
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 450, 2016 Ç.÷. á. âÕÓÌÏ×ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå éóïâó�÷åîîùè ÷åë�ïòáè ÷ �åòíéîáèäòå÷ï÷éäîïê ó�òõë�õòù ïòçòáæá÷×ÅÄÅÎÉÅèÁÒÁËÔÅÒÉÓÔÉËÉ ÍÁÔÒÉ�Ù ÓÍÅÖÎÏÓÔÉ ÏÒÇÒÁÆÁ ÕÄÏÂÎÏ ÁÎÁÌÉÚÉÒÏ-×ÁÔØ ÞÅÒÅÚ �ÉËÌÉÞÅÓËÕÀ ÓÔÒÕËÔÕÒÕ ÏÒÇÒÁÆÏ×, Ó×ÏÊÓÔ×Á ÌÁ�ÌÁÓÏ×ÓËÏÊÍÁÔÒÉ�Ù { ÞÅÒÅÚ ÄÒÅ×Ï×ÉÄÎÕÀ (ÂÏÌÅÅ ÏÂÝÏ { ÌÅÓÎÕÀ) ÓÔÒÕËÔÕÒÕ. ìÁ-�ÌÁÓÏ×ÓËÁÑ ÍÁÔÒÉ�Á, ÉÍÅÀÝÁÑ ÎÕÌÅ×ÕÀ ÓÕÍÍÕ ÜÌÅÍÅÎÔÏ× �Ï ÓÔÒÏËÅ,�ÒÏÓÔÏ ÎÅ ÍÏÖÅÔ ÓÏÄÅÒÖÁÔØ ÉÎÆÏÒÍÁ�ÉÀ Ï �ÅÔÌÑÈ ÏÒÇÒÁÆÁ, ÞÔÏ ÓÕÖÁ-ÅÔ Å£ �ÒÉÍÅÎÉÍÏÓÔØ. ïÄÎÁËÏ, ÅÓÌÉ ÒÁÓÛÉÒÉÔØ ÏÒÇÒÁÆ, ÄÏÂÁ×É× ÎÏ×ÕÀ×ÅÒÛÉÎÕ É Ó�Å�ÉÁÌØÎÙÅ ÓÍÅÖÎÏÓÔÉ, ÏÄÎÏ×ÒÅÍÅÎÎÏ ÕÄÁÌÉ× ×ÓÅ �ÅÔÌÉ,ÔÏ ÍÁÔÒÉ�Á ÓÍÅÖÎÏÓÔÉ ÉÓÈÏÄÎÏÇÏ ÏÒÇÒÁÆÁ ÏËÁÚÙ×ÁÅÔÓÑ �ÏÄÍÁÔÒÉ�ÅÊÌÁ�ÌÁÓÏ×ÓËÏÊ ÍÁÔÒÉ�Ù �ÒÅÏÂÒÁÚÏ×ÁÎÎÏÇÏ. üÔÏ �ÏÚ×ÏÌÑÅÔ, ÉÓ�ÏÌØÚÕÑÉÚ×ÅÓÔÎÙÅ Ó×ÏÊÓÔ×Á ÌÁ�ÌÁÓÏ×ÓËÉÈ ÍÁÔÒÉ�, Ï�ÉÓÙ×ÁÔØ ÈÁÒÁËÔÅÒÉÓÔÉËÉÍÁÔÒÉ� ÓÍÅÖÎÏÓÔÉ (�ÒÏÉÚ×ÏÌØÎÙÈ Ë×ÁÄÒÁÔÎÙÈ ÍÁÔÒÉ�) × ÄÒÅ×Ï×ÉÄ-ÎÏÊ ÓÔÒÕËÔÕÒÅ. ðÒÅÄÌÁÇÁÅÍÏÅ × ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÒÁÓÛÉÒÅÎÉÅ ÒÁÚÍÅÒ-ÎÏÓÔÉ �ÒÁËÔÉÞÅÓËÉ ×ÓÔÒÅÞÁÌÏÓØ × ÒÁÂÏÔÁÈ ÷ÅÎÔ�ÅÌÑ É æÒÅÊÄÌÉÎÁ [8℄,ÇÄÅ �ÒÉ ÉÓÓÌÅÄÏ×ÁÎÉÉ ÓÌÕÞÁÊÎÙÈ ÂÌÕÖÄÁÎÉÊ, ÇÒÁÎÉ�Á ÏÂÌÁÓÔÉ ÓÒÁÚÕ�ÏÌÁÇÁÌÁÓØ ÏÄÎÉÍ ÉÚ ÓÏÓÔÏÑÎÉÊ ÍÁÒËÏ×ÓËÏÊ �Å�É, ÏÄÎÁËÏ ÂÅÚ �ÒÑÍÏÊÓ×ÑÚÉ ÓÏ Ó�ÅËÔÒÁÌØÎÙÍÉ Ó×ÏÊÓÔ×ÁÍÉ Õ�ÒÁ×ÌÑÀÝÅÊ ÍÁÔÒÉ�Ù, × ËÏÔÏ-ÒÏÊ ÜÔÏ ÓÏÓÔÏÑÎÉÅ ÏÔÓÕÔÓÔ×ÕÅÔ. óÏÂÓÔ×ÅÎÎÙÅ �ÒÏÅËÔÏÒÙ ÌÁ�ÌÁÓÏ×ÓËÉÈÍÁÔÒÉ�, ÏÔ×ÅÞÁÀÝÉÅ ÎÕÌÅ×ÏÍÕ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÚÎÁÞÅÎÉÀ, �ÏÄÒÏÂÎÏ ÒÁÓ-ÓÍÁÔÒÉ×ÁÌÉÓØ × [12℄, ÏÄÎÁËÏ ËÏÍ�ÏÎÅÎÔÙ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ÄÌÑÎÅÎÕÌÅ×ÙÈ ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊ ÏÓÔÁ×ÁÌÉÓØ ÚÁ ËÁÄÒÏÍ.÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ, ÉÓ�ÏÌØÚÕÑ ÒÁÓÛÉÒÅÎÎÙÊ ÏÒÇÒÁÆ, �ÏÌÕÞÅÎÏ ×Ù-ÒÁÖÅÎÉÅ ÄÌÑ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ �ÒÏÉÚ×ÏÌØÎÏÊ Ë×ÁÄÒÁÔ-ÎÏÊ ÍÁÔÒÉ�Ù × ÄÒÅ×Ï×ÉÄÎÏÊ ÓÔÒÕËÔÕÒÅ (�ÅÏÒÅÍÁ 1) ÉÚ ÁÎÁÌÏÇÉÞÎÏÇÏ�ÒÅÄÓÔÁ×ÌÅÎÉÑ æÉÄÌÅÒÁ É óÅÄÌÁÞÅËÁ [4℄ ÄÌÑ ÌÁ�ÌÁÓÏ×ÓËÉÈ. òÁÓÛÉÒÅÎÁÆÏÒÍÕÌÁ ×ÓÅÈ ÍÉÎÏÒÏ× þÁÊËÅÎÁ É íÕÎÁ [5, 6℄ Ó ÌÁ�ÌÁÓÏ×ÓËÉÈ ÍÁÔÒÉ�ÎÁ �ÒÏÉÚ×ÏÌØÎÙÅ Ë×ÁÄÒÁÔÎÙÅ (�ÅÏÒÅÍÁ 2). ðÏÌÕÞÅÎÏ �ÁÒÁÍÅÔÒÉÞÅÓËÏÅ�ÒÅÄÓÔÁ×ÌÅÎÉÅ ÄÌÑ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× �ÒÏÉÚ×ÏÌØÎÙÈ ÍÁÔÒÉ�, ÏÔ-×ÅÞÁÀÝÉÈ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÞÉÓÌÕ ÅÄÉÎÉÞÎÏÊ ÁÌÇÅÂÒÁÉÞÅÓËÏÊ ËÒÁÔÎÏÓÔÉ,ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ×Ú×ÅÛÅÎÎÙÊ ÏÒÇÒÁÆ, Ó�ÅËÔÒÁÌØÎÙÊ ÁÎÁÌÉÚ, �Å�É íÁÒËÏ×Á.14



ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå 15× ÄÒÅ×Ï×ÉÄÎÏÊ ÓÔÒÕËÔÕÒÅ (�ÅÏÒÅÍÁ 3), ÇÄÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÏ×ÅÄÅÎÏÎÁ ÏÓÎÏ×Å ÏÂÏÂÝÅÎÎÏÊ ÔÅÏÒÅÍÙ Ï ×ÓÅÈ ÍÉÎÏÒÁÈ. ïÔÄÅÌØÎÙÍ �ÕÎËÔÏÍ�ÒÉ×ÅÄÅÎÏ ÄÒÕÇÏÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÔÏÊ ÖÅ ÆÏÒÍÕÌÙ, ÎÅÓËÏÌØËÏ ÔÅÈÎÉ-ÞÅÓËÉ ÂÏÌÅÅ ÓÌÏÖÎÏÅ, ÎÏ ÎÅ ÉÓ�ÏÌØÚÕÀÝÅÅ ÆÏÒÍÕÌÕ ×ÓÅÈ ÍÉÎÏÒÏ×. åÇÏÓÁÍÏÓÔÏÑÔÅÌØÎÁÑ �ÅÎÎÏÓÔØ ÓÏÓÔÏÉÔ × ÔÏÍ, ÞÔÏ ×Ï-�ÅÒ×ÙÈ, ÎÁ ÅÇÏ ÏÓÎÏ-×Å ÍÏÖÅÔ ÂÙÔØ �ÏÌÕÞÅÎÁ ÓÁÍÁ ÔÅÏÒÅÍÁ Ï ×ÓÅÈ ÍÉÎÏÒÁÈ, É ×Ï-×ÔÏÒÙÈ,ÏÎÏ ÎÅ ÓÔÏÌØËÏ ËÏÍÂÉÎÁÔÏÒÎÏ, ÓËÏÌØËÏ ÎÁÇÌÑÄÎÏ ÄÅÍÏÎÓÔÒÉÒÕÅÔ, ËÁËÍÅÎÑÅÔÓÑ ÏÒÇÒÁÆ É ÅÇÏ Ó×ÏÊÓÔ×Á �ÒÉ ×ÚÁÉÍÎÙÈ ÚÁÍÅÎÁÈ ÄÕÇ ÚÁÈÏÄÑÝÉÈ× ÏÄÎÕ ×ÅÒÛÉÎÕ, ÎÁ ÄÕÇÉ, ÚÁÈÏÄÑÝÉÅ × ÄÒÕÇÕÀ.
§1. ï�ÒÅÄÅÌÅÎÉÑ É ÉÓ�ÏÌØÚÕÅÍÙÅ ÏÂÏÚÎÁÞÅÎÉÑäÌÑ ×ÓÑËÏÇÏ ÏÒÇÒÁÆÁ G = (VG;AG) ÓÏ ×Ú×ÅÛÅÎÎÙÍÉ ÓÍÅÖÎÏÓÔÑÍÉgij �ÒÏÉÚ×ÅÄÅÎÉÅ ×ÅÓÏ× ×ÓÅÈ ÅÇÏ ÄÕÇ�G = ∏(i;j)∈AG gijÎÁÚÏ×£Í �ÒÏÄÕËÔÉ×ÎÏÓÔØÀ 1 ÏÒÇÒÁÆÁ. åÓÌÉ B { ÎÅËÏÔÏÒÏÅ ÍÎÏÖÅÓÔ×Ï�ÏÄÇÒÁÆÏ× ÏÇÒÇÁÆÁ G, ÞÅÒÅÚ �(B) ÏÂÏÚÎÁÞÉÍ ÓÕÍÍÕ�(B) = ∑B∈B

�B :÷Ú×ÅÛÅÎÎÕÀ ÍÁÔÒÉ�Õ ÓÍÅÖÎÏÓÔÉG Ó ÜÌÅÍÅÎÔÁÍÉ gij ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØÔÏÊ ÖÅ ÂÕË×ÏÊ, ÞÔÏ É ÓÁÍ ÏÒÇÒÁÆ G.ìÉÎÅÊÎÙÊ ÏÒÇÒÁÆ 2 { ÏÒÇÒÁÆ, × ËÏÔÏÒÏÍ ÉÚ ËÁÖÄÏÊ ×ÅÒÛÉÎÙ ÒÏ×ÎÏÏÄÎÁ ÄÕÇÁ ÉÓÈÏÄÉÔ É ÚÁÈÏÄÉÔ ÒÏ×ÎÏ ÏÄÎÁ, ÔÏ ÅÓÔØ ÌÉÎÅÊÎÙÊ ÏÒÇÒÁÆÓÏÓÔÏÉÔ ÉÚ ËÏÎÔÕÒÏ×, ËÏÔÏÒÙÅ Ñ×ÌÑÀÔÓÑ ÅÇÏ Ó×ÑÚÎÙÍÉ ËÏÍ�ÏÎÅÎÔÁÍÉ.÷ ÏÒÇÒÁÆÁÈ ÅÓÔØ Ä×Á ×ÉÄÁ ÌÅÓÏ×: ÚÁÈÏÄÑÝÉÅ É ÉÓÈÏÄÑÝÉÅ, �ÏÌÕÞÁÀ-ÝÉÅÓÑ ÉÚ �ÅÒ×ÙÈ ÚÁÍÅÎÏÊ ÎÁ�ÒÁ×ÌÅÎÉÊ ÄÕÇ. úÁÈÏÄÑÝÉÊ ÌÅÓ F { ÏÒÇÒÁÆ,× ËÏÔÏÒÏÍ ÉÚ ËÁÖÄÏÊ ×ÅÒÛÉÎÙ ÉÓÈÏÄÉÔ ÎÅ ÂÏÌÅÅ ÏÄÎÏÊ ÄÕÇÉ, É × Î£ÍÎÅÔ ËÏÎÔÕÒÏ×. ÷ÅÒÛÉÎÙ, ÉÚ ËÏÔÏÒÙÈ ÄÕÇÉ ÎÅ ÉÓÈÏÄÑÔ { ËÏÒÎÉ ÄÅÒÅ-×ØÅ× ÌÅÓÁ F . ÷ ÄÁÌØÎÅÊÛÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ ÔÏÌØËÏ ÚÁÈÏÄÑÝÉÅ ÌÅÓÁ.ïÓÔÏ×ÎÏÊ �ÏÄÒÇÁÆ { �ÏÄÇÒÁÆ ×ËÌÀÞÁÀÝÉÊ ×ÓÅ ×ÅÒÛÉÎÙ (ÏÒ)ÇÒÁÆÁ.1üÔÕ ×ÅÌÉÞÉÎÕ ÉÎÏÇÄÁ ÔÁËÖÅ ÎÁÚÙ×ÁÀÔ ×ÅÓÏÍ ÏÒÇÒÁÆÁ, ÈÏÔÑ Å£ ÆÏÒÍÉÒÏ×ÁÎÉÅÎÅ ÁÄÄÉÔÉ×ÎÏ, Á ÍÕÌØÔÉ�ÌÉËÁÔÉ×ÎÏ. ïÂÙÞÎÏ ×ÅÓÏÍ �ÒÉÎÑÔÏ ÓÞÉÔÁÔØ ÓÕÍÍÕ ×ÅÓÏ×ÄÕÇ. åÓÔÅÓÔ×ÅÎÎÅÊ �ÒÏÉÚ×ÅÄÅÎÉÅ ÄÕÇ ÉÎÔÅÒ�ÒÅÔÉÒÏ×ÁÔØ ËÁË ÏÂß£Í ÏÒÇÒÁÆÁ. éÓ-�ÏÌØÚÕÅÍÏÅ Ï�ÒÅÄÅÌÅÎÉÅ �ÒÉÚ×ÁÎÏ ÉÚÂÅÖÁÔØ �ÕÔÁÎÉ�Ù.2�ÅÒÍÉÎ ÌÉÎÅÊÎÙÊ ×ÚÑÔ ÉÚ [1℄ É Ó ÇÅÏÍÅÔÒÉÞÅÓËÉÍÉ �ÒÅÄÓÔÁ×ÌÅÎÉÑÍÉ ÎÉËÁË ÎÅÓ×ÑÚÁÎ, Á ÏÂÕÓÌÏ×ÌÅÎ �ÒÉÌÏÖÅÎÉÑÍÉ Ë ÌÉÎÅÊÎÏÊ ÁÌÇÅÂÒÅ, �ÏÓËÏÌØËÕ ÓÌÁÇÁÅÍÙÅ ×Ï�ÒÅÄÅÌÉÔÅÌÑÈ É ÇÌÁ×ÎÙÈ ÍÉÎÏÒÁÈ ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÉÍÅÎÎÏ ÔÁËÉÍ ÏÒÇÒÁÆÁÍ (1).



