÔËÅ X̂.



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 47úÁÍÅÔÉÍ, ÞÔÏ �ÏÓÔÒÏÅÎÉÑ, ÏÔÎÏÓÑÝÉÅÓÑ Ë ÒÁÎÅÅ �ÒÅÄÌÏÖÅÎÎÏÍÕ (ÓÍ.[3℄) ×Ó�ÌÅÓËÏ×ÏÍÕ ÒÁÚÌÏÖÅÎÉÀ ÄÌÑ ÆÕÎË�ÉÊ, ÚÁÄÁÎÎÙÈ ÎÁ ËÏÎÔÉÎÕÕ-ÍÅ, ÇÏÄÑÔÓÑ É × ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍ ÚÄÅÓØ ÓÌÕÞÁÅ ÄÉÓËÒÅÔÎÙÈ ÞÉÓÌÏ×ÙÈ�ÏÔÏËÏ×. äÌÑ ÕÄÏÂÓÔ×Á ÞÔÅÎÉÑ ÄÁÎÎÏÊ ÒÁÂÏÔÙ É ÕÞÉÔÙ×ÁÑ, ÞÔÏ ÜÔÉ�ÏÓÔÒÏÅÎÉÑ ÚÁÎÉÍÁÀÔ ×ÅÓØÍÁ ÍÁÌÏ ÍÅÓÔÁ, �ÒÉ×ÅÄÅÍ ÉÈ ÚÄÅÓØ.ðÏÓËÏÌØËÕ S(X̂) ⊂ C〚a; b〛, ÔÏ ÍÏÖÎÏ ÒÁÓÓÍÏÔÒÅÔØ Ï�ÅÒÁÔÏÒ P �ÒÏ-Å�ÉÒÏ×ÁÎÉÑ �ÒÏÓÔÒÁÎÓÔ×Á C〚a; b〛 ÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï S(X̂):Pu def== ∑i∈J ′K−1〈ĝ(i); u〉 !̂i ∀u ∈ C〚a; b〛; (6:1)�ÕÓÔØ Q = I − P , ÇÄÅ I { Ï�ÅÒÁÔÏÒ, ÔÏÖÄÅÓÔ×ÅÎÎÙÊ × C〚a; b〛.éÔÁË, × ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó (6.1) �ÏÌÕÞÁÅÍ �ÒÑÍÏÅ ÒÁÚÌÏÖÅÎÉÅC〚a; b〛 = S(X̂) :+W; (6:2)ÇÄÅ W
def== QC〚a; b〛. ðÒÏÓÔÒÁÎÓÔ×Ï S(X̂) ÎÁÚÙ×ÁÅÔÓÑ ÏÓÎÏ×ÎÙÍ �ÒÏ-ÓÔÒÁÎÓÔ×ÏÍ, Á W { �ÒÏÓÔÒÁÎÓÔ×ÏÍ ×Ó�ÌÅÓËÏ× (×ÜÊ×ÌÅÔÏ×) × ×Ó�ÌÅ-ÓËÏ×ÏÍ ÒÁÚÌÏÖÅÎÉÉ (6.2) �ÒÏÓÔÒÁÎÓÔ×Á C〚a; b〛.ðÕÓÔØ u ∈ C〚a; b〛; ÉÓ�ÏÌØÚÕÑ ÓÏÏÔÎÏÛÅÎÉÅ (6.2), �ÏÌÕÞÁÅÍ Ä×Á �ÒÅÄ-ÓÔÁ×ÌÅÎÉÑ ÜÌÅÍÅÎÔÁ u u = ∑s∈J ′M−1 
s!s; (6:3)Á ÔÁËÖÅ u = û+ w; (6:4)ÇÄÅ û def== ∑i∈J ′K−1 ai!̂i; w def== ∑j∈J ′M−1 bj!j ;ai def== 〈ĝ(i); u〉 ∀i ∈ J ′K−1; bj ; 
s ∈ R

1 ∀j; s ∈ J ′M−1: (6:5)ïÞÅ×ÉÄÎÏ, ÓÏÏÔÎÏÛÅÎÉÅ (6.4) �ÒÅÄÓÔÁ×ÌÑÅÔ ×Ó�ÌÅÓËÏ×ÏÅ ÒÁÚÌÏÖÅÎÉÅÜÌÅÍÅÎÔÁ u ∈ C〚a; b〛, ÇÄÅ û ∈ S(X̂), Á w ∈ W.éÚ (6.3){(6.4) ÉÍÅÅÍ
∑j∈J ′M−1 
j!j = ∑i∈J ′K−1 ai ∑j∈J ′M−1 pi;j!j + ∑j∈J ′M−1 bj!j ;



48 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷ÏÔËÕÄÁ ××ÉÄÕ ÌÉÎÅÊÎÏÊ ÎÅÚÁ×ÉÓÉÍÏÓÔÉ ÓÉÓÔÅÍÙ {!j}j∈J ′M−1 �ÏÌÕÞÁÅÍÆÏÒÍÕÌÙ ÒÅËÏÎÓÔÒÕË�ÉÉ
j = ∑i∈J ′K−1 aipi;j + bj ∀j ∈ J ′M−1: (6:6)éÓ�ÏÌØÚÕÑ �ÒÅÄÓÔÁ×ÌÅÎÉÅ (6.5), �ÅÒÅ�ÉÛÅÍ ÆÏÒÍÕÌÙ (6.6) × ×ÉÄÅ
j = ∑i∈J ′K−1〈ĝ(i); u〉pi;j + bj ∀j ∈ J ′M−1É �ÏÄÓÔÁ×ÉÍ ÓÀÄÁ u ÉÚ ÓÏÏÔÎÏÛÅÎÉÑ (6.3):
j = ∑i∈J ′K−1 ∑s∈J ′M−1 
s〈ĝ(i); !s〉pi;j + bj ∀j ∈ J ′M−1;ÏÔÓÀÄÁbj = 
j − ∑i∈J ′K−1 ∑s∈J ′M−1 
s〈ĝ(i); !s〉pi;j ∀j ∈ J ′M−1: (6:7)ðÏÄÓÔÁ×ÌÑÑ (6.3) × (6.5), ÉÍÅÅÍai = 〈ĝ(i); ∑s∈J ′M−1 
s!s〉 ∀i ∈ J ′K−1;ÔÁË ÞÔÏ ai = ∑s∈J ′M−1 
s〈ĝ(i); !s〉 ∀i ∈ J ′K−1: (6:8)æÏÒÍÕÌÙ (6.7) É (6.8) ÎÁÚÙ×ÁÀÔÓÑ ÆÏÒÍÕÌÁÍÉ ÄÅËÏÍ�ÏÚÉ�ÉÉ.
§7. íÁÔÒÉ�Á �ÒÏÄÏÌÖÅÎÉÑðÏÌÁÇÁÑ

qs;j def== 〈ĝ(s); !j〉; (7:1)ÒÁÓÓÍÏÔÒÉÍ ÍÁÔÒÉ�ÕQ
def== (qs;j)s∈J ′K−1; j∈J ′M−1 ; ÜÔÕ ÍÁÔÒÉ�Õ ÎÁÚÙ×ÁÅÍÍÁÔÒÉ�ÅÊ �ÒÏÄÏÌÖÅÎÉÑ.ìÅÍÍÁ 6. ó�ÒÁ×ÅÄÌÉ×Ù ÓÏÏÔÎÏÛÅÎÉÑ

qs;j = Æκ(s+1)−1; j �ÒÉ s ∈ J ′K−1; j ∈ J ′M−1: (7:2)äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÆÏÒÍÕÌ (3.3), (4.22), (4.24), (6.8) É (7.1), ÉÍÅÅÍ
qs;j = 〈ĝ(s); !j〉 = 〈gκ(s+1)−1; !j〉 = Æκ(s+1)−1; j :æÏÒÍÕÌÁ (7.2) ÄÏËÁÚÁÎÁ. �



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 49óÌÅÄÓÔ×ÉÅ 5. ó�ÒÁ×ÅÄÌÉ×Ù ÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ:1) ÎÕÌÅ×ÙÍÉ Ñ×ÌÑÀÔÓÑ ÔÅ ÓÔÏÌÂ�Ù q(j) def== (qsj)s∈J ′K−1 ÍÁÔÒÉ�Ù
Q, ÎÏÍÅÒ j ËÏÔÏÒÙÈ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ j + 1 =∈ J∗;2) ÏÓÔÁÌØÎÙÅ ÓÔÏÌÂ�Ù, Ô.Å. ÓÔÏÌÂ�Ù, ÎÏÍÅÒ j ËÏÔÏÒÙÈ ÕÄÏ×ÌÅ-Ô×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ j + 1 ∈ J∗, ÓÏÄÅÒÖÁÔ ÅÄÉÎÉ�Õ ÎÁ ÍÅÓÔÅ s0, ÇÄÅ
κ(s0 + 1) = j + 1; ÏÓÔÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ j-ÇÏ ÓÔÏÌÂ�Á ÒÁ×ÎÙ ÎÕÌÀ.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÆÏÒÍÕÌÙ (7.2) �ÏÌÕÞÁÅÍ qs;j = Æκ(s+1); j+1, Á�ÏÓËÏÌØËÕ κ(s + 1) ∈ J∗ É j + 1 =∈ J∗, ÔÏ κ(s + 1) 6= j + 1, É ÚÎÁÞÉÔ
qs;j = 0; �ÅÒ×ÙÊ �ÕÎËÔ ÓÌÅÄÓÔ×ÉÑ ÄÏËÁÚÁÎ.åÓÌÉ j+1 ∈ J∗, ÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ s0 ÔÁËÏÅ, ÞÔÏ s0+1 ∈ JKÉ j + 1 = κ(s0 + 1); ÉÚ ÆÏÒÍÕÌÙ (7.2) ÉÍÅÅÍ qs0;j = 1, Á ÄÌÑ s 6= s0 ÉÚÔÏÊ ÖÅ ÆÏÒÍÕÌÙ �ÏÌÕÞÁÅÍ qs0;j = 0. �Å�ÅÒØ ÄÏËÁÚÁÎ É ×ÔÏÒÏÊ �ÕÎËÔÓÌÅÄÓÔ×ÉÑ. �óÌÅÄÓÔ×ÉÅ 6. íÁÔÒÉ�Á Q Ñ×ÌÑÅÔÓÑ ÌÅ×ÏÊ ÏÂÒÁÔÎÏÊ Ë ÍÁÔÒÉ�Å PT :

QPT = I; (7:3)ÇÄÅ I { ÅÄÉÎÉÞÎÁÑ ÍÁÔÒÉ�Á ÒÁÚÍÅÒÏ× (K + 1)× (K + 1).äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÜÌÅÍÅÎÔÁ [QPT ℄i;j ÍÁÔÒÉ�Ù QPT ÉÍÅÅÍ[QPT ℄i;j = ∑s∈J ′M−1 qispjs; i; j ∈ J ′K−1:óÏÇÌÁÓÎÏ ÆÏÒÍÕÌÅ (7.2), ÏÔÓÀÄÁ �ÏÌÕÞÁÅÍ[QPT ℄i;j = ∑s∈J ′M−1 Æκ(i+1)−1;spjs = pj;κ(i+1)−1: (7:4)éÓ�ÏÌØÚÕÑ �ÒÅÄÓÔÁ×ÌÅÎÉÅ (4.22) É ÆÏÒÍÕÌÕ (4.23), ÎÁÈÏÄÉÍ
pj;κ(i+1)−1 = 〈gκ(i+1)−1; !̂j〉 = 〈ĝ(i); !̂j〉 = Æi;j ; i; j ∈ J ′K−1: (7:5)éÚ (7.4) É (7.5) ×Ù×ÏÄÉÍ (7.3). �

§8. ðÏÔÏËÉ. æÏÒÍÕÌÙ ÄÅËÏÍ�ÏÚÉ�ÉÉ÷×ÅÄÅÍ × ÒÁÓÓÍÏÔÒÅÎÉÅ ÔÒÉ ×ÅËÔÏÒÁa def== (a−1; a0; a1; a2; : : : ; aK−1);b def== (b−1; b0; b1; b2; : : : ; bM−1);
 def== (
−1; 
0; 
1; 
2; : : : ; 
M−1)



50 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷É ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ÉÈ ÏÓÎÏ×ÎÙÍ, ×Ó�ÌÅÓËÏ×ÙÍ É ÉÓÈÏÄÎÙÍ ÞÉÓÌÏ×ÙÍÉ�ÏÔÏËÁÍÉ. ìÉÎÅÊÎÙÅ �ÒÏÓÔÒÁÎÓÔ×Á ÜÔÉÈ �ÏÔÏËÏ× ÏÂÏÚÎÁÞÉÍ A, B, CÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.óÏÏÔÎÏÛÅÎÉÑÍÉũ = ∑i∈J ′K−1 ai!̃i; w = ∑i∈J ′N−1 bi!i; u = ∑i∈J ′N−1 
i!i (8:1)ÕÓÔÁÎÁ×ÌÉ×ÁÀÔÓÑ ÌÉÎÅÊÎÙÅ ÉÚÏÍÏÒÆÉÚÍÙ ÔÏÌØËÏ ÞÔÏ ××ÅÄÅÎÎÙÈ �ÒÏ-ÓÔÒÁÎÓÔ× É �ÒÏÓÔÒÁÎÓÔ× S(X̂), W, C〚a; b〛:
A ∼ S(X̂); B ∼ W; C ∼ C〚a; b〛: (8:2)÷×ÉÄÕ ÜÔÉÈ ÉÚÏÍÏÒÆÉÚÍÏ× ÉÍÅÅÍ

C = A
:+B:éÓ�ÏÌØÚÕÑ ××ÅÄÅÎÎÙÅ ×ÅËÔÏÒÙ a;b; 
 É ÍÁÔÒÉ�Ù P É Q, �ÅÒÅ�ÉÛÅÍÆÏÒÍÕÌÙ (6.6){(6.8) × ×ÉÄÅ 
 = b+PTa; (8:3)a = Q
; b = 
− PTQ
: (8:4)ìÅÍÍÁ 7. üÌÅÍÅÎÔÙ [PTQ℄i;j , i; j ∈ J ′M−1, ÍÁÔÒÉÞÎÏÇÏ �ÒÏÉÚ×ÅÄÅ-ÎÉÑ PTQ Ï�ÒÅÄÅÌÑÀÔÓÑ ÆÏÒÍÕÌÁÍÉ[PTQ℄i;j = 0 �ÒÉ i ∈ J ′M−1; j + 1 ∈ JM \ J∗; (8:5)[PTQ℄i;j = pκ−1(j+1)−1;i �ÒÉ i ∈ J ′M−1; j + 1 ∈ J∗: (8:6)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉ j + 1 ∈ J∗, ÓÏÇÌÁÓÎÏ ÆÏÒÍÕÌÅ (7.2), ÉÍÅÅÍ

qs;j = Æκ(s+1)−1;j = Æκ(s+1);j+1 = Æs+1;κ−1(j+1) = Æs;κ−1(j+1)−1 (8:7)
∀s ∈ J ′K−1 ∀j + 1 ∈ J∗; (8:8)Á �ÒÉ j + 1 ∈ JM\J∗ �ÏÌÕÞÁÅÍ

qs;j = Æκ(s+1);j+1 = 0 ∀s ∈ J ′K−1 ∀j + 1 ∈ JM \ J∗: (8:9)ðÒÉ j + 1 ∈ J∗ ÉÚ (8.7){(8.8) ÓÌÅÄÕÅÔ, ÞÔÏ[PTQ℄i;j = ∑s∈J ′K−1 ps;iqs;j = pκ−1(j+1)−1;i �ÒÉ i ∈ J ′M−1:åÓÌÉ j + 1 ∈ JM \ J∗, ÔÏ ÉÚ (8.9) ÉÍÅÅÍ[PTQ℄i;j = 0 �ÒÉ i ∈ J ′M−1; j + 1 ∈ JM \ J∗:éÔÁË, ÆÏÒÍÕÌÙ (8.5){(8.6) ÄÏËÁÚÁÎÙ. �



