
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 449, 2016 Ç.í. ÷. âÁÂÕÛËÉÎ, ÷. ÷. öÕËï óéìøîïê æïòíå áóéíð�ï�éþåóëéèæïòíõì �éðá ÷ïòïîï÷óëïê{âåòîû�åêîá óðï�ïþåþîïê ïãåîëïê ïó�á�ïþîïçï þìåîá
§1. ÷×ÅÄÅÎÉÅ1.1. ÷ ÄÁÌØÎÅÊÛÅÍ R, R+, Z, Z+, N ÓÕÔØ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÍÎÏÖÅ-ÓÔ×Á ×ÅÝÅÓÔ×ÅÎÎÙÈ, ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ ×ÅÝÅÓÔ×ÅÎÎÙÈ, �ÅÌÙÈ, ÎÅÏÔÒÉ-�ÁÔÅÌØÎÙÈ �ÅÌÙÈ, ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ. úÁ�ÉÓØ k = a; b, ÇÄÅ a; b ∈ R,a 6 b, ÏÚÎÁÞÁÅÔ, ÞÔÏ k �ÒÏÂÅÇÁÅÔ ×ÓÅ �ÅÌÙÅ ÞÉÓÌÁ ÍÅÖÄÕ a É b, ×ËÌÀÞÁÑa É b, ÅÓÌÉ ÏÎÉ �ÅÌÙÅ. ÷ÓÅ ÆÕÎË�ÉÉ �ÒÅÄ�ÏÌÁÇÁÀÔÓÑ ×ÅÝÅÓÔ×ÅÎÎÙÍÉ.æÕÎË�ÉÉ, ÉÍÅÀÝÉÅ × ÎÅËÏÔÏÒÏÊ ÔÏÞËÅ ÕÓÔÒÁÎÉÍÙÊ ÒÁÚÒÙ×, ÄÏÏ�ÒÅ-ÄÅÌÑÀÔÓÑ × ÜÔÏÊ ÔÏÞËÅ �Ï ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ; × ÄÒÕÇÉÈ ÓÌÕÞÁÑÈ ÓÉÍ×ÏÌ 00�ÏÎÉÍÁÅÔÓÑ ËÁË 0. óÕÍÍÁ b
∑a �ÒÉ b < a ÓÞÉÔÁÅÔÓÑ ÒÁ×ÎÏÊ ÎÕÌÀ. åÓÌÉa ∈ R, ÔÏ [a℄ { �ÅÌÁÑ ÞÁÓÔØ ÞÉÓÌÁ a.þÅÒÅÚ E ÏÂÏÚÎÁÞÁÅÍ �ÒÏÍÅÖÕÔÏË × R ÌÀÂÏÇÏ ÔÉ�Á (ÏÔËÒÙÔÙÊ, �ÏÌÕ-ÏÔËÒÙÔÙÊ ÉÌÉ ÚÁÍËÎÕÔÙÊ, ËÏÎÅÞÎÙÊ ÉÌÉ ÂÅÓËÏÎÅÞÎÙÊ). þÅÒÅÚ L1(E)ÏÂÏÚÎÁÞÁÅÍ �ÒÏÓÔÒÁÎÓÔ×Ï ÉÚÍÅÒÉÍÙÈ ÆÕÎË�ÉÊ f , ÓÕÍÍÉÒÕÅÍÙÈ ÎÁ E,Ó ÎÏÒÍÏÊ ‖f‖1 = ∫E |f |; L∞(E) { �ÒÏÓÔÒÁÎÓÔ×Ï ÉÚÍÅÒÉÍÙÈ ÏÇÒÁÎÉÞÅÎ-ÎÙÈ ÎÁ E ÆÕÎË�ÉÊ f Ó ÎÏÒÍÏÊ ‖f‖∞ = supx∈E |f(x)|; C(E) { ÍÎÏÖÅÓÔ×ÏÒÁ×ÎÏÍÅÒÎÏ ÎÅ�ÒÅÒÙ×ÎÙÈ ÆÕÎË�ÉÊ f : E → R,Cr(E) = {f ∈ C(E) : ∃f (r) ∈ C(E)} :÷ÏÚÒÁÓÔÁÀÝÁÑ ÆÕÎË�ÉÑ ! : R+ → R+, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÁÑ ÕÓÌÏ×ÉÑÍ:a) !(t1 + t2) 6 !(t1) + !(t2), ÅÓÌÉ t1; t2 ∈ R+;b) !(0) = limt→0+!(t) = 0;ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÅ ÆÏÒÍÕÌÙ ÔÉ�Á ÷ÏÒÏÎÏ×ÓËÏÊ{âÅÒÎÛÔÅÊÎÁ,ÓÉÌØÎÁÑ Á��ÒÏËÓÉÍÁ�ÉÑ, ÌÏËÁÌØÎÙÅ Ï�ÅÎËÉ ÄÌÑ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÈ ÆÏÒÍÕÌ, ÍÏÄÕÌØÎÅ�ÒÅÒÙ×ÎÏÓÔÉ. 32



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 33ÎÁÚÙ×ÁÅÔÓÑ ÍÏÄÕÌÅÍ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ. íÎÏÖÅÓÔ×Ï ×ÓÅÈ ÍÏÄÕÌÅÊ ÎÅ�ÒÅ-ÒÙ×ÎÏÓÔÉ ÏÂÏÚÎÁÞÁÅÔÓÑ 
. ðÏÌÁÇÁÅÍ !(+∞) = limt→+∞
!(t). íÏÄÕÌØ ÎÅ-�ÒÅÒÙ×ÎÏÓÔÉ, ËÏÔÏÒÙÊ Ñ×ÌÑÅÔÓÑ ×Ù�ÕËÌÏÊ ××ÅÒÈ ÎÁ R+ ÆÕÎË�ÉÅÊ, ÎÁ-ÚÙ×ÁÅÔÓÑ ×Ù�ÕËÌÙÍ ÍÏÄÕÌÅÍ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ. íÎÏÖÅÓÔ×Ï ×ÓÅÈ ×Ù�ÕËÌ-ÙÈ ÍÏÄÕÌÅÊ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ÏÂÏÚÎÁÞÁÅÔÓÑ 
∗.íÏÄÕÌÅÍ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ÆÕÎË�ÉÉ f : E → R ÎÁÚÙ×ÁÅÔÓÑ ÆÕÎË�ÉÑ!(f; h; E) = sup {|f(t1)− f(t2)| : t1; t2 ∈ E; |t1 − t2| 6 h} :÷ ÓÌÕÞÁÅ, ËÏÇÄÁ ÑÓÎÏ, Ï ËÁËÏÍ �ÒÏÍÅÖÕÔËÅ ÉÄ£Ô ÒÅÞØ, ÅÇÏ ÏÂÏÚÎÁÞÅÎÉÅÏ�ÕÓËÁÅÍ.ðÏÌÁÇÁÅÍ pn;k(x) = Cknxk(1− x)n−k;Bn(f; x) = n