16 ÷. á. âõóìï÷åÓÌÉ I { ÎÅËÏÔÏÒÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï ÍÎÏÖÅÓÔ×Á ×ÅÒÛÉÎ ÏÒÇÒÁÆÁ GÉ 0 6 k 6 |VG \ I|, ÔÏ ÞÅÒÅÚ Fk
I (G) ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÍÎÏÖÅÓÔ×ÏÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ× ÏÒÇÒÁÆÁ G, ÓÏÓÔÏÑÝÉÈ ÉÚ (k + |I|) ÄÅÒÅ-×ØÅ×, �ÒÉÞ£Í ×ÓÅ ×ÅÒÛÉÎÙ ÍÎÏÖÅÓÔ×Á I Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ. ïÓÔÁ×ÛÉ-ÅÓÑ k ËÏÒÎÅÊ { �ÒÏÉÚ×ÏÌØÎÙÅ ×ÅÒÛÉÎÙ ÉÚ VG \ I. ÷ ÓÌÕÞÁÑÈ, ËÏÇÄÁÑÓÎÏ Ï �ÏÄÇÒÁÆÁÈ ËÁËÏÇÏ ÏÒÇÒÁÆÁ G ÉÄ£Ô ÒÅÞØ, ÉÌÉ ÜÔÏ ÏÂÓÔÏÑÔÅÌØ-ÓÔ×Ï ÎÅÓÕÝÅÓÔ×ÅÎÎÏ, ÂÕÄÅÍ Ï�ÕÓËÁÔØ ÕËÁÚÁÎÉÅ ÎÁ ÎÅÇÏ. �ÁËÖÅ FI ≡ F0

I ,
Fk ≡ Fk

∅
. åÓÌÉ ÎÁ ÍÎÏÖÅÓÔ×Ï ÌÅÓÏ× ÎÁÌÏÖÅÎÙ ÄÏ�ÏÌÎÉÔÅÌØÎÙÅ ÕÓÌÏ×ÉÑa1; a2; · · · ; al, ÔÏ ÉÈ ÕËÁÚÙ×ÁÅÍ × ËÁÞÅÓÔ×Å ÁÒÇÕÍÅÎÔÏ×: F(a1; a2; · · · ; al).éÓ�ÏÌØÚÕÅÍÙÅ ÄÏ�ÏÌÎÉÔÅÌØÎÙÅ ÕÓÌÏ×ÉÑ:(j; i) { ÓÏÄÅÒÖÉÔÓÑ ÄÕÇÁ (j; i);(j; i) { ÏÔÓÕÔÓÔ×ÕÅÔ ÄÕÇÁ (j; i);j → { ÉÚ ×ÅÒÛÉÎÙ j ÉÓÈÏÄÉÔ ÄÕÇÁ;j → i { ×ÅÒÛÉÎÁ i ÄÏÓÔÉÖÉÍÁ ÉÚ j;j 9 i { ×ÅÒÛÉÎÁ i ÎÅ ÄÏÓÔÉÖÉÍÁ ÉÚ j.åÓÌÉ I, J { ÎÅËÏÔÏÒÙÅ �ÏÄÍÎÏÖÅÓÔ×Á ÍÎÏÖÅÓÔ×Á ×ÅÒÛÉÎ (ÉÎÄÅË-ÓÏ×), ÔÏ ÞÅÒÅÚ G(I|J ) ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÍÁÔÒÉ�Õ G, × ËÏÔÏÒÏÊ ×Ù-ÞÅÒËÎÕÔÙ ÓÔÒÏËÉ Ó ÎÏÍÅÒÁÍÉ ÉÚ I É ÓÔÏÌÂ�Ù Ó ÎÏÍÅÒÁÍÉ ÉÚ J . åÓÌÉÎÏÍÅÒÁ ×ÙÞ£ÒËÉ×ÁÅÍÙÈ ÓÔÒÏË É ÓÔÏÌÂ�Ï× ÓÏ×�ÁÄÁÀÔ, ÉÓ�ÏÌØÚÕÅÍ ÓÏ-ËÒÁÝÅÎÉÅ G(I) =G(I|I).äÁÌÅÅ × ËÁÞÅÓÔ×Å ÍÎÏÖÅÓÔ×Á ×ÅÒÛÉÎ ÏÒÇÒÁÆÁ ÉÓ�ÏÌØÚÕÀÔÓÑ Ä×Á ÍÎÏ-ÖÅÓÔ×Á N = {1; 2; : : : ; N} É N0 = N ∪ {0}. õÓÌÏ×ÉÍÓÑ �ÏÄÍÎÏÖÅÓÔ×ÏÍÎÏÖÅÓÔ×Á ×ÅÒÛÉÎ ÓÎÁÂÖÁÔØ ÉÎÄÅËÓÏÍ 0, ÅÓÌÉ ÏÎÏ ×ËÌÀÞÁÅÔ ×ÅÒÛÉ-ÎÕ 0.

§2. èÁÒÁËÔÅÒÉÓÔÉÞÅÓËÉÅ ÍÎÏÇÏÞÌÅÎÙ ÍÁÔÒÉ�ÙÓÍÅÖÎÏÓÔÉ É ÌÁ�ÌÁÓÉÁÎÁåÓÌÉ ÎÁ �ÒÏÉÚ×ÏÌØÎÕÀ N ×N ÍÁÔÒÉ�Õ G ÓÍÏÔÒÅÔØ ËÁË ÎÁ ×Ú×ÅÛÅÎ-ÎÕÀ ÍÁÔÒÉ�Õ ÓÍÅÖÎÏÓÔÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ ÏÒÇÒÁÆÁ G, ÔÏ Å£ ÈÁÒÁË-ÔÅÒÉÓÔÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ �Ï \ÔÅÏÒÅÍÅ Ï ËÏÜÆÆÉ�ÉÅÎÔÁÈ ÄÌÑ ÏÒÇÒÁ-ÆÏ×" [1℄ ÉÍÅÅÔ ×ÉÄdet(�E−G) = N
∑k=0�k [ ∑L∈Lk(−1)p(L)�L] ; (1)ÇÄÅ Lk { ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ ÌÉÎÅÊÎÙÈ ÏÒÉÅÎÔÉÒÏ×ÁÎÎÙÈ �ÏÄÇÒÁÆÏ× L ÇÒÁ-ÆÁ G Ó ÔÏÞÎÏ k ×ÅÒÛÉÎÁÍÉ; p(L) ÏÚÎÁÞÁÅÔ ÞÉÓÌÏ ËÏÍ�ÏÎÅÎÔ (ËÏÎÔÕÒÏ×)ÏÒÇÒÁÆÁ L.



ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå 17ëÏÜÆÆÉ�ÉÅÎÔÙ × (1) ×ÙÒÁÖÅÎÙ ÞÅÒÅÚ �ÉËÌÏ×ÉÄÎÕÀ ÓÔÒÕËÔÕÒÕ ÏÒ-ÇÒÁÆÁ G, Á ÓÁÍÁ ÔÅÏÒÅÍÁ Ï ËÏÜÆÆÉ�ÉÅÎÔÁÈ Ñ×ÌÑÅÔÓÑ �ÅÒÅÆÏÒÍÕÌÉ-ÒÏ×ËÏÊ ÓÔÁÎÄÁÒÔÎÏÊ ÚÁ�ÉÓÉ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ × ×ÉÄÅÓÕÍÍÙ �ÒÏÉÚ×ÅÄÅÎÉÊ ÍÁÔÒÉÞÎÙÈ ÜÌÅÍÅÎÔÏ× ÓÏ ÚÎÁËÏÍ Ï�ÒÅÄÅÌÑÅÍÙÍÞÅÔÎÏÓÔØÀ �ÏÄÓÔÁÎÏ×ËÉ (ÞÉÓÌÏÍ ËÏÎÔÕÒÏ×).÷ ÔÅÒÍÉÎÁÈ ÄÒÅ×Ï×ÉÄÎÏÊ ÓÔÒÕËÔÕÒÙ ÉÚ×ÅÓÔÎÏ [2, 3℄ ×ÙÒÁÖÅÎÉÅ ÈÁ-ÒÁËÔÅÒÉÓÔÉÞÅÓËÏÇÏ �ÏÌÉÎÏÍÁ ÎÅ ÍÁÔÒÉ�Ù ÓÍÅÖÎÏÓÔÉ G, Á ÌÁ�ÌÁÓÉÁ-ÎÁ L ÏÒÇÒÁÆÁG, Ï�ÒÅÄÅÌÑÅÍÏÇÏ ËÁË ÍÁÔÒÉ�Á Ó ÜÌÅÍÅÎÔÁÍÉ lij , ÒÁ×ÎÙÍÉlij = { −gij ; i 6= j;
∑k 6=i gik; i = j:÷ÙÒÁÖÅÎÉÅ ÄÌÑ ÇÌÁ×ÎÙÈ ÍÉÎÏÒÏ× ÌÁ�ÌÁÓÉÁÎÁ �ÏÌÕÞÅÎÏ × [4℄ É × ÉÓ-�ÏÌØÚÕÅÍÙÈ ÏÂÏÚÎÁÞÅÎÉÑÈ ÉÍÅÅÔ ×ÉÄdetL(I) = �(FI); (2)ÇÄÅ FI { ÍÎÏÖÅÓÔ×Ï ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ× ÏÒÇÒÁÆÁ G, ÓÏÓÔÏÑÝÉÈÉÚ |I| ÄÅÒÅ×ØÅ×, ËÏÒÎÑÍÉ ËÏÔÏÒÙÈ Ñ×ÌÑÀÔÓÑ ×ÅÒÛÉÎÙ ÉÚ I. ðÏÓËÏÌØËÕ

Fk = ⋃

|I|=kFI , Á ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ k-oÊ ÓÔÅ�ÅÎÉ � × ÈÁÒÁËÔÅÒÉÓÔÉÞÅ-ÓËÏÍ ÍÎÏÇÏÞÌÅÎÅ Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑ (−1)N−k ÒÁ×ÅÎ ÓÕÍÍÅ ×ÓÅÈÇÌÁ×ÎÙÈ ÍÉÎÏÒÏ× �ÏÒÑÄËÁ k, �ÏÌÕÞÁÅÍdet(�E− L) = (−1)N N
∑k=1(−�)k�(Fk) ; (3)ÇÄÅ Fk { ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ× ÏÒÇÒÁÆÁG Ó ÔÏÞÎÏk ËÏÍ�ÏÎÅÎÔÁÍÉ. úÁÍÅÔÉÍ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï ÌÅÓÏ× FN ÓÏÓÔÏÉÔ ÉÚ ÏÄÎÏÇÏ�ÕÓÔÏÇÏ N -×ÅÒÛÉÎÎÏÇÏ ÏÒÇÒÁÆÁ. åÇÏ �ÒÏÄÕËÔÉ×ÎÏÓÔØ, ËÁË �ÒÏÉÚ×ÅÄÅ-ÎÉÅ Ó ÎÕÌÅ×ÙÍ ËÏÌÉÞÅÓÔ×ÏÍ ÓÏÍÎÏÖÉÔÅÌÅÊ, �ÏÌÁÇÁÅÔÓÑ ÒÁ×ÎÏ ÒÁ×ÎÏÊ 1É �(FN ) = 1. íÎÏÖÅÓÔ×Ï F0 �ÕÓÔÏ É �(F0) = 0, �ÏÓËÏÌØËÕ × ÓÕÍÍÅ ÎÅÔÓÌÁÇÁÅÍÙÈ. �ÅÍ ÓÁÍÙÍ, ÓÕÍÍÉÒÏ×ÁÎÉÅ × (3) ÍÏÖÎÏ ×ÅÓÔÉ ÏÔ ÎÕÌÑ. éÓ-�ÏÌØÚÕÀÔÓÑ ÒÁÚÌÉÞÎÙÅ ËÏÎËÒÅÔÉÚÉÒÕÀÝÉÅ ×ÁÒÉÁÎÔÙ ÜÔÏÊ ÆÏÒÍÕÌÙ�ÒÉ ÉÓÓÌÅÄÏ×ÁÎÉÉ Ó�ÅËÔÒÏ× ÏÒÇÒÁÆÏ× { ÎÅÏÒÉÅÎÔÉÒÏ×ÁÎÎÙÈ, ÎÅ×Ú×Å-ÛÅÎÎÙÈ, ÓÏ Ó�Å�ÉÁÌØÎÙÍÉ Ó×ÏÊÓÔ×ÁÍÉ (ÓÍ. [1℄).íÁËÓÉÍÁÌØÎÏÅ Ï�ÉÓÁÎÉÅ Ó×ÑÚÉ ÍÉÎÏÒÏ× ÌÁ�ÌÁÓÉÁÎÁ ÓÏ ÓÔÒÕËÔÕÒÏÊÏÒÇÒÁÆÁ ÄÁ£Ô ÆÏÒÍÕÌÁ ×ÓÅÈ ÍÉÎÏÒÏ× þÁÊËÅÎÁ [5℄, ËÏÔÏÒÕÀ �ÒÉ×ÅÄ£Í× ×ÁÒÉÁÎÔÅ íÕÎÁ [6℄. ðÕÓÔØ I = {i1; i2; : : : ik} É J = {j1; j2; : : : jk}{ k-ÜÌÅÍÅÎÔÎÙÅ �ÏÄÍÎÏÖÅÓÔ×Á ÍÎÏÖÅÓÔ×Á ×ÅÒÛÉÎ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ



18 ÷. á. âõóìï÷
FI;J ÍÎÏÖÅÓÔ×Ï ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ× ÏÒÇÒÁÆÁ G, ÓÏÓÔÏÑÝÉÈ ÉÚÒÏ×ÎÏ k ÄÅÒÅ×ØÅ×, ËÏÒÎÑÍÉ ËÏÔÏÒÙÈ Ñ×ÌÑÀÔÓÑ ×ÅÒÛÉÎÙ ÍÎÏÖÅÓÔ×Á I,�ÒÉÞÅÍ ËÁÖÄÏÅ ÄÅÒÅ×Ï ÓÏÄÅÒÖÉÔ ÒÏ×ÎÏ ÏÄÎÕ ×ÅÒÛÉÎÕ ÉÚ ÍÎÏÖÅÓÔ×Á
J . âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÉÎÄÅËÓÙ Õ�ÏÒÑÄÏÞÅÎÙ: i1 < i2 < : : : < ik Éj1 < j2 < : : : < jk. ÷ÓÑËÉÊ ÌÅÓ F ∈ FI;J �ÏÒÏÖÄÁÅÔ �ÅÒÅÓÔÁÎÏ×ËÕ pFÉÎÄÅËÓÏ× {1; 2; : : : ; k} �Ï �ÒÁ×ÉÌÕ pF (m) = l, ÅÓÌÉ × ÌÅÓÅ F ×ÅÒÛÉÎÁ jm�ÒÉÎÁÄÌÅÖÉÔ ÄÅÒÅ×Õ Ó ËÏÒÎÅÍ × ×ÅÒÛÉÎÅ il. ðÕÓÔØ "(pF ) { Þ£ÔÎÏÓÔØÜÔÏÊ �ÅÒÅÓÔÁÎÏ×ËÉ. �ÏÇÄÁdetL(I|J ) = (−1) k

∑m=1(im+jm) ∑F∈FI;J "(pF )�F : (4)îÁÇÌÑÄÎÙÊ ×Ù×ÏÄ ÆÏÒÍÕÌ (2){(4) �ÒÏ×ÅÄÅÎ × [7℄.
§3. ðÅÒÅÈÏÄ Ë ÄÒÅ×Ï×ÉÄÎÏÊ ÓÔÒÕËÔÕÒÅ × ÍÁÔÒÉ�ÅÓÍÅÖÎÏÓÔÉúÁÍÅÔÉÍ, ÞÔÏ × ÍÁÔÒÉ�Å ìÁ�ÌÁÓÁ ÏÒÇÒÁÆÁ G ÎÅ ÚÁÄÅÊÓÔ×Ï×ÁÎÙ ÄÉÁ-ÇÏÎÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ gii, ÔÁË ÞÔÏ ÏÎÁ ÏÔ×ÅÞÁÅÔ ÏÒÇÒÁÆÕ ÂÅÚ �ÅÔÅÌØ.ðÏÜÔÏÍÕ, ÈÏÔØ ÌÅÓÁ �Ï Ï�ÒÅÄÅÌÅÎÉÀ ÎÅ ×ËÌÀÞÁÀÔ �ÅÔÌÉ, ÌÁ�ÌÁÓÉÁÎ ÎÅÇÏÄÉÔÓÑ ÄÌÑ �ÏÌÎÏÇÏ ÉÓÓÌÅÄÏ×ÁÎÉÑ ÏÒÇÒÁÆÁ �ÒÉ ÉÈ ÎÁÌÉÞÉÉ. ïÄÎÁËÏÉÚ ÏÒÇÒÁÆÁ G ÍÏÖÎÏ ÓÏÚÄÁÔØ ÎÏ×ÙÊ ÏÒÇÒÁÆ G0, ÌÁ�ÌÁÓÉÁÎ ËÏÔÏÒÏÇÏÓÏÄÅÒÖÉÔ ÍÁÔÒÉ�Õ ÓÍÅÖÎÏÓÔÉ ÉÓÈÏÄÎÏÇÏ ÏÒÇÒÁÆÁ × ËÁÞÅÓÔ×Å �ÏÄÍÁ-ÔÒÉ�Ù. éÍÅÎÎÏ, �ÕÓÔØ G { ÏÒÇÒÁÆ Ó ÍÎÏÖÅÓÔ×ÏÍ ×ÅÒÛÉÎ VG = N É×ÅÓÁÍÉ ÄÕÇ gij . ÷×ÅÄ£Í ÎÏ×ÕÀ ×ÅÒÛÉÎÕ 0, ÕÄÁÌÉÍ ×ÓÅ �ÅÔÌÉ (i; i), Á×ÍÅÓÔÏ ÎÉÈ ÄÏÂÁ×ÉÍ ÄÕÇÉ (i; 0) Ó ×ÅÓÁÍÉ gi0 = −