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 51óÌÅÄÓÔ×ÉÅ 7. åÓÌÉ i+ 1; j + 1 ∈ J∗, ÔÏ[PTQ℄i;j = Æi;j : (8:10)äÏËÁÚÁÔÅÌØÓÔ×Ï. õÞÉÔÙ×ÁÑ, ÞÔÏ j + 1 ∈ J∗, �ÏÌÏÖÉÍr = κ
−1(j + 1)− 1: (8:11)ñÓÎÏ, ÞÔÏ r ∈ J ′K−1 É j = κ(r +1)− 1. óÏÇÌÁÓÎÏ ÆÏÒÍÕÌÅ (8.6), ÉÍÅÅÍ[PTQ℄i;j = pκ−1(j+1)−1;i = pr;i �ÒÉ i ∈ J ′M−1; j + 1 ∈ J∗: (8:12)ðÏÓËÏÌØËÕ �Ï ÕÓÌÏ×ÉÀ i + 1 ∈ J∗, ÔÏ ×Ù�ÏÌÎÅÎÙ ÕÓÌÏ×ÉÑ ÓÌÅÄÓÔ×ÉÑ 4(Ó j = i), É �ÏÜÔÏÍÕ, ÓÏÇÌÁÓÎÏ ÆÏÒÍÕÌÅ (5.19), �ÏÌÕÞÁÅÍ

pr;i = Ær;κ−1(i+1)−1: (8:13)õÞÉÔÙ×ÁÑ (8.13) × ÓÏÏÔÎÏÛÅÎÉÉ (8.12), ÎÁÈÏÄÉÍ[PTQ℄i;j = Ær;κ−1(i+1)−1: (8:14)ðÏÄÓÔÁ×ÌÑÑ r ÉÚ (8.11) × ÓÏÏÔÎÏÛÅÎÉÅ (8.14), �ÏÓÌÅ ÜÌÅÍÅÎÔÁÒÎÙÈ �ÒÅ-ÏÂÒÁÚÏ×ÁÎÉÊ ÎÁÈÏÄÉÍ[PTQ℄i;j = Æκ−1(j+1)−1;κ−1(i+1)−1 = Æi;j :üÔÉÍ ÄÏËÁÚÁÎÁ ÆÏÒÍÕÌÁ (8.10). ��ÅÏÒÅÍÁ 2. äÌÑ ÆÏÒÍÕÌ ÄÅËÏÍ�ÏÚÉ�ÉÉ Ó�ÒÁ×ÅÄÌÉ×Ù ÓÏÏÔÎÏÛÅÎÉÑai = 
κ(i+1)−1 ∀i ∈ J ′K−1; (8:15)bq = 0 ∀q + 1 ∈ J∗; (8:16)bq = 
q − ∑j∈J ′K−1〈g(q); !̂j〉
κ(j+1)−1 ∀q + 1 ∈ JM \ J∗: (8:17)äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ (6.8) É (7.1){(7.2) �ÒÉ i ∈ J ′K−1 ÉÍÅÅÍai = ∑j∈J ′M−1 qij
j = ∑j∈J ′M−1 Æκ(i+1)−1
j = 
κ(i+1)−1:éÔÁË, ÆÏÒÍÕÌÁ (8.15) ÕÓÔÁÎÏ×ÌÅÎÁ.éÚ ×ÔÏÒÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ (8.4) ÉÍÅÅÍbq = 
q − [PTQ
℄q ∀q ∈ J ′M−1;ÔÁË ÞÔÏ bq = 
q − ∑s∈J ′M−1[PTQ℄q;s 
s:



52 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷õÞÉÔÙ×ÁÑ ÆÏÒÍÕÌÙ (8.5),[PTQ℄q;s = 0 �ÒÉ s+ 1 =∈ J∗ ∀q ∈ J ′M−1;�ÏÌÕÞÁÅÍ bq = 
q − ∑s+1∈J∗

[PTQ℄q;s 
s:éÚ (8.6) ÓÌÅÄÕÅÔ, ÞÔÏbq = 
q − ∑s+1∈J∗

pκ−1(s+1)−1;q 
s: (8:18)éÚ (5.19) �ÒÉ q + 1 ∈ J∗ �ÏÌÕÞÁÅÍ
pκ−1(s+1)−1;q = Æs;q ;ÏÔËÕÄÁ ÎÁÈÏÄÉÍbq = 
q − ∑s+1∈J∗

Æs;q 
s = 0; q + 1 ∈ J∗:üÔÉÍ ÄÏËÁÚÁÎÁ ÆÏÒÍÕÌÁ (8.16).�Å�ÅÒØ ÏÂÒÁÔÉÍÓÑ Ë ÓÌÕÞÁÀ q + 1 ∈ JM \ J∗.éÓ�ÏÌØÚÕÑ ÂÉÅËÔÉ×ÎÏÅ ÓÏÏÔ×ÅÔÓÔ×ÉÅ κ : JK −→ J∗ (ÓÍ. (3.4){(3.5)), × ÆÏÒÍÕÌÅ (8.18) ÓÄÅÌÁÅÍ �ÏÄÓÔÁÎÏ×ËÕ × ÉÎÄÅËÓÅ ÓÕÍÍÉÒÏ×ÁÎÉÑ:j = κ
−1(s+ 1)− 1 ⇐⇒ s = κ(j + 1)− 1;ÑÓÎÏ, ÞÔÏ j ∈ J ′K−1. ÷ ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÁÅÍbq = 
q − ∑j∈J ′K−1 pj; q 
κ(j+1)−1:ðÒÉÍÅÎÑÑ ÆÏÒÍÕÌÕ (5.1), ×Ù×ÏÄÉÍ ÓÏÏÔÎÏÛÅÎÉÅ (8.17). ��ÅÏÒÅÍÁ 3. äÌÑ ×Ó�ÌÅÓËÏ×ÏÇÏ �ÏÔÏËÁ �ÒÉ q + 1 ∈ JM\J∗ ×ÅÒÎÙ ÒÁ-×ÅÎÓÔ×Ábq = 
q−(x̂s+1−x̂s)−1[(x̂s+1−�q+1)
κ(s)−1+(�q+1−x̂s)
κ(s+1)−1]; (8:19)ÇÄÅ x̂s < �q+1 < x̂s+1: (8:20)äÏËÁÚÁÔÅÌØÓÔ×Ï. úÁÍÅÔÉÍ, ÞÔÏ ÏÔÌÉÞÎÙÍÉ ÏÔ ÎÕÌÑ ÓÌÁÇÁÅÍÙÍÉ ×ÓÏÏÔÎÏÛÅÎÉÉ (8.17) Ñ×ÌÑÀÔÓÑ ÒÁÚ×Å ÌÉÛØ ÔÅ, ÄÌÑ ËÏÔÏÒÙÈ 〈g(q); !̂j〉 6= 0;× ÓÉÌÕ Ï�ÒÅÄÅÌÅÎÉÑ (3.2) �ÏÓÌÅÄÎÅÅ ÜË×É×ÁÌÅÎÔÎÏ ÓÏÏÔÎÏÛÅÎÉÀ!̂j(�q+1) 6= 0:



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 53÷ÙÂÅÒÅÍ s ∈ JK ÔÁË, ÞÔÏÂÙ ×Ù�ÏÌÎÑÌÏÓØ ÎÅÒÁ×ÅÎÓÔ×Ï (8.20); ××ÉÄÕÕÓÌÏ×ÉÑ q + 1 ∈ JM\J∗ ÔÁËÏÅ s ÓÕÝÅÓÔ×ÕÅÔ É ÅÄÉÎÓÔ×ÅÎÎÏ. õÞÉÔÙ×ÁÑÓÏÏÔÎÏÛÅÎÉÅ supp !̂j = 〚x̂ +j ; x̂ −j+2〛 (ÓÍ. (3.26)), ×ÉÄÉÍ, ÞÔÏ �ÏÄ ÚÎÁËÏÍÓÕÍÍÙ × (8.17) ÉÍÅÅÔÓÑ ÎÅ ÂÏÌÅÅ Ä×ÕÈ ÎÅÎÕÌÅ×ÙÈ ÓÌÁÇÁÅÍÙÈ, Á ÉÍÅÎÎÏÓÌÁÇÁÅÍÙÅ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÚÎÁÞÅÎÉÑÍ j = s− 1 É j = s. éÔÁË,bq = 
q − 〈g(q); !̂s−1〉
κ(s)−1 − 〈g(q); !̂s〉
κ(s+1)−1: (8:21)äÌÑ ÚÁ×ÅÒÛÅÎÉÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á × ÓÏÏÔÎÏÛÅÎÉÉ (8.21) ÏÓÔÁÌÏÓØ ×ÏÓ-�ÏÌØÚÏ×ÁÔØÓÑ ÆÏÒÍÕÌÁÍÉ (3.7){(3.13). �óÌÅÄÓÔ×ÉÅ 8. æÏÒÍÕÌÅ (8.17) ÍÏÖÎÏ �ÒÉÄÁÔØ ×ÉÄbq = 
q − ps−1;q
κ(s)−1 − ps;q
κ(s+1)−1; (8:22)ÇÄÅ s ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÓÏÏÔÎÏÛÅÎÉÀ (8.20).óÌÅÄÓÔ×ÉÅ 9. ðÒÏÓÔÒÁÎÓÔ×Ï ×Ó�ÌÅÓËÏ×ÙÈ �ÏÔÏËÏ× B ÉÍÅÅÔ ×ÉÄ
B = {b | b = (b−1; b0; : : : ; bM−1) ∀bj−1 ∈ R

1;j ∈ JM \ J∗; b i−1 = 0 ∀i ∈ J∗}; (8:23)ÔÁËÉÍ ÏÂÒÁÚÏÍ, �ÒÏÓÔÒÁÎÓÔ×Ï ×Ó�ÌÅÓËÏ×ÙÈ �ÏÔÏËÏ× Ñ×ÌÑÅÔÓÑ ÌÉ-ÎÅÊÎÏÊ ÏÂÏÌÏÞËÏÊ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÏÊ1 ÓÉÓÔÅÍÙej def== ([ej ℄−1; [ej ℄0; : : : ; [ej ℄M−1);ÇÄÅ [ej ℄i = Æi;j , i; j ∈ J ′M−1.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ×ÅÓÔÎÏ (ÓÍ. [5℄), ÞÔÏ �ÒÏÓÔÒÁÎÓÔ×Ï ×Ó�ÌÅÓËÏ×ÙÈ�ÏÔÏËÏ× ÓÏ×�ÁÄÁÅÔ Ó ÑÄÒÏÍ Ï�ÅÒÁÔÏÒÁ Q. ðÏÓËÏÌØËÕ
Qb = 0 ⇐⇒

∑j∈J ′M−1 qij bj = 0 ∀i ∈ J ′K−1;ÔÏ, ××ÉÄÕ ÓÏÏÔÎÏÛÅÎÉÑ (7.2), ÉÍÅÅÍ
∑j∈J ′M−1 Æκ(i+1)−1;j qij bj = 0 ∀i ∈ J ′K−1
⇐⇒ bκ(i+1)−1 = 0 ∀i ∈ J ′K−1:�ÁËÉÍ ÏÂÒÁÚÏÍ (ÓÍ. ÔÁËÖÅ (8.16)), ÎÕÌÅ×ÙÍÉ ÏËÁÚÙ×ÁÀÔÓÑ ÓÌÅÄÕÀÝÉÅËÏÍ�ÏÎÅÎÔÙ ×Ó�ÌÅÓËÏ×ÏÇÏ �ÏÔÏËÁ:bj−1 = 0 ∀j ∈ J∗:1÷ Å×ËÌÉÄÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å R

M+1 ÓÏ ÓÔÁÎÄÁÒÔÎÙÍ ÓËÁÌÑÒÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ.



54 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷ïÓÔÁÌØÎÙÅ ËÏÍ�ÏÎÅÎÔÙ { �ÒÏÉÚ×ÏÌØÎÙÅ; ÏÎÉ Ï�ÒÅÄÅÌÑÀÔ �ÒÏÓÔÒÁÎ-ÓÔ×Ï B ×Ó�ÌÅÓËÏ×ÙÈ �ÏÔÏËÏ× × �ÒÅÄÓÔÁ×ÌÅÎÉÉ (8.2). æÏÒÍÕÌÁ (8.23)ÄÏËÁÚÁÎÁ. �

§9. éÌÌÀÓÔÒÁÔÉ×ÎÙÊ �ÒÉÍÅÒ ×Ó�ÌÅÓËÏ×ÏÇÏ ÒÁÚÌÏÖÅÎÉÑúÄÅÓØ �ÒÉ×ÅÄÅÍ ÉÌÌÀÓÔÒÁÔÉ×ÎÙÊ �ÒÉÍÅÒ.ðÏÌÏÖÉÍ M = 10 É ÎÁ ÓÅÔÏÞÎÏÍ ÏÔÒÅÚËÅ 〚a; b〛 ÒÁÓÓÍÏÔÒÉÍ ÓÅÔËÕa = �0 < �1 < : : : < �9 < �10 = b;× ËÁÞÅÓÔ×Å ÄÉÓËÒÅÔÎÏÇÏ ÂÁÚÉÓÁ (3.1) ÒÁÓÓÍÏÔÒÉÍ ÜÌÅÍÅÎÔÙ
{!j(t)}j∈J ′M−1�ÒÏÓÔÒÁÎÓÔ×Á C〚a; b〛 :!j(�s) = Æs;j+1; s ∈ J10; (9:1)Á ÔÁËÖÅ ÌÉÎÅÊÎÙÅ ÆÕÎË�ÉÏÎÁÌÙ g(i), i ∈ J ′9, Ï�ÒÅÄÅÌÑÅÍÙÅ ÆÏÒÍÕÌÏÊ

〈g(i); u〉 def== u(�i+1) ∀u ∈ C〚a; b〛; (9:2)ÇÄÅ J10 = {0; 1; 2; : : : ; 9; 10}; J ′9 = {−1; 0; 1; 2; : : : ; 9}:òÁÓÓÍÏÔÒÉÍ ÎÏ×ÕÀ ÓÅÔËÕX̂ : a = x̂0 < x̂1 < : : : < x̂8 = b; (9:3)ÇÄÅ x̂i def== �κ(i), i ∈ J8, Á ÏÔÏÂÒÁÖÅÎÉÅ κ(i) Ï�ÒÅÄÅÌÑÅÔÓÑ ÓÏÏÔÎÏÛÅÎÉÑ-ÍÉ
κ(0) = 0; κ(1) =; : : : ;κ(5) = 5; κ(6) = 8; κ(7) = 9; κ(8) = 10:éÔÁË, × ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍ ÓÌÕÞÁÅ K = 8, Á �ÏÄÍÏÖÅÓÔ×Ï J∗ ÍÎÏÖÅÓÔ×ÁJ10, �ÏÌÕÞÁÅÍÏÅ �Ï ÆÏÒÍÕÌÅ (3.5), ÉÍÅÅÔ ×ÉÄJ∗ = {0; 1; 2; 3; 4; 5; 8; 9; 10};ÔÁËÉÍ ÏÂÒÁÚÏÍ, J10 \ J∗ = {6; 7}:éÚ ÆÏÒÍÕÌÙ (5.2) �ÏÌÕÞÁÅÍ J0 = {−1}, Á ÉÚ (5.3) ÉÍÅÅÍ J1(s) = {s}�ÒÉ s ∈ {0; 1; 2; 3; 4}, J1(5) = {5; 6; 7}, J1(6) = {8}.ðÒÉÍÅÎÑÑ ÆÏÒÍÕÌÕ (5.4), ÎÁÈÏÄÉÍ J2(s) = ∅ �ÒÉ s ∈ {0; 1; 2; 3; 5; 6},J2(4) = {5; 6}, ÉÚ ×ÔÏÒÏÊ ÆÏÒÍÕÌÙ × (5.5) ×Ù×ÏÄÉÍ J1(7) = {9}.îÁËÏÎÅ�, ÓÏÇÌÁÓÎÏ �ÅÒ×ÏÊ ÆÏÒÍÕÌÅ (5.5), ÎÁÈÏÄÉÍ J(s) = {s} �ÒÉs ∈ {0; 1; 2; 3}, J(4) = {4; 5; 6}, J(5) = {5; 6; 7}, J(s) = {s + 2} �ÒÉs ∈ {6; 7}.



