
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 449, 2016 Ç.ï. í. æÏÍÅÎËÏãåìùå �ïþëé ÷ íîïçïíåòîùè ûáòáè
§1. ÷×ÅÄÅÎÉÅðÕÓÔØ rk(n), ÇÄÅ k > 2, { ÞÉÓÌÏ �ÒÅÄÓÔÁ×ÌÅÎÉÊ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÇÏ�ÅÌÏÇÏ n ÓÕÍÍÏÊ k Ë×ÁÄÒÁÔÏ× �ÅÌÙÈ ÞÉÓÅÌ;Ak(x) := ∑06n6x rk(n) = 1 + ∑16n6x rk(n)ÏÚÎÁÞÁÅÔ ÞÉÓÌÏ �ÅÌÙÈ ÔÏÞÅË (a1; : : : ; ak) × k-ÍÅÒÎÏÍ ÛÁÒÅy21 + · · ·+ y2k 6 x;Vk(x) := �k=2�(k2 + 1)xk=2{ ÏÂßÅÍ ÜÔÏÇÏ ÛÁÒÁ.îÉÖÅ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÒÁÓ�ÒÅÄÅÌÅÎÉÅ �ÅÌÙÈ ÔÏÞÅË × ÛÁÒÁÈ ÒÁÚ-ÍÅÒÎÏÓÔÉ k > 4; ÔÒÅÈÍÅÒÎÙÊ ÛÁÒ ÉÚÕÞÁÅÔÓÑ × §3 ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ.ïÔÍÅÔÉÍ, ÞÔÏ ÓÌÕÞÁÑÍ k = 2 É 3 Ó�Å�ÉÁÌØÎÏ �ÏÓ×ÑÝÅÎÁ ÎÁÛÁ ÒÁÂÏ-ÔÁ [1℄.÷×ÅÄÅÍ ÏÂÏÚÎÁÞÅÎÉÑ: Pk(x) := Ak(x) − Vk(x);E(k)(x) := Pk(x) − 1:ðÅÒÅÞÉÓÌÉÍ ÉÚ×ÅÓÔÎÙÅ Ï�ÅÎËÉ ÏÓÔÁÔÏÞÎÙÈ ÞÌÅÎÏ×. ÷ÁÌØÆÉÛ [2℄ �Ï-ËÁÚÁÌ, ÞÔÏ A4(x) = �22 x2 + P4(x); P4(x) = O(x log 23 x):÷ ÓÌÕÞÁÅ k > 4 ÂÙÌÁ �ÏÌÕÞÅÎÁ Ï�ÅÎËÁ (÷ÁÌØÆÉÛ, ìÁÎÄÁÕ, ÓÍ. [3℄)Pk(x) = O(x k2−1):üÔÏÔ ÒÅÚÕÌØÔÁÔ ÎÅÕÌÕÞÛÁÅÍ, �ÏÓËÏÌØËÕ, ËÁË �ÏËÁÚÁÌ ñÒÎÉË (ÓÍ. [3,Ó. 162℄), Pk(x) = 
(x k2−1):ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÍÎÏÇÏÍÅÒÎÙÅ ÛÁÒÙ, ÉÎÔÅÇÒÁÌØÎÙÅ ÓÒÅÄÎÉÅ ÚÎÁÞÅÎÉÑ, ÄÉÓ-ËÒÅÔÎÙÅ ÓÒÅÄÎÉÅ ÚÎÁÞÅÎÉÑ. 261



262 ï. í. æïíåîëïéÚ×ÅÓÔÎÙ ÄÁÌØÎÅÊÛÉÅ ÕÔÏÞÎÅÎÉÑ (íÀÎ�, ðÅÔÅÒÓÏÎ):Pk(x) = 
±(x k2−1);�ÏÄÒÏÂÎÏÓÔÉ ÓÍ. × ËÎÉÇÅ ÷ÁÌØÆÉÛÁ [4℄.÷ ÓÌÕÞÁÅ k = 4 ÷ÁÌØÆÉÛ ÄÏËÁÚÁÌPk(x) = 
(x log logx)(ÕÔÏÞÎÅÎÉÅ Pk(x) = 
±(x log logx) �ÏÌÕÞÅÎÏ × [5℄).ëÒÁÍÅÒ ÎÁÛÅÌ ÁÓÉÍ�ÔÏÔÉËÕ ÄÌÑM2(x) := x
∫0 P 22 (y) dy;ìÁÎÄÁÕ ÕÌÕÞÛÉÌ × ÆÏÒÍÕÌÅ ëÒÁÍÅÒÁ ÏÓÔÁÔÏÞÎÙÊ ÞÌÅÎ. ðÏÄÒÏÂÎÏÓÔÉÓÍ. × [3, Ó. 85℄.ñÒÎÉË [6℄ ÉÚÕÞÁÌ ÉÎÔÅÇÒÁÌØÎÙÅ ÓÒÅÄÎÉÅ Ë×ÁÄÒÁÔÉÞÎÙÅ ÚÎÁÞÅÎÉÑ ×Å-ÌÉÞÉÎ P 2k (y) ÓÒÁÚÕ ÄÌÑ ÜÌÌÉ�ÓÏÉÄÏ× Q(u) 6 x ÒÁÚÍÅÒÎÏÓÔÉ k > 3 Ó�ÅÌÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ; ÏÂÏÚÎÁÞÉÍMk(x) := x
∫0 P 2k (y) dy:îÉÖÅ H { �ÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ, ÚÁ×ÉÓÑÝÅÅ ÔÏÌØËÏ ÏÔ Q.ëÁË ÄÏËÁÚÁÌ ñÒÎÉË:M3(x) = Hx2 logx+O(x2 log 12 x); (1.1)log 12 x ÕÂÒÁÌ (ÄÌÑ ÛÁÒÁ) ìÁÕ [7℄;M4(x) = Hx3 +O(x 52 logx); (1.2)logx ÕÂÒÁÌ (ÄÌÑ ÛÁÒÁ) ÷ÁÌØÆÉÛ [4℄;M5(x) = Hx4 +O(x3 log2 x);Mk(x) = Hxk−1 +O(xk−2) ÄÌÑ k > 5:÷ ÒÁÂÏÔÅ [8℄ ÄÌÑ ÜÌÌÉ�ÓÏÉÄÏ× (k > 5) Ó �ÅÌÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉQ(u) 6 x ñÒÎÉË ÉÚÕÞÁÌ ÄÉÓËÒÅÔÎÙÅ ÓÒÅÄÎÉÅ Ë×ÁÄÒÁÔÉÞÎÙÅ ÚÎÁÞÅÎÉÑ.éÍÅÅÍ ÄÌÑ �ÅÌÙÈ x > 0x