N
∑k=1 gik, i = 1; 2; : : : ; N .ðÏÌÕÞÅÎÎÙÊ ÏÒÇÒÁÆ ÏÂÏÚÎÁÞÉÍ ÞÅÒÅÚ G0: VG0 = N0 = N ∪{0}, AG0 =(AG ∪i∈N

(i; 0))\( ∪i∈N
(i; i)), ×ÅÓÁ ÄÕÇ ÒÁ×ÎÙ gij , i ∈ N , j ∈ N0 (ÓÍ. ÒÉÓ. 1)).äÏ�ÏÌÎÉÔÅÌØÎÁÑ ×ÅÒÛÉÎÁ 3 É ×ÅÓÁ ÚÁÈÏÄÁ × ÎÅ£ ÉÍÅÀÔ ÏÔÞ£ÔÌÉ×ÙÊ×ÅÒÏÑÔÎÏÓÔÎÙÊ ÓÍÙÓÌ. éÍÅÎÎÏ, ÅÓÌÉ G = P − E { ÇÅÎÅÒÁÔÏÒ ÍÁÒËÏ×-ÓËÏÊ �Å�É Ó ÕÂÉ×ÁÎÉÅÍ (Õ ×ÅÒÏÑÔÎÏÓÔÎÏÊ ÍÁÔÒÉ�Ù P ÓÕÍÍÁ ÜÌÅÍÅÎÔÏ×3÷×ÅÄÅÎÉÅ ÎÏ×ÏÊ ×ÅÒÛÉÎÙ Ó ÅÄÉÎÉÞÎÙÍÉ ×ÅÓÁÍÉ ÚÁÈÏÄÁ ÄÌÑ ÏÒÇÒÁÆÁ ÂÅÚ �Å-ÔÅÌØ ÉÓ�ÏÌØÚÕÅÔÓÑ ÄÌÑ Ï�ÉÓÁÎÉÑ ÓÔÏÈÁÓÔÉÞÅÓËÉÈ ÍÁÔÒÉ� (E−�L), É ÔÁËÏÊ ÏÒÇÒÁÆÎÁÚÙ×ÁÀÔ ËÏÎÕÓÏÍ [3, 12℄. ÷ ÎÁÛÅÍ ÓÌÕÞÁÅ ÓÕÝÅÓÔ×ÅÎÎÏ, ÞÔÏ �ÅÔÌÉ Õ ÉÓÈÏÄÎÏÇÏÏÒÇÒÁÆÁ ÅÓÔØ, É ×ÅÓÁ ÚÁÈÏÄÁ × ÜÔÕ ×ÅÒÛÉÎÕ ×ÙÂÒÁÎÙ Ó�Å�ÉÁÌØÎÏ, ÞÔÏÂÙ �ÒÉ ÕÄÁ-ÌÅÎÉÉ �ÅÔÅÌØ, ÉÎÆÏÒÍÁ�ÉÑ Ï ÎÉÈ ÓÏÈÒÁÎÉÌÁÓØ. äÁÌØÎÅÊÛÅÅ ÉÚÌÏÖÅÎÉÅ ÓÌÅÄÕÅÔ [9℄ ÎÅÓÕÝÅÓÔ×ÅÎÎÙÍÉ ÉÚÍÅÎÅÎÉÑÍÉ × ÏÂÏÚÎÁÞÅÎÉÑÈ.



ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå 19ÓÔÒÏËÉ ÍÅÎØÛÅ ÅÄÉÎÉ�Ù) [11℄, ÔÏ ×ÅÓ gi0 = 1 −
N
∑j=1 pij ËÁË ÒÁÚ ÅÓÔØ×ÅÒÏÑÔÎÏÓÔØ ÕÂÉ×ÁÎÉÑ �ÒÏ�ÅÓÓÁ, �ÒÉ ÕÓÌÏ×ÉÉ, ÞÔÏ ÏÎ ÎÁÈÏÄÉÔÓÑ × ÓÏ-ÓÔÏÑÎÉÉ i. �ÅÍ ÓÁÍÙÍ, ÄÏ�ÏÌÎÉÔÅÌØÎÕÀ ×ÅÒÛÉÎÕ 0 ÍÏÖÎÏ ÉÎÔÅÒ�ÒÅ-ÔÉÒÏ×ÁÔØ × ÎÅËÏÔÏÒÏÍ ÓÍÙÓÌÅ ËÁË \ÇÒÁÎÉ�Õ" ËÏÎÅÞÎÏÇÏ ÍÎÏÖÅÓÔ×Á×ÅÒÛÉÎ ÏÒÇÒÁÆÁ.

òÉÓ. 1. ðÏÓÔÒÏÅÎÉÅ ÏÒÇÒÁÆÁ ÂÅÚ �ÅÔÅÌØ G0 �Ï ÏÒÇÒÁÆÕG Ó �ÅÔÌÑÍÉ.úÁÍÅÔÉÍ, ÞÔÏ �ÏÓËÏÌØËÕ × ÏÒÇÒÁÆÅ G0 ÉÚ ×ÅÒÛÉÎÙ 0 ÄÕÇÉ ÎÅ ÉÓ-ÈÏÄÑÔ, ×ÏÏÂÝÅ ×ÓÅ ÅÇÏ ÏÓÔÏ×ÎÙÅ ÚÁÈÏÄÑÝÉÅ ÌÅÓÁ ÉÍÅÀÔ ËÏÒÎÅÍ ×ÅÒÛÉ-ÎÕ 0. õÓÌÏ×ÉÍÓÑ × ÄÁÌØÎÅÊÛÅÍ, ÅÓÌÉ × ÆÏÒÍÕÌÅ ÆÉÇÕÒÉÒÕÅÔ ×ÅÒÛÉÎÁ 0,ÔÏ ÒÅÞØ ÉÄ£Ô ÏÂ ÏÒÇÒÁÆÅ G0 É ÅÇÏ �ÏÄÇÒÁÆÁÈ É ÓÓÙÌËÕ ÎÁ G0 ÂÕÄÅÍÏ�ÕÓËÁÔØ.�ÅÏÒÅÍÁ 1. ðÕÓÔØ det(�E − G) = N
∑k=0 �kk { ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÉÊÍÎÏÇÏÞÌÅÎ N ×N ÍÁÔÒÉ�Ù G Ó ÜÌÅÍÅÎÔÁÍÉ gij . �ÏÇÄÁk = �(Fk

{0}) ; (5)ÇÄÅ Fk
{0} { ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ× ÏÒÇÒÁÆÁ G0,ÓÏÓÔÏÑÝÉÈ ÉÚ k + 1 ÄÅÒÅ×Á, ËÏÒÎÅÍ ÏÄÎÏÇÏ ÉÚ ËÏÔÏÒÙÈ Ñ×ÌÑÅÔÓÑ ×ÅÒ-ÛÉÎÁ 0.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ ×ÎÅÄÉÁÇÏÎÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ ÍÁÔ-ÒÉ�Ù ìÁ�ÌÁÓÁ L0 ÏÒÇÒÁÆÁ G0 ÅÓÔØ ÍÉÎÕÓ ×ÅÓÁ gij . äÌÑ ÄÉÁÇÏÎÁÌØÎÙÈ



20 ÷. á. âõóìï÷ÉÍÅÅÍ:(L0)ii = N
∑j=0j 6=i gij = N

∑j=1j 6=i gij + gi0 = N
∑j=1j 6=i gij + (− N

∑j=1 gij) = −gii:�ÅÍ ÓÁÍÙÍ L0 = −















0 0 0 · · · 0g10g20...gN0 G 













: (6)ïÔËÕÄÁdet(�E−G) = 1� det(�E+ L0) = (−1)N+1� det((−�)E− L0) :ðÒÉ �ÏÄÓÔÁÎÏ×ËÅ �ÏÓÌÅÄÎÅÇÏ ×ÙÒÁÖÅÎÉÑ × (3) ÓÏ ÓÍÅÎÏÊ × Ï�ÒÅÄÅÌÉÔÅÌÅÚÎÁËÁ �ÒÉ � É ÕÞÉÔÙ×ÁÑ, ÞÔÏ ÒÁÚÍÅÒ ÍÁÔÒÉ�Ù ÒÁ×ÅÎN+1, �ÒÅÏÂÒÁÚÕÅÍÒÁ×ÅÎÓÔ×Ï Ë ×ÉÄÕdet(�E−G) = 1� N+1
∑k=1 �k�(Fk(G0)) = N+1

∑k=1 �k−1�(Fk(G0)):óÄ×ÉÇÁÑ ÎÁ ÅÄÉÎÉ�Õ ÉÎÄÅËÓ ÓÕÍÍÉÒÏ×ÁÎÉÑ, ÏËÏÎÞÁÔÅÌØÎÏ �ÏÌÕÞÁÅÍdet(�E−G) = N
∑k=0 �k�(Fk+1(G0)) = N

∑k=0�k�(Fk
{0}) :÷ �ÏÓÌÅÄÎÅÍ ÒÁ×ÅÎÓÔ×Å ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ, ÞÔÏ × ÏÒÇÒÁÆÅ G0 ×ÅÒÛÉÎÁ 0×ÓÅÇÄÁ Ñ×ÌÑÅÔÓÑ ËÏÒÎÅÍ, ÔÅÍ ÓÁÍÙÍ Fk+1(G0) = Fk

{0}. �÷ ÞÁÓÔÎÏÓÔÉ detG = (−1)N�(F{0}) ;ÇÄÅ �(F{0}) { ÍÎÏÖÅÓÔ×o ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÄÅÒÅ×ØÅ× ÏÒÇÒÁÆÁ G0 ÓËÏÒÎÅÍ × ×ÅÒÛÉÎÅ 0.ðÒÉÍÅÒ 1. ðÕÓÔØ G = (g11 g12g21 g22). üÔÁ ÍÁÔÒÉ�Á Ñ×ÌÑÅÔÓÑ ÍÁÔÒÉ�ÅÊÓÍÅÖÎÏÓÔÉ ×Ú×ÅÛÅÎÎÏÇÏ ÏÒÇÒÁÆÁ G, ÉÚÏÂÒÁÖÅÎÎÏÇÏ ÎÁ ÒÉÓ.(1) ÓÌÅ×Á.



ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå 21ó�ÒÁ×Á ÉÚÏÂÒÁÖÅÎ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÅÍÕ ÏÒÇÒÁÆ G0. ÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉÓ (5):det(�E−G) = �2 + �[g12 + g10 + g21 + g20℄ + [g12g20 + g21g20 + g10g20℄ :ðÏÄÓÔÁ×ÌÑÑ × ÜÔÏ ×ÙÒÁÖÅÎÉÅ ×ÅÓÁ ÎÏ×ÙÈ ÄÕÇ : g10 = −g11 − g12, g20 =
−g21 − g22, �ÏÌÕÞÁÅÍ ËÌÁÓÓÉÞÅÓËÏÊ ×ÉÄ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÇÏ ÍÎÏÇÏ-ÞÌÅÎÁ.ó×ÑÚØ (6) �ÏÚ×ÏÌÑÅÔ �ÅÒÅÓÞÉÔÙ×ÁÔØ ÉÚ×ÅÓÔÎÙÅ Ó×ÏÊÓÔ×Á ÌÁ�ÌÁÓÉÁÎÁ× ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ ÄÌÑ �ÒÏÉÚ×ÏÌØÎÙÈ Ë×ÁÄÒÁÔÎÙÈ ÍÁ-ÔÒÉ� G.�ÅÏÒÅÍÁ 2. (ïÂÏÂÝÅÎÉÅ ÔÅÏÒÅÍÙ Ï ×ÓÅÈ ÍÉÎÏÒÁÈ) ðÕÓÔØ G { N ×NÍÁÔÒÉ�Á, I = {i1; i2; : : : ik} { ÍÎÏÖÅÓÔ×Ï ×ÙÞÅÒËÉ×ÁÅÍÙÈ ÓÔÒÏË, Á
J = {j1; j2; : : : jk} { ÓÔÏÌÂ�Ï×, ÔÏÇÄÁdetG(I|J ) = (−1)N−k(−1) k

∑m=1(im+jm) ∑F∈FI0;J0 "(pF )�F ; (7)ÇÄÅ I0 = I ∪ {0}, J0 = J ∪ {0}, FI0;J0 { ÍÎÏÖÅÓÔ×Ï (k+1)-ËÏÍ�ÏÎÅÎ-ÔÎÙÈ ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ× ÏÒÇÒÁÆÁ G0, ËÏÒÎÑÍÉ ÄÅÒÅ×ØÅ× ËÏ-ÔÏÒÙÈ Ñ×ÌÑÀÔÓÑ ÔÏÌØËÏ ×ÅÒÛÉÎÙ ÉÚ I0, �ÒÉÞ£Í ËÁÖÄÏÅ ÄÅÒÅ×Ï ÓÏ-ÄÅÒÖÉÔ ÒÏ×ÎÏ ÏÄÎÕ ×ÅÒÛÉÎÕ ÉÚ J0. "(pF ) { ÞÅÔÎÏÓÔØ �ÅÒÅÓÔÁÎÏ×ËÉÉÎÄÅËÓÏ× pF �ÏÒÏÖÄÁÅÍÏÊ ÌÅÓÏÍ F ∈ FI0;J0 .äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ ÚÁÍÅÔÉÔØ, ÞÔÏ ×ÓÉÌÕ (6) detG(I|J ) = (−1)N−k detL0(I0|J 0) (8)É ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ (4). ðÏÓËÏÌØËÕ ÉÚ ×ÅÒÛÉÎÙ 0 ÄÕÇÉ ÎÅ ÉÓÈÏÄÑÔ × ÏÒ-ÇÒÁÆÅ G0, ÔÏ × ÌÀÂÏÍ ÅÇÏ ÏÓÔÏ×ÎÏÍ ÌÅÓÅ F �ÅÒÅÓÔÁÎÏ×ËÁ pF ÎÅ ÚÁÔÒÁ-ÇÉ×ÁÅÔ ÉÎÄÅËÓ 0 É i0 = j0 = 0, �ÏÜÔÏÍÕ × (7) ÓÕÍÍÉÒÏ×ÁÎÉÅ × �ÏËÁÚÁÔÅÌÅÓÔÅ�ÅÎÉ �ÒÉ (−1) �Ï-�ÒÅÖÎÅÍÕ ×ÅÄ£ÔÓÑ ÏÔ ÅÄÉÎÉ�Ù. �÷ ÞÁÓÔÎÏÓÔÉ, ÄÌÑ ÇÌÁ×ÎÙÈ ÍÉÎÏÒÏ×detG(I) = (−1)N−|I|�(FI0); (9)ÇÄÅ FI0 { ÍÎÏÖÅÓÔ×Ï (|I|+1)-ËÏÍ�ÏÎÅÎÔÎÙÈ ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈ ÌÅÓÏ×ÏÒÇÒÁÆÁ G0, ËÏÒÎÑÍÉ ËÏÔÏÒÙÈ Ñ×ÌÑÀÔÓÑ ×ÅÒÛÉÎÙ ÉÚ I0 = I ∪ {0}.



