
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 453, 2016 Ç.å. ç. çÏÌÕÚÉÎÁï ÷úáéíîïí éúíåîåîéé ðòïéú÷ïäîïê é�òå�øåçï ëïüææéãéåî�á ÷ ïäîïí ëìáóóåòåçõìñòîùè æõîëãéê
§1. ïÂÏÚÎÁÞÅÎÉÑ É ÏÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙðÕÓÔØ T { ËÌÁÓÓ ÆÕÎË�ÉÊ f(z) = z + ∞

∑n=2 nzn, ÒÅÇÕÌÑÒÎÙÈ É ÔÉ-�ÉÞÎÏ ×ÅÝÅÓÔ×ÅÎÎÙÈ × ËÒÕÇÅ U = {z : |z| < 1}, Ô.Å. ×ÅÝÅÓÔ×ÅÎÎÙÈ ÎÁÄÉÁÍÅÔÒÅ (−1; 1), Á × ÏÓÔÁÌØÎÙÈ ÔÏÞËÁÈ ËÒÕÇÁ U Im f(z) É Im z ×ÓÅÇÄÁÏÄÎÏÇÏ ÚÎÁËÁ.äÌÑ ÆÕÎË�ÉÊ ËÌÁÓÓÁ T ÉÚ×ÅÓÔÎÏ [1, 2℄ ÉÎÔÅÇÒÁÌØÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ:f(z) ∈ T ⇐⇒ f(z) = 1
∫

−1 z1− 2tz + z2 d�(t); �(t) ∈ M1; (1)ÇÄÅ M1 { ËÌÁÓÓ ÆÕÎË�ÉÊ �(t), ÎÅ ÕÂÙ×ÁÀÝÉÈ ÎÁ [−1; 1℄ É ÕÄÏ×ÌÅÔ×ÏÒÑ-ÀÝÉÈ ÕÓÌÏ×ÉÀ 1
∫

−1 d�(t) = 1. éÚ (1) ÓÌÅÄÕÀÔ ÔÏÞÎÙÅ Ï�ÅÎËÉ ÄÌÑ f(r) Éf ′(r):r(1 + r)2 6 f(r) 6
r(1− r)2 ; 1− r(1 + r)3 6 f ′(r) 6

1 + r(1− r)3 ; 0 < r < 1;É ÔÏÞÎÙÅ Ï�ÅÎËÉ ÄÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ× 2 É 3:
−2 6 2 6 2; −1 6 3 6 3:ðÕÓÔØ T (f(r)) (0 < r < 1) { ËÌÁÓÓ ÆÕÎË�ÉÊ f(z) ∈ T Ó ÆÉËÓÉÒÏ×ÁÎ-ÎÙÍ ÚÎÁÞÅÎÉÅÍ f(r), r(1+r)2 < f(r) < r(1−r)2 .ðÕÓÔØ T ′ { ËÌÁÓÓ ÆÕÎË�ÉÊ f(z) ∈ T Ó ÆÉËÓÉÒÏ×ÁÎÎÙÍ ÚÎÁÞÅÎÉÅÍf ′(r), 1−r(1+r)3 < f ′(r) < 1+r(1−r)3 , 0 < r < 1.ðÕÓÔØ T (2) (|2| < 2) É T (3) (−1 < 3 < 3) { ËÌÁÓÓÙ ÆÕÎË�ÉÊf(z) ∈ T Ó ÆÉËÓÉÒÏ×ÁÎÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ 2 É 3 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÔÉ�ÉÞÎÏ ×ÅÝÅÓÔ×ÅÎÎÁÑ ÆÕÎË�ÉÑ, Ï�ÅÎËÉ ËÏÜÆÆÉ�ÅÎÔÏ×.15