∑n=1P 2k (n) = H ′xk−1 + f(x); (1.3)



ãåìùå �ïþëé ÷ íîïçïíåòîùè ûáòáè 263ÇÄÅ f(x) = 
(xk−2);f(x) = O(x 34k logx) ÄÌÑ 5 6 k 6 7;f(x) = O(xk−2 logx) ÄÌÑ k = 8;f(x) = O(xk−2) ÄÌÑ k > 8;H ′ { �ÏÌÏÖÉÔÅÌØÎÁÑ ËÏÎÓÔÁÎÔÁ, ÚÁ×ÉÓÑÝÁÑ ÔÏÌØËÏ ÏÔ Q.îÉÖÅ ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ ÔÏÌØËÏ ÛÁÒÙ. ãÅÌØÀ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙÑ×ÌÑÅÔÓÑ �ÏÌÕÞÅÎÉÅ ÁÓÉÍ�ÔÏÔÉËÉ ÄÌÑ ÓÕÍÍÙ
∑06n6xPk(n) (1.4)× ÓÌÕÞÁÅ k > 4. óÕÍÍÁ (1.4) × ÓÌÕÞÁÅ k = 3 ÔÒÁËÔÏ×ÁÌÁÓØ × [1℄, ÎÏ×ÙÅ�ÏÄÈÏÄÙ ÏÂÓÕÖÄÁÀÔÓÑ × §3. þÔÏ ËÁÓÁÅÔÓÑ ÓÌÕÞÁÑ k = 2, ÔÏ, ËÁË ÂÙ-ÌÏ ÚÁÍÅÞÅÎÏ × [1℄, ÏÎ ÌÅÇËÏ ÔÒÁËÔÕÅÔÓÑ Ó �ÏÍÏÝØÀ ÆÏÒÍÕÌÙ ìÁÎÄÁÕ(ÓÍ. [3, Ó. 110℄), × ËÏÔÏÒÏÊ ÒÁÚÌÁÇÁÅÔÓÑ × ÒÑÄ ÉÎÔÅÇÒÁÌx