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 55÷×ÅÄÅÍ ÆÕÎË�ÉÉ !̂j(t), j ∈ J ′7, ÓÏÇÌÁÓÎÏ ÆÏÒÍÕÌÁÍ (3.7){(3.13) ÉÒÁÓÓÍÏÔÒÉÍ ×ÅËÔÏÒÙ̂!(t) def== (!̂−1(t); !̂0(t); : : : ; !̂7(t))T ;!(t) def== (!−1(t); !0(t); : : : ; !9(t))T :éÚ ÔÅÏÒÅÍÙ 1 (ÓÍ. ÆÏÒÍÕÌÙ (5.7){(5.9)) ÓÌÅÄÕÅÔ, ÞÔÏ ËÁÌÉÂÒÏ×ÏÞÎÙÅÓÏÏÔÎÏÛÅÎÉÑ !̂(t) = P!(t) Ï�ÒÅÄÅÌÑÀÔÓÑ ÍÁÔÒÉ�ÅÊ
P

def==



−1 0 1 2 3 4 5 6 7 8 9
−1̂ 1 0 0 0 0 0 0 0 0 0 00̂ 0 1 0 0 0 0 0 0 0 0 01̂ 0 0 1 0 0 0 0 0 0 0 02̂ 0 0 0 1 0 0 0 0 0 0 03̂ 0 0 0 0 1 0 0 0 0 0 04̂ 0 0 0 0 0 1 �8−�6�8−�5 �8−�7�8−�5 0 0 05̂ 0 0 0 0 0 0 �6−�5�8−�5 �7−�5�8−�5 1 0 06̂ 0 0 0 0 0 0 0 0 0 1 07̂ 0 0 0 0 0 0 0 0 0 0 1




;
ÔÁËÉÍ ÏÂÒÁÚÏÍ, !̂i(t) = !i(t) �ÒÉ i ∈ {−1; 0; 1; 2; 3}; (9:4)!̂4(t) = !4(t) + �8 − �6�8 − �5 · !5(t) + �7 − �6�8 − �5 · !6(t); (9:5)!̂5(t) = �6 − �5�8 − �5 · !5(t) + �7 − �5�8 − �5 · !6(t) + !7(t); (9:6)!̂i(t) = !i+2(t) �ÒÉ i ∈ {6; 7}: (9:7)ðÒÏÉÌÌÀÓÔÒÉÒÕÅÍ ÓÌÅÄÓÔ×ÉÅ 3 ÎÁ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍ �ÒÉÍÅÒÅ. ìÅÇËÏ×ÉÄÅÔØ, ÞÔÏ ÕÓÌÏ×ÉÑ (5.17) ×Ù�ÏÌÎÅÎÙ �ÒÉ i ∈ {0; 1; 2; 3; 6} É Ó�ÒÁ×ÅÄ-ÌÉ×Ù ÓÏÏÔÎÏÛÅÎÉÑ (5.18) �ÒÉ s ∈ J ′9. ðÏÓËÏÌØËÕ κ(1) = 1, ÔÏ ÆÏÒÍÕÌÁ(5.18) Ó�ÒÁ×ÅÄÌÉ×Á �ÒÉ i = −1, ÔÁË ÞÔÏ p−1;s = Æ−1;s �ÒÉ s ∈ J ′9.ðÏÓËÏÌØËÕ K = 8, ÔÏ κ(K − 1) = κ(7) = 9, ÔÁË ÞÔÏ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ-×ÉÅ κ(ë − 1) = M − 1, É �ÏÜÔÏÍÕ ÆÏÒÍÕÌÁ (5.18) Ó�ÒÁ×ÅÄÌÉ×Á �ÒÉi = K − 1 = 7; ÔÁËÉÍ ÏÂÒÁÚÏÍ, p7;s = Æ9;s ÄÌÑ s ∈ J ′9.



56 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷åÝÅ �ÒÏÝÅ ÉÌÌÀÓÔÒÉÒÕÅÔÓÑ ÓÌÅÄÓÔ×ÉÅ 4. õÓÌÏ×ÉÅ j + 1 ∈ J∗ × ÒÁÓ-ÓÍÁÔÒÉ×ÁÅÍÏÍ ÓÌÕÞÁÅ ÜË×É×ÁÌÅÎÔÎÏ ÕÓÌÏ×ÉÀj ∈ {−1; 0; 1; 2; 3; 4; 7; 8; 9}:÷ ÄÁÌØÎÅÊÛÅÍ �ÏÎÁÄÏÂÉÔÓÑ ÒÅÚÕÌØÔÁÔ ÔÒÁÓ�ÏÎÉÒÏ×ÁÎÉÑ ÍÁÔÒÉ�Ù
P:

PT def==



−1̂ 0̂ 1̂ 2̂ 3̂ 4̂ 5̂ 6̂ 7̂
−1 1 0 0 0 0 0 0 0 00 0 1 0 0 0 0 0 0 01 0 0 1 0 0 0 0 0 02 0 0 0 1 0 0 0 0 03 0 0 0 0 1 0 0 0 04 0 0 0 0 0 1 0 0 05 0 0 0 0 0 �8−�6�8−�5 �6−�5�8−�5 0 06 0 0 0 0 0 �8−�7�8−�5 �7−�5�8−�5 0 07 0 0 0 0 0 0 1 0 08 0 0 0 0 0 0 0 1 09 0 0 0 0 0 0 0 0 1




:
ï�ÅÒÁ�ÉÑ �ÒÏÅ�ÉÒÏ×ÁÎÉÑ �ÒÏÓÔÒÁÎÓÔ×Á C〚a; b〛 ÉÓÈÏÄÎÙÈ �ÏÔÏËÏ×

W ÎÁ �ÒÏÓÔÒÁÎÓÔ×Ï S(X̂) ÏÓÎÏ×ÎÙÈ �ÏÔÏËÏ× Ï�ÒÅÄÅÌÑÅÔÓÑ Ó�ÏÓÏÂÏÍ�ÒÏÄÏÌÖÅÎÉÑ ÂÉÏÒÔÏÇÏÎÁÌØÎÏÊ (Ë ÓÉÓÔÅÍÅ ËÏÏÒÄÉÎÁÔÎÙÈ Ó�ÌÁÊÎÏ×
{!̂j}j∈J ′7) ÓÉÓÔÅÍÙ ÆÕÎË�ÉÏÎÁÌÏ× {ĝ(j)j∈J ′7} ÎÁ �ÒÏÓÔÒÁÎÓÔ×Ï C〚a; b〛 (ÓÍ.(6.1), (6.8) É (8.2)). ÷ ËÏÎÅÞÎÏÍ ÓÞÅÔÅ ÜÔÏ �ÒÏÅ�ÉÒÏ×ÁÎÉÅ ÏÚÎÁÞÁÅÔ �ÒÉ-ÍÅÎÅÎÉÅ ÍÁÔÒÉ�Ù �ÒÏÄÏÌÖÅÎÉÑ Q Ë ÉÓÈÏÄÎÏÍÕ �ÏÔÏËÕ 
 ∈ C: a = Q
.óÏÇÌÁÓÎÏ ÆÏÒÍÕÌÁÍ (7.2), × ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍ ÓÌÕÞÁÅ ÍÁÔÒÉ�Á Q ÉÍÅÅÔ×ÉÄ

Q = 


−1 0 1 2 3 4 5 6 7 8 9
−1̂ 1 0 0 0 0 0 0 0 0 0 00̂ 0 1 0 0 0 0 0 0 0 0 01̂ 0 0 1 0 0 0 0 0 0 0 02̂ 0 0 0 1 0 0 0 0 0 0 03̂ 0 0 0 0 1 0 0 0 0 0 04̂ 0 0 0 0 0 1 0 0 0 0 05̂ 0 0 0 0 0 0 0 0 1 0 06̂ 0 0 0 0 0 0 0 0 0 1 07̂ 0 0 0 0 0 0 0 0 0 0 1




;



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 57ÔÁË ÞÔÏ ai = 
i �ÒÉ i ∈ {−1; 0; 1; 2; 3; 4}; (9:8)ai = 
i+2 �ÒÉ i ∈ {7; 8}: (9:9)îÅÔÒÕÄÎÏ ×ÉÄÅÔØ, ÞÔÏ QPT = I , ÇÄÅ I { ÅÄÉÎÉÞÎÁÑ Ë×ÁÄÒÁÔÎÁÑ ÍÁ-ÔÒÉ�Á ÒÁÚÍÅÒÏ× 9× 9. éÚ (8.5){(8.6) ÓÌÅÄÕÅÔ, ÞÔÏ Ë×ÁÄÒÁÔÎÁÑ ÍÁÔÒÉ�Á
PTQ ÒÁÚÍÅÒÏ× 11× 11, ÉÍÅÅÔ ×ÉÄ




−1 0 1 2 3 4 5 6 7 8 9
−1 1 0 0 0 0 0 0 0 0 0 00 0 1 0 0 0 0 0 0 0 0 01 0 0 1 0 0 0 0 0 0 0 02 0 0 0 1 0 0 0 0 0 0 03 0 0 0 0 1 0 0 0 0 0 04 0 0 0 0 0 1 0 0 0 0 05 0 0 0 0 0 �8−�6�8−�5 0 0 �6−�5�8−�5 0 06 0 0 0 0 0 �8−�7�8−�5 0 0 �7−�5�8−�5 0 07 0 0 0 0 0 0 0 0 1 0 08 0 0 0 0 0 0 0 0 0 1 09 0 0 0 0 0 0 0 0 0 0 1




:
úÁÍÅÔÉÍ, ÞÔÏ ËÏÍ�ÏÎÅÎÔÙ ×Ó�ÌÅÓËÏ×ÏÇÏ �ÏÔÏËÁ b = 
−PTQ
 ÚÁ×ÅÄÏ-ÍÏ ÒÁ×ÎÙ ÎÕÌÀ, ÅÓÌÉ ÉÈ ÎÏÍÅÒÁ j ÔÁËÏ×Ù, ÞÔÏ ÞÉÓÌÁ j+1 ÓÏÄÅÒÖÁÔÓÑ ×ÍÎÏÖÅÓÔ×Å J∗. ÷Ó�ÌÅÓËÏ×ÙÊ �ÏÔÏË b �ÏÌÕÞÁÅÔÓÑ ÉÚ ÉÓÈÏÄÎÏÇÏ �ÏÔÏËÁ
 �Ï ÆÏÒÍÕÌÁÍ (8.19). ÷ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍ ÓÌÕÞÁÅ �ÏÌÕÞÁÅÍbj = 0 �ÒÉ j ∈ {−1; 0; 1; 2; 3; 4; 7; 8; 9}; (9:10)b5 = −�8 − �6�8 − �5 
4 + 
5 − �6 − �5�8 − �5 
7; (9:11)b6 = −�8 − �7�8 − �5 
4 + 
6 − �7 − �5�8 − �5 
7: (9:12)æÏÒÍÕÌÙ (9.8){(9.12) Ñ×ÌÑÀÔÓÑ ÆÏÒÍÕÌÁÍÉ ÄÅËÏÍ�ÏÚÉ�ÉÉ.éÓ�ÏÌØÚÕÑ ÆÏÒÍÕÌÕ (8.3), �ÏÌÕÞÁÅÍ ÆÏÒÍÕÌÙ ÒÅËÏÎÓÔÒÕË�ÉÉ ÉÓÈÏÄ-ÎÏÇÏ �ÏÔÏËÁ 
:
j = aj + bj �ÒÉ j ∈ {−1; 0; 1; 2; 3; 4}; (9:13)
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5 = �8 − �6�8 − �5 · a4 + �6 − �5�8 − �5 · a5 + b5; (9:14)
6 = �8 − �7�8 − �5 · a4 + �7 − �5�8 − �5 · a5 + b6; (9:15)
j = aj−2 + bj �ÒÉ j ∈ {7; 8; 9}: (9:16)
§10. ëÏÎÔÉÎÕÁÌØÎÙÊ ÏÂÒÁÚ ÄÉÓËÒÅÔÎÏÇÏ ×Ó�ÌÅÓËÏ×ÏÇÏÒÁÚÌÏÖÅÎÉÑëÁË ÂÙÌÏ ÏÔÍÅÞÅÎÏ ×Ï ××ÅÄÅÎÉÉ, × ÏÔÌÉÞÉÅ ÏÔ ÂÏÌØÛÉÎÓÔ×Á �ÏÄÈÏÄÏ×Ë ×Ó�ÌÅÓËÏ×ÙÍ (×ÜÊ×ÌÅÔÎÙÍ) ÒÁÚÌÏÖÅÎÉÑÍ (ÓÍ. [1, 2℄) × ÄÁÎÎÏÊ ÒÁÂÏ-ÔÅ ÎÅ ÉÓ�ÏÌØÚÏ×ÁÌÉÓØ ÓÔÁÎÄÁÒÔÎÙÅ �ÒÏÓÔÒÁÎÓÔ×Á ÆÕÎË�ÉÊ (ÔÁËÉÅ, ËÁËC[a; b℄, L2 É Ô.�.): ×Ï ×ÓÅÍ ÉÚÌÏÖÅÎÉÉ ÆÉÇÕÒÉÒÏ×ÁÌÉ ÌÉÛØ ËÏÎÅÞÎÏÍÅÒ-ÎÙÅ �ÒÏÓÔÒÁÎÓÔ×Á �ÏÔÏËÏ×. èÏÔÑ ÉÓ�ÏÌØÚÏ×ÁÎÎÙÊ �ÏÄÈÏÄ �ÏÚ×ÏÌÑÅÔ�ÏÄÄÅÒÖÉ×ÁÔØ ÁÌÇÏÒÉÔÍÉÞÅÓËÕÀ ÓÔÒÕËÔÕÒÕ ÎÁ ×ÓÅÈ ÜÔÁ�ÁÈ �ÏÓÔÒÏÅ-ÎÉÊ, ÏÄÎÁËÏ, ÉÎÏÇÄÁ ÍÏÖÅÔ ×ÏÚÎÉËÎÕÔØ ÓÉÔÕÁ�ÉÑ, × ËÏÔÏÒÏÊ ÎÅÏÂÈÏ-ÄÉÍÏ �ÒÉÍÅÎÉÔØ Õ�ÏÍÑÎÕÔÙÅ ×ÙÛÅ ÂÅÓËÏÎÅÞÎÏÍÅÒÎÙÅ �ÒÏÓÔÒÁÎÓÔ×ÁÆÕÎË�ÉÊ (ÎÁ�ÒÉÍÅÒ, ÅÓÌÉ ÉÓÈÏÄÎÙÊ �ÏÔÏË �ÏÌÕÞÁÅÔÓÑ ÄÉÓËÒÅÔÉÚÁ�É-ÅÊ É Ï�ÉÆÒÏ×ËÏÊ ÎÅ�ÒÅÒÙ×ÎÏÇÏ ÓÉÇÎÁÌÁ, �ÏÓÔÕ�ÁÀÝÅÇÏ ÏÔ ÁÕÄÉÏ- ÉÌÉ×ÉÄÅÏ-ÕÓÔÒÏÊÓÔ×Á ÁÎÁÌÏÇÏ×ÏÇÏ ÔÉ�Á). ÷ ÜÔÏÍ ÓÌÕÞÁÅ ××ÅÄÅÎÎÙÅ �ÏÎÑ-ÔÉÑ É ÒÅÚÕÌØÔÁÔÙ ÓÏÈÒÁÎÑÀÔÓÑ Ó �Ï�ÒÁ×ËÏÊ ÎÁ ÏÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑÄÌÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÆÕÎË�ÉÊ; ÜÔÕ ÓÉÔÕÁ�ÉÀ ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ ËÏÎ-ÔÉÎÕÁÌØÎÙÍ ÓÌÕÞÁÅÍ.òÁÓÓÍÏÔÒÉÍ ËÏÎÔÉÎÕÁÌØÎÙÊ ÓÌÕÞÁÊ ÎÅÓËÏÌØËÏ �ÏÄÒÏÂÎÅÅ. ïÂÌÁÓÔØÀÉÚÍÅÎÅÎÉÑ ÁÒÇÕÍÅÎÔÁ t ÓÔÁÎÏ×ÉÔÓÑ ×ÓÑ ×ÅÝÅÓÔ×ÅÎÎÁÑ ÏÓØ R1 ÉÌÉ ÏÔÒÅ-ÚÏË [a; b℄ ⊂ R