22 ÷. á. âõóìï÷ìÅÍÍÁ 1. èÁÒÁËÔÅÒÉÓÔÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ ÍÁÔÒÉ�Ù G(I) �ÒÅÄÓÔÁ-×ÌÑÅÔÓÑ × ×ÉÄÅ det (�E−G(I)) = N−|I|
∑k=0 �k�(Fk

I0) ; (10)ÇÄÅ Fk
I0 { ÍÎÏÖÅÓÔ×Ï (|I|+1+k)-ËÏÍ�ÏÎÅÎÔÎÙÈ ÏÓÔÏ×ÎÙÈ ÚÁÈÏÄÑÝÉÈÌÅÓÏ× ÏÒÇÒÁÆÁ G0, × ËÏÔÏÒÙÈ ×ÓÅ ×ÅÒÛÉÎÙ ÍÎÏÖÅÓÔ×Á I0 = I ∪ {0}Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ; ÏÓÔÁ×ÛÉÅÓÑ k ËÏÒÎÅÊ { �ÒÏÉÚ×ÏÌØÎÙÅ, ÎÅ ÓÏ×�Á-ÄÁÀÝÉÅ Ó ÎÉÍÉ.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ �ÒÏÉÚ×ÏÌØÎÏÊ Ë×ÁÄÒÁÔÎÏÊ ÍÁÔÒÉ�Ù A �ÏÒÑÄ-ËÁ M ËÏÜÆÆÉ�ÉÅÎÔÙ �ÒÉ ÓÔÅ�ÅÎÑÈ �k × ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÍ ÍÎÏÇÏ-ÞÌÅÎÅ det(�E−A) ÒÁ×ÎÙ, Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑ (−1)M−k, ÓÕÍÍÅ×ÓÅÈ ÇÌÁ×ÎÙÈ ÍÉÎÏÒÏ× �ÏÒÑÄËÁ k. åÓÌÉ × ËÁÞÅÓÔ×Å ÍÁÔÒÉ�Ù A ×ÙÓÔÕ-�ÁÅÔ ÍÁÔÒÉ�Á G(I), �ÏÒÑÄÏË ËÏÔÏÒÏÊ ÒÁ×ÅÎ N − |I|, ÔÏdet (�E−G(I)) = N−|I|

∑k=0 �k[(−1)N−|I|−k ∑

|K|=k;
K∩I=∅

detG(I ∪ K)]:úÄÅÓØ ÍÎÏÖÅÓÔ×Ï K Á×ÔÏÍÁÔÉÞÅÓËÉ ÎÅ ÓÏÄÅÒÖÉÔ ÎÕÌÅ×ÕÀ ×ÅÒÛÉÎÕ, �Ï-ÓËÏÌØËÕ ÍÁÔÒÉ�Á G ÎÅ ÉÍÅÅÔ ÎÕÌÅ×ÏÇÏ ÉÎÄÅËÓÁ. õÞÉÔÙ×ÁÑ (9), ÜÔÏ ×Ù-ÒÁÖÅÎÉÅ �ÒÅÏÂÒÁÚÕÅÔÓÑ Ë ×ÉÄÕN−|I|
∑l=0 �k[ ∑

|K|=k;
K∩I=∅

�(F{0}∪I∪K)] = N−|I|
∑k=0 �k�( ⋃

|K|=k;
K∩I=∅

F{0}∪I∪K

):÷ÓÑËÉÊ ÌÅÓ ÉÚ ÏÂßÅÄÉÎÅÎÉÑ, ÓÔÏÑÝÅÇÏ × ÁÒÇÕÍÅÎÔÅ �, ÓÏÓÔÏÉÔ ÉÚ(|I|+k+1) ÄÅÒÅ×Á, �ÒÉÞ£Í ËÏÒÎÉ (|I|+1) ÉÚ ÉÈ ÎÉÈ ÚÁ×ÅÄÏÍÏ ÉÚ×ÅÓÔÎÙ{ ÜÔÏ ×ÓÅ ×ÅÒÛÉÎÙ ÍÎÏÖÅÓÔ×Á I0. ïÓÔÁ×ÛÉÅÓÑ k ËÏÒÎÅÊ { �ÒÏÉÚ×ÏÌØ-ÎÙÅ, ÎÅ ÓÏ×�ÁÄÁÀÝÉÅ Ó ÎÉÍÉ. ðÏÜÔÏÍÕ × ÉÓ�ÏÌØÚÕÅÍÙÈ ÏÂÏÚÎÁÞÅÎÉÑÈ
⋃

|K|=k;
K∩I=∅

F{0}∪I∪K = Fk
I0 , Á ÚÎÁÞÉÔ ×Ù�ÏÌÎÅÎÏ (10). �

§4. ëÏÍ�ÏÎÅÎÔÙ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× × ÄÒÅ×Ï×ÉÄÎÏÊÓÔÒÕËÔÕÒÅ�ÅÏÒÅÍÁ 3. ðÕÓÔØ � { ÓÏÂÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ N × N ÍÁÔÒÉ�Ù G ÁÌ-ÇÅÂÒÁÉÞÅÓËÏÊ ËÒÁÔÎÏÓÔÉ 1, ~v { ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÅÍÕ ÓÏÂÓÔ×ÅÎÎÙÊ



ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå 23×ÅËÔÏÒ. �ÏÇÄÁ ÎÁÊÄ£ÔÓÑ ÔÁËÁÑ ËÏÍ�ÏÎÅÎÔÁ vi ÜÔÏÇÏ ×ÅËÔÏÒÁ, ÞÔÏÓ ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑvi = N−1
∑l=0 �l�(F l

{0;i}) ; vj = N−2
∑l=0 �l�(F l

{0;i}(j → i)); �ÒÉ j 6= i: (11)úÄÅÓØ F l
{0;i} { íÎÏÖÅÓÔ×Ï (l + 2)-ËÏÍ�ÏÎÅÎÔÎÙÈ ÏÓÔÏ×ÎÙÈ ÌÅÓÏ× ÏÒ-ÇÒÁÆÁ G0, �ÒÉÞÅÍ ×ÅÒÛÉÎÙ 0 É i Ñ×ÌÑÀÔÓÑ ËÏÒÎÑÍÉ. F l

{0;i}(j → i) {ÅÇÏ �ÏÄÍÎÏÖÅÓÔ×Ï, × ÌÅÓÁÈ ËÏÔÏÒÏÇÏ i ÄÏÓÔÉÖÉÍÁ ÉÚ j.úÁÍÅÞÁÎÉÅ 1. ðÒÉ ÔÒÁÎÓ�ÏÎÉÒÏ×ÁÎÉÉ ÍÁÔÒÉ�Ù ÎÁ�ÒÁ×ÌÅÎÉÑ ÄÕÇ ÉÚ-ÍÅÎÑÀÔÓÑ, ÔÏ ÅÓÔØ ×ÅÒÛÉÎÙ i É j ÍÅÎÑÀÔÓÑ ÒÏÌÑÍÉ, ðÏÜÔÏÍÕ × ÕÓÌÏ×ÉÑÈ�ÏÓÌÅÄÎÅÊ ÔÅÏÒÅÍÙ ËÏÍ�ÏÎÅÎÔÙ ÓÏÂÓÔ×ÅÎÎÏÇÏ ×ÅËÔÏÒÁ ~u ÍÁÔÒÉ�Ù GT× ÔÅÒÍÉÎÁÈ ÔÏÇÏ ÖÅ ÏÒÇÒÁÆÁ G0 Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑ ÒÁ×ÎÙui = N−1
∑l=0 �l�(F l

{0;i}); uj = N−2
∑l=0 �l�(F l

{0;j}(i → j)) �ÒÉ j 6= i: (12)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ � { ÓÏÂÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ ÍÁÔÒÉ�Ù G ÅÄÉÎÉÞ-ÎÏÊ ËÒÁÔÎÏÓÔÉ. äÌÑ Ï�ÒÅÄÅÌÅÎÉÑ ËÏÍ�ÏÎÅÎÔ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ ÓÏÂ-ÓÔ×ÅÎÎÏÇÏ ×ÅËÔÏÒÁ ~v ÎÅÏÂÈÏÄÉÍÏ ÒÅÛÉÔØ ÓÔÁÎÄÁÒÔÎÕÀ ÓÉÓÔÅÍÕ(G− �E)~v = ~0: (13)ïÄÎÏÒÏÄÎÁÑ ÓÉÓÔÅÍÁ (13) ÉÍÅÅÔ ÒÁÎÇ N−1. ÷ÓÅ Å£ ÒÅÛÅÎÉÑ �ÒÏ�ÏÒ�É-ÏÎÁÌØÎÙ ×ÅËÔÏÒÕ, ÓÏÓÔÁ×ÌÅÎÎÏÍÕ ÉÚ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÄÏ�ÏÌÎÅÎÉÊ ÜÌÅ-ÍÅÎÔÏ× ÌÀÂÏÊ ÓÔÒÏËÉ, × ËÏÔÏÒÏÊ ÅÓÔØ ÈÏÔÑ ÂÙ ÏÄÉÎ ÎÅÎÕÌÅ×ÏÊ ÍÉÎÏÒ�ÏÒÑÄËÁ N − 1. äÅÊÓÔ×ÉÔÅÌØÎÏ, ×ÅËÔÏÒ ~v ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÄÏ�ÏÌÎÅÎÉÊÔÁËÏÊ ÓÔÒÏËÉ ÏÔÌÉÞÅÎ ÏÔ ÎÕÌÑ. ðÕÓÔØ ÄÌÑ Ï�ÒÅÄÅÌ£ÎÎÏÓÔÉ ÓÔÒÏËÁ Ó ÎÅ-ÎÕÌÅ×ÙÍ ÍÉÎÏÒÏÍ ÉÍÅÅÔ ÉÎÄÅËÓ i. õÍÎÏÖÁÑ ÓËÁÌÑÒÎÏ ~v ÎÁ i-ÕÀ ÓÔÒÏËÕÍÁÔÒÉ�Ù G− �E �ÏÌÕÞÁÅÍ Ï�ÒÅÄÅÌÉÔÅÌØ ÜÔÏÊ ÍÁÔÒÉ�Ù, ËÏÔÏÒÙÊ ÒÁ-×ÅÎ ÎÕÌÀ, Á ÕÍÎÏÖÁÑ ~v ÎÁ ÌÀÂÕÀ ÄÒÕÇÕÀ ÓÔÒÏËÕ, �ÏÌÕÞÁÅÍ ÎÏÌØ �ÏÓ×ÏÊÓÔ×Õ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÄÏ�ÏÌÎÅÎÉÊ.÷ÙÒÁÖÅÎÉÅ ÄÌÑ ÁÌÇÅÂÒÁÉÞÅÓËÏÇÏ ÄÏ�ÏÌÎÅÎÉÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ ÄÉÁ-ÇÏÎÁÌØÎÏÇÏ ÜÌÅÍÅÎÔÁ ÍÁÔÒÉ�Ù ÓÉÓÔÅÍÙ (13) �ÏÌÕÞÁÅÔÓÑ ÉÚ (10) �ÒÉ
I = {i}: det (G({i})− �E) = (−1)N−1 det (�E−G({i}))= (−1)N−1 N−1

∑l=0 �l�(F l
{0;i}): (14)



24 ÷. á. âõóìï÷áÌÇÅÂÒÁÉÞÅÓËÉÅ ÄÏ�ÏÌÎÅÎÉÑ ×ÎÅÄÉÁÇÏÎÁÌØÎÙÈ ÜÌÅÍÅÎÔÏ× ÍÁÔÒÉ�ÙG−�E ×�ÒÑÍÕÀ ÎÅÕÄÏÂÎÙ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ, �ÏÓËÏÌØËÕ �ÏÓÌÅ ×ÙÞÅÒËÉ-×ÁÎÉÑ i-ÏÊ ÓÔÒÏËÉ É j-ÇÏ ÓÔÏÌÂ�Á, �ÁÒÁÍÅÔÒ � ÏËÁÚÙ×ÁÅÔÓÑ ÎÅ ÔÏÌØËÏÎÁ ÇÌÁ×ÎÏÊ ÄÉÁÇÏÎÁÌÉ, ÎÏ É ×ÎÅ Å£. ðÕÓÔØ ÄÌÑ Ï�ÒÅÄÅÌ£ÎÎÏÓÔÉ j < i.éÓËÏÍÏÅ ÁÌÇÅÂÒÁÉÞÅÓËÏÅ ÄÏ�ÏÌÎÅÎÉÅ ÕÄÏÂÎÏ �ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ ËÒÁ-ÍÅÒÏ×ÓËÏÇÏ ÍÉÎÏÒÁ, ËÏÔÏÒÙÊ ÏÂÏÚÎÁÞÉÍ �′j . ïÎ ÓÏ×�ÁÄÁÅÔ Ó Ï�ÒÅÄÅÌÉ-ÔÅÌÅÍ � ÍÁÔÒÉ�Ù, �ÏÌÕÞÁÀÝÅÊÓÑ ÉÚ ÍÁÔÒÉ�Ù (G({i}) − �E) ÚÁÍÅÎÏÊÓÔÏÌÂ�Á Ó ÉÎÄÅËÓÏÍ j (× ÎÕÍÅÒÁ�ÉÉ ÉÓÈÏÄÎÏÊ ÍÁÔÒÉ�Ù) ÎÁ i-ÙÊ ÓÔÏÌÂÅ�Ó ÉÚÍÅÎÅÎÉÅÍ ÚÎÁËÁ:� = ∣
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∣äÅÊÓÔ×ÉÔÅÌØÎÏ, ÅÓÌÉ �ÅÒÅÓÔÁ×ÉÔØ ÓÔÏÌÂÅ�  ÉÚÍÅÎÅÎÎÙÍ ÚÎÁËÏÍ ÎÁ\Ó×Ï£" i-ÏÅ ÍÅÓÔÏ, �ÏÔÒÅÂÕÅÔÓÑ (i− j−1) ÔÒÁÎÓ�ÏÚÉ�ÉÑ, ÞÔÏ �ÒÉ×ÏÄÉÔË �ÏÑ×ÌÅÎÉÀ ÍÎÏÖÉÔÅÌÑ (−1)i−j−1. íÅÎÑÑ ÔÅ�ÅÒØ ÚÎÁË ÜÔÏÇÏ ÓÔÏÌÂ-�Á, �ÏÌÕÞÁÅÍ ÍÉÎÏÒ ÍÁÔÒÉ�Ù (G − �E), ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÕÄÁÌÅÎÉÀi-ÏÊ ÓÔÒÏËÉ É j-ÇÏ ÓÔÏÌÂ�Á. �ÅÍ ÓÁÍÙÍ, Ï�ÒÅÄÅÌÉÔÅÌØ � ÒÁ×ÅÎ ÜÔÏÍÕÍÉÎÏÒÕ Ó ÍÎÏÖÉÔÅÌÅÍ (−1)i−j = (−1)i+j , ÔÏ ÅÓÔØ ÓÏ×�ÁÄÁÅÔ Ó ÁÌÇÅÂÒÁ-ÉÞÅÓËÉÍ ÄÏ�ÏÌÎÅÎÉÅÍ ÜÌÅÍÅÎÔÁ (G− �E)ij .ëÏÜÆÆÉ�ÉÅÎÔÙ �ÒÉ ÓÔÅ�ÅÎÑÈ (−�) × ÜÔÏÍ Ï�ÒÅÄÅÌÉÔÅÌÅ �ÒÅÄÓÔÁ×ÌÑ-ÀÔ ÓÏÂÏÊ ÓÕÍÍÕ ÇÌÁ×ÎÙÈ ÍÉÎÏÒÏ× ÍÁÔÒÉ�Ù
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ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ �ÏÒÑÄËÁ, ÎÏ ÎÅ ×ÓÅÈ, Á ÔÏÌØËÏ ÔÅÈ, ËÏÔÏÒÙÅ ×ËÌÀÞÁ-ÀÔ �ÏÒÑÄËÏ×ÙÊ ÎÏÍÅÒ j, �ÏÓËÏÌØËÕ ÉÚ ÜÌÅÍÅÎÔÁ −gji, ËÏÔÏÒÙÊ ÔÅ�ÅÒØÓÔÏÉÔ ÎÁ �ÅÒÅÓÅÞÅÎÉÉ j-ÇÏ ÓÔÏÌÂ�Á É j-ÏÊ ÓÔÒÏËÉ × �′j �ÏÓÌÅ ÚÁÍÅ-ÎÙ ÓÔÏÌÂ�Ï×, � ÎÅ ×ÙÞÉÔÁÅÔÓÑ. ÷ ÞÁÓÔÎÏÓÔÉ, ÜÔÏ �ÒÉ×ÏÄÉÔ Ë ÔÏÍÕ,ÞÔÏ ÍÁËÓÉÍÁÌØÎÁÑ ÓÔÅ�ÅÎØ �ÏÌÉÎÏÍÁ ÏËÁÚÙ×ÁÅÔÓÑ ÒÁ×ÎÏÊ N − 2. óÁ-ÍÁ ÖÅ ÜÔÁ ÍÁÔÒÉ�Á ÏÔÌÉÞÁÅÔÓÑ ÏÔ ÍÁÔÒÉ�Ù G({i}|{j}) ÔÅÍ, ÞÔÏ i-ÙÊ



ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå 25ÓÔÏÌÂÅ� ÓÔÏÉÔ ÎÁ ÍÅÓÔÅ j-ÇÏ É ÉÍÅÅÔ �ÒÏÔÉ×Ï�ÏÌÏÖÎÙÊ ÚÎÁË. �ÅÍ ÓÁ-ÍÙÍ, ÔÒÅÂÕÅÍÙÅ ÍÉÎÏÒÙ ÓÏ×�ÁÄÁÀÔ Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÚÎÁËÁ Ó �ÏÄÈÏÄÑ-ÝÉÍÉ ÍÉÎÏÒÁÍÉ ÍÁÔÒÉ�Ù G({i}|{j}), ÉÌÉ, ÂÏÌÅÅ �ÏÌÎÏ { Ó ÍÉÎÏÒÁÍÉÓÁÍÏÊ ÍÁÔÒÉ�Ù G. �ÒÅÂÕÅÔÓÑ ÌÉÛØ ÁËËÕÒÁÔÎÏ �ÒÏÓÌÅÄÉÔØ ÚÁ ÚÎÁËÏÍ.éÍÅÎÎÏ, ÞÔÏÂÙ �ÏÌÕÞÉÔØ ËÁÖÄÙÊ ÍÉÎÏÒ �ÒÉ (−�)l, l = 0; 1; : : : ; N − 2,ÎÅÏÂÈÏÄÉÍÏ ×ÙÞÅÒËÎÕÔØ ÉÚ ÍÁÔÒÉ�Ù G({i}|{j}) ÓÔÒÏËÉ É ÓÔÏÌÂ�Ù ÓÎÏÍÅÒÁÍÉ ÉÚ �ÒÏÉÚ×ÏÌØÎÏÇÏ l-ÜÌÅÍÅÎÔÎÏÇÏ ÍÎÏÖÅÓÔ×Á R, ÔÁËÏÇÏ ÞÔÏ
R ∩ {j; i} = ∅. úÁÔÅÍ �ÅÒÅÓÔÁ×ÉÔØ i-ÙÊ ÓÔÏÌÂÅ� ÎÁ j-ÏÅ ÍÅÓÔÏ, ÉÚÍÅ-ÎÉÔØ Õ ÎÅÇÏ ÚÎÁË É ×ÚÑÔØ Ï�ÒÅÄÅÌÉÔÅÌØ. ðÕÓÔØ ÍÎÏÖÅÓÔ×Ï R ÓÏÓÔÏÉÔÉÚ ÉÎÄÅËÓÏ× r1; r2; : : : ; rl, ÚÁÎÕÍÅÒÏ×ÁÎÎÙÈ × �ÏÒÑÄËÅ ×ÏÚÒÁÓÔÁÎÉÑ, �ÒÉ-Þ£Í rs { ÍÉÎÉÍÁÌØÎÙÊ ÉÎÄÅËÓ, ËÏÔÏÒÙÊ ÂÏÌØÛÅ j, Á rt { ÍÁËÓÉÍÁÌØÎÙÊÉÎÄÅËÓ, ËÏÔÏÒÙÊ ÍÅÎØÛÅ i. åÓÌÉ s > t, ÔÏ ÍÅÖÄÕ j É i ÎÅÔ ×ÙÞ£ÒËÉ×ÁÅ-ÍÙÈ ÓÔÒÏË É ÓÔÏÌÂ�Ï×. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ÔÒÅÂÕÅÔÓÑ i−j−1 ÔÒÁÎÓ�ÏÚÉ�ÉÑ,ÞÔÏÂÙ �ÅÒÅÓÔÁ×ÉÔØ i-ÙÊ ÓÔÏÌÂÅ� ÎÁ j-ÏÅ ÍÅÓÔÏ. ðÒÉ s 6 t, ÞÉÓÌÏ ÎÅ-ÏÂÈÏÄÉÍÙÈ ÔÒÁÎÓ�ÏÚÉ�ÉÊ ÕÍÅÎØÛÁÅÔÓÑ ÎÁ ×ÅÌÉÞÉÎÕ t− s+ 1. ëÁÖÄÁÑÔÒÁÎÓ�ÏÚÉ�ÉÑ ÍÅÎÑÅÔ ÚÎÁË Ï�ÒÅÄÅÌÉÔÅÌÑ, ÅÝÅ ÏÄÉÎ ÍÉÎÕÓ ×ÏÚÎÉËÁÅÔ�ÒÉ ÉÚÍÅÎÅÎÉÉ ÚÎÁËÁ �ÅÒÅÎÏÓÉÍÏÇÏ ÓÔÏÌÂ�Á. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÉÎÏÒÙ�ÒÉ (−�)l ÒÁ×ÎÙ

−(−1)i−j−1−(t−s+1)�(t−s+1) detG(R∪ {i}|R ∪ {j}); (15)ÇÄÅ �( · ) { ÆÕÎË�ÉÑ èÅ×ÉÓÁÊÄÁ: �(x) = 1, �ÒÉ x > 0 É �(x) = 0, ÅÓÌÉx 6 0. ÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÏÂÏÂÝÅÎÉÅÍ ÔÅÏÒÅÍÙ Ï ×ÓÅÈ ÍÉÎÏÒÁÈ (7)detG(R∪ {i}|R ∪ {j}) = (−1)N−l−1(−1)i+j ∑F∈FR0∪{i};R0∪{j}"(pF )�F ; (16)ÇÄÅ R0 = R∪ {0}. ï�ÒÅÄÅÌÉÍ ÞÅÔÎÏÓÔÉ �ÅÒÅÓÔÁÎÏ×ÏË "(pF ), �ÏÒÏÖÄÁ-ÅÍÏÊ ÌÅÓÁÍÉ ÉÚ ÍÎÏÖÅÓÔ×Á FR0∪{i};R0∪{j}. ÷Ï ×ÓÑËÏÍ ÌÅÓÅ ÉÚ ÕËÁÚÁÎ-ÎÏÇÏ ÍÎÏÖÅÓÔ×Á ËÁÖÄÁÑ ×ÅÒÛÉÎÁ ÉÚ ÍÎÏÖÅÓÔ×Á R0 ∪ {j} ÄÏÌÖÎÁ ÏËÁ-ÚÁÔØÓÑ ÒÏ×ÎÏ × ÏÄÎÏÍ ÄÅÒÅ×Å, ËÏÒÎÑÍÉ ËÏÔÏÒÏÇÏ Ñ×ÌÑÀÔÓÑ ×ÅÒÛÉÎÙ ÉÚ
R0 ∪ {i}. åÓÌÉ s 6 t, ÚÁ�ÉÛÅÍ �ÅÒÅÓÔÁÎÏ×ËÕ pF × ÉÎÄÅËÓÁÈ ÉÓÈÏÄÎÏÊÍÁÔÒÉ�Ù: pF = ( O r1 : : : rs−1 j rs : : : rt : : : rlO r1 : : : rs−1 i rs : : : rt : : : rl ) :úÄÅÓØ, × ÎÉÖÎÅÊ ÓÔÒÏËÅ ÕËÁÚÁÎÙ ×ÅÒÛÉÎÙ, Ñ×ÌÑÀÝÉÅÓÑ ËÏÒÎÑÍÉ ÄÅÒÅ-×ØÅ×, Á × ×ÅÒÈÎÅÊ { ×ÅÒÛÉÎÙ, ËÏÔÏÒÙÅ ÄÏÌÖÎÙ �ÒÉÎÁÄÌÅÖÁÔØ ÄÅÒÅ×ØÑÍÓ ÕËÁÚÁÎÎÙÍÉ ËÏÒÎÑÍÉ. îÏÍÅÒÁ × ×ÅÒÈÎÅÊ ÓÔÒÏËÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ×ÏÚ-ÒÁÓÔÁÀÔ. ÷ ÎÉÖÎÅÊ ÖÅ ÓÔÒÏËÅ, ÎÏÍÅÒ i ÂÏÌØÛÅ �ÏÓÌÅÄÕÀÝÉÈ ÎÏÍÅÒÏ×rs; : : : ; rt. �Ï ÅÓÔØ �ÅÒÅÓÔÁÎÏ×ËÁ ÓÏÄÅÒÖÉÔ t− s+ 1 ÂÅÓ�ÏÒÑÄËÏ×. åÓÌÉ



26 ÷. á. âõóìï÷s > t, ÔÏ ÍÅÖÄÕ ÉÎÄÅËÓÁÍÉ j É i ÎÅÔ ÎÏÍÅÒÏ× ÉÚR, Á ÓÁÍÁ �ÅÒÅÓÔÁÎÏ×ËÁÞ£ÔÎÁÑ. �ÅÍ ÓÁÍÙÍ "(pF ) = (−1)(t−s+1)�(t−s+1): (17)úÁÍÅÔÉÍ, ÞÔÏ × ÌÀÂÏÍ ÌÅÓÅ ÉÈ ÍÎÏÖÅÓÔ×Á FR0∪{i};R0∪{j} ×ÅÒÛÉÎÁ j�ÒÉÎÁÄÌÅÖÉÔ ÄÅÒÅ×Õ Ó ËÏÒÎÅÍ × ×ÅÒÛÉÎÅ i, �ÏÜÔÏÍÕ
⋃

|R|=l
{i;j}∩R=∅

FR0∪{i};R0∪{j} = F l
{0;i}(j → i) : (18)óÏÂÉÒÁÑ (15),(16),(17) É ÕÞÉÔÙ×ÁÑ (18), �ÏÌÕÞÁÅÍ, ÞÔÏ ËÏÜÆÆÉ�ÉÅÎÔ�ÒÉ (−�)l ÒÁ×ÅÎ (−1)N−l−1 ∑F∈F l

{0;i}(j→i) �F ;Á ÉÓËÏÍÏÅ ÁÌÇÅÂÒÁÉÞÅÓËÏÅ ÄÏ�ÏÌÎÅÎÉÅ �ÒÉÎÉÍÁÅÔ ×ÉÄ�′j = (−1)N−1 N−2
∑l=0 �l�(F l

{0;i}(j → i));ÞÔÏ ×ÍÅÓÔÅ Ó (14) ÄÁ£Ô (11). �ðÏÌÕÞÅÎÎÙÅ �ÁÒÁÍÅÔÒÉÞÅÓËÉÅ ÆÏÒÍÕÌÙ ×ÅÒÎÙ ÄÌÑ ÌÀÂÙÈ ÍÁÔÒÉ�,× ÔÏÍ ÞÉÓÌÅ É ÔÅÈ, ËÏÔÏÒÙÅ ÓÁÍÉ �ÒÅÄÓÔÁ×ÌÑÀÔ ÉÚ ÓÅÂÑ ÌÁ�ÌÁÓÉÁÎ ÎÅËÏ-ÔÏÒÏÇÏ ÏÒÇÒÁÆÁ. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ÓÕÍÍÁ ÜÌÅÍÅÎÔÏ× ÌÀÂÏÊ ÓÔÒÏËÉ ÒÁ×ÎÁÎÕÌÀ (É ××ÅÄÅÎÉÅ ÄÏ�ÏÌÎÉÔÅÌØÎÏÊ ×ÅÒÛÉÎÙ ÎÅ ÔÒÅÂÕÅÔÓÑ), Á ×ÎÅÄÉÁ-ÇÏÎÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ ÅÓÔØ ÍÉÎÕÓ ×ÅÓÁ ÄÕÇ ÏÒÇÒÁÆÁ (ÞÔÏ × ÆÏÒÍÕÌÁÈ�ÒÉ×ÏÄÉÔ Ë ÉÚÍÅÎÅÎÉÀ ÚÎÁËÁ �ÒÉ �). ðÏÜÔÏÍÕ Ó�ÒÁ×ÅÄÌÉ×Á�ÅÏÒÅÍÁ 4. ðÕÓÔØ G { ÏÒÇÒÁÆ ÂÅÚ �ÅÔÅÌØ, ÓÏ ×Ú×ÅÛÅÎÎÙÍÉ ÓÍÅÖ-ÎÏÓÔÑÍÉ gij , L { ÅÇÏ ÍÁÔÒÉ�Á ìÁ�ÌÁÓÁ, ~v { ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ ÌÁ-�ÌÁÓÉÁÎÁ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÊ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÞÉÓÌÕ � ÁÌÇÅÂÒÁÉÞÅÓËÏÊËÒÁÔÎÏÓÔÉ 1. �ÏÇÄÁ ÎÁÊÄ£ÔÓÑ ÔÁËÁÑ ËÏÍ�ÏÎÅÎÔÁ vi ÜÔÏÇÏ ×ÅËÔÏÒÁ,ÞÔÏ Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑvi = N−1
∑l=0 (−�)l�(F l

{i}) ; vj = N−2
∑l=0 (−�)l�(F l

{i}(j → i)); �ÒÉ j 6= i; (19)ÇÄÅ F l
{i} { ÍÎÏÖÅÓÔ×Ï (l + 1)-ËÏÍ�ÏÎÅÎÔÎÙÈ ÏÓÔÏ×ÎÙÈ ÌÅÓÏ× ÏÒÇÒÁ-ÆÁ G, �ÒÉÞÅÍ ×ÅÒÛÉÎÁ i Ñ×ÌÑÅÔÓÑ ËÏÒÎÅÍ. F l

{i}(j → i) { ÅÇÏ �ÏÄÍÎÏ-ÖÅÓÔ×Ï, × ÌÅÓÁÈ ËÏÔÏÒÏÇÏ ×ÅÒÛÉÎÁ i ÄÏÓÔÉÖÉÍÁ ÉÚ j.



ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå 27äÏËÁÚÁÔÅÌØÓÔ×Ï. �ÒÅÂÕÅÍÙÊ ÒÅÚÕÌØÔÁÔ �ÏÌÕÞÁÅÔÓÑ, ÅÓÌÉ × (13) × ËÁ-ÞÅÓÔ×Å ÉÓÈÏÄÎÏÊ ÍÁÔÒÉ�Ù ×ÙÓÔÕ�ÁÅÔ ÎÅ �ÒÏÉÚ×ÏÌØÎÁÑ ÍÁÔÒÉ�Á G, ÈÁ-ÒÁËÔÅÒÉÓÔÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ ËÏÔÏÒÏÊ Ï�ÉÓÙ×ÁÅÔÓÑ (5), Á ÌÁ�ÌÁÓÉÁÎ L,ÄÌÑ ËÏÔÏÒÏÇÏ ×Ù�ÏÌÎÅÎÏ (3). äÏÓÌÏ×ÎÏ �Ï×ÔÏÒÑÑ ÒÁÓÓÕÖÄÅÎÉÑ �ÅÏÒÅÍÙ3 Ó ÚÁÍÅÎÏÊ ÆÏÒÍÕÌ (9) ÄÌÑ ÍÉÎÏÒÏ× ÍÁÔÒÉ�Ù G ÎÁ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅÆÏÒÍÕÌÙ (2) ÄÌÑ ÍÉÎÏÒÏ× L, �ÒÉÈÏÄÉÍ Ë (19). �úÁÍÅÞÁÎÉÅ 2. áÎÁÌÏÇÉÞÎÏ �ÒÅÄÙÄÕÝÅÍÕ ÚÁÍÅÞÁÎÉÀ, ÄÌÑ ËÏÍ�ÏÎÅÎÔÓÏÂÓÔ×ÅÎÎÏÇÏ ×ÅËÔÏÒÁ ~u ÍÁÔÒÉ�Ù LT , ÔÒÁÎÓ�ÏÎÉÒÏ×ÁÎÎÏÊ ÌÁ�ÌÁÓÉÁÎÕ,× ÕÓÌÏ×ÉÑÈ �ÏÓÌÅÄÎÅÊ ÔÅÏÒÅÍÙ, ÉÍÅÅÍ Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑui = N−1
∑l=0 (−�)l�(F l

{i}); uj = N−2
∑l=0 (−�)l�(F l

{j}(i → j)) �ÒÉ j 6= i: (20)
§5. ÷Ù×ÏÄ ËÒÁÍÅÒÏ×ÓËÉÈ Ï�ÒÅÄÅÌÉÔÅÌÅÊ, ÎÅÉÓ�ÏÌØÚÕÀÝÉÊ ÆÏÒÍÕÌÕ ×ÓÅÈ ÍÉÎÏÒÏ×ðÏÌÕÞÅÎÎÏÅ ×ÙÒÁÖÅÎÉÅ�′j = (−1)N−1 N−2