∑k=0 f (kn) pn;k(x);Cn(f; x) = ∞
∑k=0 f (kn) e−nx (nx)kk! ;Kn(f; x) = n
∑k=0(n+ 1) k+1n+1

∫kn+1 f(t) dt pn;k(x);Dn(f; x) = n
∑k=0(n+ 1) 1

∫0 f(t)pn;k(t) dt pn;k(x);Sh;1(f; x) = 1h h=2
∫

−h=2 f(x+ t) dt;Sh;2(f; x) = 1h h
∫

−h f(x+ t)(1− |t|h ) dt;Vn(f; x) = (2n)!!(2n− 1)!! 12� �
∫

−� f(x+ t) 
os2n t2 dt:



34 í. ÷. âáâõûëéî, ÷. ÷. öõë÷ÙÒÁÖÅÎÉÑ Bn(f), Cn(f), Kn(f), Dn(f) ÎÁÚÙ×ÁÀÔÓÑ, ÓÏÏÔ×ÅÔÓÔ×ÅÎ-ÎÏ, ÓÕÍÍÁÍÉ âÅÒÎÛÔÅÊÎÁ, óÁÓÁ{íÉÒÁËØÑÎÁ, ëÁÎÔÏÒÏ×ÉÞÁ, âÅÒÎÛÔÅÊ-ÎÁ{äÀÒÒÍÅÊÅÒ ÆÕÎË�ÉÉ f ; Sh;1(f), Sh;2(f) { ÓÒÅÄÎÉÍÉ óÔÅËÌÏ×Á �ÅÒ×Ï-ÇÏ É ×ÔÏÒÏÇÏ �ÏÒÑÄËÏ× ÆÕÎË�ÉÉ f , Vn(f) { ÉÎÔÅÇÒÁÌÏÍ ÷ÁÌÌÅ-ðÕÓÓÅÎÁÆÕÎË�ÉÉ f .1.2. ïÓÔÁÎÏ×ÉÍÓÑ ËÒÁÔËÏ ÎÁ Ï�ÉÓÁÎÉÉ �ÒÅÄÛÅÓÔ×ÕÀÝÉÈ ÒÅÚÕÌØÔÁ-ÔÏ×, ËÏÔÏÒÙÅ �ÏÓÌÕÖÉÌÉ ÏÔ�ÒÁ×ÎÙÍ ÍÏÍÅÎÔÏÍ ÄÌÑ ÉÓÓÌÅÄÏ×ÁÎÉÊ, ÓÏ-ÄÅÒÖÁÝÉÈÓÑ × ÄÁÎÎÏÊ ÒÁÂÏÔÅ.èÏÒÏÛÏ ÉÚ×ÅÓÔÎÁ ÓÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ.�ÅÏÒÅÍÁ A (å. ÷. ÷ÏÒÏÎÏ×ÓËÁÑ, ÓÍ., ÎÁ�ÒÉÍÅÒ, [1, Ó. 246℄, [2, Ó. 307℄).ðÕÓÔØ f ÏÇÒÁÎÉÞÅÎÁ ÎÁ [0; 1℄ É ÉÍÅÅÔ ×ÔÏÒÕÀ �ÒÏÉÚ×ÏÄÎÕÀ f ′′ × ÔÏÞËÅx ∈ [0; 1℄. �ÏÇÄÁlimn→∞
n (Bn(f; x) − f(x)) = x(1− x)2 f ′′(x):åÓÌÉ f ∈ C2 ([0; 1℄), ÔÏ ÓÈÏÄÉÍÏÓÔØ ÒÁ×ÎÏÍÅÒÎÁÑ.üÔÏÔ ÒÅÚÕÌØÔÁÔ �ÒÉ×Ì£Ë ×ÎÉÍÁÎÉÅ ó. î. âÅÒÎÛÔÅÊÎÁ. ðÏÌÏÖÉÍSr;n(x) = n

∑k=0(kn − x)r pn;k(x):âÅÒÎÛÔÅÊÎ (ÓÍ. [3, Ó. 155℄) ÕÓÔÁÎÏ×ÉÌ ÒÑÄ ÒÅÚÕÌØÔÁÔÏ× ÓÌÅÄÕÀÝÅÇÏÔÉ�Á. åÓÌÉ ÆÕÎË�ÉÑ f ÉÍÅÅÔ ÎÁ ÏÔÒÅÚËÅ [0; 1℄ ÎÅ�ÒÅÒÙ×ÎÕÀ �ÒÏÉÚ×ÏÄ-ÎÕÀ �ÏÒÑÄËÁ 2i, ÔÏ Ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ïlimn→∞
ni(Bn(f; x)− 2i−1