1, Á ÍÎÏÖÅÓÔ×Ï X def==〚a; b〛 Ñ×ÌÑÅÔÓÑ ÓÅÔËÏÊ ÎÁ ÏÔÒÅÚËÅ[a; b℄. ðÒÉ ÜÔÏÍ ÎÅËÏÔÏÒÙÅ �ÏÎÑÔÉÑ É ÏÂÏÚÎÁÞÅÎÉÑ �ÅÒÅÏ�ÒÅÄÅÌÑÀÔ-ÓÑ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏ ××ÏÄÉÍÙÅ ÆÕÎË�ÉÉ ÏËÁÚÙ×ÁÀÔÓÑ ÒÅÚÕÌØÔÁÔÏÍÒÁÓÛÉÒÅÎÉÑ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ ÒÁÓÓÍÏÔÒÅÎÎÙÈ ÒÁÎÅÅ ÏÔÏÂÒÁÖÅÎÉÊ,Á ÏÂÏÚÎÁÞÅÎÉÑ ÜÔÉÈ ÏÔÏÂÒÁÖÅÎÉÊ �ÅÒÅÎÏÓÑÔÓÑ ÎÁ Õ�ÏÍÑÎÕÔÙÅ ÆÕÎË-�ÉÉ.äÉÓËÒÅÔÎÙÊ ÂÁÚÉÓ (3.1) ÚÁÍÅÎÑÅÍ ÎÁ ÓÉÓÔÅÍÕ ËÕÓÏÞÎÏ-ÌÉÎÅÊÎÙÈ ÎÅ-�ÒÅÒÙ×ÎÙÈ ÆÕÎË�ÉÊ:!−1(t) = (�1 − t)(�1 − �0)−1 �ÒÉ t ∈ (�0; �1); (10:1)!−1(t) = 0 �ÒÉ t ∈ [a; b℄ \ (�0; �1); (10:2)!i(t) = (t− �i)(�i+1 − �i)−1 �ÒÉ t ∈ (�i; �i+1); (10:3)!i(t) = (�i+2 − t)(�i+2 − �i+1)−1 �ÒÉ t ∈ (�i+1; �i+2); (10:4)



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 59!i(t) = 0 �ÒÉ t ∈ [a; b℄ \ (�i; �i+2); i ∈ JM−2; (10:5)!M−1(t) = (t− �M−1)(�M − �M−1)−1 �ÒÉ t ∈ (�M−1; �M ); (10:6)!M−1(t) = 0 �ÒÉ t ∈ [a; b ℄ \ (�M−1; �M ): (10:7)æÕÎË�ÉÉ !̂j(t), Ï�ÒÅÄÅÌÅÎÎÙÅ ÆÏÒÍÕÌÁÍÉ (3.7){(3.13) ËÁË ÆÕÎË�ÉÉÄÉÓËÒÅÔÎÏÇÏ ÁÒÇÕÍÅÎÔÁ t ∈〚a; b〛, �ÅÒÅÏ�ÒÅÄÅÌÑÀÔÓÑ �ÕÔÅÍ ÒÁÓÛÉÒÅ-ÎÉÑ ÉÈ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ ÄÏ ÏÔÒÅÚËÁ [a; b℄:!̂−1(t) = (x̂1 − t)(x̂1 − x̂0)−1 �ÒÉ t ∈ (x̂0; x̂1); (10:8)!̂−1(t) = 0 �ÒÉ t ∈ [a; b℄ \ (x̂0; x̂1); (10:9)!̂i(t) = (t− x̂i)(x̂i+1 − x̂i)−1 �ÒÉ t ∈ (x̂i; x̂i+1); (10:10)!̂i(t) = (x̂i+2 − t)(x̂i+2 − x̂i+1)−1 �ÒÉ t ∈ (x̂i+1; x̂i+2); (10:11)!̂i(t) = 0 �ÒÉ t ∈ [a; b℄\(x̂i; x̂i+2); i ∈ JK−2; (10:12)!̂K−1(t) = (t− x̂K−1)(x̂K − x̂K−1)−1�ÒÉ t ∈ (x̂K−1; x̂K); (10:13)!̂K−1(t) = 0 �ÒÉ t ∈ [a; b℄\(x̂K−1; x̂K): (10:14)úÁÍÅÔÉÍ, ÞÔÏ �ÅÒÅÈÏÄ Ë ÒÁÓÛÉÒÅÎÎÏÊ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ ÎÅ ÏÔÒÁ-ÖÁÅÔÓÑ ÎÁ ÆÏÒÍÕÌÉÒÏ×ËÁÈ ÌÅÍÍ É ÔÅÏÒÅÍ, ÆÉÇÕÒÉÒÕÀÝÉÈ × ÒÁÚÄÅÌÁÈ1{8.òÁÓÓÍÁÔÒÉ×ÁÑ ÓÉÔÕÁ�ÉÀ Ó Õ�ÏÍÑÎÕÔÏÊ ÔÏÞËÉ ÚÒÅÎÉÑ, ×Ó�ÏÍÎÉÍ, ÞÔÏ
S(X̂) = L{!̂i(t) | ∀t ∈ 〚a; b〛 ∀i ∈ J ′K−1};É ××ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÑX def== 〚a; b〛; S(X) def== C〚a; b〛;
S̃(X) def== L{!j(t) | ∀t ∈ [a; b℄ ∀j ∈ J ′M−1};
S̃(X̂) def== L{!̂i(t) | ∀t ∈ [a; b℄ ∀i ∈ J ′K−1};ÇÄÅ ÆÕÎË�ÉÉ !j(t) É !̂i(t) Ï�ÒÅÄÅÌÑÀÔÓÑ ÓÏÏÔÎÏÛÅÎÉÑÍÉ (10.1){(10.7)É (10.8){(10.14) ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.ïÞÅ×ÉÄÎÙ ÌÉÎÅÊÎÙÅ ÉÚÏÍÏÒÆÉÚÍÙ
C ∼ S̃(X) ∼ S(X); A ∼ S̃(X̂) ∼ S(X̂);Á ÔÁËÖÅ ×ÌÏÖÅÎÉÅ

S̃(X̂) ⊂ S̃(X):÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÆÏÒÍÕÌÁÍÉ (6.2){(6.4) Ó ÕÞÅÔÏÍ Õ�ÏÍÑÎÕÔÙÈ ÉÚÏÍÏÒ-ÆÉÚÍÏ× �ÏÌÕÞÁÅÍ ×Ó�ÌÅÓËÏ×ÏÅ ÒÁÚÌÏÖÅÎÉÅ × ËÏÎÔÉÎÕÁÌØÎÏÍ ÓÌÕÞÁÅ
S̃(X) = S̃(X̂) :+W̃;
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W̃

def== L{!j−1(t) | ∀t ∈ [a; b℄ ∀j ∈ JM \ J∗}:ñÓÎÏ, ÞÔÏ �ÒÏÓÔÒÁÎÓÔ×Á B, W É W̃ ÔÁËÖÅ ÌÉÎÅÊÎÏ ÉÚÏÍÏÒÆÎÙ: B ∼
W ∼ W̃:

§11. ïÂ ÁÌÇÏÒÉÔÍÅ ÕËÒÕ�ÎÅÎÉÑ ÓÅÔËÉ11.1. ðÒÅÄ×ÁÒÉÔÅÌØÎÙÅ ÚÁÍÅÞÁÎÉÑ. äÁÎÎÁÑ ÓÔÁÔØÑ ÎÁÞÉÎÁÌÁÓØ ÓÁ�ÒÉÏÒÉ ÄÁÎÎÏÇÏ ÕËÒÕ�ÎÅÎÉÑ ÓÅÔËÉ, �ÏÒÏÖÄÁÅÍÏÇÏ ÏÔÏÂÒÁÖÅÎÉÅÍ κ.÷ ÒÁÂÏÔÅ [6℄ �ÒÅÄÌÏÖÅÎÙ ×ÁÒÉÁÎÔÙ ÁÌÇÏÒÉÔÍÏ× ÁÄÁ�ÔÉ×ÎÏÇÏ ÕËÒÕ�ÎÅ-ÎÉÑ, ÏÂÅÓ�ÅÞÉ×ÁÀÝÉÅ Á�ÒÉÏÒÉ ÚÁÄÁÎÎÕÀ Ï�ÅÎËÕ ÕËÌÏÎÅÎÉÑ ÏÓÎÏ×ÎÏÇÏ�ÏÔÏËÁ ÏÔ ÉÓÈÏÄÎÏÇÏ, Ï�ÅÎËÕ ÏÂßÅÍÏ× ÉÓ�ÏÌØÚÕÅÍÙÈ ÄÁÎÎÙÈ × ÏÓÎÏ×-ÎÏÍ �ÏÔÏËÅ �ÒÉ ÒÁÚÌÉÞÎÙÈ ÈÁÒÁËÔÅÒÉÓÔÉËÁÈ ÎÅÒÅÇÕÌÑÒÎÏÓÔÉ ÉÓÈÏÄÎÏ-ÇÏ �ÏÔÏËÁ, Á ÔÁËÖÅ �ÒÅÄÅÌØÎÙÅ ÈÁÒÁËÔÅÒÉÓÔÉËÉ Õ�ÏÍÑÎÕÔÙÈ ÏÂßÅÍÏ×× ÓÌÕÞÁÅ, ËÏÇÄÁ ÉÓÈÏÄÎÙÊ �ÏÔÏË �ÏÒÏÖÄÅÎ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÏÊ ÆÕÎË-�ÉÅÊ. äÌÑ �ÏÌÎÏÔÙ ÉÚÌÏÖÅÎÉÑ ÄÁÄÉÍ ÆÏÒÍÕÌÉÒÏ×ËÉ ÕÔ×ÅÒÖÄÅÎÉÊ, ÄÏ-ËÁÚÁÎÎÙÈ × ÒÁÂÏÔÅ [6℄.óÒÁÚÕ ÖÅ ÏÔÍÅÔÉÍ ÏÄÉÎ ÉÚ �ÅÎÔÒÁÌØÎÙÈ ÒÅÚÕÌØÔÁÔÏ× Õ�ÏÍÑÎÕÔÏÊÒÁÂÏÔÙ: ÅÓÌÉ �ÏÔÏË �ÏÒÏÖÄÅÎ ÆÕÎË�ÉÅÊ u ∈ C1[a; b℄, ÔÏ ÏÔÎÏÛÅÎÉÅÏÂßÅÍÁ ÏÓÎÏ×ÎÏÇÏ �ÏÔÏËÁ, Ó×ÑÚÁÎÎÏÇÏ Ó ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÎÅÒÁ×ÎÏÍÅÒ-ÎÏÊ ÓÅÔËÏÊ ÁÄÁ�ÔÉ×ÎÏÇÏ ÔÉ�Á, Ë ÏÂßÅÍÕ ÏÓÎÏ×ÎÏÇÏ �ÏÔÏËÁ, Ó×ÑÚÁÎÎÏÇÏÓ �ÓÅ×ÄÏÒÁ×ÎÏÍÅÒÎÏÊ ÓÅÔËÏÊ, �ÒÉ ÓÔÒÅÍÌÅÎÉÉ ÛÁÇÏ× ÓÅÔËÉ Ë ÎÕÌÀ ÈÁ-ÒÁËÔÅÒÉÚÕÅÔÓÑ ×ÅÌÉÞÉÎÏÊ1b− a b∫a |u ′(t)| dt=‖u ′‖C[a;b℄;Á ÅÓÌÉ u ∈ C2[a; b℄, ÔÏ ÁÎÁÌÏÇÉÞÎÏÅ ÏÔÎÏÛÅÎÉÅ �ÒÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈÓÅÔËÁÈ ÈÁÒÁËÔÅÒÉÚÕÅÔÓÑ ×ÅÌÉÞÉÎÏÊ1b− a b∫a √
|u ′′(t)| dt=‖√u ′′‖C[a;b℄:11.2. óÅÔËÁ ÁÄÁ�ÔÉ×ÎÏÇÏ ÔÉ�Á. òÁÓÓÍÏÔÒÉÍ ÆÕÎË�ÉÀ f ∈ C(�),ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÕÀ ÓÏÏÔÎÏÛÅÎÉÀf(t) > 
 ∀t ∈ �; (11:1)ÇÄÅ 
 > 0 { ÎÅËÏÔÏÒÁÑ ËÏÎÓÔÁÎÔÁ.