∑l=0 �l�(F l
{0;i}(j → i)) (21)ÄÌÑ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÄÏ�ÏÌÏÎÅÎÉÊ ×ÎÅÄÉÁÇÏÎÁÌØÎÙÈ ÜÌÅÍÅÎÔÏ×(G − �E)ij Ó×ÑÚÁÎÏ Ó \�ÏÞÔÉ" ÇÌÁ×ÎÙÍÉ ÍÉÎÏÒÁÍÉ, ËÏÇÄÁ ÒÏ×ÎÏ ÏÄÉÎÓÔÏÌÂÅ� ÚÁÍÅÎ£Î ÄÒÕÇÉÍ. ÷Ù×ÏÄ ÆÏÒÍÕÌÙ (21) �ÏÌÕÞÅÎ �ÒÉÍÅÎÅÎÉÅÍÔÅÏÒÅÍÙ Ï ×ÓÅÈ ÍÉÎÏÒÁÈ (ÔÏÞÎÅÅ, Å£ ÏÂÏÂÝÅÎÉÑ (7)). éÚ×ÅÓÔÎÙÅ ×Ù×Ï-ÄÙ ÓÁÍÏÊ ÆÏÒÍÕÌÙ ×ÓÅÈ ÍÉÎÏÒÏ× ÄÏÓÔÁÔÏÞÎÏ ÇÒÏÍÏÚÄËÉ. óÕÝÅÓÔ×ÅÎÎÏ�ÒÏÝÅ ×Ù×ÏÄÉÔÓÑ ÂÏÌÅÅ ÓÌÁÂÙÊ ÆÁËÔ { ÆÏÒÍÕÌÁ ÄÌÑ ÇÌÁ×ÎÙÈ ÍÉÎÏÒÏ×(2). ðÏÓÌÅÄÏ×ÁÔÅÌØÎÁÑ ÚÁÍÅÎÁ × ÇÌÁ×ÎÙÈ ÍÉÎÏÒÁÈ ÏÄÎÉÈ ÓÔÏÌÂ�Ï× ÄÒÕ-ÇÉÍÉ �ÒÉ×ÏÄÉÔ Ë �ÒÏÉÚ×ÏÌØÎÙÍ ÍÉÎÏÒÁÍ. �ÅÍ ÓÁÍÙÍ, ÅÓÌÉ �ÏÌÕÞÉÔØ×ÙÒÁÖÅÎÉÅ (21) ÎÅÚÁ×ÉÓÉÍÏ (ÉÍÅÎÎÏ ÉÚ (2)), ÔÏ ÜÔÏ �ÒÁËÔÉÞÅÓËÉ ÜË×É-×ÁÌÅÎÔÎÏ ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÓÁÍÏÊ ÆÏÒÍÕÌÙ ×ÓÅÈ ÍÉÎÏÒÏ×, Ó ÔÏÞÎÏÓÔØÀÄÏ ÔÏÇÏ, ÞÔÏ �ÒÏ�ÅÄÕÒÕ ÚÁÍÅÎÙ ÓÔÏÌÂ�Ï× ÎÅÏÂÈÏÄÉÍÏ ÏÓÕÝÅÓÔ×ÉÔØ ÎÅ-ÓËÏÌØËÏ ÒÁÚ É ÓÏÓÞÉÔÁÔØ ÎÁËÁ�ÌÉ×ÁÅÍÏÅ ÞÉÓÌÏ ÂÅÓ�ÏÒÑÄËÏ× (�ÒÉ ÏÄÎÏ-ËÒÁÔÎÏÊ ÚÁÍÅÎÅ ÓÔÏÌÂ�Á ÏÎÏ �ÏÄÓÞÉÔÁÎÏ × �ÅÏÒÅÍÅ 3).ðÒÅÄÌÁÇÁÅÍÙÊ ÎÉÖÅ ×Ù×ÏÄ (21), ÎÅÓÍÏÔÒÑ ÎÁ Ó×ÏÀ ÔÅÈÎÉÞÅÓËÕÀÓÌÏÖÎÏÓÔØ, ÄÏÓÔÁÔÏÞÎÏ \ÎÁÇÌÑÄÅÎ" × ÓÍÙÓÌÅ ÇÒÁÆÏ×ÏÊ ÉÎÔÅÒ�ÒÅÔÁ-�ÉÉ, �ÏÓËÏÌØËÕ ×�ÒÑÍÕÀ �ÏËÁÚÙ×ÁÅÔ, ËÁË ÍÅÎÑÅÔÓÑ ÏÒÇÒÁÆ É Ó×ÏÊÓÔ×ÁÅÇÏ ÏÓÔÏ×ÎÙÈ ÌÅÓÏ× �ÒÉ ÚÁÍÅÎÅ ÄÕÇ, ÚÁÈÏÄÑÝÉÈ × ÏÄÎÕ ×ÅÒÛÉÎÕ, ÎÁ



28 ÷. á. âõóìï÷ÄÕÇÉ, ÚÁÈÏÄÑÝÉÅ × ÄÒÕÇÕÀ, É ÎÁÏÂÏÒÏÔ. ðÒÉ×ÅÄ£Í ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅÄÏËÁÚÁÔÅÌØÓÔ×Ï ÒÁ×ÅÎÓÔ×Á (21).äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷×ÅÄ£Í ×Ó�ÏÍÏÇÁÔÅÌØÎÙÊ ÏÒÇÒÁÆ H , ËÏÔÏÒÙÊ �Ï-ÌÕÞÁÅÔÓÑ ÉÚ ÏÒÇÒÁÆÁ G ÚÁÍÅÎÏÊ ×ÓÅÈ ÄÕÇ (×ËÌÀÞÁÑ �ÅÔÌÉ), ÚÁÈÏÄÑÝÉÈ× ×ÅÒÛÉÎÕ i ÎÁ ÄÕÇÉ ÚÁÈÏÄÑÝÉÅ × j, É ÎÁÏÂÏÒÏÔ. ÷ ÍÁÔÒÉ�Å ÓÍÅÖÎÏÓÔÉÜÔÏ ÜË×É×ÁÌÅÎÔÎÏ �ÅÒÅÍÅÎÅ ÍÅÓÔ ÓÔÏÌÂ�Ï× i É j. ïÒÇÒÁÆ H0 ÓÏÚÄÁ£ÔÓÑ�Ï ÔÏÍÕ ÖÅ �ÒÁ×ÉÌÕ, ÞÔÏ É G0. ÷ ÔÅÒÍÉÎÁÈ ÏÒÇÒÁÆÁ H �ÏÓÌÅ ×ÙÎÏÓÁÚÎÁËÁ ÉÚ j-ÇÏ ÓÔÏÌÂ�Á ÉÓËÏÍÙÊ Ï�ÒÅÄÅÌÉÔÅÌØ �′j �ÒÉÏÂÒÅÔÁÅÔ ×ÉÄ
−
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∣
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∣
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:
äÏÂÁ×ÌÑÑ É ×ÙÞÉÔÁÑ � ÉÚ ÄÉÁÇÏÎÁÌØÎÏÇÏ ÜÌÅÍÅÎÔÁ hjj , �ÒÅÄÓÔÁ×ÉÍÏ�ÒÅÄÅÌÉÔÅÌØ × ×ÉÄÅ�′j = −

[det(H({i})− �E)+ � det(H({i; j})− �E)]= −(−1)N−1 det (�E−H({i})) − (−1)N−2� det(�E−H({i; j})) :ðÏÓËÏÌØËÕ H({i; j}) = G({i; j}), ÉÍÅÅÍ(−1)N−1�′j = � det(�E−G({i; j})) − det(�E−H({i})) : (22)ó ÕÞ£ÔÏÍ ìÅÍÍÙ 1, �ÅÒ×ÙÊ ÞÌÅÎ × �ÏÓÌÅÄÎÅÍ ×ÙÒÁÖÅÎÉÉ ÒÁ×ÅÎ� det(�E−G({i; j}))= �N−2
∑l=0 �l�(F l

{0;i;j}(G0)) = N−1
∑l=1 �l�(F l−1

{0;i;j}(G0)); (23)ÇÄÅ ËÏÜÆÆÉ�ÉÅÎÔÙ � �ÒÉ ÓÔÅ�ÅÎÑÈ � �ÒÅÄÓÔÁ×ÌÑÀÔ ÓÏÂÏÊ ÓÕÍÍÙ �ÏÏÓÔÏ×ÎÙÍ ÌÅÓÁÍ ÏÒÇÒÁÆÁ G0. ÷ÔÏÒÏÅ ÖÅ ÓÌÁÇÁÅÍÏÅ × (22) ÏÔ×ÅÞÁÅÔ



ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå 29×Ó�ÏÍÏÇÁÔÅÌØÎÏÍÕ ÏÒÇÒÁÆÕ H0:det(�E−H({i})) = N−1
∑l=0 �l�(F l

{0;i}(H0)): (24)÷ ÜÔÏÍ ×ÙÒÁÖÅÎÉÉ ÎÅÏÂÈÏÄÉÍÏ �ÅÒÅÊÔÉ ÏÔ ÓÕÍÍ �Ï ÏÓÔÏ×ÎÙÍ ÚÁÈÏ-
òÉÓ. 2. ÷ÚÁÉÍÎÁÑ ÚÁÍÅÎÁ ÄÕÇ, ÚÁÈÏÄÑÝÉÈ × ËÏÒÎÅ×ÙÅ ×ÅÒ-ÛÉÎÙ i É j. óÌÅ×Á { ÉÓÈÏÄÎÙÊ ÌÅÓ; Ó�ÒÁ×Á { ÌÅÓ, �ÏÓÌÅÚÁÍÅÎÙ. úÁÍÅÎ£ÎÎÙÅ ÄÕÇÉ: (q; i) ÎÁ (q; j), (r; i) ÎÁ (r; j),(u; j) ÎÁ (u; i), (v; j) ÎÁ (v; i). ðÏÌÕÞÉ×ÛÉÊÓÑ ÏÒÇÒÁÆ {�Ï-�ÒÅÖÎÅÍÕ ÌÅÓ, Ó ÔÅÍ ÖÅ ÞÉÓÌÏÍ ÄÅÒÅ×ØÅ×.ÄÑÝÉÍ ÌÅÓÁÍ ×Ó�ÏÍÏÇÁÔÅÌØÎÏÇÏ ÏÒÇÒÁÆÁ H0 Ë ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÓÕÍ-ÍÅ, ÏÔ×ÅÞÁÀÝÅÊ �ÏÄÇÒÁÆÁÍ G0. úÁÍÅÔÉÍ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï F l

{0;i}(H0)ÒÁÚÂÉ×ÁÅÔÓÑ ÎÁ Ä×Á ÎÅ�ÅÒÅÓÅËÁÀÝÉÈÓÑ �ÏÄÍÎÏÖÅÓÔ×Á, ÏÄÎÉÍ ÉÚ ËÏÔÏ-ÒÙÈ Ñ×ÌÑÅÔÓÑ ÍÎÏÖÅÓÔ×Ï F l−1
{0;i;j}(H0), ×Ï ×ÓÅÈ ÌÅÓÁÈ ËÏÔÏÒÏÇÏ ×ÅÒÛÉÎÁj { ËÏÒÅÎØ (�ÒÉ l = 0 ÜÔÏ ÍÎÏÖÅÓÔ×Ï �ÕÓÔÏÅ), Á ÄÒÕÇÉÍ { ÍÎÏÖÅÓÔ×Ï

F l
{0;i}(H0; j →), × ËÁÖÄÏÍ ÌÅÓÅ ËÏÔÏÒÏÇÏ ÉÚ ×ÅÒÛÉÎÙ j ÉÓÈÏÄÉÔ ÄÕÇÁ(ÜÔÏ ÍÎÏÖÅÓÔ×Ï �ÕÓÔÏÅ �ÒÉ l = N − 1). ðÒÉ ÜÔÏÍ, �(F l−1

{0;i;j}(H0)) =�(F l−1
{0;i;j}(G0)), �ÏÓËÏÌØËÕ H É G (É, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, H0 É G0) ÏÔÌÉ-ÞÁÀÔÓÑ ÌÉÛØ ×ÚÁÉÍÎÏÊ ÚÁÍÅÎÏÊ ÄÕÇ (×ÍÅÓÔÅ Ó ×ÅÓÁÍÉ), ÚÁÈÏÄÑÝÉÈ × iÉ j, Á × ÓÉÔÕÁ�ÉÉ, ËÏÇÄÁ ÏÂÅ ÜÔÉ ×ÅÒÛÉÎÙ { ËÏÒÎÉ, �ÒÉ ÔÁËÏÊ ÚÁÍÅ-ÎÅ �ÅÔÌÉ × ÒÁÓÓÍÏÔÒÅÎÉÅ ÎÅ �Ï�ÁÄÁÀÔ É ÌÅÓ ÏÓÔÁ£ÔÓÑ ÌÅÓÏÍ Ó ÔÅÍ ÖÅËÏÌÉÞÅÓÔ×ÏÍ ËÏÒÎÅÊ (ÓÍ. ÒÉÓ. 2).ðÏÜÔÏÍÕ (24) �ÅÒÅ�ÉÓÙ×ÁÅÔÓÑ × ×ÉÄÅdet(�E−H({i})) = N−1

∑l=1 �l�(F l−1
{0;i;j}(G0)) + N−2

∑l=0 �l�(F l
{0;i}(H0; j →)):



30 ÷. á. âõóìï÷�ÅÍ ÓÁÍÙÍ, Ó ÕÞÅÔÏÍ (23), ×ÙÒÁÖÅÎÉÅ (22) �ÒÉÎÉÍÁÅÔ ×ÉÄ(−1)N−1�′j = −
N−2
∑l=0 �l�(F l

{0;i}(H0; j →)) : (25)íÎÏÖÅÓÔ×Ï ÌÅÓÏ× F l
{0;i}(H0; j →) ÒÁÚÂÉ×ÁÅÔÓÑ ÎÁ Ä×Á ÎÅ�ÅÒÅÓÅËÁÀÝÉÈ-

òÉÓ. 3. äÏÂÁ×ÌÅÎÉÅ ÄÕÇÉ (j; k) Ë ÌÅÓÕ, × ËÏÔÏÒÏÍ ×ÅÒ-ÛÉÎÁ j ËÏÒÎÅ×ÁÑ. óÌÅ×Á { ×ÅÒÛÉÎÁ k ÎÅ �ÒÉÎÁÄÌÅÖÁÌÁÄÅÒÅ×Õ Ó ËÏÒÎÅÍ × j, ÏÒÇÒÁÆ ÏÓÔÁ£ÔÓÑ ÌÅÓÏÍ, ÞÉÓÌÏ ÄÅ-ÒÅ×ØÅ× ÕÍÅÎØÛÁÅÔÓÑ ÎÁ 1. ó�ÒÁ×Á { ×ÅÒÛÉÎÁ k �ÒÉÎÁÄÌÅ-ÖÁÌÁ ÄÅÒÅ×Õ Ó ËÏÒÎÅÍ × j. þÉÓÌÏ ËÏÍ�ÏÎÅÎÔ ÏÒÇÒÁÆÁ ÎÅÉÚÍÅÎÑÅÔÓÑ. ÷ÏÚÎÉËÁÅÔ �ÉËÌ ×ËÌÀÞÁÀÝÉÊ ×ÅÒÛÉÎÕ j.ÓÑ ÍÎÏÖÅÓÔ×Á { ÍÎÏÖÅÓÔ×Ï F l
{0;i}(H0; (j; i)), × ËÁÖÄÏÍ ÌÅÓÅ ËÏÔÏÒÏÇÏÅÓÔØ ÄÕÇÁ (j; i), É ÍÎÏÖÅÓÔ×Ï F l
{0;i}(H0; j →; (j; i)), ÎÉ × ËÁËÏÍ ÌÅÓÅ ËÏ-ÔÏÒÏÇÏ ÄÕÇÉ (j; i) ÎÅÔ É ×ÅÒÛÉÎÁ j ÎÅ Ñ×ÌÑÅÔÓÑ ËÏÒÎÅÍ. üÔÏ �ÏÓÌÅÄÎÅÅÍÎÏÖÅÓÔ×Ï, × Ó×ÏÀ ÏÞÅÒÅÄØ, ÒÁÚÂÉ×ÁÅÔÓÑ ÎÁ Ä×Á ÎÅ �ÅÒÅÓÅËÁÀÝÉÈÓÑ {ÍÎÏÖÅÓÔ×Ï F l