∫0 P2(y) dy:íÏÖÎÏ ÔÁËÖÅ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÆÏÒÍÕÌÏÊ ÷ÏÒÏÎÏÇÏ{èÁÒÄÉ (× ÓÌÕÞÁÅ� = 1): ÄÌÑ � > 11�! ∑16n6x(x − n)�r2(n)= � x�+1(�+ 1)! − x��! + x �+12�� ∞
∑n=1 r2(n)n �+12 J�+1(2�√nx); (1.5)�ÒÉÞÅÍ × ËÁÖÄÏÍ ÉÎÔÅÒ×ÁÌÅ 0 < x0 6 x 6 x1 ÒÑÄ ÁÂÓÏÌÀÔÎÏ É ÒÁ×ÎÏ-ÍÅÒÎÏ ÓÈÏÄÉÔÓÑ.÷ ÓÌÕÞÁÑÈ k > 3 �ÒÉÍÅÎÅÎÉÅ ÁÎÁÌÏÇÁ ÆÏÒÍÕÌÙ (1.5), ×�ÅÒ×ÙÅ ÄÏËÁ-ÚÁÎÎÏÇÏ ìÁÎÄÁÕ (ÓÍ. [3, Ó. 25℄), ÚÁÔÒÕÄÎÉÔÅÌØÎÏ, �ÏÜÔÏÍÕ ÄÌÑ ÄÏËÁÚÁ-ÔÅÌØÓÔ×Á ÎÁÛÉÈ ÒÅÚÕÌØÔÁÔÏ× ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÓÏ×ÒÅÍÅÎÎÙÍÉ ÔÅÏÒÅÍÁÍÉÏ �Ï×ÅÄÅÎÉÉ × ËÒÉÔÉÞÅÓËÏÊ �ÏÌÏÓÅ ÄÚÅÔÁ-ÆÕÎË�ÉÉ ü�ÛÔÅÊÎÁ �k(s), ÁÓ-ÓÏ�ÉÉÒÏ×ÁÎÎÏÊ Ó ÓÕÍÍÏÊ k Ë×ÁÄÒÁÔÏ× (ÓÍ. [9℄).îÁËÏÎÅ�, ÍÙ ÉÓ�ÏÌØÚÕÅÍ �ÏÌÕÞÅÎÎÙÅ ÒÅÚÕÌØÔÁÔÙ �ÒÉ ÎÁÈÏÖÄÅÎÉÉÄÉÓËÒÅÔÎÙÈ ÓÒÅÄÎÉÈ ÚÎÁÞÅÎÉÊ ÔÉ�Á (1.3) × ÓÌÕÞÁÑÈ k = 3; 4, ÎÅ ÒÁÓÓÍÏ-ÔÒÅÎÎÙÈ ñÒÎÉËÏÍ [8℄.
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§2. ïÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙ÷ ÎÁÓÔÏÑÝÅÍ �ÁÒÁÇÒÁÆÅ ÄÏËÁÚÙ×ÁÀÔÓÑ ÔÅÏÒÅÍÁ 1 É �ÒÅÄÌÏÖÅÎÉÅ 1.�ÅÏÒÅÍÁ 1. äÌÑ k > 4 Ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ

∑06n6xPk(n) = � k2 x k22�(k2 + 1) +O(x k−12 +"): (2.1)ðÒÅÖÄÅ ÞÅÍ ÎÁÞÉÎÁÔØ ÄÏËÁÚÁÔÅÌØÓÔ×Ï, ÒÁÓÓÍÏÔÒÉÍ ÄÚÅÔÁ-ÆÕÎË�ÉÀü�ÛÔÅÊÎÁ �k(s), ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÕÀ Ó ÓÕÍÍÏÊ k(> 2) Ë×ÁÄÒÁÔÏ×,�k(s) = ∞
∑n=1 rk(n)ns (� > k2);ÇÄÅ s = �+it. �k(s) ÄÏ�ÕÓËÁÅÔ ÁÎÁÌÉÔÉÞÅÓËÏÅ �ÒÏÄÏÌÖÅÎÉÅ ÎÁ ×ÓÀ ËÏÍ-�ÌÅËÓÎÕÀ �ÌÏÓËÏÓÔØ Ó ÅÄÉÎÓÔ×ÅÎÎÏÊ ÏÓÏÂÅÎÎÏÓÔØÀ { �ÒÏÓÔÙÍ �ÏÌÀÓÏÍ× ÔÏÞËÅ s = k=2 Ó ×ÙÞÅÔÏÍ �k=2=�(k=2). éÍÅÅÔ ÍÅÓÔÏ ÆÕÎË�ÉÏÎÁÌØÎÏÅÕÒÁ×ÎÅÎÉÅ �−s�(s)�k(s) = �−( k2−s)�(k2 − s)�k(k2 − s):ëÒÉÔÉÞÅÓËÏÊ �ÏÌÏÓÏÊ ÄÌÑ �k(s) Ñ×ÌÑÅÔÓÑ �ÏÌÏÓÁ 0 6 � 6 k=2; �Ï-ÌÕ�ÌÏÓËÏÓÔØ ÁÂÓÏÌÀÔÎÏÊ ÓÈÏÄÉÍÏÓÔÉ: � > k=2.äÏËÁÚÁÔÅÌØÓÔ×Ï. äÏËÁÚÁÔÅÌØÓÔ×Ï (2.1) ÎÁÞÉÎÁÅÍ Ó ÓÏÏÔÎÏÛÅÎÉÑ

∑16n<x(

∑16m6n rk(m)) = ∑16m6x(x−m)rk(m); (2.2)× ËÏÔÏÒÏÍ �ÒÅÄ�ÏÌÁÇÁÅÔÓÑ, ÞÔÏ x { �ÅÌÏÅ �ÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ.ìÅ×ÁÑ ÞÁÓÔØ ÓÏÏÔÎÏÛÅÎÉÑ (2.2) ÒÁ×ÎÁ
∑16n<x{ � k2 n k2�(k2 + 1) + E(k)(n)} = � k2�(k2 + 1) ∑16n<xn k2 + ∑16n<xE(k)(n):ðÏ ÆÏÒÍÕÌÅ üÊÌÅÒÁ{íÁËÌÏÒÅÎÁ [10, Ó. 26℄,

∑16n<xn k2 = x
∫0 t k2 dt− 12x k2 +O(x k2−1);