16 å. ç. çïìõúéîá÷ [3℄ �ÏÌÕÞÅÎÙ ÔÏÞÎÙÅ Ï�ÅÎËÉ ÄÌÑ f(r) É f ′(r) × ËÌÁÓÓÅ T (2). �ÏÞÎÙÅÏ�ÅÎËÉ ÄÌÑ f(r) × ËÌÁÓÓÅ T (3) ÄÁÎÙ × [4℄. �ÏÞÎÙÅ Ï�ÅÎËÉ ËÏÜÆÆÉ�É-ÅÎÔÏ× n × ËÌÁÓÓÅ T (f(r)) × ÓÌÕÞÁÅ n 6 4 �ÏÌÕÞÅÎÙ × [4℄, Á × ÓÌÕÞÁÑÈn = 5 É n = 6 { × [5℄.÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÎÁÊÄÅÎÙ ÔÏÞÎÙÅ Ï�ÅÎËÉ ÄÌÑ f ′(r) É 3 ÓÏÏÔ×ÅÔ-ÓÔ×ÅÎÎÏ × ËÌÁÓÓÁÈ T (3) É T ′.ðÏÌÏÖÉÍ � = �(r) = r + 1r .�ÅÏÒÅÍÁ 1. ðÕÓÔØ f(z) = z+ ∞
∑n=2 nzn ∈ T (3). åÓÌÉ � > 8, ÔÏ ÉÍÅÀÔÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉf ′(r) >

1− r2(1 + r2 + r√3 + 1)2 �ÒÉ − 1 < 3 < 3; (2)f ′(r) 6
1− r2(1 + r2 − r√3 + 1)2 �ÒÉ − 1 < 3 < 3: (3)åÓÌÉ 2 < � < 8, ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÁÑ Ï�ÅÎËÁ (2) É ÔÏÞÎÙÅ Ï�ÅÎËÉf ′(r) 6

1− r2(1 + r2 − r√3 + 1)2 �ÒÉ − 1 < 3 6 x1; (4)f ′(r)6 (3−3)(1−r2)(3−x1)(1 + r2−r√3+1)2+(3−x1)(1 + r)(3−x1)(1−r)3 �ÒÉ 3∈(x1; 3);(5)ÇÄÅ x1 = �21 − 1 É �1 = 12 (3�− 4−√5�2 − 8�).�ÅÏÒÅÍÁ 2. ðÕÓÔØ f(z) = z + ∞
∑n=2 ∈ T ′, 0 < r < 1, f ′(r) = x.åÓÌÉ � > 8, ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ3 6 3;3 >

1r2 (1+r2−√1−r2x )2
−1 �ÒÉ x ∈

( 1−r(1+r)3 ; 1+r(1−r)3) : (6)



ï ÷úáéíîïí éúíåîåîéé ðòïéú÷ïäîïê 17åÓÌÉ 2 < � < 8, ÔÏ ÉÍÅÀÔ ÍÅÓÔÏ ÔÏÞÎÙÅ Ï�ÅÎËÉ3 6 3 �ÒÉ x ∈
( 1− r(1 + r)3 ; 1 + r(1− r)3) ; (7)3 >

1r2 (1 + r2 −√1− r2x )2
− 1 �ÒÉ x ∈

( 1− r(1 + r)3 ; x2] ; (8)3 > 3 (x2 − x)(1− r)3(1− r)3x2 − 1− r+ [(1−r)3x−1−r℄ [(1+r2−√ 1−r2x2 )2 · 1r2 −1](1− r)3x2 − 1− r �ÒÉ x ∈
(x2; 1+r(1−r)3 ] ;(9)ÇÄÅ x2 = �22 É �2 = 12(p2−4) (�− 4 +√5�2 − 8�)√−�′(r).

§2. äÏËÁÚÁÔÅÌØÓÔ×ÁäÏËÁÖÅÍ ÔÅÏÒÅÍÕ 1. éÓ�ÏÌØÚÕÑ �ÒÅÄÓÔ×ÌÅÎÉÅ (1), �ÏÌÕÞÁÅÍ ÄÌÑ ÓÉ-ÓÔÅÍÙ {3; f ′(r)} ÉÎÔÅÇÒÁÌØÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ3 = 1
∫