∑k=0 Sk;n(x)f (k)(x)k! ) = f (2i)(x)i! (x(1− x)2 )i :õ�ÏÍÑÎÕÔÙÅ ÒÁÂÏÔÙ ÷ÏÒÏÎÏ×ÓËÏÊ É âÅÒÎÛÔÅÊÎÁ ×ÙÚ×ÁÌÉ ÍÎÏÇÏÞÉ-ÓÌÅÎÎÙÅ ÁÎÁÌÏÇÉÞÎÙÅ ÉÓÓÌÅÄÏ×ÁÎÉÑ × ÒÁÚÌÉÞÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÑÈ ÍÎÏÇÉÈÍÁÔÅÍÁÔÉËÏ× (ÓÍ., ÎÁ�ÒÉÍÅÒ, [4{6℄ É ÕËÁÚÁÎÎÕÀ ÔÁÍ ÌÉÔÅÒÁÔÕÒÕ). ÷ÞÁÓÔÎÏÓÔÉ, × ÒÁÂÏÔÅ [4℄ ÕÓÔÁÎÏ×ÌÅÎÙ ÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ, ÉÍÅÀ-ÝÉÅ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏÅ ÏÔÎÏÛÅÎÉÅ Ë ÒÅÚÕÌØÔÁÔÁÍ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ.�ÅÏÒÅÍÁ B. ðÕÓÔØ ÆÕÎË�ÉÑ f ÏÇÒÁÎÉÞÅÎÁ ÎÁ [0; 1℄, x0 ∈ [0; 1℄ É �ÒÉ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏ ÔÏÞËÉ x0 + t �ÒÉÎÁÄÌÅÖÁÔ [0; 1℄, ÉÍÅÅÔ ÍÅÓÔÏÏ�ÅÎËÁ
|f(x0 + t)− f(x0)| 6 !(|t|);



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 35ÇÄÅ ! ∈ 
. �ÏÇÄÁ ÄÌÑ �ÒÉÂÌÉÖÅÎÉÑ ÆÕÎË�ÉÉ f × ÔÏÞËÅ x0 ÍÎÏÇÏÞÌÅ-ÎÁÍÉ âÅÒÎÛÔÅÊÎÁ Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï
|f(x0)−Bn(f; x0)| 6 2!(√x0(1− x0)n ) : (1.1)�ÅÏÒÅÍÁ C. ðÕÓÔØ ÆÕÎË�ÉÑ f ÏÇÒÁÎÉÞÅÎÁ ÎÁ [0; 1℄, ÉÍÅÅÔ × ÔÏÞËÅx0 ∈ [0; 1℄ �ÒÏÉÚ×ÏÄÎÕÀ �ÅÒ×ÏÇÏ �ÏÒÑÄËÁ É �ÒÉ ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏ ÔÏÞ-ËÉ x0 + t �ÒÉÎÁÄÌÅÖÁÔ [0; 1℄, Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅf(x0 + t) = f(x0) + f ′(x0)t+ v(t)t;ÄÌÑ ÆÕÎË�ÉÉ v(t) × ËÏÔÏÒÏÍ ×Ù�ÏÌÎÑÅÔÓÑ Ï�ÅÎËÁ |v(t)| 6 !(|t|), ÇÄÅ! ∈ 
. �ÏÇÄÁ ÄÌÑ �ÒÉÂÌÉÖÅÎÉÑ f × ÔÏÞËÅ x0 ÍÎÏÇÏÞÌÅÎÁÍÉ âÅÒÎ-ÛÔÅÊÎÁ ÉÍÅÅÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï

|f(x0)−Bn(f; x0)| 6 2√x0(1− x0)n !(√x0(1− x0)n ) : (1.2)ïÓÎÏ×ÎÁÑ ÏÓÏÂÅÎÎÏÓÔØ ÔÅÏÒÅÍ B É C �Ï ÏÔÎÏÛÅÎÉÀ Ë ÒÁÎÅÅ ÉÚ×ÅÓÔ-ÎÙÍ ÒÅÚÕÌØÔÁÔÁÍ ÓÏÓÔÏÉÔ × ÔÏÍ, ÞÔÏ Ï�ÅÎËÁ ÄÌÑ ÏÔËÌÏÎÅÎÉÊ �ÏÌÉÎÏ-ÍÏ× âÅÒÎÛÔÅÊÎÁ ÄÁ£ÔÓÑ �ÏÓÒÅÄÓÔ×ÏÍ ÍÏÄÕÌÑ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ, Ó×ÑÚÁÎ-ÎÙÍ Ó ÔÏÞËÏÊ, × ËÏÔÏÒÏÊ ÉÓÓÌÅÄÕÅÔÓÑ ÔÏÞÎÏÓÔØ �ÒÉÂÌÉÖÅÎÉÑ, Á ÎÅ Ó�ÏÍÏÝØÀ ÍÏÄÕÌÑ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ, ×ÚÑÔÏÍÕ �Ï ×ÓÅÍÕ ÏÔÒÅÚËÕ.÷ ÒÁÂÏÔÁÈ [7,8℄℄ ÂÙÌÉ ÒÁÓÓÍÏÔÒÅÎÙ ×Ï�ÒÏÓÙ, ÏÔÎÏÓÑÝÉÅÓÑ Ë ÓÉÌØÎÏ-ÍÕ �ÒÉÂÌÉÖÅÎÉÀ ÆÕÎË�ÉÊ (ÚÎÁÞÅÎÉÅ ÜÔÏÇÏ ÔÅÒÍÉÎÁ ÓÔÁÎÏ×ÉÔÓÑ ÑÓÎÙÍÈÏÔÑ ÂÙ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á (3.1)) �ÏÓÒÅÄÓÔ×ÏÍ �ÏÌÏÖÉÔÅÌØÎÙÈ Ï�ÅÒÁÔÏÒÏ×× ÔÏÍ �ÌÁÎÅ, ËÁË ÏÎÉ ÉÚÕÞÁÌÉÓØ ÄÏ ÒÁÂÏÔÙ [4℄.÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ �ÏÌÕÞÅÎÙ ÒÅÚÕÌØÔÁÔÙ × ÕËÁÚÁÎÎÏÍ ×ÙÛÅ ÎÁ�ÒÁ×ÌÅ-ÎÉÉ, ÎÏ �ÒÉ ÜÔÏÍ �ÒÉÂÌÉÖÅÎÉÅ ÉÓÓÌÅÄÕÅÔÓÑ × ÉÎÄÉ×ÉÄÕÁÌØÎÏÊ ÔÏÞËÅ Ó�ÒÉ×ÌÅÞÅÎÉÅÍ ÍÏÄÕÌÑ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ, Ó×ÑÚÁÎÎÙÍ Ó ÎÅÊ.
§2. ÷Ó�ÏÍÏÇÁÔÅÌØÎÙÅ ÒÅÚÕÌØÔÁÔÙ2.1. îÁÍ �ÏÎÁÄÏÂÑÔÓÑ ÓÌÅÄÕÀÝÉÅ ÉÚ×ÅÓÔÎÙÅ ÕÔ×ÅÒÖÄÅÎÉÑ.�ÅÏÒÅÍÁ D (ÓÍ., ÎÁ�ÒÉÍÅÒ, [9, Ó. 69℄, [10, Ó. 5℄). äÌÑ ÌÀÂÏÇÏ ÍÏÄÕÌÑÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ! ÓÕÝÅÓÔ×ÕÅÔ ×Ù�ÕËÌÙÊ ÍÏÄÕÌØ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ !∗ÔÁËÏÊ, ÞÔÏ �ÒÉ ×ÓÅÈ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ t É �!(�t) 6 !∗(�t) 6 (�+ 1)!(t):