ãåìùå �ïþëé ÷ íîïçïíåòîùè ûáòáè 265ÔÅÍ ÓÁÍÙÍ, ÌÅ×ÁÑ ÓÔÏÒÏÎÁ (2.2) ÒÁ×ÎÁ� k2 x k2+1�(k2 + 1) · (k2 + 1) − � k2 x k22�(k2 + 1)) +O(x k2−1) + ∑16n<xE(k)(n): (2.3)ðÏ ÆÏÒÍÕÌÅ ðÅÒÒÏÎÁ, �ÒÁ×ÁÑ ÞÁÓÔØ (2.2) ÒÁ×ÎÁ12�i k2+1+i∞
∫k2+1−i∞ �(s)�k(s)�(s+ 2) xs+1 ds =: I1:óÄ×ÉÇÁÑ �ÒÑÍÕÀ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ×ÌÅ×Ï ÏÔ �ÏÌÀÓÁ �k(s), s = k2 , ÎÁ�ÒÑÍÕÀ � = � (ËÏÔÏÒÕÀ ÎÉÖÅ ×ÙÂÅÒÅÍ Ó�Å�ÉÁÌØÎÙÍ ÏÂÒÁÚÏÍ), �ÏÌÕ-ÞÁÅÍ �Ï ÔÅÏÒÅÍÅ ëÏÛÉ Ï ×ÙÞÅÔÁÈI1 = � k2�(k2 ) �(k2 )�(k2 + 2)x k2+1 +O{x�+1 �+i∞

∫�−i∞ |�k(�+ it)|1 + t2 dt}: (2.4)éÚ ÒÅÚÕÌØÔÁÔÏ× ÒÁÂÏÔÙ [9, Ó. 218℄ ÓÌÅÄÕÅÔ, ÞÔÏ ÅÓÌÉ Æ > 0 { ËÏÎÓÔÁÎ-ÔÁ É k > 3, ÔÏ �ÒÉ ×Ù�ÏÌÎÅÎÉÉ ÎÅÒÁ×ÅÎÓÔ×12 + "0 6
k − 12 − Æ 6

k − 12 − "0Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ1T 2T
∫T ∣

∣

∣

∣

�k(k − 12 − Æ + it)∣

∣

∣

∣

dt≪ T Æ; (2.5)ÚÄÅÓØ "0 > 0 { ÄÏÓÔÁÔÏÞÎÏ ÍÁÌÁÑ ËÏÎÓÔÁÎÔÁ. ðÏÌÏÖÉÍ Æ = 1 − "1,� = k−12 − Æ = k−32 + "1, ÇÄÅ × ÓÌÕÞÁÅ k = 4 "1 = "0, Á ÄÌÑ k > 5"1 { ÓËÏÌØ ÕÇÏÄÎÏ ÍÁÌÁÑ �ÏÌÏÖÉÔÅÌØÎÁÑ ËÏÎÓÔÁÎÔÁ.\äÉÁÄÉÞÅÓËÏÅ" ×ÙÞÉÓÌÅÎÉÅ �ÏÚ×ÏÌÑÅÔ �ÏÌÕÞÉÔØ, ÉÓ�ÏÌØÚÕÑ (2.5), Ï�ÅÎ-ËÕ T
∫

−T ∣

∣

∣
�k(k−32 + "1 + it)∣

∣

∣1 + t2 dt≪ 1;ÇÄÅ T > C (C > 0 { ÎÅËÏÔÏÒÁÑ ËÏÎÓÔÁÎÔÁ), É ÔÅÍ ÓÁÍÙÍ ÄÏËÁÚÁÔØÓÈÏÄÉÍÏÓÔØ ÉÎÔÅÇÒÁÌÁ �ÒÉ T = ∞. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÏÓÔÁÔÏË × (2.4)Ï�ÅÎÉ×ÁÅÔÓÑ ËÁË O(x k−12 +"1):



266 ï. í. æïíåîëïðÒÉÒÁ×ÎÉ×ÁÑ (2.3) É �ÒÁ×ÕÀ ÞÁÓÔØ (2.4), ÄÏËÁÚÙ×ÁÅÍ ÔÅÏÒÅÍÕ 1. �ó �ÏÍÏÝØÀ ÆÏÒÍÕÌÙ ñÒÎÉËÁ (1.2) É ÔÅÏÒÅÍÙ 1 �ÏÌÕÞÉÍ ÔÅ�ÅÒØÁÓÉÍ�ÔÏÔÉËÕ (1.3) �ÒÉ k = 4.ðÒÅÄÌÏÖÅÎÉÅ 1. ó�ÒÁ×ÅÄÌÉ×Ï ÓÏÏÔÎÏÛÅÎÉÅ
∑06n6xP 24 (n) = H ′x3 +O(x 52+"):äÏËÁÚÁÔÅÌØÓÔ×Ï. âÕÄÅÍ ÓÞÉÔÁÔØ x > 0 �ÅÌÙÍ ÞÉÓÌÏÍ. éÍÅÅÍx