−1 (4t2 − 1) d�(t); f ′(r) = 1
∫

−1 −�′(r)(�− 2t)2 d�(t); �(t) ∈ M1:÷ ÓÉÌÕ ÔÅÏÒÅÍÙ 1 × [6℄, ÍÎÏÖÅÓÔ×Ï ÚÎÁÞÅÎÉÊD1 ÓÉÓÔÅÍÙ {3; f ′(r)} =
{x; y} ÎÁ ËÌÁÓÓÅ T × ÓÌÕÞÁÅ � > 8 Ñ×ÌÑÅÔÓÑ ÚÁÍËÎÕÔÙÍ ×Ù�ÕËÌÙÍ ÍÎÏ-ÖÅÓÔ×ÏÍ, ÏÇÒÁÎÉÞÅÎÎÙÍ �ÒÑÍÏÌÉÎÅÊÎÙÍ ÏÔÒÅÚËÏÍ I Ó ËÏÎ�ÁÍÉ × ÔÏÞ-ËÁÈ (3; −�′(r)(�−2)2) É (3; −�′(r)(�+2)2 ) É ÓÌÅÄÕÀÝÉÍÉ ËÒÉ×ÙÍÉ L1 É L2:L1 = {(x; y) ∈ R

2 : y = y+(x) = −�′(r)(�+√x+ 1)2 ; x ∈ [−1; 3℄} ;L2 = {(x; y) ∈ R
2 : y = y−(x) = −�′(r)(�−√x+ 1)2 ; x ∈ [−1; 3℄} :éÍÅÅÍy′±(x) = ±�′(r)(�±√x+ 1)3 1√x+ 1 ;y′′±(x) = −�′(r)(�±√x+ 1)42(x+ 1) [ 3�±√x+ 1 ± 1√x+ 1] :



18 å. ç. çïìõúéîá�ÁË ËÁË y′′+(x) > 0, Á y′′−(x) = 0 �ÒÉ x = �216 − 1, ËÒÉ×ÁÑ L2 ÉÍÅÅÔÔÏÞËÕ �ÅÒÅÇÉÂÁ �ÒÉ x = xn = �216 − 1. éÍÅÅÍ xn > 3 �ÒÉ � > 8.÷ ÓÌÕÞÁÅ � < 8 ÍÎÏÖÅÓÔ×Ï D1 ÅÓÔØ ÚÁÍËÎÕÔÏÅ ×Ù�ÕËÌÏÅ ÍÎÏÖÅÓÔ×Ï,ÏÇÒÁÎÉÞÅÎÎÏÅ Ä×ÕÍÑ �ÒÑÍÏÌÉÎÅÊÎÙÍÉ ÏÔÒÅÚËÁÍÉ I É I1, ÇÄÅ I1 ÉÍÅÅÔËÏÎ�Ù × ÔÏÞËÁÈ (x1; −�′(r)(�−√x1+1)2) É (3; −�′(r)(�−2)2 ) É ËÒÉ×ÙÍÉ L1 É l2, ÇÄÅl2 = {(x; y) ∈ R
2 : y = y−(x); x ∈ [x1; 3℄}:éÚ ×ÙÛÅÓËÁÚÁÎÎÏÇÏ ÓÌÅÄÕÀÔ Ï�ÅÎËÉ (2){(5).÷ ÓÌÕÞÁÅ � < 8 ÄÌÑ ÎÁÈÏÖÄÅÎÉÑ ÔÏÞËÉ x1 { ÔÏÞËÉ ËÁÓÁÎÉÑ �ÒÑÍÏÊy = y′−(x)(x − 3) + −�′(r)(�− 2)2Ó ËÒÉ×ÏÊ y = y−(x) { ÉÍÅÅÍ ÕÒÁ×ÎÅÎÉÅ