36 í. ÷. âáâõûëéî, ÷. ÷. öõëìÅÍÍÁ A. ðÕÓÔØ n ∈ Z+, x ∈ R. �ÏÇÄÁ(n+ 1) n
∑k=0 k+1n+1

∫kn+1 (t− x)2 dt

pn;k(x) = (n− 1)x(1− x) + 13(n+ 1)2 ; (2.1)(n+ 1) n

∑k=0 1
∫0 (t− x)2pn;k(t) dt pn;k(x) = 2(n− 3)x(1− x) + 2(n+ 2)(n+ 3) : (2.2)ðÒÉ n ∈ N n

∑k=0(kn − x)2 pn;k(x) = x(1− x)n ; (2.3)e−nx ∞
∑k=0(kn − x)2 (nx)kk! = xn: (2.4)2.2. óÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ �ÒÉ×ÅÄ£Í Ó ÄÏËÁÚÁÔÅÌØÓÔ×ÁÍÉ.ìÅÍÍÁ B. ðÕÓÔØ ! ∈ 
∗, p > 1, �(t) = ! (t 1p)p. �ÏÇÄÁ � ∈ 
∗.äÏËÁÚÁÔÅÌØÓÔ×Ï. ïÞÅ×ÉÄÎÏ, ÞÔÏ � { ÎÅ�ÒÅÒÙ×ÎÁÑ, ×ÏÚÒÁÓÔÁÀÝÁÑ ÎÁ

R+ ÆÕÎË�ÉÑ, �ÒÉÞ£Í �(0) = 0. ðÏËÁÖÅÍ, ÞÔÏ � ×Ù�ÕËÌÁ ××ÅÒÈ. ïÔÓÀÄÁÂÕÄÅÔ ÓÌÅÄÏ×ÁÔØ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [10, Ó. 4℄), ÞÔÏ � { ×Ù�ÕËÌÙÊ ÍÏÄÕÌØÎÅ�ÒÅÒÙ×ÎÏÓÔÉ.ðÕÓÔØ 0 6 x < y. ðÏÌÏÖÉÍl(t) = !(y)− !(x)y − x t+ y!(x)− x!(y)y − x = �t+ �:÷ ÓÉÌÕ ×ÏÚÒÁÓÔÁÎÉÑ !(t)� = !(y)− !(x)y − x > 0:�ÁË ËÁË ! ×Ù�ÕËÌÁ ××ÅÒÈ, ÔÏ ÆÕÎË�ÉÑ !(t)t ÕÂÙ×ÁÅÔ ÎÁ (0;∞). ðÏÜÔÏÍÕ� = y!(x)− x!(y)y − x = yy − x (!(x)− x!(y)y )

>
yy − x (!(x)− x!(x)x ) = 0:



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 37ðÏÓËÏÌØËÕ ! ×Ù�ÕËÌÁ ××ÅÒÈ,l(x) = !(x); l(y) = !(y);x 6

(xp + yp2 )
1p

6 y;ÔÏ l((xp + yp2 )
1p)

6 !((xp + yp2 )
1p) :ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÎÅÒÁ×ÅÎÓÔ×Ï íÉÎËÏ×ÓËÏÇÏ, �ÏÌÕÞÁÅÍ

(!p(x) + !p(y)2 )
1p = 2− 1p (lp(x) + lp(y)) 1p= 2− 1p ((�x+ �)p + (�y + �)p) 1p

6 2− 1p (((�x)p + (�y)p) 1p + (�p + �p) 1p) = �(xp + yp2 )
1p + �= l((xp + yp2 )

1p)
6 !((xp + yp2 )

1p) :�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÌÑ ÌÀÂÙÈ 0 6 x < y!p(x) + !p(y)2 6 !((xp + yp2 )
1p)p :ðÏÌÁÇÁÑ ÚÄÅÓØ x = t 1p1 , y = t 1p2 , �ÏÌÕÞÁÅÍ, ÞÔÏ ÄÌÑ ÌÀÂÙÈ 0 6 t1 < t2�(t1) + �(t2)2 6 �( t1 + t22 ) ;ÞÔÏ É ÏÚÎÁÞÁÅÔ ×Ù�ÕËÌÏÓÔØ ××ÅÒÈ ÆÕÎË�ÉÉ �. �ìÅÍÍÁ C. ðÕÓÔØ r ∈ Z+, f ∈ Cr(E), ! ∈ 
∗, x ∈ E, ÄÌÑ ×ÓÅÈ uÔÁËÉÈ, ÞÔÏ x+ u ∈ E, Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ

∣

∣

∣f (r)(x+ u)− f (r)(x)∣∣∣ 6 !(|u|):�ÏÇÄÁ �ÒÉ x+ t ∈ E
∣

∣

∣

∣

∣

f(x+ t)− r
∑l=0 f (l)(x)l! tl∣∣∣∣

∣

6
|t|rr! !( |t|r + 1) :