∫0 P 24 (y) dy = x
∫0 (A4(y)− �22 y2)2 dy= x−1

∑n=0{
∫[n;n+1℄ A24(y) dy − ∫[n;n+1℄ A4(y)�2y2 dy + ∫[n;n+1℄ �44 y4 dy}= ∑06n6x−1{A24(n)−A4(n)�2 ∫[n;n+1℄ y2 dy + �44 ∫[n;n+1℄ y4 dy}= S1 − S2 + S3;ÇÄÅ S1 = ∑06n6x−1A24(n);S2 = ∑06n6x−1A4(n)�2(n2 + n+ 13);S3 = �44 {

∑06n6x−1n4 + 12x4 − 13x3 +O(x2)}:ïÓÔÁÅÔÓÑ ×ÙÞÉÓÌÉÔØ ÓÕÍÍÕ S2. éÍÅÅÍS2 = S(0)2 + S(1)2 + S(2)2 ;



ãåìùå �ïþëé ÷ íîïçïíåòîùè ûáòáè 267ÇÄÅ S(0)2 = ∑06n6x−1A4(n)�2n2;S(1)2 = �2 ∑06n6x−1A4(n)n;S(2)2 = �23 ∑06n6x−1A4(n) = �23 ∑06n6x−1{�2n22 +O(n log 23 n)

}= �418x3 +O(x2+"):÷ÙÞÉÓÌÉÍ ÓÕÍÍÕS(1)2 = �2 ∑06n6x−1{�22 n2 + P4(n)}n= �42 ∑06n6x−1n3 + �2 ∑06n6x−1P4(n)n =: A+B;ÇÄÅ A = �42 {x44 − 12x3 +O(x2)}:óÕÍÍÕ B ×ÙÞÉÓÌÑÅÍ Ó �ÏÍÏÝØÀ ÁÂÅÌÅ×Á ÓÕÍÍÉÒÏ×ÁÎÉÑ É ÔÅÏÒÅÍÙ 1:B = �2{ −
x−1
∫0 (

∑0<n6yP4(n)) · 1 · dy + ∑0<n6x−1P4(n) · (x− 1)}= �2{ −
x−1
∫0 (�24 y2 +O(y 32+") dy)+ [�24 (x − 1)2 +O(x 32+")](x− 1)}= �2{ − �24 (x − 1)33 +O(x 52+")+ �24 (x− 1)3 +O(x 52+")}:ïÔÓÀÄÁ ÕÖÅ ÌÅÇËÏ �ÏËÁÚÁÔØ, ÞÔÏx

∫0 P 24 (y) dy = ∑06n6x−1P 24 (n)− �418 +O(x 52+"):ðÏÓËÏÌØËÕ ÉÍÅÅÔ ÍÅÓÔÏ ÆÏÒÍÕÌÁ ñÒÎÉËÁ (1.2), �ÒÅÄÌÏÖÅÎÉÅ 1 ÄÏ-ËÁÚÁÎÏ, �ÒÉÞÅÍ H ′ = H + �418 . �



268 ï. í. æïíåîëïïÔÍÅÔÉÍ, ÞÔÏ × ËÎÉÇÅ [4℄ ËÏÎÓÔÁÎÔÙ H × ÁÓÉÍ�ÔÏÔÉËÁÈ ÄÌÑx
∫0 P 24 (y) dy×ÙÞÉÓÌÅÎÙ ÄÌÑ ×ÓÅÈ ÛÁÒÏ× ÒÁÚÍÅÒÎÏÓÔÉ k > 4.

§3. óÌÕÞÁÊ ÔÒÅÈÍÅÒÎÏÇÏ ÛÁÒÁ÷ ÒÁÂÏÔÅ [1℄ ÂÙÌÏ �ÏÌÕÞÅÎÏ ÓÏÏÔÎÏÛÅÎÉÅ
∑06n6xP3(n) = 23�x 32 +	3(x); (3.1)ÇÄÅ 	(x) = O(x 54+"):äÏËÁÚÁÔÅÌØÓÔ×Ï ÏÓÎÏ×ÁÎÏ ÎÁ ÔÅÈ ÖÅ ÓÏÏÂÒÁÖÅÎÉÑÈ, ÞÔÏ É ÄÏËÁÚÁÔÅÌØ-ÓÔ×Ï ÔÅÏÒÅÍÙ 1. ðÒÉ ÒÁÓÓÍÏÔÒÅÎÉÉ ÉÎÔÅÇÒÁÌÁ12�i 2+i∞

∫2−i∞ xs+1s(s+ 1)�3(s) dsÍÙ ÓÄ×ÉÇÁÅÍ �ÒÑÍÕÀ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ÎÁ � = 1=4+"1+ it É �ÒÉÍÅÎÑÅÍÏ�ÅÎËÕ T
∫T=2 ∣