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 61ðÕÓÔØ " ∈ ("∗; "∗∗); (11:2)ÇÄÅ"∗ def== max�∈〚a; b−〛
maxt∈{�;�+}

f(t)(�+ − �); "∗∗ def== (b− a)‖f‖C〚a; b〛: (11:3)ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.ìÅÍÍÁ 8. åÓÌÉ ×Ù�ÏÌÎÅÎÙ ÕÓÌÏ×ÉÑ (11.1){(11.3), ÔÏ ÓÕÝÅÓÔ×ÕÀÔ ÉÅÄÉÎÓÔ×ÅÎÎÙ ÎÁÔÕÒÁÌØÎÏÅ ÞÉÓÌÏ K = K(f; ";�) É ÓÅÔËÁX̃ = X̃(f; ";�) : a = x̃0 < x̃1 < : : : < x̃K 6 x̃K+1 = b (11:4)ÔÁËÉÅ, ÞÔÏmaxt∈〚x̃s; x̃s+1〛 f(t)(x̃s+1 − x̃s) 6 " < maxt∈〚x̃s; x̃+s+1〛 f(t)(x̃+s+1 − x̃s) (11:5)
∀s ∈ {0; 1; : : : ;K − 1};maxt∈〚x̃K ; b〛 f(t)(b− x̃K) 6 "; X̃ ⊂ �: (11:6)ìÅÍÍÁ 8 ÄÏËÁÚÙ×ÁÅÔÓÑ ÉÎÄÕË�ÉÏÎÎÙÍ �ÅÒÅÈÏÄÏÍ ÏÔ ÕÚÌÏ× x̃1; : : : ; x̃sË ÕÚÌÁÍ x̃1; : : : ; x̃s+1.óÅÔËÁ ×ÉÄÁ (11.4) ÓÏ Ó×ÏÊÓÔ×ÁÍÉ (11.5){(11.6) ÎÁÚÙ×ÁÅÔÓÑ ÓÅÔËÏÊÁÄÁ�ÔÉ×ÎÏÇÏ ÔÉ�Á ÄÌÑ ÄÉÓËÒÅÔÎÏÊ ÆÕÎË�ÉÉ f ÓÏ Ó×ÏÊÓÔ×ÏÍ (1.1).ãÅÌÏÞÉÓÌÅÎÎÁÑ ÆÕÎË�ÉÑ K(f; ";�) ÏÂÌÁÄÁÅÔ Ó×ÏÊÓÔ×ÏÍ ÍÏÎÏÔÏÎÎÏ-ÓÔÉ: ÅÓÌÉ " ′ 6 " ′′, ÔÏ K(f; " ′;�) > K(f; " ′′;�).11.3. ðÓÅ×ÄÏÒÁ×ÎÏÍÅÒÎÁÑ ÓÅÔËÁ. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÞÉÓÌÏ " ÕÄÏ-×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ " ∈ ("∗; "∗∗); (11:7)ÇÄÅ"∗ def== max�∈〚a; b−〛

(�+ − �)‖f‖C〚a; b〛; "∗∗ def== (b− a)‖f‖C〚a; b〛: (11:8)ðÏ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍÕ " ÎÁÊÄÅÍ ÞÉÓÌÁN = N(f; ";�) def== ⌈"∗∗="⌉ (11:9)É h = h(f; ";�) def== b− aN + 1; (11:10)



62 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷ÚÁÍÅÔÉÍ, ÞÔÏ ÄÌÑ ×ÅÝÅÓÔ×ÅÎÎÏÇÏ ÞÉÓÌÁ r ×ÙÒÁÖÅÎÉÅ ⌈r⌉ ÏÚÎÁÞÁÅÔ �ÅÌÏÅÞÉÓÌÏ k ÓÏ Ó×ÏÊÓÔ×ÏÍ 0 6 k − r < 1.îÁ ÓÅÔÏÞÎÏÍ ÏÔÒÅÚËÅ 〚a; b〛 ÒÁÓÓÍÏÔÒÉÍ ÓÅÔËÕX = X(f; ";�) : a = x0 < x1 < : : : < xN = b; X ⊂ �; (11:11)ÇÄÅ xs+1 − xs 6 h < x+s+1 − xs; s ∈ {0; 1; : : : ; N − 1}; (11:12)xN+1 − xN 6 h: (11:13)óÅÔËÕ (11.11) ÓÏ Ó×ÏÊÓÔ×ÁÍÉ (11.12){(11.13) ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ �ÓÅ×ÄÏ-ÒÁ×ÎÏÍÅÒÎÏÊ ÓÅÔËÏÊ ÛÁÇÁ h. éÚ (11.9) ÉÍÅÅÍ(b− a)‖f‖C〚a; b〛 − " < N" 6 (b− a)‖f‖C〚a; b〛; (11:14)maxt∈〚xs; xs+1〛 f(t) (xs+1 − xs) 6 "; s ∈ {0; 1; : : : ; N}: (11:15)ìÅÍÍÁ 9. ðÏ ÚÁÄÁÎÎÏÍÕ ÞÉÓÌÕ ", ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÍÕ ÓÏÏÔÎÏÛÅÎÉÑÍ(11.7){(11.8), ÏÄÎÏÚÎÁÞÎÏ Ï�ÒÅÄÅÌÑÅÔÓÑ ÓÅÔËÁ (11.11) ÓÏ Ó×ÏÊÓÔ×ÁÍÉ(11.12){(11.13); �ÒÉ ÜÔÏÍ ×Ù�ÏÌÎÅÎÙ ÓÏÏÔÎÏÛÅÎÉÑ (11.14){(11.15).äÏËÁÚÁÔÅÌØÓÔ×Ï ÓÕÝÅÓÔ×Ï×ÁÎÉÑ É ÅÄÉÎÓÔ×ÅÎÎÏÓÔÉ ÓÅÔËÉ (11.11) �ÒÏ-×ÏÄÉÔÓÑ ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÉÎÄÕË�ÉÅÊ ÁÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÌÅÍ-ÍÙ 8.11.4. ðÒÅÄÅÌØÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÆÕÎË�ÉÑ f(t)ÎÅ�ÒÅÒÙ×ÎÁ ÎÁ ÏÔÒÅÚËÅ [a; b℄ É ÏÂÌÁÄÁÅÔ Ó×ÏÊÓÔ×ÏÍf(t) > 
 > 0 ∀t ∈ [a; b℄: (11:16)òÁÓÓÍÏÔÒÉÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÓÅÔÏË �(�) ×ÉÄÁ (2.1)�(�) : : : : < �−2(�) < �−1(�) < �0(�) < �1(�) < �2(�) : : : ; (11:17)ÚÁ×ÉÓÑÝÉÈ ÏÔ �ÁÒÁÍÅÔÒÁ � > 0 ÔÁËÉÈ, ÞÔÏ a; b ∈ �(�).÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÑ
〚a; b〛� def== �(�) ∩ [a; b℄; h� def== max�∈〚a; b− 〛�(�+ − �):



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 63�ÅÏÒÅÍÁ 4. åÓÌÉ ÎÅ�ÒÅÒÙ×ÎÁÑ ÎÁ ÏÔÒÅÚËÅ [a; b℄ ÆÕÎË�ÉÑ f(t) ÕÄÏ×ÌÅ-Ô×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ (11.16), Á �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÓÅÔÏË (11.17) ÔÁËÏ-×Á, ÞÔÏ lim�→+0h� = 0; ÔÏ ×ÅÒÎÏ ÓÏÏÔÎÏÛÅÎÉÅlim"→+0 lim�→+0 KN = 1b−a b∫a f(t) dt
‖f‖C[a;b℄ : (11:18)11.5. ÷ÁÒÉÁÎÔÙ Á��ÒÏËÓÉÍÁ�ÉÉ ÄÉÓËÒÅÔÎÏÇÏ �ÏÔÏËÁ. òÁÓÓÍÏ-ÔÒÉÍ ÓÅÔËÕ X̂,X̂ : a = x̂0 < x̂1 < x̂2 < : : : < x̂K̂ < x̂K̂+1 = b; X̂ ⊂ �; (11:19)Ñ×ÌÑÀÝÕÀÓÑ �ÏÄÍÎÏÖÅÓÔ×ÏÍ ÓÅÔËÉ �, É ÄÌÑ ÓÅÔÏÞÎÏÊ ÆÕÎË�ÉÉ u(t),ÚÁÄÁÎÎÏÊ ÎÁ 〚a; b〛, �ÏÓÔÒÏÉÍ ËÕÓÏÞÎÏ ÌÉÎÅÊÎÕÀ ÉÎÔÅÒ�ÏÌÑ�ÉÀũ(t) def== u(x̂j) + u(x̂j+1)− u(x̂j)x̂j+1 − x̂j (t− x̂j) ∀t ∈ [x̂j ; x̂j+1); (11:20)j ∈ {0; 1; : : : ; K̂}:äÌÑ u ∈ C〚a; b〛 �ÒÉ � ∈ 〚a+; b−〛 ÒÁÓÓÍÏÔÒÉÍ ÒÁÚÎÏÓÔÎÙÅ ÏÔÎÏÛÅÎÉÑD�u(�) def== u(�+)− u(�)�+ − � ;D2�u(�) def== D�u(�)−D�u(�−)� − �− :�ÅÏÒÅÍÁ 5. äÌÑ ËÕÓÏÞÎÏ-ÌÉÎÅÊÎÏÊ ÉÎÔÅÒ�ÏÌÑ�ÉÉ (11.20) ÄÌÑ ÓÅÔËÉ(11.19) �ÒÉ t ∈ 〚x̂j ; x̂j+1〛 Ó�ÒÁ×ÅÄÌÉ×Ù ÎÅÒÁ×ÅÎÓÔ×Á

|u(t)− ũ(t)| 6 (x̂j+1 − x̂j) max�∈〚x̂j ; x̂−j+1 〛
|D�u(�)|; (11:21)

|u(t)− ũ(t)| 6 (x̂j+1 − x̂j)2 max�∈〚x̂+j ; x̂−j+1 〛
|D2�u(�)|: (11:22)åÓÌÉ u ∈ C1[a; b℄, ÔÏ

|u(t)− ũ(t)| 6 max�∈[x̂j;x̂j+1℄ |u ′(�)|(x̂j+1 − x̂j);Á ÅÓÌÉ u ∈ C2[a; b℄, ÔÏ
|u(t)− ũ(t)| 6 max�∈[x̂j ;x̂j+1℄ |u ′′(�)|(x̂j+1 − x̂j)2 ∀t ∈ (x̂j ; x̂j+1):
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|D�u(t)| > 
 > 0 ∀t ∈ 〚y; z〛: (11:23)åÓÌÉ �ÒÉ � > 0 ÓÅÔËÁ X̂ ÓÏ×�ÁÄÁÅÔ Ó ÓÅÔËÏÊ X̃(|D�u(t)|; �;�), ÔÏ1) ÞÉÓÌÏ ÕÚÌÏ× K ′u;�(�) def== K(|D�u(t)|; �;�) ÜÔÏÊ ÓÅÔËÉ ÕÄÏ×ÌÅÔ×Ï-ÒÑÅÔ ÓÏÏÔÎÏÛÅÎÉÑÍK−1∑s=0 maxt∈〚x̃s; x̃s+1〛 |D�u(t)|(x̃s+1 − x̃s)=� 6 K ′u;�(�) << K−1∑s=0 maxt∈〚x̃s; x̃+s+1〛 |D�u(t)|(x̃+s+1 − x̃s)=�; (11:24)2) ×ÅÒÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï
|u(t)− ũ(t)| 6 � ∀t ∈ [a; b℄;3) ÅÓÌÉ u ∈ C1[a; b℄ ÓÏ Ó×ÏÊÓÔ×ÏÍ |u ′(t)| > 
 > 0 ∀t ∈ [a; b℄ É ÒÁÓ-ÓÍÁÔÒÉ×ÁÅÔÓÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÓÅÔÏË ×ÉÄÁ (11.17), ÄÌÑ ËÏÔÏÒÏÊlim�→+0h� = 0, ÔÏ lim� ′→+0 lim�→+0K ′u;�(�)(� ′)� ′ = b∫a |u ′(t)| dt:�ÅÏÒÅÍÁ 7. ðÕÓÔØ ×Ù�ÏÌÎÅÎÏ ÕÓÌÏ×ÉÅ
|D2�u(t)| > 
 > 0 ∀t ∈ 〚y; z〛:åÓÌÉ �ÒÉ � > 0 ÓÅÔËÁ X̂ ÓÏ×�ÁÄÁÅÔ Ó ÓÅÔËÏÊ X̃(√|D2�u(t)|; �;�), ÔÏ1) ÞÉÓÌÏ ÕÚÌÏ× K ′′u;�(�) def== K(√|D2�u(t)|; �;�) ÜÔÏÊ ÓÅÔËÉ ÕÄÏ×ÌÅ-Ô×ÏÒÑÅÔ ÓÏÏÔÎÏÛÅÎÉÑÍK−1∑s=0 maxt∈〚x̃s; x̃s+1〛√

|D2�u(t)|(x̃s+1 − x̃s)=� 6 K ′′u;�(�) << K−1∑s=0 maxt∈〚x̃s; x̃+s+1〛 √
|D2�u(t)|(x̃+s+1 − x̃s)=�;2) ×ÅÒÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï

|u(t)− ũ(t)| 6 �2 ∀t ∈ [a; b℄;



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 653) ÅÓÌÉ u ∈ C2[a; b℄ ÓÏ Ó×ÏÊÓÔ×ÏÍ |u ′′(t)| > 
 > 0 ∀t ∈ [a; b℄ É ÒÁÓ-ÓÍÁÔÒÉ×ÁÅÔÓÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÓÅÔÏË ×ÉÄÁ (11.17), ÄÌÑ ËÏÔÏÒÏÊlim�→+0 h� = 0, ÔÏlim� ′→+0 lim�→+0K ′′u;�(�)(� ′)� ′ = b∫a √
|u ′′(t)| dt:11.7. ï ÞÉÓÌÅ ÕÚÌÏ× �ÓÅ×ÄÏÒÁ×ÎÏÍÅÒÎÏÊ ÓÅÔËÉ.�ÅÏÒÅÍÁ 8. åÓÌÉ ÓÅÔËÁ X̂ ÓÏ×�ÁÄÁÅÔ Ó ÓÅÔËÏÊ X(|D�u|; �;�), ÔÏ1) ÞÉÓÌÏ N ′u;�(�) def== N(|D�u|; �;�) ×ÎÕÔÒÅÎÎÉÈ ÕÚÌÏ× ÜÔÏÊ ÓÅÔËÉÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÓÏÏÔÎÏÛÅÎÉÀ(b− a)‖D�u‖C〚a; b〛=� − 1 < N ′u;�(�) 6

6 (b− a)‖D�u‖C〚a; b〛=�; (11:25)2) ×ÅÒÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï
|u(t)− ũ(t)| 6 � ∀t ∈ 〚a; b〛: (11:26)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÁÇÁÑ X̂ def== X(|D�u|; �;�), �ÒÉÍÅÎÉÍ ÆÏÒÍÕ-ÌÕ (11.14); × ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÉÍ ÓÏÏÔÎÏÛÅÎÉÅ (11.25). îÅÒÁ×ÅÎÓÔ×Ï(11.26) �ÏÌÕÞÁÅÔÓÑ �ÒÉÍÅÎÅÎÉÅÍ ÓÏÏÔÎÏÛÅÎÉÑ (11.15) �ÒÉ f = |D�u| É" = �. ��ÅÏÒÅÍÁ 9. åÓÌÉ ÓÅÔËÁ X̂ ÓÏ×�ÁÄÁÅÔ Ó ÓÅÔËÏÊ X(√|D2�u|; �;�), ÔÏ1) ÞÉÓÌÏ N ′′u;�(�) def== N(√|D2�u|; �;�) ×ÎÕÔÒÅÎÎÉÈ ÕÚÌÏ× ÜÔÏÊ ÓÅÔËÉÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÓÏÏÔÎÏÛÅÎÉÀ(b− a)‖ |D2�u|1=2‖C〚a; b〛=� − 1 < N ′′u;�(�)