38 í. ÷. âáâõûëéî, ÷. ÷. öõëäÏËÁÚÁÔÅÌØÓÔ×Ï. ïÞÅ×ÉÄÎÏ, ÞÔÏ ÌÅÍÍÁ ×ÅÒÎÁ �ÒÉ r = 0. ðÕÓÔØ r ∈ N,ÔÏÇÄÁ, × ÓÉÌÕ ÆÏÒÍÕÌÙ �ÅÊÌÏÒÁ Ó ÉÎÔÅÇÒÁÌØÎÙÍ ÏÓÔÁÔÏÞÎÙÍ ÞÌÅÎÏÍf(x+ t)− r
∑l=0 f (l)(x)l! tl = 1(r − 1)! t

∫0 (f (r)(x+ u)− f (r)(x)) (t−u)r−1 du:ðÕÓÔØ t > 0. ðÒÉÍÅÎÑÑ ÉÎÔÅÇÒÁÌØÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï éÅÎÓÅÎÁ, �ÏÌÕÞÁÅÍ
∣

∣

∣

∣

∣

f(x+ t)− r
∑l=0 f (l)(x)l! tl∣∣∣∣

∣

6
1(r − 1)! t

∫0 ∣

∣

∣f (r)(x+ u)− f (r)(x)∣∣∣ (t− u)r−1 du
6

1(r − 1)! t
∫0 !(u)(t− u)r−1 du = trr! t

∫0 !(u) rtr (t− u)r−1 du
6
trr!! t

∫0 urtr (t− u)r−1 du :éÎÔÅÇÒÉÒÕÑ �Ï ÞÁÓÔÑÍ ÁÒÇÕÍÅÎÔ ÍÏÄÕÌÑ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ !, ÎÁÈÏÄÉÍt
∫0 urtr (t− u)r−1 du = rtr 1r t

∫0 (t− u)r du = tr + 1 :áÎÁÌÏÇÉÞÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÓÌÕÞÁÊ, ËÏÇÄÁ t < 0. �÷ Ó×ÑÚÉ Ó ÌÅÍÍÏÊ C ÕËÁÖÅÍ ÎÁ ÔÅÏÒÅÍÕ 2.1 ÉÚ ÒÁÂÏÔÙ [5℄.
§3. ïÓÎÏ×ÎÙÅ ÒÅÚÕÌØÔÁÔÙ�ÅÏÒÅÍÁ 3.1. ðÕÓÔØ r ∈ Z+, p > 1, ! ∈ 
∗, ÏÇÒÁÎÉÞÅÎÎÁÑ ÆÕÎË�ÉÑf : E → R ÉÍÅÅÔ × ÔÏÞËÅ x ∈ E �ÒÏÉÚ×ÏÄÎÕÀ r-ÇÏ �ÏÒÑÄËÁ, �ÒÉ ×ÓÅÈ tÔÁËÉÈ, ÞÔÏ x+ t ∈ E, Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅf(x+ t) = r

∑l=0 f (l)(x)l! tl + "(t)r! tr;



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 39ÇÄÅ |"(t)| 6 !(|t|). ðÕÓÔØ, ÄÁÌÅÅ, Q ⊂ Z, �ÒÉ ×ÓÅÈ k ∈ Q ÂÕÄÅÔ xk ∈ E,pk > 0, ∑k∈Q pk = 1. ðÏÌÏÖÉÍL(f) = ∑k∈Q f(xk)pk; �s = ∑k∈Q |xk − x|s pk:�ÏÇÄÁ, ÅÓÌÉ 0 < �pr 6 M , �p(r+1) < +∞, ÔÏ
∣

∣

∣

∣

∣

∣

L(f)− r
∑l=0 f (l)(x)l! ∑k∈Q(xk − x)lpk∣∣∣∣

∣

∣

6





∑k∈Q ∣∣∣∣∣f(xk)− r
∑l=0 f (l)(x)l! (xk − x)l∣∣∣∣

∣

p pk 1p
6
� 1pprr! !((�p(r+1)�pr )

1p)
6
M 1pr! !((�p(r+1)M )

1p) : (3.1)äÏËÁÚÁÔÅÌØÓÔ×Ï. éÍÅÅÍ
∣

∣

∣

∣

∣

∣

L(f)− r
∑l=0 f (l)(x)l! ∑k∈Q(xk − x)lpk∣∣∣∣

∣

∣= ∣∣∣∣
∣

∣

∑k∈Q f(xk)pk −∑k∈Q r
∑l=0 f (l)(x)l! (xk − x)lpk∣∣∣∣

∣

∣= ∣∣∣∣
∣

∣

∑k∈Q(f(xk)− r
∑l=0 f (l)(x)l! (xk − x)l) pk∣∣∣∣

∣

∣

6
∑k∈Q ∣∣∣∣∣f(xk)− r

∑l=0 f (l)(x)l! (xk − x)l∣∣∣∣
∣

pk:



40 í. ÷. âáâõûëéî, ÷. ÷. öõë�Å�ÅÒØ, �ÒÉÍÅÎÑÑ ÎÅÒÁ×ÅÎÓÔ×Ï ç£ÌØÄÅÒÁ ÄÌÑ ÓÕÍÍ, ÎÁÈÏÄÉÍ
∣

∣

∣

∣

∣

∣

L(f)− r
∑l=0 f (l)(x)l! ∑k∈Q(xk − x)lpk∣∣∣∣

∣

∣

6





∑k∈Q ∣∣∣∣∣f(xk)− r
∑l=0 f (l)(x)l! (xk − x)l∣∣∣∣

∣

p pk 1p :éÓ�ÏÌØÚÕÑ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÄÌÑ f , ÌÅÍÍÕ B É ÎÅÒÁ×ÅÎÓÔ×Ï éÅÎÓÅÎÁ ÄÌÑÓÕÍÍ, �ÏÌÕÞÁÅÍ
∑k∈Q ∣∣∣∣∣f(xk)− r