∣

∣
�3(14 + "1 + it)∣

∣

∣
dt≪ T 2−"2 ; (3.2)ÚÄÅÓØ "1 É "2 { ÓËÏÌØ ÕÇÏÄÎÏ ÍÁÌÙÅ �ÏÌÏÖÉÔÅÌØÎÙÅ ËÏÎÓÔÁÎÔÙ É "2ÚÁ×ÉÓÉÔ ÏÔ "1.ï�ÅÎËÁ (3.2) ÎÅ ÓÏÄÅÒÖÉÔÓÑ × ÒÁÂÏÔÅ [9℄, ÏÄÎÁËÏ ÍÙ ÉÓ�ÏÌØÚÕÅÍ ÒÅ-ÚÕÌØÔÁÔÙ ÉÚ [9℄ ×ÍÅÓÔÅ Ó ÔÅÏÒÅÍÏÊ Ï ×Ù�ÕËÌÏÓÔÉ ÓÒÅÄÎÉÈ ÚÎÁÞÅÎÉÊÁÎÁÌÉÔÉÞÅÓËÉÈ ÆÕÎË�ÉÊ [11, Ó. 149℄ ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á (3.2).ï�ÅÎËÁ ÏÓÔÁÔÏÞÎÏÇÏ ÞÌÅÎÁ × (3.1) Ñ×ÌÑÅÔÓÑ �ÒÅÄÅÌØÎÏÊ ÄÌÑ �ÒÅÄÌÏ-ÖÅÎÎÏÇÏ ÍÅÔÏÄÁ.äÁÌØÎÅÊÛÅÅ ÕÌÕÞÛÅÎÉÅ ×ÏÚÍÏÖÎÏ �ÒÉ ÒÁÚÌÏÖÅÎÉÉ 	3(x) × ÒÑÄÙ ÔÉ-�Á ÷ÏÒÏÎÏÇÏ (ÓÍ. [12, 13℄). úÄÅÓØ ÍÙ ÏÇÒÁÎÉÞÉÍÓÑ ÌÉÛØ ××ÏÄÎÙÍÉ ÚÁ-ÍÅÞÁÎÉÑÍÉ.



ãåìùå �ïþëé ÷ íîïçïíåòîùè ûáòáè 269ðÕÓÔØ {an} É {bn} { Ä×Å �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ ËÏÍ�ÌÅËÓÎÙÈ ÞÉÓÅÌ,ÎÅ ÒÁ×ÎÙÅ ÔÏÖÄÅÓÔ×ÅÎÎÏ ÎÕÌÀ. ðÕÓÔØ {�n} É {�n} { Ä×Å ÓÔÒÏÇÏ ×ÏÚ-ÒÁÓÔÁÀÝÉÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ �ÏÌÏÖÉÔÅÌØÎÙÈ ÞÉÓÅÌ, ÓÔÒÅÍÑÝÉÈÓÑ ËÂÅÓËÏÎÅÞÎÏÓÔÉ. ðÕÓÔØ '(s) = ∞
∑n=1 an�−snÉ  (s) = ∞
∑n=1 bn�−sn{ ÒÑÄÙ, ÓÈÏÄÑÝÉÅÓÑ ÁÂÓÏÌÀÔÎÏ × ÎÅËÏÔÏÒÏÙÈ �ÏÌÕ�ÌÏÓËÏÓÔÑÈ ËÏÍ-�ÌÅËÓÎÏÊ �ÌÏÓËÏÓÔÉ. ï�ÒÅÄÅÌÉÍ�(s) = N

∏�=1�(��s+ ��):ðÕÓÔØ Æ ∈ R É '(s) É  (s) { ÍÅÒÏÍÏÒÆÎÙÅ ÆÕÎË�ÉÉ ÎÁ ×ÓÅÊ ËÏÍ-�ÌÅËÓÎÏÊ �ÌÏÓËÏÓÔÉ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÅ ÆÕÎË�ÉÏÎÁÌØÎÏÍÕ ÕÒÁ×ÎÅÎÉÀ�(s)'(s) = �(Æ − s) (Æ − s):óÕÝÅÓÔ×ÕÅÔ ËÏÍ�ÁËÔÎÏÅ ÍÎÏÖÅÓÔ×Ï S, ÓÏÄÅÒÖÁÝÅÅ ×ÓÅ ÏÓÏÂÅÎÎÏÓÔÉÆÕÎË�ÉÉ �(s)'(s); ÄÁÌØÎÅÊÛÉÅ ÔÒÅÂÏ×ÁÎÉÑ ÓÍ. × [12℄.òÁÓÓÍÏÔÒÉÍ ÓÕÍÍÁÔÏÒÎÙÅ ÆÕÎË�ÉÉ (ÓÕÍÍÙ òÉÓÓÁ)A�(x) = ∑′�n6x an(x− �n)�;ÇÄÅ �′ ÏÚÎÁÞÁÅÔ, ÞÔÏ �ÏÓÌÅÄÎÉÊ ÞÌÅÎ × ÓÕÍÍÅ ÒÁ×ÅÎ 12an, ÅÓÌÉ � = 0 Éx = �n.îÁÓ ÉÎÔÅÒÅÓÕÀÔ ÔÏÖÄÅÓÔ×Ï ÄÌÑA�(x), ×ËÌÀÞÁÀÝÅÅ \ÇÌÁ×ÎÙÊ ÞÌÅÎ",ËÏÔÏÒÙÊ �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ×ÙÞÅÔÎÕÀ ÆÕÎË�ÉÀ, É\ÏÓÔÁÔÏÞÎÙÊ ÞÌÅÎ"(ÒÑÄ ÉÚ ÏÂÏÂÝÅÎÎÙÈ ÆÕÎË�ÉÊ âÅÓÓÅÌÑ); �ÏÄÒÏÂÎÏÓÔÉ ÓÍ. × [12, 14, 15℄.ï�ÒÅÄÅÌÉÍ ÄÌÑ x > 0A�(x) = Q�(x) +E�(x);ÇÄÅ Q�(x) = 12�i ∫C� �(s)'(s)xs+p�(s+ �+ 1) ds;C� { ËÒÉ×ÁÑ, ÏËÒÕÖÁÀÝÁÑ S.