6 (b− a)‖ |D2�u|1=2‖C〚a; b 〛=�: (11.27)2) ×ÅÒÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï
|u(t)− ũ(t)| 6 �2 ∀t ∈ 〚a; b〛: (11:28)äÏËÁÚÁÔÅÌØÓÔ×Ï. áÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÁÔÅÌØÓÔ×Õ �ÒÅÄÙÄÕÝÅÊ ÔÅÏÒÅÍÙ�ÒÉÍÅÎÉÍ ÆÏÒÍÕÌÕ (11.14) �ÒÉ X̂ def== X(√|D2�u|; �;�); × ÒÅÚÕÌØÔÁÔÅ�ÏÌÕÞÉÍ ÓÏÏÔÎÏÛÅÎÉÅ (11.27). îÅÒÁ×ÅÎÓÔ×Ï (11.28) �ÏÌÕÞÁÅÔÓÑ �ÒÉÍÅ-ÎÅÎÉÅÍ ÓÏÏÔÎÏÛÅÎÉÑ (11.15) �ÒÉ f = √

|D2�u| É " = �. �



66 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷11.8. óÒÁ×ÎÉÔÅÌØÎÁÑ ÈÁÒÁËÔÅÒÉÓÔÉËÁ ÞÉÓÌÁ ÕÚÌÏ× �ÒÉ ÏÄÉÎÁ-ËÏ×ÏÊ Á��ÒÏËÓÉÍÁ�ÉÉ. óÒÁ×ÎÅÎÉÅ ÞÉÓÌÁ ÕÚÌÏ× �ÓÅ×ÄÏÒÁ×ÎÏÍÅÒÎÏÊÉ ÎÅÒÁ×ÎÏÍÅÒÎÏÊ ÓÅÔÏË �ÒÉ ÏÄÉÎÁËÏ×ÏÊ Á��ÒÏËÓÉÍÁ�ÉÉ Ó×ÏÄÉÔÓÑ Ë ÉÓ-�ÏÌØÚÏ×ÁÎÉÀ ÔÅÏÒÅÍ 7{9 ÄÌÑ ÏÄÎÏÊ É ÔÏÊ ÖÅ ÆÕÎË�ÉÉ f �ÒÉ ÓÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÉÈ Á��ÒÏËÓÉÍÁ�ÉÑÈ ÎÁ ÒÁÚÌÉÞÎÙÈ ÓÅÔËÁÈ.�ÅÏÒÅÍÁ 10. ðÕÓÔØ ÄÌÑ �ÏÓÔÒÏÅÎÉÑ Á��ÒÏËÓÉÍÁ�ÉÉ ũ(t) ÄÉÓËÒÅÔÎÏÊÆÕÎË�ÉÉ u(t) Ó Ï�ÅÎËÏÊ |ũ(t) − u(t)| 6 � ÉÓ�ÏÌØÚÕÀÔÓÑ Ä×Á ×ÁÒÉÁÎ-ÔÁ ×ÙÂÏÒÁ ÓÅÔËÉ: × �ÅÒ×ÏÍ ×ÁÒÉÁÎÔÅ ÉÓ�ÏÌØÚÕÅÔÓÑ �ÓÅ×ÄÏÒÁ×ÎÏÍÅÒ-ÎÁÑ ÓÅÔËÁ, ÔÁË ÞÔÏ X̂ def== X(|D�u|; �;�), Á ×Ï ×ÔÏÒÏÍ ×ÁÒÉÁÎÔÅ {X̂ def== X̃(|D�u|; �;�). �ÏÇÄÁ ÏÔÎÏÛÅÎÉÅ ËÏÌÉÞÅÓÔ× ÕÚÌÏ× ÜÔÉÈ ÓÅÔÏËÈÁÒÁËÔÅÒÉÚÕÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×ÁÍÉ(b− a)‖D�u‖C〚a; b〛 − �K−1∑s=0 maxt∈〚x̃s; x̃+s+1〛 |D�u(t)|(x̃+s+1 − x̃s) < N ′u;�(�)K ′u;�(�)
6

(b− a)‖D�u‖C〚a; b〛K−1∑s=0 maxt∈〚x̃s; x̃s+1〛 |D�u(t)|(x̃s+1 − x̃s) : (11:29)�ÅÏÒÅÍÁ 11. åÓÌÉ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÓÅÍÅÊÓÔ×Ï ÓÅÔÏË ×ÉÄÁ (11.17)ÓÏ Ó×ÏÊÓÔ×ÏÍ lim�→+0h� = 0 É ÎÅ�ÒÅÒÙ×ÎÏ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁÑ ÎÁ ÏÔÒÅÚ-ËÅ [a; b℄ ÆÕÎË�ÉÑ u(t) ÓÏ Ó×ÏÊÓÔ×ÏÍ
‖u ′‖C[a;b℄ 6= 0; (11:30)ÔÏ lim�→+0 lim�→+0 N ′u;�(�)K ′u;�(�) = 1b−a ∫ ba |u ′(t)|dt

‖u ′‖C[a;b℄ : (11:31)äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÆÏÒÍÕÌÙ (11.31) ÒÁÓÓÍÏÔÒÉÍÓÏÏÔÎÏÛÅÎÉÅ (11.29) É �ÅÒÅÊÄÅÍ × ÎÅÍ Ë �ÒÅÄÅÌÕ ÓÎÁÞÁÌÁ �ÒÉ � → +0,Á ÚÁÔÅÍ �ÒÉ � → +0. ðÏÓËÏÌØËÕ �ÒÁ×ÁÑ ÞÁÓÔØ ÜÔÏÊ ÆÏÒÍÕÌÙ ÉÍÅÅÔÓÍÙÓÌ �ÒÉ ÌÀÂÏÍ 
 > 0, ÔÏ ÕÓÌÏ×ÉÅ (11.23) ÍÏÖÅÔ ÂÙÔØ ÚÁÍÅÎÅÎÏ ÕÓÌÏ-×ÉÅÍ (11.30). ��ÅÏÒÅÍÁ 12. ðÕÓÔØ ÄÌÑ �ÏÓÔÒÏÅÎÉÑ Á��ÒÏËÓÉÍÁ�ÉÉ ũ(t) ÄÉÓËÒÅÔ-ÎÏÊ ÆÕÎË�ÉÉ u(t) Ó Ï�ÅÎËÏÊ |ũ(t) − u(t)| 6 �2 ÉÓ�ÏÌØÚÕÀÔÓÑ Ä×Á ×Á-ÒÉÁÎÔÁ ×ÙÂÏÒÁ ÓÅÔËÉ: × �ÅÒ×ÏÍ ×ÁÒÉÁÎÔÅ ÉÓ�ÏÌØÚÕÅÔÓÑ �ÓÅ×ÄÏÒÁ×-ÎÏÍÅÒÎÁÑ ÓÅÔËÁ ×ÉÄÁ X̂ def== X(√|D2�u|; �;�), Á ×Ï ×ÔÏÒÏÍ ×ÁÒÉÁÎÔÅ {



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 67X̂ def== X̃(√|D2�u|; �;�). �ÏÇÄÁ ÏÔÎÏÛÅÎÉÅ ËÏÌÉÞÅÓÔ× ÕÚÌÏ× ÜÔÉÈ ÓÅÔÏËÈÁÒÁËÔÅÒÉÚÕÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×ÁÍÉ(b− a)‖ |D2�u|1=2‖C〚a; b〛 − �K−1∑s=0 maxt∈〚x̃s; x̃+s+1〛 √
|D2�u(t)|(x̃+s+1 − x̃s) < N ′′u;�(�)K ′′u;�(�)

6

(b− a)‖ |D2�u|1=2‖C〚a; b〛K−1∑s=0 maxt∈〚x̃s; x̃s+1〛 √
|D2�u(t)|(x̃s+1 − x̃s) : (11:32)�ÅÏÒÅÍÁ 13. åÓÌÉ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÓÅÍÅÊÓÔ×Ï ÓÅÔÏË ×ÉÄÁ (11.17)ÓÏ Ó×ÏÊÓÔ×ÏÍ lim�→+∞

h� = 0 É Ä×ÁÖÄÙ ÎÅ�ÒÅÒÙ×ÎÏ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁÑÎÁ ÏÔÒÅÚËÅ [a; b℄ ÆÕÎË�ÉÑ u(t) ÓÏ Ó×ÏÊÓÔ×ÏÍ
‖u ′′‖C[a;b℄ 6= 0;ÔÏ lim�→+0 lim�→+0 N ′′u;�(�)K ′′u;�(�) = 1b−a ∫ ba √

|u ′′(t)|dt
‖
√
|u ′′|‖C[a;b℄ : (11:33)äÏËÁÚÁÔÅÌØÓÔ×Ï ÓÏÏÔÎÏÛÅÎÉÑ (11.33) �ÏÌÕÞÁÅÔÓÑ ÉÚ (11.32) ÒÁÓÓÕ-ÖÄÅÎÉÅÍ, ÁÎÁÌÏÇÉÞÎÙÍ ÔÏÍÕ, ËÏÔÏÒÏÅ ÂÙÌÏ �ÒÉÍÅÎÅÎÏ ÄÌÑ ÄÏËÁÚÁÔÅÌØ-ÓÔ×Á ÔÅÏÒÅÍÙ 11.

§12. ÷ÙÞÉÓÌÅÎÉÅ ×Ó�ÌÅÓËÏ×ÏÇÏ ÒÁÚÌÏÖÅÎÉÑ÷ÙÞÉÓÌÅÎÉÅ ×Ó�ÌÅÓËÏ×ÏÇÏ ÒÁÚÌÏÖÅÎÉÑ ÓÏÓÔÏÉÔ ÉÚ Ä×ÕÈ ÜÔÁ�Ï×: �ÅÒ-×ÙÊ ÜÔÁ� { ÒÅÁÌÉÚÁ�ÉÑ ÆÏÒÍÕÌ ÄÅËÏÍ�ÏÚÉ�ÉÉ, ×ÔÏÒÏÊ ÜÔÁ� { ÒÅÁÌÉÚÁ-�ÉÑ ÆÏÒÍÕÌ ÒÅËÏÎÓÔÒÕË�ÉÉ.òÅÁÌÉÚÁ�ÉÑ ÆÏÒÍÕÌ ÄÅËÏÍ�ÏÚÉ�ÉÉ ÓÏÄÅÒÖÉÔ Ä×Å ÚÁÄÁÞÉ: ÏÔÙÓËÁÎÉÅÏÓÎÏ×ÎÏÇÏ �ÏÔÏËÁ É ÏÔÙÓËÁÎÉÅ ×Ó�ÌÅÓËÏ×ÏÇÏ �ÏÔÏËÁ. ðÅÒ×ÁÑ ÉÚ ÜÔÉÈÚÁÄÁÞ, ËÁË �ÒÁ×ÉÌÏ, Ñ×ÌÑÅÔÓÑ ÂÏÌÅÅ ×ÁÖÎÏÊ, ÞÅÍ ×ÔÏÒÁÑ, �ÏÓËÏÌØËÕ ×ÂÏÌØÛÉÎÓÔ×Å ÓÌÕÞÁÅ× ÉÍÅÎÎÏ ÏÓÎÏ×ÎÏÊ �ÏÔÏË ÄÁÅÔ �ÒÅÄÓÔÁ×ÌÅÎÉÅ Ï ÈÁ-ÒÁËÔÅÒÅ ÉÓÈÏÄÎÏÇÏ �ÏÔÏËÁ.ðÒÉ ÞÉÓÌÅÎÎÏÊ ÒÅÁÌÉÚÁ�ÉÉ ×Ó�ÌÅÓËÏ×ÏÇÏ ÒÁÚÌÏÖÅÎÉÑ ÔÒÅÂÕÅÔÓÑ ÄÌÑÉÓÈÏÄÎÏÊ ÓÅÔËÉ X �ÏÓÔÒÏÉÔØ ×ÌÏÖÅÎÎÕÀ ÓÅÔËÕ X̂, Á ÜÔÏ �ÏÓÔÒÏÅÎÉÅÏÂÙÞÎÏ Ï�ÒÅÄÅÌÑÅÔÓÑ ÉÓÈÏÄÎÙÍ �ÏÔÏËÏÍ 
 (ÓÍ. ÒÁÚÄÅÌ 11) É ÍÏÖÅÔÔÒÅÂÏ×ÁÔØ ÚÎÁÞÉÔÅÌØÎÙÅ ËÏÍ�ØÀÔÅÒÎÙÅ ÒÅÓÕÒÓÙ. úÁÍÅÔÉÍ, ÞÔÏ ÉÓ-�ÏÌØÚÕÅÍÙÊ ÚÄÅÓØ ÁÌÇÏÒÉÔÍ �ÏÓÔÒÏÅÎÉÑ ×ÌÏÖÅÎÎÏÊ ÓÅÔËÉ × Ï�ÒÅÄÅ-ÌÅÎÎÏÍ ÓÍÙÓÌÅ Ñ×ÌÑÅÔÓÑ Ï�ÔÉÍÁÌØÎÙÍ; ÎÅÄÏÓÔÁÔÏË ÜÔÏÇÏ ÁÌÇÏÒÉÔÍÁ ×