∑l=0 f (l)(x)l! (xk − x)l∣∣∣∣
∣

p pk = ∑k∈Q ∣∣∣∣"(xk − x)r! ∣

∣

∣

∣

p
|xk − x|prpk

6
∑k∈Q(! (|xk − x|)r! )p

|xk − x|prpk= �pr(r!)p ∑k∈Q! ((|xk − x|p) 1p)p |xk − x|prpk�pr
6

�pr(r!)p !∑k∈Q |xk − x|p |xk − x|prpk�pr 



1p




p
= �pr(r!)p !((�p(r+1)�pr )

1p)p :�ÁËÉÍ ÏÂÒÁÚÏÍ,




∑k∈Q ∣∣∣∣∣f(xk)− r
∑l=0 f (l)(x)l! (xk − x)l∣∣∣∣

∣

p pk 1p
6
� 1pprr! !((�p(r+1)�pr )

1p) :ïÓÔÁÌÏÓØ �ÒÉÎÑÔØ ×Ï ×ÎÉÍÁÎÉÅ, ÞÔÏ ÆÕÎË�ÉÑ t! ( 1t ) ×ÏÚÒÁÓÔÁÅÔ �ÒÉt > 0. �úÁÍÅÞÁÎÉÅ 3.1. åÓÌÉ × ÕÓÌÏ×ÉÑÈ ÔÅÏÒÅÍÙ 3.1 ÏÔËÁÚÁÔØÓÑ ÏÔ ÔÒÅÂÏ×Á-ÎÉÑ, ÞÔÏÂÙ ÍÏÄÕÌØ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ÂÙÌ ×Ù�ÕËÌÙÍ, ÔÏ, ÓÞÉÔÁÑ � > 0, Ó



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 41�ÏÍÏÝØÀ ÔÅÏÒÅÍÙ D �ÏÌÕÞÁÅÍ




∑k∈Q ∣∣∣∣∣f(xk)− r
∑l=0 f (l)(x)l! (xk − x)l∣∣∣∣

∣

p pk 1p
6 (�+ 1)M 1pr! !( 1� (�p(r+1)M )

1p) ;ÇÄÅ ! ∈ 
.áÎÁÌÏÇÉÞÎÙÅ ÚÁÍÅÞÁÎÉÑ ÍÏÖÎÏ ÓÄÅÌÁÔØ É ËÏ ÍÎÏÇÉÍ ÎÅÒÁ×ÅÎÓÔ×ÁÍ,ÕÓÔÁÎÁ×ÌÉ×ÁÅÍÙÍ ÎÉÖÅ, ÎÏ ÎÁ ÜÔÏÍ, ËÁË �ÒÁ×ÉÌÏ, ÍÙ ÎÅ ÂÕÄÅÍ ÏÓÔÁ-ÎÁ×ÌÉ×ÁÔØÓÑ.óÌÅÄÓÔ×ÉÅ 3.1. ðÕÓÔØ p > 1, ! ∈ 
∗, x ∈ E, ÄÌÑ ÏÇÒÁÎÉÞÅÎÎÏÊÆÕÎË�ÉÉ f : E → R �ÒÉ ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏ x + t ∈ E, Ó�ÒÁ×ÅÄÌÉ×ÏÎÅÒÁ×ÅÎÓÔ×Ï
|f(x+ t)− f(x)| 6 !(|t|):ðÕÓÔØ, ÄÁÌÅÅ, Q ⊂ Z, �ÒÉ ×ÓÅÈ k ∈ Q ÂÕÄÅÔ xk ∈ E, pk > 0, ∑k∈Q pk = 1.ðÏÌÏÖÉÍ L(f) = ∑k∈Q f(xk)pk:�ÏÇÄÁ

|L(f)− f(x)| 6





∑k∈Q |f(xk)− f(x)|p pk 1p
6 !







∑k∈Q |xk − x|ppk 1p



:÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ p = 2





∑k∈Q (f(xk)− f(x))2 pk 12 = ((L(f)− f(x))2 + L(f2)− L2(f)) 12
6 !







∑k∈Q(xk − x)2pk 12



:



42 í. ÷. âáâõûëéî, ÷. ÷. öõëäÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÌÅÄÓÔ×ÉÑ 3.1 ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ r = 0 ×ÔÅÏÒÅÍÅ 3.1. òÁ×ÅÎÓÔ×Ï �ÒÉ p = 2 �ÒÏ×ÅÒÑÅÔÓÑ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÙÍÉ×ÙÞÉÓÌÅÎÉÑÍÉ.óÌÅÄÓÔ×ÉÅ 3.2. ðÕÓÔØ p > 1, ! ∈ 
∗, ÏÇÒÁÎÉÞÅÎÎÁÑ ÆÕÎË�ÉÑ f : E →
R ÉÍÅÅÔ × ÔÏÞËÅ x ∈ E �ÒÏÉÚ×ÏÄÎÕÀ, �ÒÉ ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏ x+t ∈ E,Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅf(x+ t) = f(x) + f ′(x)t + "(t)t;ÇÄÅ |"(t)| 6 !(|t|). ðÕÓÔØ, ÄÁÌÅÅ, Q ⊂ Z, �ÒÉ ×ÓÅÈ k ∈ Q ÂÕÄÅÔ xk ∈ E,pk > 0, ∑k∈Q pk = 1. ðÏÌÏÖÉÍL(f) = ∑k∈Q f(xk)pk; �s = ∑k∈Q |xk − x|spk:�ÏÇÄÁ, ÅÓÌÉ

∑k∈Q(xk − x)pk = 0; 0 < �p 6 M; �2p < +∞;ÔÏ
|L(f)− f(x)| 6

(

∑k∈Q |f(xk)− f(x) − f ′(x)(xk − x)|p pk) 1p
6 M 1p!((�2pM )