270 ï. í. æïíåîëïïÂÝÕÀ ËÁÒÔÉÎÕ �ÒÏÑÓÎÉÍ ÎÁ �ÒÉÍÅÒÅ �3(s). ðÕÓÔØ'(s) =  (s) = ∞
∑n=1 r3(n)(�n)−s = �−s�3(s);�n = �n = �n;�(s) = �(s); �(s)'(s) = �(32 − s) (32 − s): (3.3)íÎÏÖÅÓÔ×Ï ÏÓÏÂÅÎÎÏÓÔÅÊ S ÄÌÑ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÊ ÆÕÎË�ÉÉ �(s)'(s)ÓÏÓÔÏÉÔ ÉÚ Ä×ÕÈ �ÒÏÓÔÙÈ �ÏÌÀÓÏ× × ÔÏÞËÁÈ s = 32 É s = 0;Q�(x) = 2� · �( 32 )�(�+ 52 )x 32+� − x��(�+ 1)�3(0):ïÞÅ×ÉÄÎÏ, ÉÚÕÞÅÎÉÅ 	3(x) × (3.1) ÜË×É×ÁÌÅÎÔÎÏ ÉÚÕÞÅÎÉÀ E1(x).ìÁÕ É �ÚÁÎÇ [13℄, Ï�ÉÒÁÑÓØ ÎÁ ÏÂÝÉÅ ÒÅÚÕÌØÔÁÔÙ èÁÆÎÅÒÁ [12℄, ÄÌÑÓÌÕÞÁÑ (3.3) ×ÙÞÉÓÌÉÌÉ ×ÅÌÉÞÉÎÕ E�(x), 0 < � 6 1:E�(x) = (2�)− 12 x 12+ 12� ∞

∑n=1 r3(n)�1+�=2n os(2√�nx+ (−1− �=2)�)+ e1(�)x 12� ∞
∑n=1 r3(n)�3=2+�=2n os(2√�nx+ (−12 − �2)�) +O(x 12�− 12 );(3.4)ÇÄÅ e1(�) { Ë×ÁÄÒÁÔÎÙÊ ÍÎÏÇÏÞÌÅÎ ÏÔ � É O-ËÏÎÓÔÁÎÔÁ ÏÔ � ÎÅ ÚÁ×ÉÓÉÔ.ëÁË ÄÏËÁÚÁÌ èÁÆÎÅÒ [12℄, �ÅÒ×ÁÑ ÓÕÍÍÁ × (3.4) ÓÈÏÄÉÔÓÑ ÒÁ×ÎÏÍÅÒÎÏÎÁ ÌÀÂÏÍ ÚÁÍËÎÕÔÏÍ ÉÎÔÅÒ×ÁÌÅ × (0;∞); ×ÔÏÒÁÑ ÓÕÍÍÁ ÓÈÏÄÉÔÓÑ ÁÂÓÏ-ÌÀÔÎÏ ÄÌÑ ÌÀÂÏÇÏ ÆÉËÓÉÒÏ×ÁÎÎÏÇÏ � > 0.ðÏÓÌÅÄÎÅÅ, ËÓÔÁÔÉ, ÏÞÅ×ÉÄÎÏ × ÓÉÌÕ ÈÏÒÏÛÏ ÉÚ×ÅÓÔÎÏÊ Ï�ÅÎËÉr3(n) ≪ n 12+":ðÏÌØÚÕÑÓØ �ÒÉÅÍÁÍÉ ÉÚ [13℄, �ÒÉÍÅÎÅÎÎÙÍ Ë ÒÁÚÌÏÖÅÎÉÀ × (3.4),ÍÏÖÎÏ ÕÓÔÁÎÏ×ÉÔØ 
±-Ï�ÅÎËÉ ÄÌÑ ÏÓÔÁÔÏÞÎÏÇÏ ÞÌÅÎÁ  3(x) Ó ÈÏÒÏÛÅÊÌÏËÁÌÉÚÁ�ÉÅÊ �ÏÑ×ÌÅÎÉÑ ÜËÓÔÒÅÍÁÌØÎÙÈ ÚÎÁÞÅÎÉÊ.ðÒÅÄÌÏÖÅÎÉÅ 2. äÌÑ ÌÀÂÏÇÏ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÇÏ L 6

√X ÍÙÉÍÅÅÍ supv∈[X;X+L√X℄±E1(v) ≫ X:(úÄÅÓØ sup±E1(v) ÏÚÎÁÞÁÅÔ ÏÄÎÏ×ÒÅÍÅÎÎÏ sup (E1(v)) É sup (−E1(v))).