{0;i}(H0; (j; i); j → i), × ËÁÖÄÏÍ ÌÅÓÅ ËÏÔÏÒÏÇÏ i ÄÏÓÔÉÖÉ-ÍÁ ÉÚ j, É ÍÎÏÖÅÓÔ×Ï F l
{0;i}(H0; j →; j 9 i), ÎÉ × ÏÄÎÏÍ ÌÅÓÅ ËÏÔÏÒÏÇÏi ÎÅ ÄÏÓÔÉÖÉÍÁ ÉÚ j, ÎÏ ÄÕÇÁ ÉÚ ×ÅÒÛÉÎÙ j ÉÓÈÏÄÉÔ. �ÁËÉÍ ÏÂÒÁÚÏÍ,ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ �l × (25) ÒÁ×ÅÎ�(F l

{0;i}(H0; j →)) = �(F l
{0;i}(H0; (j; i)))+ �(F l

{0;i}(H0; j →; j 9 i)) + �(F l
{0;i}(H0; (j; i); j → i)): (26)òÁÓÓÍÏÔÒÉÍ ËÁÖÄÏÅ ÓÌÁÇÁÅÍÏÅ × (26) �Ï ÏÔÄÅÌØÎÏÓÔÉ. ÷ �ÅÒ×ÏÍ ÓÌÁ-ÇÁÅÍÏÍ ÅÓÔÅÓÔ×ÅÎÎÏ ×ÙÎÅÓÔÉ ÚÁ ÓÕÍÍÕ � ×ÅÓ hji. óÁÍÏ ÖÅ ÕÄÁÌÅÎÉÅÄÕÇÉ (j; i) ÉÚ ÌÅÓÁ �ÒÉ×ÏÄÉÔ Ë ÔÏÍÕ, ÞÔÏ ×ÅÒÛÉÎÁ j ÓÔÁÎÏ×ÉÔÓÑ ËÏÒÎÅÍ,�ÏÜÔÏÍÕ�(F l

{0;i}(H0; (j; i)) = hji�(F l
{0;i;j}(H0)) = gjj�(F l

{0;i;j}(G0)):



ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå 31úÄÅÓØ ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ, ÞÔÏ �(F l
{0;i;j}(H0)) = �(F l

{0;i;j}(G0)), Á ÔÁËÖÅ,ÞÔÏ �Ï �ÏÓÔÒÏÅÎÉÀ hji = gjj . ðÏÓËÏÌØËÕ N
∑k=0 gjk = 0, ÉÍÅÅÍ�(F l

{0;i}(H0; (j; i)) = −

( N
∑k=0;k 6=j gjk)�(F l

{0;i;j}(G0)): (27)�Å�ÅÒØ ÎÅÏÂÈÏÄÉÍÏ ×ÎÅÓÔÉ ×ÅÓÁ gjk × ÓÕÍÍÙ �. ÷ÎÅÓÅÎÉÅ ÍÎÏÖÉÔÅÌÑgjk ÏÚÎÁÞÁÅÔ ÄÏÂÁ×ÌÅÎÉÅ ÄÕÇÉ (j; k) Ë ËÁÖÄÏÍÕ ÌÅÓÕ F ÉÚ F l
{0;i;j}. åÓÌÉ× ÔÁËÏÍ ÌÅÓÅ k 9 j, ÔÏ ÏÎ �ÒÅ×ÒÁÝÁÅÔÓÑ × ÎÅËÏÔÏÒÙÊ ÌÅÓ ÉÚ ÍÎÏÖÅÓÔ×Á

F l
{0;i}(j →) (ÓÍ. ÒÉÓ. 3 a). åÓÌÉ ÖÅ × ÌÅÓÅ F ×ÅÒÛÉÎÁ j ÄÏÓÔÉÖÉÍÁ ÉÚ k,ÔÏ ÄÏÂÁ×ÌÅÎÉÅ ÄÕÇÉ (j; k) �ÒÉ×ÏÄÉÔ Ë (l+3)-ËÏÍ�ÏÎÅÎÔÎÏÍÕ ÏÒÇÒÁÆÕ, ×ËÏÔÏÒÏÍ (l+2) ËÏÍ�ÏÎÅÎÔÙ �ÒÅÄÓÔÁ×ÌÑÀÔ ÓÏÂÏÊ ÄÅÒÅ×ØÑ (ËÏÒÎÉ Ä×ÕÈÉÈ ÎÉÈ { ×ÅÒÛÉÎÙ 0; i) É ÏÄÎÁ ËÏÍ�ÏÎÅÎÔÁ ÓÏÄÅÒÖÉÔ ÅÄÉÎÓÔ×ÅÎÎÙÊ�ÉËÌ É ÜÔÏÔ �ÉËÌ ×ËÌÀÞÁÅÔ ×ÅÒÛÉÎÕ j. ðÒÉ ÜÔÏÍ ÉÚ ËÁÖÄÏÊ ×ÅÒÛÉÎÙÏÒÇÒÁÆÁ �Ï �ÒÅÖÎÅÍÕ ÉÓÈÏÄÉÔ ÎÅ ÂÏÌÅÅ ÏÄÎÏÊ ÄÕÇÉ (ÓÍ. ÒÉÓ. 3 b). ïÂÏ-ÚÎÁÞÉÍ ÍÎÏÖÅÓÔ×o ÔÁËÉÈ ÏÒÇÒÁÆÏ× ÞÅÒÅÚ Q (× ÉÔÏÇÏ×ÙÅ ÆÏÒÍÕÌÙ ÏÎÏ×ËÌÁÄÁ ÎÅ ÄÁ£Ô, �ÏÜÔÏÍÕ ÎÅÔ �ÒÉÞÉÎ ÄÌÑ ÅÇÏ Ó�Å�ÉÁÌØÎÏÊ ÉÎÄÅËÓÁ�ÉÉ).�ÅÍ ÓÁÍÙÍ, (27) �ÅÒÅ�ÉÓÙ×ÁÅÔÓÑ × ×ÉÄÅ�(F l

{0;i}(H0; (j; i)) = −�(F l
{0;i}(G0; j →))− �(Q): (28)

òÉÓ. 4. ÷ÚÁÉÍÎÁÑ ÚÁÍÅÎÁ ÄÕÇ, ÚÁÈÏÄÑÝÉÈ × ËÏÒÎÅ×ÕÀ ×ÅÒ-ÛÉÎÕ i É ÎÅËÏÒÎÅ×ÕÀ ×ÅÒÛÉÎÕ j, ËÏÔÏÒÁÑ ÎÅ �ÒÉÎÁÄÌÅ-ÖÉÔ ÄÅÒÅ×Õ Ó ËÏÒÎÅÍ × i. óÌÅ×Á { ÉÓÈÏÄÎÙÊ ÌÅÓ; Ó�ÒÁ×Á{ ÌÅÓ, �ÏÓÌÅ ÚÁÍÅÎÙ. úÁÍÅÎ£ÎÎÙÅ ÄÕÇÉ: (q; i) ÎÁ (q; j),(r; i) ÎÁ (r; j), (u; j) ÎÁ (u; i). ðÏÌÕÞÉ×ÛÉÊÓÑ ÏÒÇÒÁÆ {�Ï-�ÒÅÖÎÅÍÕ ÌÅÓ, Ó ÔÅÍ ÖÅ ÞÉÓÌÏÍ ÄÅÒÅ×ØÅ×.



32 ÷. á. âõóìï÷ðÅÒÅÊÄ£Í ËÏ ×ÔÏÒÏÍÕ ÓÌÁÇÁÅÍÏÍÕ × (26). ðÏÓËÏÌØËÕ j 9 i, ÔÏ ÚÁÍÅÎÁÄÕÇ, ÚÁÈÏÄÑÝÉÈ × i, ÎÁ ÄÕÇÉ, ÚÁÈÏÄÑÝÉÅ × j É ÎÁÏÂÏÒÏÔ, ÎÅ ÉÚÍÅÎÑÅÔÔÉ� ÏÒÇÒÁÆÁ (ÓÍ. ÒÉÓ. 4). �ÁËÉÍ ÏÂÒÁÚÏÍ,�(F l
{0;i}(H0; j →; j 9 i)) = �(F l

{0;i}(G0; j →; j 9 i)): (29)òÁÓÓÍÏÔÒÉÍ ÔÒÅÔØÅ ÓÌÁÇÁÅÍÏÅ × (26). ÷ ÌÀÂÏÍ ÌÅÓÅ ÉÚ F l
{0;i}((j; i); j→ i)

òÉÓ. 5. ÷ÚÁÉÍÎÁÑ ÚÁÍÅÎÁ ÄÕÇ, ÚÁÈÏÄÑÝÉÈ × ËÏÒÎÅ×ÕÀ ×ÅÒ-ÛÉÎÕ i É ÎÅËÏÒÎÅ×ÕÀ ×ÅÒÛÉÎÕ j, ËÏÔÏÒÁÑ �ÒÉÎÁÄÌÅÖÉÔÄÅÒÅ×Õ Ó ËÏÒÎÅÍ × i. óÌÅ×Á { ÄÏ �ÅÒÅÏÒÉÅÎÔÁ�ÉÉ; Ó�ÒÁ×Á{ �ÏÌÕÞÉ×ÛÉÊÓÑ ÏÒÇÒÁÆ. úÁÍÅÎÅÎÙ ÄÕÇÉ: (r; i) ÎÁ (r; j),(t; i) ÎÁ (t; j), (u; j) ÎÁ (u; i), (v; j) ÎÁ (v; i). éÔÏÇÏ×ÙÊ ÏÒ-ÇÒÁÆ ÓÏÄÅÒÖÉÔ ÅÄÉÎÓÔ×ÅÎÎÙÊ �ÉËÌ. üÔÏÔ �ÉËÌ ×ËÌÀÞÁÅÔ×ÅÒÛÉÎÕ j. þÉÓÌÏ ËÏÍ�ÏÎÅÎÔ ÏÒÇÒÁÆÁ ×ÏÚÒÏÓÌÏ ÎÁ 1.ÚÁÍÅÎÁ ÄÕÇ, ÚÁÈÏÄÑÝÉÈ × i, ÎÁ ÄÕÇÉ, ÚÁÈÏÄÑÝÉÅ × j É ÎÁÏÂÏÒÏÔ, �ÒÉ×Ï-ÄÉÔ Ë ÔÏÍÕ (ÓÍ. ÒÉÓ 5), ÞÔÏ ×ÏÚÎÉËÁÅÔ (l + 3)-ËÏÍ�ÏÎÅÎÔÎÙÊ ÏÒÇÒÁÆ,× ËÏÔÏÒÏÍ (l + 2) ËÏÍ�ÏÎÅÎÔÙ { ÄÅÒÅ×ØÑ É Ä×Á ÉÚ ÎÉÈ ÉÍÅÀÔ ËÏÒÎÑÍÉ×ÅÒÛÉÎÙ 0 É i, ÏÒÇÒÁÆ ÓÏÄÅÒÖÉÔ ÒÏ×ÎÏ ÏÄÉÎ �ÉËÌ, ×ËÌÀÞÁÀÝÉÊ ×ÅÒ-ÛÉÎÕ j, É ÉÚ ËÁÖÄÏÊ ×ÅÒÛÉÎÙ ÉÓÈÏÄÉÔ ÎÅ ÂÏÌÅÅ ÏÄÎÏÊ ÄÕÇÉ. úÎÁÞÉÔ,ÔÁËÏÊ ÏÒÇÒÁÆ �ÒÉÎÁÄÌÅÖÉÔ ÍÎÏÖÅÓÔ×Õ Q É�(F l
{0;i}(H0; (j; i); j → i)) = �(Q): (30)ðÏÄÓÔÁ×ÉÍ (28){(30) × (26):�(F l

{0;i}(H0; j →)) = −�(F l
{0;i}(G0; j →))− �(Q)+ �(F l

{0;i}(G0; j →; j 9 i)) + �(Q) = −�(F l
{0;i}(G0; j → i)):úÄÅÓØ ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ, ÞÔÏ ÅÓÌÉ ÉÚ ×ÓÅÈ ÌÅÓÏ×, × ËÏÔÏÒÙÈ ×ÅÒÛÉÎÁ j ÎÅÑ×ÌÑÅÔÓÑ ËÏÒÎÅÍ, ÕÄÁÌÉÔØ ÌÅÓÁ, × ËÏÔÏÒÙÈ ×ÅÒÛÉÎÁ i ÉÚ j ÎÅÄÏÓÔÉÖÉÍÁ,



ï èáòáë�åòéó�éþåóëïí íîïçïþìåîå 33ÔÏ ÏÓÔÁÎÕÔÓÑ ÌÅÓÁ, × ËÏÔÏÒÙÈ i ÄÏÓÔÉÖÉÍÁ ÉÚ j . ðÏÄÓÔÁ×É× �ÏÓÌÅÄÎÅÅ×ÙÒÁÖÅÎÉÅ × (25), ÏËÏÎÞÁÔÅÌØÎÏ �ÏÌÕÞÁÅÍ�′j = (−1)N−1 N−2
∑l=0 �l�(F l

{0;i}(G0; j → i)): �

§6. ðÒÉÍÅÎÅÎÉÅ ÌÁ�ÌÁÓÉÁÎÁ ÏÒÇÒÁÆÁ Ë �Å�ÑÍ MÁÒËÏ×ÁÉ ÓÏÓÔÏÑÎÉÅ ÕÂÉ×ÁÎÉÑðÕÓÔØ P(t) { ÍÁÔÒÉ�Á �ÅÒÅÈÏÄÎÙÈ ×ÅÒÏÑÔÎÏÓÔÅÊ ÚÁ ×ÒÅÍÑ t ÏÄÎÏ-ÒÏÄÎÏÊ �Å�É íÁÒËÏ×Á Ó ÞÉÓÌÏÍ ÓÏÓÔÏÑÎÉÊ N , ÁQ = limtց0 P(t)−Et{ ÍÁÔÒÉ�Á ÉÎÔÅÎÓÉ×ÎÏÓÔÅÊ, Õ�ÒÁ×ÌÑÀÝÁÑ �ÒÏ�ÅÓÓÏÍ_~x = ~xQ: (31)üÔÏÊ �Å�É ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ N -×ÅÒÛÉÎÎÙÊ ÏÒÇÒÁÆ (�ÅÒÅÈÏÄÏ×) G ÂÅÚ �Å-ÔÅÌØ, × ËÏÔÏÒÏÍ �ÒÉÓÕÔÓÔ×ÕÀÔ ÔÏÌØËÏ ÔÅ ÄÕÇÉ (i; j), i 6= j, ÄÌÑ ËÏÔÏÒÙÈqij > 0. ÷ÅÓ ÄÕÇÉ gij �ÏÌÁÇÁÅÔÓÑ ÒÁ×ÎÙÍ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÉÎÔÅÎÓÉ×-ÎÏÓÔÉ: gij = qij . ïÞÅ×ÉÄÎÏ, ÞÔÏ ÄÌÑ ÍÁÔÒÉ�Ù ìÁ�ÌÁÓÁ L �ÏÓÔÒÏÅÎÎÏÇÏÏÒÇÒÁÆÁ ×Ù�ÏÌÎÅÎÏ L = −Q. ðÒÉ ÜÔÏÍ, ÍÁÔÒÉ�Á ÓÍÅÖÎÏÓÔÉ ÏÒÇÒÁÆÁ�ÅÒÅÈÏÄÏ×, ÏÞÅ×ÉÄÎÏ, ÎÅ ÓÏ×�ÁÄÁÅÔ Ó Q { ÏÔÌÉÞÉÅ × ÇÌÁ×ÎÏÊ ÄÉÁÇÏÎÁ-ÌÉ, ËÏÔÏÒÁÑ Õ ÏÒÇÒÁÆÁ ÂÅÚ �ÅÔÅÌØ ÎÕÌÅ×ÁÑ. ëÏÎÅÞÎÏ, ÍÏÖÎÏ ÂÙÌÏ ÂÙÓÞÉÔÁÔØ, ÞÔÏ Õ ÏÒÇÒÁÆÁ �ÅÔÌÉ ÅÓÔØ É ÉÈ ×ÅÓÁ ÒÁ×ÎÙ ÄÉÁÇÏÎÁÌØÎÙÍ ÜÌÅ-ÍÅÎÔÁÍ ÍÁÔÒÉ�Ù ÉÎÔÅÎÓÉ×ÎÏÓÔÅÊ, ÎÏ × ÜÔÏÍ ÎÅÔ �ÒÁËÔÉÞÅÓËÏÇÏ ÓÍÙ-ÓÌÁ �ÒÉ ÏÔÓÕÔÓÔ×ÉÉ ÕÂÉ×ÁÎÉÑ.åÓÌÉ P { ÓÔÏÈÁÓÔÉÞÅÓËÁÑ ÍÁÔÒÉ�Á, ÔÏ ÅÓÔØ ÍÁÔÒÉ�Á �ÅÒÅÈÏÄÁ ÚÁÏÄÉÎ ÛÁÇ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÏÄÎÏÒÏÄÎÏÊ ËÏÎÅÞÎÏÊ �Å�É íÁÒËÏ×Á Ó ÄÉÓ-ËÒÅÔÎÙÍ ×ÒÅÍÅÎÅÍ, ÔÏ ÍÁÔÒÉ�Á Q = P−E ÅÓÔØ Å£ ÄÉÓËÒÅÔÎÁÑ �ÒÏÉÚ-×ÏÄÎÁÑ É × ÜÔÏÍ ÓÍÙÓÌÅ Ñ×ÌÑÅÔÓÑ ÍÁÔÒÉ�ÅÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÅÊ. ïÒÇÒÁÆ(�ÅÒÅÈÏÄÏ×) G ÂÅÚ �ÅÔÅÌØ Ï�ÒÅÄÅÌÑÅÍ ÁÎÁÌÏÇÉÞÎÏ: ÄÕÇÁ (i; j), i 6= j,�ÒÉÓÕÔÓÔ×ÕÅÔ × ÏÒÇÒÁÆÅ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ pij > 0, ×ÅÓ gij�ÏÌÁÇÁÅÔÓÑ ÒÁ×ÎÙÍ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ×ÅÒÏÑÔÎÏÓÔÉ gij = pij = qij . äÌÑÍÁÔÒÉ�Ù ìÁ�ÌÁÓÁ �ÏÓÔÒÏÅÎÎÏÇÏ ÏÒÇÒÁÆÁ ÔÁËÖÅ ×Ù�ÏÌÎÅÎÏ: L = −Q.îÏÒÍÉÒÏ×ÁÎÎÙÊ ÎÁ ÅÄÉÎÉÞÎÕÀ ÓÕÍÍÕ ËÏÍ�ÏÎÅÎÔ ÌÅ×ÙÊ ÓÏÂÓÔ×ÅÎ-ÎÙÊ ×ÅËÔÏÒ ÍÁÔÒÉ�Ù L, ÏÔ×ÅÞÁÀÝÉÊ ÎÕÌÅ×ÏÍÕ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÞÉÓÌÕ,ÓÏ×�ÁÄÁÅÔ ÓÏ ÓÔÁ�ÉÏÎÁÒÎÙÍ ÒÁÓ�ÒÅÄÅÌÅÎÉÅÍ ËÁË ÄÌÑ ÓÌÕÞÁÑ ÎÅ�ÒÅ-ÒÙ×ÎÏÇÏ ×ÒÅÍÅÎÉ, ÔÁË É ÄÌÑ ÄÉÓËÒÅÔÎÏÇÏ. óÏÇÌÁÓÎÏ (20) ÏÎ ÒÁ×ÅÎ Ó