68 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷ÔÏÍ, ÞÔÏ ÏÎ �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ÓÕÝÅÓÔ×ÅÎÎÏ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÙÊ �ÒÏ-�ÅÓÓ, ÈÏÔÑ × ÒÅÁÌØÎÙÈ ÓÉÔÕÁ�ÉÑÈ ÏÂÒÁÂÏÔËÁ ÍÏÖÅÔ �ÒÏ×ÏÄÉÔØÓÑ ËÁËÎÁ ÏÄÎÏ�ÒÏ�ÅÓÓÏÒÎÏÊ ×ÙÞÉÓÌÉÔÅÌØÎÏÊ ÓÉÓÔÅÍÅ (ï÷ó), ÔÁË É ÎÁ �ÁÒÁÌ-ÌÅÌØÎÏÊ ×ÙÞÉÓÌÉÔÅÌØÎÏÊ ÓÉÓÔÅÍÅ (ð÷ó). ðÒÉÍÅÎÅÎÉÅ �ÏÓÌÅÄÏ×ÁÔÅÌØ-ÎÏÇÏ ÁÌÇÏÒÉÔÍÁ (ÉÌÉ �ÁÒÁÌÌÅÌØÎÏÇÏ ÁÌÇÏÒÉÔÍÁ ÎÅÂÏÌØÛÏÊ ÛÉÒÉÎÙ)�ÒÅÄ�ÏÞÔÉÔÅÌØÎÅÅ × ÓÌÕÞÁÅ �ÏÓÔÕ�ÌÅÎÉÑ ÉÓÈÏÄÎÏÇÏ �ÏÔÏËÁ É ÅÇÏ ÏÂÒÁ-ÂÏÔËÉ × ÒÅÁÌØÎÏÍ ÍÁÓÛÔÁÂÅ ×ÒÅÍÅÎÉ: × ÜÔÏÍ ÓÌÕÞÁÅ ×ÅÓØ �ÏÔÏË ÅÝÅ ÎÅ�ÏÌÕÞÅÎ. åÓÌÉ ÖÅ ÉÓÈÏÄÎÙÊ �ÏÔÏË ÕÖÅ �ÏÌÕÞÅÎ, ÔÏ ÅÇÏ ÏÂÒÁÂÏÔËÁ ÎÁð÷ó ÍÏÖÅÔ ÏËÁÚÁÔØÓÑ ×ÅÓØÍÁ ÜÆÆÅËÔÉ×ÎÏÊ ÚÁ ÓÞÅÔ ÒÁÚÂÉÅÎÉÑ �ÏÔÏËÁÎÁ ÄÏÓÔÁÔÏÞÎÏ ÄÌÉÎÎÙÅ ÆÒÁÇÍÅÎÔÙ, ËÏÌÉÞÅÓÔ×Ï ËÏÔÏÒÙÈ ÒÁ×ÎÏ ÞÉÓÌÕ�ÁÒÁÌÌÅÌØÎÙÈ ×ÙÞÉÓÌÉÔÅÌØÎÙÈ ÍÏÄÕÌÅÊ; ÏÂÒÁÂÏÔËÁ ËÁÖÄÏÊ ÉÚ ÔÁËÉÈÞÁÓÔÅÊ �ÒÏ×ÏÄÉÔÓÑ × �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÍ ÒÅÖÉÍÅ ÎÁÚÎÁÞÅÎÎÙÍ ÄÌÑ ÜÔÏÊÞÁÓÔÉ ×ÙÞÉÓÌÉÔÅÌØÎÙÍ ÍÏÄÕÌÅÍ Ó �ÏÓÌÅÄÕÀÝÉÍ ÓÏÅÄÉÎÅÎÉÅÍ ÜÔÉÈ ÞÁ-ÓÔÅÊ × ÉÓÈÏÄÎÏÍ �ÏÒÑÄËÅ.÷ ÄÁÌØÎÅÊÛÅÍ ÓÞÉÔÁÅÔÓÑ, ÞÔÏ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÁÑ ×ÙÞÉÓÌÉÔÅÌØÎÁÑ ÓÉ-ÓÔÅÍÁ (÷ó) Ñ×ÌÑÅÔÓÑ (ÏÄÎÏ�ÒÏ�ÅÓÓÏÒÎÏÊ ÉÌÉ �ÁÒÁÌÌÅÌØÎÏÊ) ×ÙÞÉÓÌÉ-ÔÅÌØÎÏÊ ÓÉÓÔÅÍÏÊ ÄÉÓËÒÅÔÎÏÇÏ ÄÅÊÓÔ×ÉÑ, ËÏÔÏÒÁÑ ÒÁÂÏÔÁÅÔ ÓÉÎÈÒÏÎÎÏ(�Ï ÔÁËÔÁÍ). îÁ ÔÁËÏÊ ÷ó ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÄÉÓËÒÅÔÎÏÅ ×ÒÅÍÑ, ÅÄÉÎÉ-�ÅÊ ×ÒÅÍÅÎÉ ÓÞÉÔÁÅÔÓÑ ÄÌÉÎÁ ÔÁËÔÁ, ÔÁË ÞÔÏ �ÒÉÎÉÍÁÅÍÙÅ ×ÒÅÍÅÎÅÍÚÎÁÞÅÎÉÑ �ÒÅÄÓÔÁ×ÌÑÀÔ ÓÏÂÏÊ ÏÔÒÅÚÏË ÎÁÔÕÒÁÌØÎÏÇÏ ÒÑÄÁ, Á ÌÀÂÏÊÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÊ �ÒÏÍÅÖÕÔÏË ×ÒÅÍÅÎÉ ÉÍÅÅÔ �ÅÌÏÞÉÓÌÅÎÎÕÀ ÄÌÉÎÕ(ÓÍ. [7℄).ðÒÉ ÒÅÁÌÉÚÁ�ÉÉ Õ�ÏÍÑÎÕÔÙÈ ÁÌÇÏÒÉÔÍÏ× �ÒÉÈÏÄÉÔÓÑ ÉÚ×ÌÅËÁÔØ ÜÌÅ-ÍÅÎÔ ÉÚ ÎÅËÏÔÏÒÏÇÏ ÍÁÓÓÉ×Á (Ô.Å. �ÒÉÓ×ÁÉ×ÁÔØ ÅÇÏ ÚÎÁÞÅÎÉÑ ÎÅËÏÔÏÒÏÊ�ÒÏÍÅÖÕÔÏÞÎÏÊ �ÅÒÅÍÅÎÎÏÊ), �ÏÇÒÕÖÁÔØ ÜÌÅÍÅÎÔ × ÍÁÓÓÉ× (Ô.Å. �ÒÉ-Ó×ÁÉ×ÁÔØ ÚÎÁÞÅÎÉÅ �ÒÏÍÅÖÕÔÏÞÎÏÊ �ÅÒÅÍÅÎÎÏÊ ÜÌÅÍÅÎÔÕ ÍÁÓÓÉ×Á), ÁÔÁËÖÅ ×Ù�ÏÌÎÑÔØ Ï�ÒÅÄÅÌÅÎÎÙÅ ÁÒÉÆÍÅÔÉÞÅÓËÉÅ É ÌÏÇÉÞÅÓËÉÅ Ï�ÅÒÁ-�ÉÉ.÷×ÅÄÅÍ ÎÅËÏÔÏÒÙÅ ÏÂÏÚÎÁÞÅÎÉÑ. ðÕÓÔØ A { ÍÁÓÓÉ×, ÜÌÅÍÅÎÔÁÍÉ AiËÏÔÏÒÏÇÏ Ñ×ÌÑÀÔÓÑ ÞÉÓÌÁ ÔÉ�Á fA (ÄÌÑ �ÒÏÓÔÏÔÙ ÍÏÖÎÏ ÏÇÒÁÎÉÞÉÔØ-ÓÑ ÞÉÓÌÁÍÉ ÏÄÎÏÇÏ ÔÉ�Á, ÎÁ�ÒÉÍÅÒ, ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ fA = f , ÇÄÅf ÏÚÎÁÞÁÅÔ ÔÉ� real; ËÏÎËÒÅÔÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÔÉ�Ï× fA É f × ÷óÒÁÓÓÍÁÔÒÉ×ÁÔØ ÎÅ ÂÕÄÅÍ).ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ �TA { ×ÒÅÍÑ (Ô.Å. ÄÌÉÎÁ ÏÔÒÅÚËÁ ×ÒÅÍÅÎÉ2) ÉÚ-×ÌÅÞÅÎÉÑ i-ÇÏ ÜÌÅÍÅÎÔÁ Ai ÍÁÓÓÉ×Á A × �ÒÏÓÔÕÀ (×Ó�ÏÍÏÇÁÔÅÌØÎÕÀ)2îÁ�ÏÍÎÉÍ, ÞÔÏ ×ÒÅÍÑ ÓÞÉÔÁÅÔÓÑ ÄÉÓËÒÅÔÎÙÍ, ÅÄÉÎÉ�Á ×ÒÅÍÅÎÉ ÒÁ×ÎÁ ÄÌÉÎÅÔÁËÔÁ ÷ó.