ãåìùå �ïþëé ÷ íîïçïíåòîùè ûáòáè 271ïÔÍÅÔÉÍ, × ÓÌÕÞÁÅ �ÒÏÂÌÅÍÙ ÛÁÒÁ �ÏÄÏÂÎÁÑ ÌÏËÁÌÉÚÁ�ÉÑ ÄÌÑ E0(v)ÕÓÔÁÎÏ×ÌÅÎÁ × [13℄, Á × ÓÌÕÞÁÅ �ÒÏÂÌÅÍÙ ËÒÕÇÁ ÄÌÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏÏÓÔÁÔËÁ { ìÁÎÄÁÕ [3, ÓÍ. 93℄.úÁËÏÎÞÉÍ ÎÁÓÔÏÑÝÉÊ �ÁÒÁÇÒÁÆ ÎÁÈÏÖÄÅÎÉÅÍ ÁÓÉÍ�ÔÏÔÉËÉ ÄÌÑ ÄÉÓ-ËÒÅÔÎÏÇÏ ÓÒÅÄÎÅÇÏ
∑06n6xP 23 (n): (3.5)üÔÏÔ ÓÌÕÞÁÊ ÎÅ ÒÁÓÓÍÁÔÒÉ×ÁÌÓÑ ñÒÎÉËÏÍ × ÒÁÂÏÔÅ [8℄.óÏÅÄÉÎÑÑ ÁÓÉÍ�ÔÏÔÉËÕ ñÒÎÉËÁ (1.1) ÄÌÑ M3(x) (ÉÌÉ ÓÌÅÇËÁ ÂÏÌÅÅÔÏÞÎÕÀ ÁÓÉÍ�ÔÏÔÉËÕ ìÁÕ [7℄) Ó ÎÁÛÉÍ ÒÅÚÕÌØÔÁÔÏÍ (3.1), ÍÙ ÓÍÏÖÅÍÉÚÕÞÉÔØ ÄÉÓËÒÅÔÎÏÅ ÓÒÅÄÎÅÅ (3.5).îÁ�ÏÍÎÉÍ ÒÅÚÕÌØÔÁÔ ìÁÕ:M3(x) := x

∫0 P 23 (y) dy = Hx2 logx+ O(x2): (3.6)ðÒÅÄÌÏÖÅÎÉÅ 3. ðÕÓÔØ x > 0 { �ÅÌÏÅ ÞÉÓÌÏ, ÔÏÇÄÁ
∑06n6xP 23 (n) = H ′x2 logx+O(x2):äÏËÁÚÁÔÅÌØÓÔ×Ï. éÍÅÅÍx

∫0 P 23 (y) dy = x
∫0 (A3(y)− 43�y 32)2 dy= x−1

∑n=0{
∫[n;n+1℄ A23(y) dy − 2 · 43� ∫[n;n+1℄A3(y)y 32 dy + 4232�2 ∫[n;n+1℄ y3 dy}= ∑06n6x−1{A23(n)− 2 · 43�A3(n) ∫[n;n+1℄ y 32 dy + 4232�2 ∫[n;n+1℄ y3 dy}=: S1 − S2 + S3;



272 ï. í. æïíåîëïÇÄÅ S1 = ∑06n6x−1A23(n);S2 = ∑06n6x−1 83�A3(n){n 32 + 34n 12 +O( 1√n)};S3 = 4232�2{ ∑06n6x−1n3 + 12x3 − 14x2 +O(x)}:ïÓÔÁÅÔÓÑ ×ÙÞÉÓÌÉÔØ ÓÕÍÍÕ S2. éÍÅÅÍS2 = S(0)2 + S(1)2 +O(x2);ÇÄÅ S(0)2 = ∑06n6x−1 83�A3(n)n3=2;S(1)2 = 2� ∑06n6x−1A3(n)n 12 ;ðÏÓÌÅÄÎÀÀ ÓÕÍÍÕ ÒÁÚÏÂØÅÍ ÎÁ Ä×Å:S(1)2 = 2�{43� ∑06n6x−1n2}+ 2� ∑06n6x−1P3(n)n 12 =: A+B;ÇÄÅ A = 83�2{x33 +O(x2)} = 89�2x3 +O(x2):óÕÍÍÕ B ×ÙÞÉÓÌÑÅÍ Ó �ÏÍÏÝØÀ ÁÂÅÌÅ×Á ÓÕÍÍÉÒÏ×ÁÎÉÑ É ÎÁÛÅÇÏÒÅÚÕÌØÔÁÔÁ (3.1):B = 2�{

−
x−1
∫0 (

∑0<n6yP3(n)) · 1=2√y · dy + ∑0<n6x−1P3(n) · (x− 1)1=2}= 2�{

−
x−1
∫0 (23�y 32 +	3(y))1=2√y dy+[23�(x−1) 32 +	3(x−1)](x−1) 12 }= �2(x− 1)2 +O((x− 1) 74+"):
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