1p) :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ r = 1 × ÔÅÏÒÅÍÅ 3.1.�ÅÏÒÅÍÁ 3.2. ðÕÓÔØ r ∈ Z+, p > 1, ! ∈ 
∗, ÆÕÎË�ÉÑ f ∈ L∞(E) ×ÔÏÞËÅ x ∈ E ÉÍÅÅÔ �ÒÏÉÚ×ÏÄÎÕÀ r-ÇÏ �ÏÒÑÄËÁ, �ÒÉ ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏx+ t ∈ E, Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅf(x+ t) = r
∑l=0 f (l)(x)l! tl + "(t)r! tr;ÇÄÅ |"(t)| 6 !(|t|). ðÕÓÔØ, ÄÁÌÅÅ, Q ⊂ Z, �ÒÉ ×ÓÅÈ k ∈ Q ÂÕÄÅÔ pk > 0,'k ∈ L1(E), 'k(t) > 0 ÄÌÑ ×ÓÅÈ t ∈ E, ∫E 'k = 1, ∑k∈Q pk = 1. ðÏÌÏÖÉÍU(f) = ∑k∈Q∫E f(t)'k(t) dt pk; �s = ∑k∈Q∫E |t− x|s'k(t) dt pk:



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 43�ÏÇÄÁ, ÅÓÌÉ �pr 6 M , �p(r+1) < +∞, ÔÏ
∣

∣

∣

∣

∣

∣

U(f)− r
∑l=0 f (l)(x)l! ∑k∈Q∫E (t− x)l'k(t) dt pk∣∣∣∣

∣

∣

6





∑k∈Q∫E ∣

∣

∣

∣

∣

f(t)− r
∑l=0 f (l)(x)l! (t− x)l∣∣∣∣

∣

p 'k(t) dt pk 1p
6
� 1pprr! !((�p(r+1)�pr )

1p)
6
M 1pr! !((�p(r+1)M )

1p) :äÏËÁÚÁÔÅÌØÓÔ×Ï. éÍÅÅÍU(f)− r
∑l=0 f (l)(x)l! ∑k∈Q∫E (t− x)l'k(t) dt pk= ∑k∈Q∫E f(t)'k(t) dt pk−∑k∈Q r

∑l=0 f (l)(x)l! 



∫E (t−x)l'k(t) dt pk= ∑k∈Q∫E f(t)'k(t) dt− r
∑l=0 f (l)(x)l! ∫E (t− x)l'k(t) dt pk= ∑k∈Q∫E f(t)'k(t) dt− ∫E ( r

∑l=0 f (l)(x)l! (t− x)l)'k(t) dt pk= ∑k∈Q∫E (f(t)− r
∑l=0 f (l)(x)l! (t− x)l)'k(t) dt pk:ïÔÓÀÄÁ, �ÒÉÍÅÎÑÑ ÎÅÒÁ×ÅÎÓÔ×Ï ç£ÌØÄÅÒÁ ÓÎÁÞÁÌÁ ÄÌÑ ÉÎÔÅÇÒÁÌÏ×, ÁÚÁÔÅÍ ÄÌÑ ÓÕÍÍ, �ÏÌÕÞÁÅÍ



44 í. ÷. âáâõûëéî, ÷. ÷. öõë
∣

∣

∣

∣

∣

∣

U(f)− r
∑l=0 f (l)(x)l! ∑k∈Q∫E (t− x)l'k(t) dt pk∣∣∣∣

∣

∣

6
∑k∈Q∫E ∣

∣

∣

∣

∣

f(t)− r
∑l=0 f (l)(x)l! (t− x)l∣∣∣∣

∣

'k(t) dt pk
6
∑k∈Q∫E ∣

∣

∣

∣

∣

f(t)− r
∑l=0 f (l)(x)l! (t− x)l∣∣∣∣

∣

p 'k(t) dt 1p pk
6





∑k∈Q∫E ∣

∣

∣

∣

∣

f(t)− r
∑l=0 f (l)(x)l! (t− x)l∣∣∣∣

∣

p 'k(t) dt pk 1p :�Å�ÅÒØ, �ÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÄÌÑ f , ÎÁÈÏÄÉÍ
∑k∈Q∫E ∣

∣

∣

∣

∣

f(t)− r
∑l=0 f (l)(x)l! (t− x)l∣∣∣

∣

∣

p 'k(t) dt pk= ∑k∈Q∫E ∣

∣

∣

∣

"(t− x)r! ∣

∣

∣

∣

p
|t− x|pr'k(t) dt pk

6
∑k∈Q∫E (! (|t− x|)r! )p

|t− x|pr'k(t) dt pk: (3.2)ðÏÌÏÖÉÍ �s;k = ∫E |t− x|s'k(t) dt:ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÌÅÍÍÕ B, �ÒÉÍÅÎÑÑ ÎÅÒÁ×ÅÎÓÔ×Ï éÅÎÓÅÎÁ ÓÎÁ-ÞÁÌÁ ÄÌÑ ÉÎÔÅÇÒÁÌÏ×, Á ÚÁÔÅÍ ÄÌÑ ÓÕÍÍ, ÉÍÅÅÍ



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 45
∑k∈Q∫E (! (|t− x|)r! )p

|t− x|pr'k(t) dt pk= 1(r!)p ∑k∈Q�pr;k∫E ! ((|t− x|p) 1p)p |t− x|pr'k(t)�pr;k dt pk
6

1(r!)p ∑k∈Q�pr;k!∫E |t− x|p |t− x|pr'k(t)�pr;k dt 1p




p pk= �pr(r!)p ∑k∈Q!((�p(r+1);k�pr;k )
1p)p �pr;kpk�pr

6
�pr(r!)p !∑k∈Q �p(r+1);k�pr;k �pr;kpk�pr 



1p




p
= �pr(r!)p !∑k∈Q �p(r+1);kpk�pr 



1p




p = �pr(r!)p !((�p(r+1)�pr )
1p)p : (3.3)�ÁËÉÍ ÏÂÒÁÚÏÍ, ÓÏ�ÏÓÔÁ×ÌÑÑ (3.2) É (3.3), �ÏÌÕÞÁÅÍ