ï òåáìéúáãéé óðìáêî-÷óðìåóëï÷ïçï òáúìïöåîéñ 69�ÅÒÅÍÅÎÎÕÀ; ÞÅÒÅÚ T̂A ÏÂÏÚÎÁÞÉÍ ×ÒÅÍÑ, ÔÒÅÂÕÅÍÏÅ ÄÌÑ �ÏÇÒÕÖÅÎÉÑÚÎÁÞÅÎÉÑ �ÒÏÓÔÏÊ �ÅÒÅÍÅÎÎÏÊ × ÜÌÅÍÅÎÔ Ai ÜÔÏÇÏ ÍÁÓÓÉ×Á3.äÌÑ ËÒÁÔËÏÓÔÉ × ÄÁÌØÎÅÊÛÅÍ ÍÁÓÓÉ×Ù, ÎÅÏÂÈÏÄÉÍÙÅ ÄÌÑ ÈÒÁÎÅÎÉÑÞÉÓÌÏ×ÙÈ �ÏÔÏËÏ× a, b, 
, É ÉÈ ÜÌÅÍÅÎÔÙ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÔÅÍÉ ÓÉÍ-×ÏÌÁÍÉ, ËÏÔÏÒÙÍÉ ÏÂÏÚÎÁÞÁÀÔÓÑ �ÏÔÏËÉ É ÉÈ ËÏÍ�ÏÎÅÎÔÙ; ÔÏ ÖÅ ÓÏ-ÇÌÁÛÅÎÉÅ ÏÔÎÏÓÉÔÓÑ Ë ÄÒÕÇÉÍ �ÏÄÏÂÎÙÍ ÏÂßÅËÔÁÍ: X , X̂, Js, J∗ É Ô.�.÷ÓÅ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÅ ÄÁÌÅÅ ÍÁÓÓÉ×Ù ÓÞÉÔÁÀÔÓÑ ÄÉÎÁÍÉÞÅÓËÉ ÒÁÓÛÉ-ÒÑÅÍÙÍÉ (Ô.Å. ÄÌÉÎÁ ÍÁÓÓÉ×Á ÚÁÒÁÎÅÅ ÎÅ ÆÉËÓÉÒÕÅÔÓÑ, �ÒÉ ÄÏÂÁ×ÌÅÎÉÉÜÌÅÍÅÎÔÁ × ÍÁÓÓÉ× ÅÇÏ ÄÌÉÎÁ Õ×ÅÌÉÞÉ×ÁÅÔÓÑ ÎÁ ÅÄÉÎÉ�Õ).òÁÓÓÍÏÔÒÉÍ ÓÎÁÞÁÌÁ ÆÏÒÍÕÌÙ ÄÅËÏÍ�ÏÚÉ�ÉÉ (8.15){(8.16):ai = 
κ(i+1)−1 ∀i ∈ J ′K−1; (12:1)bq = 0 ∀q + 1 ∈ J∗; (12:2)Á �ÒÉ q + 1 ∈ JM\J∗ ÓÏÏÔÎÏÛÅÎÉÑ (8.19){(8.20) ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØ ××ÉÄÅ bq = 
q − (�κ(i+1) − �κ(i))−1[(�κ(i+1) − �q+1)
κ(i)−1+(�q+1 − �κ(i))
κ(i+1)−1]; (12:3)ÇÄÅ
κ(i) + 1 6 q + 1 6 κ(i+ 1)− 1: (12:4)íÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ ÒÑÄ ×ÁÒÉÁÎÔÏ× ×ÙÞÉÓÌÅÎÉÊ �Ï ÔÁËÏÇÏ ÒÏÄÁ ÆÏÒ-ÍÕÌÁÍ. òÁÓÓÍÏÔÒÉÍ ÏÄÉÎ ÉÚ ÎÉÈ, �ÒÅÄ�ÏÌÁÇÁÑ, ÞÔÏa = 0; b =M; �i = i: (12:5)�ÁËÉÍ ÏÂÒÁÚÏÍ, X def== {a = 0; 1; 2; : : : ;M − 1;M = b}:÷ ÜÔÏÍ ÓÌÕÞÁÅ x̂i = κ(i), i ∈ {0; 1; : : : ;K},X̂ = {a = κ(0);κ(1);κ(2); : : : ;κ(K − 1);κ(K) = b};ÏÞÅ×ÉÄÎÏ, ÞÔÏ X = JM É X̂ = J∗.ðÒÉ ÕÓÌÏ×ÉÉ (12.5) ÆÏÒÍÕÌÙ (12.3){(12.4) �ÒÉÎÉÍÁÀÔ ×ÉÄbq = 
q − (κ(i + 1)− κ(i))−1[(κ(i + 1)− q − 1)
κ(i)−1+((q + 1− κ(i))
κ(i+1)−1]; (12:6)3óÞÉÔÁÅÍ, ÞÔÏ Õ�ÏÍÑÎÕÔÙÅ ×ÒÅÍÅÎÁ ÎÅ ÚÁ×ÉÓÑÔ ÏÔ ÎÏÍÅÒÁ i ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÇÏÜÌÅÍÅÎÔÁ, ÎÏ, ×ÏÚÍÏÖÎÏ, ÚÁ×ÉÓÑÔ ÏÔ ÔÉ�Á ÜÌÅÍÅÎÔÏ× ÍÁÓÓÉ×Á É ÏÔ ÅÇÏ ÄÌÉÎÙ.
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κ(i) + 1 6 q + 1 6 κ(i+ 1)− 1: (12:7)ðÕÓÔØ ÒÅÁÌÉÚÁ�ÉÑ ÁÌÇÏÒÉÔÍÁ ÏÔÙÓËÁÎÉÑ j = κ(i) ÔÒÅÂÕÅÔ �i ÅÄÉÎÉ�×ÒÅÍÅÎÉ; ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÁÄÄÉÔÉ×ÎÁÑ Ï�ÅÒÁ�ÉÑ ÔÒÅÂÕÅÔ ta ÅÄÉÎÉ�×ÒÅÍÅÎÉ, Á ÍÕÌØÔÉ�ÌÉËÁÔÉ×ÎÁÑ { tm ÅÄÉÎÉ� ×ÒÅÍÅÎÉ.äÌÑ ÑÓÎÏÓÔÉ ÉÚÌÏÖÅÎÉÑ, ËÁË �ÒÁ×ÉÌÏ, ÎÅ ÕËÁÚÙ×ÁÅÍ ÉÍÅÎÁ �ÒÏÍÅ-ÖÕÔÏÞÎÙÈ �ÅÒÅÍÅÎÎÙÈ, ÈÏÔÑ ÉÈ �ÒÉÓÕÔÓÔ×ÉÅ �ÏÄÒÁÚÕÍÅ×ÁÅÔÓÑ (ÎÁ�ÒÉ-ÍÅÒ, ×ÍÅÓÔÏ �ÒÉÓ×ÁÉ×ÁÎÉÑ j := κ(i+1) Ó ÄÁÌØÎÅÊÛÉÍ ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ�ÒÏÓÔÏÊ �ÅÒÅÍÅÎÎÏÊ j ÂÕÄÅÍ ÇÏ×ÏÒÉÔØ \×ÙÞÉÓÌÉÍ κ(i+ 1)").òÅÁÌÉÚÁ�ÉÀ ÄÅËÏÍ�ÏÚÉ�ÉÉ �ÒÅÄÓÔÁ×ÉÍ × ×ÉÄÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉÜÔÁ�Ï×. òÁÓÓÍÏÔÒÉÍ (i+ 1)-Ê ÜÔÁ� �ÒÏ�ÅÓÓÁ ÄÅËÏÍ�ÏÚÉ�ÉÉ.äÌÑ ÏÂÏÚÎÁÞÅÎÉÑ ÓÏÓÔÏÑÎÉÑ ÍÁÓÓÉ×Ï× ÎÁ i-Í ÜÔÁ�Å ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ-×ÁÔØ i × ËÁÞÅÓÔ×Å ÎÉÖÎÅÇÏ ÉÎÄÅËÓÁ.ðÅÒÅÄ ÎÁÞÁÌÏÍ (i+1)-ÇÏ ÜÔÁ�Á ÓÏÓÔÏÑÎÉÅ ÍÁÓÓÉ×Ï× ÈÁÒÁËÔÅÒÉÚÕÅÔÓÑÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:Á/ ×ÙÞÉÓÌÅÎÏ ÚÎÁÞÅÎÉÅ κ(i) (É ÓÏÈÒÁÎÅÎÏ × ÎÅËÏÔÏÒÏÊ �ÒÏÓÔÏÊ �Å-ÒÅÍÅÎÎÏÊ),Â/ ÍÁÓÓÉ× Xi �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅXi = {0; 1; 2; : : : ; i− 1; i};×/ ÍÁÓÓÉ× J∗i = X̂i ÉÍÅÅÔ ×ÉÄX̂i = {a = κ(0);κ(1);κ(2); : : : ;κ(i)};Ç/ ÍÁÓÓÉ× a ÚÁ�ÏÌÎÅÎ ×�ÌÏÔØ ÄÏ ÜÌÅÍÅÎÔÁ aκ(i−1), ÔÁË ÞÔÏai = {aκ(0); aκ(1); : : : ; aκ(i−1)};Ä/ ÍÁÓÓÉ× b ÚÁ�ÏÌÎÅÎ ×�ÌÏÔØ ÄÏ ÜÌÅÍÅÎÔÁ bκ(i−1)−1, Ô.Å.bi = {bκ(i0+1); : : : ; bκ(i1)−1};ÇÄÅ i0 = min{i | i ∈ X\X̂}, i1 = max{i | i ∈ X\X̂},Å/ ×ÙÞÉÓÌÅÎÏ ÚÎÁÞÅÎÉÅ 
κ(i)−1.ðÒÏ×ÅÄÅÎÉÅ (i+ 1)-ÇÏ ÜÔÁ�Á ÓÏÓÔÏÉÔ × ÓÌÅÄÕÀÝÉÈ ÄÅÊÓÔ×ÉÑÈ.1. óÎÁÞÁÌÁ ×ÙÞÉÓÌÉÍ κ(i+1); ÜÔÏ �ÏÔÒÅÂÕÅÔ �i+ ta ÅÄÉÎÉ� ×ÒÅÍÅÎÉ.2. ðÏÄËÌÀÞÁÅÍ Ë ÍÁÓÓÉ×Õ X̂i ÓÌÅÄÕÀÝÉÊ ÜÌÅÍÅÎÔ κ(i + 1); ÜÔÏ �Ï-ÔÒÅÂÕÅÔ T̂X̂ ÅÄÉÎÉ� ×ÒÅÍÅÎÉ, É Õ�ÏÍÑÎÕÔÙÊ ÍÁÓÓÉ× �ÒÉÍÅÔ ×ÉÄX̂i+1 = {a = κ(0);κ(1);κ(2); : : : ;κ(i);κ(i + 1)}:3. ÷ÙÞÉÓÌÅÎÉÅ É ÉÚ×ÌÅÞÅÎÉÅ ÜÌÅÍÅÎÔÁ 
κ(i+1)−1 ÉÚ ÍÁÓÓÉ×Á 
 ÄÏ�ÏÌ-ÎÉÔÅÌØÎÏ �ÏÔÒÅÂÕÅÔ ta + �T
 ÅÄÉÎÉ� ×ÒÅÍÅÎÉ.
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κ(i+1)−1 × ÍÁÓÓÉ× a �ÏÔÒÅÂÕÅÔ T̂aÅÄÉÎÉ� ×ÒÅÍÅÎÉ (ÎÁ�ÏÍÉÎÁÅÍ, ÞÔÏ ÚÎÁÞÅÎÉÅ κ(i+1)−1 ÕÖÅ ×ÙÞÉÓÌÅÎÏÉ �ÏÍÅÝÅÎÏ × �ÒÏÓÔÕÀ �ÅÒÅÍÅÎÎÕÀ, ÉÍÑ ËÏÔÏÒÏÊ × ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó�ÒÉÎÑÔÙÍ ÓÏÇÌÁÛÅÎÉÅÍ ÎÅ Õ�ÏÍÉÎÁÅÔÓÑ).5. ðÏ ÆÏÒÍÕÌÁÍ (12.6){(12.7) ×ÙÞÉÓÌÑÅÍ bq ÄÌÑ ËÁÖÄÏÇÏq ∈ {κ(i);κ(i) + 1; : : : ;κ(i+ 1)− 2} (12:8)(ÚÁÍÅÔÉÍ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï ÉÎÄÅËÓÏ× (12.8) ÎÅ�ÕÓÔÏ, ÉÂÏ q + 1 ∈ JM \J∗). ðÏÓËÏÌØËÕ ÜÌÅÍÅÎÔÙ κ(i), κ(i + 1) É 
κ(i)−1 ÕÖÅ ×ÙÞÉÓÌÅÎÙ, ÔÏ�ÏÔÒÅÂÕÅÔÓÑ ÌÉÛØ ÉÚ×ÌÅÞØ ÜÌÅÍÅÎÔ 
κ(i+1)−1 ÉÚ ÍÁÓÓÉ×Á 
 É ÓÏÓÔÁ×ÉÔØÒÁÚÎÏÓÔØ κ(i+1)−κ(i); ÄÌÑ ÜÔÏÇÏ �ÏÔÒÅÂÕÅÔÓÑ �T
+ta ÅÄÉÎÉ� ×ÒÅÍÅÎÉ.äÌÑ ×ÙÞÉÓÌÅÎÉÑ bq �ÏÌÏÖÉÍ q = κ(i) + j, ÔÁË ÞÔÏbκ(i)+j = 
κ(i)+j − (κ(i + 1)− κ(i))−1[(κ(i + 1)− κ(i) + j − 1)
κ(i)−1+(j + 1)
κ(i+1)−1]; (12:9)É ÓÏÚÄÁÄÉÍ �ÉËÌ �Ï j ∈ {0; 1; : : : ;κ(i+ 1)− κ(i) − 2}.îÁ j-Ê ÉÔÅÒÁ�ÉÉ ÜÔÏÇÏ �ÉËÌÁ �ÏÔÒÅÂÕÅÔÓÑ5.1) ÉÚ×ÌÅÞØ 
κ(i)+j ÉÚ ÍÁÓÓÉ×Á 
, ÎÁ ÞÔÏ �ÏÔÒÅÂÕÅÔÓÑ ta+ �T
 ÅÄÉÎÉ�×ÒÅÍÅÎÉ,5.2) × Ë×ÁÄÒÁÔÎÙÈ ÓËÏÂËÁÈ ×ÙÒÁÖÅÎÉÑ (12.9) ×Ù�ÏÌÎÉÔØ 4 ÁÄÄÉÔÉ×-ÎÙÈ É Ä×Å ÍÕÌØÔÉ�ÌÉËÁÔÉ×ÎÙÈ Ï�ÅÒÁ�ÉÉ (×Ù�ÏÌÎÅÎÎÙÅ ÒÁÎÅÅ Ï�ÅÒÁ-�ÉÉ ÅÓÔÅÓÔ×ÅÎÎÏ × ÜÔÏÍ �ÏÄÓÞÅÔÅ ÎÅ ÕÞÉÔÙ×ÁÀÔÓÑ), ÎÁ ÞÔÏ �ÏÔÒÅÂÕÅÔÓÑ4ta + 2tm ÅÄÉÎÉ� ×ÒÅÍÅÎÉ,5.3) ×ÎÅ Ë×ÁÄÒÁÔÎÙÈ ÓËÏÂÏË �ÏÔÒÅÂÕÅÔÓÑ ×Ù�ÏÌÎÉÔØ 1 ÍÕÌØÔÉ�ÌÉ-ËÁÔÉ×ÎÕÀ É ÏÄÎÕ ÁÄÄÉÔÉ×ÎÕÀ Ï�ÅÒÁ�ÉÀ; ÎÁ ÜÔÏ �ÏÔÒÅÂÕÅÔÓÑ ta + tmÅÄÉÎÉ� ×ÒÅÍÅÎÉ,5.4) �ÏÌÕÞÅÎÎÏÅ ÚÎÁÞÅÎÉÅ bq = bκ(i)+j ÎÕÖÎÏ �ÏÇÒÕÚÉÔØ × ÍÁÓÓÉ× b,ÄÌÑ ÞÅÇÏ �ÏÔÒÅÂÕÅÔÓÑ T̂b ÅÄÉÎÉ� ×ÒÅÍÅÎÉ.éÔÁË, ÄÌÑ ÒÅÁÌÉÚÁ�ÉÉ ÏÄÎÏÊ ÉÔÅÒÁ�ÉÉ �ÉËÌÁ �Ï j ÔÒÅÂÕÅÔÓÑ 6ta +3tm + �T
 ÅÄÉÎÉ� ×ÒÅÍÅÎÉ, Á ÔÁËÉÈ ÉÔÅÒÁ�ÉÊ ×ÓÅÇÏ κ(i + 1) − κ(i) − 1(ÏÞÅ×ÉÄÎÏ, ÞÔÏ ÉÔÅÒÁ�ÉÊ ÎÅÔ ×Ï×ÓÅ × ÓÌÕÞÁÅ, ËÏÇÄÁ κ(i+1) = κ(i)+1). óÕÞÅÔÏÍ Õ�ÏÍÑÎÕÔÙÈ ×ÙÛÅ �ÏÄÇÏÔÏ×ÉÔÅÌØÎÙÈ Ï�ÅÒÁ�ÉÊ ÄÌÑ ÏÔÙÓËÁÎÉÑ×ÓÅÈ ÔÒÅÂÕÅÍÙÈ ÚÎÁÞÅÎÉÊ bq ÎÁ (i + 1)-Í ÜÔÁ�Å �ÏÔÒÅÂÕÅÔÓÑ �T
 + ta +(6ta + 3tm + �T
 + T̂b)(κ(i + 1)− κ(i) − 1) ÅÄÉÎÉ� ×ÒÅÍÅÎÉ.�Å�ÅÒØ ×ÉÄÎÏ, ÞÔÏ ÄÌÑ ÒÅÁÌÉÚÁ�ÉÉ (i+1)-ÇÏ ÜÔÁ�Á × �ÅÌÏÍ ÔÒÅÂÕÅÔÓÑ�i+3ta+T̂X̂+ �T
+T̂a+�T
+(6ta+3tm+�T
+T̂b)(κ(i+1)−κ(i)−1) (12:10)



72 à. ë. äåíøñîï÷éþ, á. ó. ðïîïíáòå÷ÅÄÉÎÉ� ×ÒÅÍÅÎÉ.�ÅÏÒÅÍÁ 14. ÷ÒÅÍÑ T ∗, ÔÒÅÂÕÅÍÏÅ ÄÌÑ ÒÅÁÌÉÚÁ�ÉÉ ÁÌÇÏÒÉÔÍÁ ÄÅËÏÍ-�ÏÚÉ�ÉÉ ÎÁ ï÷ó ×ÙÞÉÓÌÑÅÔÓÑ �Ï ÆÏÒÍÕÌÅT ∗=K−1∑i=0 �i+K(3ta+T̂X̂+2 �T
+T̂a)+(6ta+3tm+�T
+T̂b)(M −K): (12.11)äÏËÁÚÁÔÅÌØÓÔ×Ï. þÉÓÌÏ ÜÔÁ�Ï× ÒÁ×ÎÏ ÞÉÓÌÕ K ÏÔÒÅÚËÏ× ×ÉÄÁ
〚κ(i);κ(i + 1)〛. éÓ�ÏÌØÚÕÑ ÆÏÒÍÕÌÕ (12.10), ×ÉÄÉÍ, ÞÔÏ ×ÒÅÍÑ, ÚÁÔÒÁ-ÞÅÎÎÏÅ ÎÁ ÒÅÁÌÉÚÁ�ÉÀ ×ÓÅÈ ÜÔÁ�Ï×, ÒÁ×ÎÏT ∗ def== K−1∑i=0 (�i+3ta+T̂X̂+2 �T
+T̂a+(6ta+3tm+ �T
+T̂b)(κ(i+1)−κ(i)−1)):ïÞÅ×ÉÄÎÏ, ÞÔÏK−1∑i=0 (κ(i+ 1)− κ(i)− 1) = κ(K)− κ(0)−K =M −K;É �ÏÔÏÍÕ Ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ (12.11). �ï�ÅÎËÁ ×ÒÅÍÅÎÉ ÒÅËÏÎÓÔÒÕË�ÉÉ �ÒÏ×ÏÄÉÔÓÑ ÁÎÁÌÏÇÉÞÎÏ; ÏÎÁ ÂÕÄÅÔÒÁÓÓÍÏÔÒÅÎÁ × ÄÒÕÇÏÊ ÓÔÁÔØÅ.ìÉÔÅÒÁÔÕÒÁ1. S. Mallat, A Wavelet Tour of Signal Pro
essing. A
ademi
 Press, 1999.2. é. ñ. îÏ×ÉËÏ×, ÷. à. ðÒÏÔÁÓÏ×, í. á. óËÏ�ÉÎÁ, �ÅÏÒÉÑ ×Ó�ÌÅÓËÏ×, æÉÚÍÁÔÌÉÔ,í., 2005.3. à. ë. äÅÍØÑÎÏ×ÉÞ, ÷Ó�ÌÅÓËÏ×ÙÅ (×ÜÊ×ÌÅÔÎÙÅ) ÒÁÚÌÏÖÅÎÉÑ ÎÁ ÎÅÒÁ×ÎÏÍÅÒÎÏÊÓÅÔËÅ. | �ÒÕÄÙ óðÂíï 13 (2007), 27{51.4. à. ë. äÅÍØÑÎÏ×ÉÞ, ÷ÜÊ×ÌÅÔÙ ÎÁ ÍÎÏÇÏÏÂÒÁÚÉÉ. | äÏËÌÁÄÙ òáî 421, No. 2(2009), 1{5.5. à. ë. äÅÍØÑÎÏ×ÉÞ, �ÅÏÒÉÑ Ó�ÌÁÊÎ-×Ó�ÌÅÓËÏ×. óðÂ. éÚÄ-×Ï óðÂçõ, 2013.6. à. ë. äÅÍØÑÎÏ×ÉÞ, á. à. ðÏÎÏÍÁÒÅ×Á, áÄÁ�ÔÉ×ÎÁÑ Ó�ÌÁÊÎ-×Ó�ÌÅÓËÏ×ÁÑ ÏÂ-ÒÁÂÏÔËÁ ÄÉÓËÒÅÔÎÏÇÏ �ÏÔÏËÁ. | ö. �ÒÏÂÌ. ÍÁÔ. ÁÎÁÌÉÚÁ, ÷Ù�. 81 (2015),29{46.7. à. ë. äÅÍØÑÎÏ×ÉÞ É ÄÒ. ðÁÒÁÌÌÅÌØÎÙÅ ÁÌÇÏÒÉÔÍÙ. òÁÚÒÁÂÏÔËÁ É ÒÅÁÌÉÚÁ�ÉÑ.í.: îÁ�ÉÏÎÁÌØÎÙÊ ÏÔËÒÙÔÙÊ ÕÎÉ×ÅÒÓÉÔÅÔ \éî�õé�": âéîïí. ìÁÂÏÒÁÔÏÒÉÑÚÎÁÎÉÊ, 2012.
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