−�′(r)((�−√x+ 1)2 = −�′(r)√x+ 1(�−√x+ 1)3 (x− 3) + −�′(r)(�− 2)2 ;ËÏÔÏÒÏÅ ÚÁ�ÉÛÅÍ × ×ÉÄÅ
−�′(r)(√x+ 1− 2)2[−t2 + (3�− 4)t− (�− 22℄ = 0; t = √x+ 1:�ÅÏÒÅÍÁ 1 ÄÏËÁÚÁÎÁ.äÏËÁÖÅÍ ÔÅÏÒÅÍÕ 2.íÎÏÖÅÓÔ×Ï ÚÎÁÞÅÎÉÊ D2 ÓÉÓÔÅÍÙ {f ′(r); 3} = {x; y} ÎÁ ËÌÁÓÓÅ TÑ×ÌÑÅÔÓÑ ÚÁÍËÎÕÔÙÍ ×Ù�ÕËÌÙÍ ÍÎÏÖÅÓÔ×ÏÍ, ËÏÔÏÒÏÅ × ÓÌÕÞÁÅ � > 8ÏÇÒÁÎÉÞÅÎÏ ÏÔÒÅÚËÏÍ �ÒÑÍÏÊ Ó ËÏÎ�ÁÍÉ × ÔÏÞËÁÈ (

−�′(r)(�+2)2 ; 3)É (−�′(r)(�−2)2 ; 3) É ËÒÉ×ÏÊ L′1, ÇÄÅL′1=


(x; y)∈R
2 : y=y(x)=(�−√−�′(r)x )2

−1; x∈[− �′(r)(�+2)2 ; −�′(r)(�−2)2] :äÁÌÅÅ ÉÍÅÅÍ y′(x) = √

−�′(r)x2 (�√x−
√

−�′(r))É y′(x) = 0 �ÒÉ x = −�′(r)�2 ,y′′(x) =√−�′(r) 4√−�′(r) − 3�√x2x3



ï ÷úáéíîïí éúíåîåîéé ðòïéú÷ïäîïê 19É y′′(x) = 0 �ÒÉ x′n = −�′(r)�2 169 . �ÁË ËÁË x′n >
−�′(r)(�−2)2 �ÒÉ � > 8, ÔÏ ×ÓÌÕÞÁÅ � < 8 ÍÎÏÖÅÓÔ×Ï ÚÎÁÞÅÎÉÊ D2 ÏÇÒÁÎÉÞÅÎÏ ËÒÉ×ÏÊ l′2, ÇÄÅl′2=



(x; y) ∈ R
2 : y=y(x)=(�−√−�′(r)x )2

−1; x ∈
[ −�′(r)(�+ 2)2 ; x2] ;É ÏÔÒÅÚËÏÍ �ÒÑÍÏÊ Ó ËÏÎ�ÁÍÉ × ÔÏÞËÁÈ









�−√−�′(r)x2 



2
− 1; x2 É ( −�′(r)(�− 2)2 ; 3) :éÚ ÓËÁÚÁÎÎÏÇÏ ×ÙÛÅ ÓÌÅÄÕÀÔ Ï�ÅÎËÉ (6){(9).äÌÑ ÎÁÈÏÖÄÅÎÉÑ ÔÏÞËÉ x2 ÉÍÅÅÍ ÕÒÁ×ÎÅÎÉÅ

(�−√−�′(r)x )2
−1=(�−√−�′(r)x )(

√

−�′(r)x3=2 )

(x− −�′(r)(�− 2)2)+3;ËÏÔÏÒÏÅ ÚÁ�ÉÛÅÔÓÑ × ×ÉÄÅ
(
√ x

−�′(r) − 1�− 2)2 [ x
−�′(r) (�2 − 4) + √x

√

−�′(r) (4− �)− 1] = 0:�ÅÏÒÅÍÁ 2 ÄÏËÁÚÁÎÁ.ï�ÅÎËÉ (2){(9) Ñ×ÌÑÀÔÓÑ ÔÏÞÎÙÍÉ. úÎÁËÉ ÒÁ×ÅÎÓÔ×Á × (2) É (3) ÄÏ-ÓÔÉÇÁÀÔÓÑ ÄÌÑ ÆÕÎË�ÉÊf1(z) = z1 + z√3 + 1 + z2 ∈ T (3); −1 6 3 6 3;É f2(z) = z1− z√3 + 1 + z2 ∈ T (3); −1 6 3 6 3;ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ.úÎÁË ÒÁ×ÅÎÓÔ×Á × (4) ÉÍÅÅÔ ÍÅÓÔÏ ÄÌÑ ÆÕÎË�ÉÉ f2(z) �ÒÉ
−1636x1.úÎÁË ÒÁ×ÅÎÓÔ×Á × (5) ÉÍÅÅÔ ÍÅÓÔÏ ÄÌÑ ÆÕÎË�ÉÉf3(z) = 3− 33− x1 · z1− z√x1 + 1 + z2 + x1 − 3x1 − 3 · z(1− z)2 ;3 ∈ (x1; 3); f3(z) ∈ T (3):