34 ÷. á. âõóìï÷ÔÏÞÎÏÓÔØÀ ÄÏ ÍÎÏÖÉÔÅÌÑui = �(F{i}); uj = �(F{j}(i → j)) ;ÇÄÅ F{i} { ÍÎÏÖÅÓÔ×Ï ÏÓÔÏ×ÎÙÈ ÄÅÒÅ×ØÅ× Ó ËÏÒÎÅÍ × i, ÞÔÏ, × ÞÁÓÔÎÏÓÔÉ,ÏÚÎÁÞÁÅÔ, ÞÔÏ ×ÓÅ ×ÅÒÛÉÎÙ ÏÒÇÒÁÆÁ, �ÒÉÎÁÄÌÅÖÁÝÅÇÏ F{i}, ÎÁÈÏÄÑÔÓÑ× ÅÄÉÎÓÔ×ÅÎÎÏÍ ÄÅÒÅ×Å. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÍÎÏÖÅÓÔ×Ï F{j}(i → j), ÓÏ-ÓÔÏÑÝÅÅ ÉÚ ÄÅÒÅ×ØÅ×, × ËÏÔÏÒÙÈ ÅÓÔØ �ÕÔØ ÉÚ i × j, ÓÏ×�ÁÄÁÅÔ Ó F{j}.ðÒÉ×ÏÄÑ ×ÅËÔÏÒ Ë ÅÄÉÎÉÞÎÏÊ ÓÕÍÍÅ ËÏÍ�ÏÎÅÎÔ, �ÏÌÕÞÁÅÍui = �(F{i})
∑j �(F{j}) ; i = 1; 2; : : :N : (32)÷�ÅÒ×ÙÅ ÜÔÏÔ ÒÅÚÕÌØÔÁÔ ÂÙÌ �ÏÌÕÞÅÎ ÷ÅÎÔ�ÅÌÅÍ É æÒÅÊÄÌÉÎÏÍ [8℄. áÌ-ÇÏÒÉÔÍ ÎÁÈÏÖÄÅÎÉÑ ÏÓÔÏ×ÎÙÈ ÄÅÒÅ×ØÅ×, ÄÁÀÝÉÈ ÍÁËÓÉÍÁÌØÎÙÊ ×ËÌÁÄ,ÄÌÑ ÓÌÕÞÁÑ ×ÅÓÏ×, ×ÏÚÎÉËÁÀÝÉÈ ÉÚ �ÏÔÅÎ�ÉÁÌÁ, ÉÚÌÏÖÅÎ × [13℄.åÓÌÉ ÍÁÔÒÉ�Á ìÁ�ÌÁÓÁ L ÉÍÅÅÔ ÂÁÚÉÓ ÉÚ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ×, ÔÏÜ×ÏÌÀ�ÉÀ ÏÄÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ (31) ÍÏÖÎÏ ÒÁÚÌÏÖÉÔØ �Ï ÌÅ×ÙÍ~ui É �ÒÁ×ÙÍ ~vi ÓÏÂÓÔ×ÅÎÎÙÍ ×ÅËÔÏÒÁÍ, ÎÏÒÍÉÒÏ×ËÁ ËÏÔÏÒÙÈ ÓÏÓÔÁ×ÌÑ-ÅÔ ÄÕÁÌØÎÙÊ ÂÁÚÉÓ [9, 10℄:~x(t) = ~x0e−Lt =∑i e−�it(~x0; ~vi)~ui; (~ui; ~vj) = Æij : (33)÷ ÓÌÕÞÁÅ, ËÏÇÄÁ ×ÓÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ ÉÍÅÀÔ ÁÌÇÅÂÒÁÉÞÅÓËÕÀ ËÒÁÔ-ÎÏÓÔØ 1, ÔÁËÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÚÁ×ÅÄÏÍÏ ÅÓÔØ. ðÒÅÄÅÌØÎÏÅ ÒÁÓ�ÒÅÄÅÌÅ-ÎÉÅ Ï�ÉÓÙ×ÁÅÔÓÑ ÆÏÒÍÕÌÏÊ (32).ðÒÉ ÎÁÌÉÞÉÉ ÕÂÉ×ÁÎÉÑ �ÒÏ�ÅÓÓÁ ×ÎÅÄÉÁÇÏÎÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ ÍÁÔÒÉ-�Ù ÉÎÔÅÎÓÉ×ÎÏÓÔÅÊ Q �Ï-�ÒÅÖÎÅÍÕ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙ, ÎÏ ÓÕÍÍÁ ÜÌÅ-ÍÅÎÔÏ× ÓÔÒÏËÉ ÍÅÎØÛÅ ÎÕÌÑ. �Ï, ÎÁÓËÏÌØËÏ ÜÔÁ ×ÅÌÉÞÉÎÁ ÍÅÎØÛÅ ÎÕÌÑ,É ÅÓÔØ ÉÎÔÅÎÓÉ×ÎÏÓÔØ ÕÂÉ×ÁÎÉÑ. óÔÒÏÇÏ ÇÏ×ÏÒÑ, Q ÎÅ Ñ×ÌÑÅÔÓÑ ËÌÁÓ-ÓÉÞÅÓËÏÊ ÍÁÔÒÉ�ÅÊ ÉÎÔÅÎÓÉ×ÎÏÓÔÅÊ, ÎÏ ÏÎÁ �Ï-�ÒÅÖÎÅÍÕ ÅÓÔØ Õ�ÒÁ-×ÌÑÀÝÁÑ ÍÁÔÒÉ�Á �ÒÏ�ÅÓÓÁ ×ÉÄÁ (31), × ËÏÔÏÒÏÍ ÓÕÍÍÁ ËÏÍ�ÏÎÅÎÔ ÎÅÓÏÈÒÁÎÑÅÔÓÑ, Á ÕÂÙ×ÁÅÔ. �ÁËÏÍÕ �ÒÏ�ÅÓÓÕ ÕÖÅ ÎÅ ÍÏÖÅÔ ÓÏÏÔ×ÅÔÓÔ×Ï-×ÁÔØ ÏÒÇÒÁÆ �ÏÒÑÄËÁ N ÂÅÚ �ÅÔÅÌØ, �ÏÓËÏÌØËÕ × Î£Í ÎÅÇÄÅ \�ÒÏ�É-ÓÁÔØ" ÉÎÔÅÎÓÉ×ÎÏÓÔØ ÕÂÉ×ÁÎÉÑ. ðÏÜÔÏÍÕ ÌÉÂÏ ÎÁÄÏ ××ÏÄÉÔØ �ÅÔÌÉ, ÞÔÏ×Ó£ ÒÁ×ÎÏ ÎÅ �ÏÚ×ÏÌÑÅÔ �ÏÌØÚÏ×ÁÔØÓÑ ÍÁÔÒÉ�ÅÊ ìÁ�ÌÁÓÁ, ÌÉÂÏ ÒÁÓÛÉ-ÒÑÔØ �ÏÒÑÄÏË ÏÒÇÒÁÆÁ, ÕÞÔÑ ÓÏÓÔÏÑÎÉÅ ÕÂÉ×ÁÎÉÑ. åÓÌÉ ××ÅÓÔÉ ÓÏÓÔÏÑ-ÎÉÅ ÕÂÉ×ÁÎÉÑ (ÉÎÄÅËÓÉÒÕÅÍ ÅÇÏ ÞÅÒÅÚ 0), Ó ÉÎÔÅÎÓÉ×ÎÏÓÔÑÍÉ ÕÂÉ×ÁÎÉÑqi0 = −

N
∑j=1 qij , ÔÏ ÒÁÓÛÉÒÅÎÎÁÑ ÍÁÔÒÉ�Á
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(34)ÏÂÌÁÄÁÅÔ Ó×ÏÊÓÔ×ÁÍÉ ËÌÁÓÓÉÞÅÓËÏÊ ÍÁÔÒÉ�Ù ÉÎÔÅÎÓÉ×ÎÏÓÔÅÊ: ×ÎÅÄÉÁ-ÇÏÎÁÌØÎÙÅ ÜÌÅÍÅÎÔÙ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙ É ÓÕÍÍÁ ÜÌÅÍÅÎÔÏ× ÓÔÒÏËÉ ÒÁ×-ÎÁ ÎÕÌÀ: N
∑j=0 qij = 0. åÊ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ (N + 1)-×ÅÒÛÉÎÎÙÊ ÏÒÇÒÁÆ�ÅÒÅÈÏÄÏ× G0 ÂÅÚ �ÅÔÅÌØ. ÷ÅÓÁ gij ÅÇÏ ÄÕÇ ÒÁ×ÎÙ: gij = qij , i; j 6= 0,gi0 = −

N
∑j=1 qij = −

N
∑j=1 gij . åÇÏ ÍÁÔÒÉ�Á ìÁ�ÌÁÓÁ L0 ÓÏ×�ÁÄÁÅÔ Ó ÔÏÞ-ÎÏÓÔØÀ ÄÏ ÚÎÁËÁ Ó (34). éÍÅÎÎÏ ÜÔÉ ×ÅÒÏÑÔÎÏÓÔÎÙÅ ÓÏÏÂÒÁÖÅÎÉÑ �Ï-ÌÏÖÅÎÙ × �ÕÎËÔÅ 3 ÚÁ ÏÓÎÏ×Õ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ ÏÒÇÒÁÆÁ Ó �ÅÔÌÑÍÉ ×ÒÁÓÛÉÒÅÎÎÙÊ ÏÒÇÒÁÆ ÂÅÚ �ÅÔÅÌØ, ËÏÔÏÒÏÅ �ÒÉ×ÏÄÉÔ Ë Ó×ÑÚÉ ÍÁÔÒÉ�ÙÓÍÅÖÎÏÓÔÉ É ÍÁÔÒÉ�Ù ìÁ�ÌÁÓÁ (6). óÁÍÏ ÔÁËÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ ÍÁ-ÔÒÉ� (ÏÒÇÒÁÆÏ×) ÕÖÅ ÎÅ Ó×ÑÚÁÎÏ Ó ×ÅÝÅÓÔ×ÅÎÎÏÓÔØÀ ËÏÜÆÆÉ�ÉÅÎÔÏ×.ó ÄÏÂÁ×ÌÅÎÉÅÍ ÓÏÓÔÏÑÎÉÑ ÕÂÉ×ÁÎÉÑ, Õ×ÅÌÉÞÅÎÎÙÊ ÎÁ ÏÄÎÕ ËÏÍ�Ï-ÎÅÎÔÕ ×ÅËÔÏÒ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ ÂÕÄÅÔ Ü×ÏÌÀ�ÉÏÎÉÒÏ×ÁÔØ ÓÏÇÌÁÓÎÏ ÕÒÁ×-ÎÅÎÉÀ (31) Ó ÚÁÍÅÎÏÊ Q ÎÁ ÍÁÔÒÉ�Õ (34), ËÏÔÏÒÁÑ ÒÁ×ÎÁ −L0. åÇÏÒÅÛÅÎÉÅ ÂÕÄÅÔ ÉÍÅÔØ ×ÉÄ (33) Ó Õ×ÅÌÉÞÅÎÉÅÍ ÒÁÚÍÅÒÎÏÓÔÉ ÎÁ ÅÄÉÎÉ-�Õ. óÏÂÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ É ËÏÍ�ÏÎÅÎÔÙ ÒÁÓÛÉÒÅÎÎÙÈ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅË-ÔÏÒÏ× Ï�ÒÅÄÅÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÁÍ (3), (19), (20), × ËÏÔÏÒÙÈ ÓÌÅÄÕÅÔÕÞÅÓÔØ, ÞÔÏ ÄÏÂÁ×ÌÅÎÁ ÎÏ×ÁÑ ×ÅÒÛÉÎÁ, ÏÔ×ÅÞÁÀÝÁÑ ÎÕÌÅ×ÏÍÕ ÉÎÄÅËÓÕ,É ÞÔÏ ÏÎÁ ×ÓÅÇÄÁ Ñ×ÌÑÅÔÓÑ ËÏÒÎÅÍ. íÏÖÎÏ ÏÂÏÊÔÉÓØ É ÂÅÚ ÒÁÓÛÉÒÅ-ÎÉÑ ÒÁÚÍÅÒÎÏÓÔÉ ÕÒÁ×ÎÅÎÉÑ (31). äÌÑ ÜÔÏÇÏ ÓÌÅÄÕÅÔ �ÒÏÓÔÏ �ÏÌÏÖÉÔØG = Q É ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÆÏÒÍÕÌÁÍÉ ÄÌÑ Ó�ÅËÔÒÁ (11),(12), × ËÏÔÏ-ÒÙÈ ÆÉËÔÉ×ÎÁÑ ÎÕÌÅ×ÁÑ ×ÅÒÛÉÎÁ ×Ó£ ÒÁ×ÎÏ ÆÉÇÕÒÉÒÕÅÔ ËÁË ×ÅÒÛÉÎÁÒÁÓÛÉÒÅÎÎÏÇÏ ÏÒÇÒÁÆÁ G0, ÎÏ ÕÖÅ ÎÅ Ñ×ÌÑÅÔÓÑ ÉÎÄÅËÓÏÍ ÍÁÔÒÉ�Ù.ðÏÌÕÞÅÎÎÙÅ �ÁÒÁÍÅÔÒÉÞÅÓËÉÅ ÆÏÒÍÕÌÙ ÄÌÑ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ×ÄÌÑ ÓÌÕÞÁÑ, ËÏÇÄÁ ×ÓÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ ÉÍÅÀÔ ÁÌÇÅÂÒÁÉÞÅÓËÕÀ ËÒÁÔ-ÎÏÓÔØ 1, �ÏÚ×ÏÌÑÀÔ Ï�ÉÓÁÔØ Ü×ÏÌÀ�ÉÀ �ÏÌÎÏÓÔØÀ.ìÉÔÅÒÁÔÕÒÁ1. D. Cvetkovi� , M.Doob, H.Sahs, Spetra of Graphs: Theory and Appliation. VEBDeutsher Verlag der Wissenshlaften, Berlin 1980.2. õ. �ÁÔÔ, �ÅÏÒÉÑ ÇÒÁÆÏ×. í., íÉÒ 1988.
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