20 å. ç. çïìõúéîáúÎÁË ÒÁ×ÅÎÓÔ×Á × (6) É (7) ÄÌÑ Ï�ÅÎËÉ 3 6 3 ÉÍÅÅÔ ÍÅÓÔÏ ÄÌÑ ÆÕÎË-�ÉÉ f4(z) = �1z(1− z)2 + �2z(1 + z)2 ; �1 + �2 = 1:úÎÁË ÒÁ×ÅÎÓÔ×Á ×Ï ×ÔÏÒÏÊ Ï�ÅÎËÅ × (6) ÉÍÅÅÔ ÍÅÓÔÏ ÄÌÑ ÆÕÎË�ÉÉf5(z) = z1− z(�−√−�′(r)f ′(r) )+ z2 ∈ T ′;1− r(1 + r)3 6 f ′(r) 6
1 + r(1− r)3 :úÎÁË ÒÁ×ÅÎÓÔ×Á × (8) ÄÏÓÔÉÇÁÅÔÓÑ ÄÌÑ ÆÕÎË�ÉÉ f5(z) �ÒÉ 1−r(1+r)3 6f ′(r) 6 x2.úÎÁË ÒÁ×ÅÎÓÔ×Á × (9) ÄÏÓÔÉÇÁÅÔÓÑ ÄÌÑ ÓÌÅÄÕÀÝÅÊ ÆÕÎË�ÉÉ f6(z) ∈T ′:f6(z) = [(�− 2)2f ′(r) + �′(r)℄(�− 2)2x2 + �′(r) · z1− z(�−√−�′(r)f ′(r) )+ z2+ [x2 − f ′(r)℄(� − 2)2(�− 2)2x2 + �′(r) · z(1− z)2 �ÒÉ f ′(r) ∈ [x2; 1 + r(1− r)3 ] :ìÉÔÅÒÁÔÕÒÁ1. M. S. Robertson, On the oeÆients of a typially-real funtion. | Bull. Amer.Math. So. 41 (1935), 505{572.2. ç. í. çÏÌÕÚÉÎ, ï ÔÉ�ÉÞÎÏ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÑÈ. | íÁÔ. ÓÂ. 27 (69) (1950),201{218.3. J. A. Jenkins, Some problems for typially real funtions. | Canad. J. Math. 13(1961), 427{431.4. å. ç. çÏÌÕÚÉÎÁ, îÅËÏÔÏÒÙÅ ÔÏÞÎÙÅ Ï�ÅÎËÉ ÄÌÑ ÔÉ�ÉÞÎÏ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÆÕÎË-�ÉÊ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 428 (2014), 81{88.5. å. ç. çÏÌÕÚÉÎÁ, �ÏÞÎÙÅ Ï�ÅÎËÉ ÎÁÞÁÌØÎÙÈ ËÏÜÆÆÉ�ÉÅÎÔÏ× × ÏÄÎÏÍ ËÌÁÓÓÅ ÔÉ-�ÉÞÎÏ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÆÕÎË�ÉÊ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 439 (2015), 38{46.6. à. å. áÌÅÎÉ�ÙÎ, ïÂ ÏÂÌÁÓÔÑÈ ÉÚÍÅÎÅÎÉÑ ÓÉÓÔÅÍ ËÏÜÆÆÉ�ÅÎÔÏ× ÆÕÎË�ÉÊ,�ÒÅÄÓÔÁ×ÉÍÙÈ ÓÕÍÍÏÊ ÉÎÔÅÇÒÁÌÏ× óÔÉÌÔØÅÓÁ. | ÷ÅÓÔÎ. ìçõ, No. 7, ÓÅÒ.ÍÁÔ., ÍÅÈ. É ÁÓÔÒ., ×Ù�. 2 (1962), 25{41.
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