∑k∈Q∫E ∣

∣

∣

∣

∣

f(t)− r
∑l=0 f (l)(x)l! (t− x)l∣∣∣∣

∣

p 'k(t) dt pk 1p
6
� 1pprr! !((�p(r+1)�pr )

1p)
6
M 1pr! !((�p(r+1)M )

1p) : �óÌÅÄÓÔ×ÉÅ 3.3. ðÕÓÔØ p > 1, ! ∈ 
∗, x ∈ E, f ∈ L∞(E), �ÒÉ ×ÓÅÈ tÔÁËÉÈ, ÞÔÏ x+ t ∈ E, Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ
|f(x+ t)− f(x)| 6 !(|t|):



46 í. ÷. âáâõûëéî, ÷. ÷. öõëðÕÓÔØ, ÄÁÌÅÅ, Q ⊂ Z, �ÒÉ ×ÓÅÈ k ∈ Q ÂÕÄÅÔ pk > 0, 'k ∈ L1(E),'k(t) > 0 ÄÌÑ ×ÓÅÈ t ∈ E, ∫E 'k(t) dt = 1, ∑k∈Q pk = 1. ðÏÌÏÖÉÍU(f) = ∑k∈Q∫E f(t)'k(t) dt pk:�ÏÇÄÁ
|U(f)− f(x)| 6





∑k∈Q∫E |f(t)− f(x)|p 'k(t) dt pk 1p
6 !







∑k∈Q∫E |t− x|p'k(t) dt pk 1p



:÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ p = 2





∑k∈Q∫E (f(t)− f(x))2 'k(t) dt pk 12= ((U(f)− f(x))2 + U(f2)− U2(f)) 12
6 !







∑k∈Q∫E (t− x)2'k(t) dt pk 12



:äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ �ÏÌÏÖÉÔØ r = 0 × ÔÅÏÒÅÍÅ 3.2.�ÅÏÒÅÍÁ 3.3. ðÕÓÔØ r ∈ Z+, p > 1, ! ∈ 
∗, ÆÕÎË�ÉÑ f ∈ L∞(E) ×ÔÏÞËÅ x ∈ E ÉÍÅÅÔ �ÒÏÉÚ×ÏÄÎÕÀ r-ÇÏ �ÏÒÑÄËÁ, �ÒÉ ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏx+ t ∈ E, Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅf(x+ t) = r

∑l=0 f (l)(x)l! tl + "(t)r! tr;



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 47ÇÄÅ |"(t)| 6 !(|t|). ðÕÓÔØ, ÄÁÌÅÅ,  ∈ L1(E),  (t) > 0 ÄÌÑ ×ÓÅÈ t ∈ E,
∫E  (t) dt = 1. ðÏÌÏÖÉÍV (f) = ∫E f(t) (t) dt; 
s = ∫E |t− x|s (t) dt:�ÏÇÄÁ, ÅÓÌÉ 
pr 6 M , 
p(r+1) < +∞, ÔÏ
∣

∣

∣

∣

∣

∣

V (f)− r
∑l=0 f (l)(x)l! ∫E (t− x)l (t) dt∣∣∣∣

∣

∣

6





∫E ∣

∣

∣

∣

∣

f(t)− r
∑l=0 f (l)(x)l! (t− x)l∣∣∣

∣

∣

p  (t) dt 1p
6

 1pprr! !((
p(r+1)
pr )

1p)
6
M 1pr! !((
p(r+1)M )

1p) :äÏËÁÚÁÔÅÌØÓÔ×Ï. éÍÅÅÍV (f)− r
∑l=0 f (l)(x)l! ∫E (t− x)l (t) dt= ∫E f(t) (t) dt − ∫E r

∑l=0 f (l)(x)l! (t− x)l (t) dt= ∫E (f(t)− r
∑l=0 f (l)(x)l! (t− x)l) (t) dt:ðÒÉÍÅÎÑÑ ÎÅÒÁ×ÅÎÓÔ×Ï ç£ÌØÄÅÒÁ, �ÏÌÕÞÁÅÍ
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∣

∣

∣

∣

∣

∣

V (f)− r
∑l=0 f (l)(x)l! ∫E (t− x)l (t) dt∣∣∣∣

∣

∣

6

∫E ∣

∣

∣

∣

∣

f(t)− r
∑l=0 f (l)(x)l! (t− x)l∣∣∣∣

∣

 (t) dt
6





∫E ∣

∣

∣

∣

∣

f(t)− r
∑l=0 f (l)(x)l! (t− x)l∣∣∣∣

∣

p  (t) dt 1p :éÓ�ÏÌØÚÕÑ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÄÌÑ f , ÉÍÅÅÍ
∫E ∣

∣

∣

∣

∣

f(t)− r
∑l=0 f (l)(x)l! (t− x)l∣∣∣∣

∣

p  (t) dt= ∫E ∣

∣

∣

∣

"(t− x)r! ∣

∣

∣

∣

p
|t− x|pr (t) dt 6

∫E (! (|t− x|)r! )p
|t− x|pr (t) dt:ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÌÅÍÍÕ B É ÎÅÒÁ×ÅÎÓÔ×Ï éÅÎÓÅÎÁ ÄÌÑ ÉÎÔÅ-ÇÒÁÌÏ×, ÎÁÈÏÄÉÍ

∫E (! (|t− x|)r! )p
|t− x|pr (t) dt= 
pr(r!)p ∫E ! ((|t− x|p) 1p)p |t− x|pr (t)
pr dt

6

pr(r!)p!∫E |t− x|p |t− x|pr (t)
pr dt 1p





p= 
pr(r!)p !((
p(r+1)
pr )
1p)p:ïÓÔÁ£ÔÓÑ ÚÁÍÅÔÉÔØ, ÞÔÏ ÆÕÎË�ÉÑ t! ( 1t ) ×ÏÚÒÁÓÔÁÅÔ. �óÌÅÄÓÔ×ÉÅ 3.4. ðÕÓÔØ r ∈ Z+, p > 1, ! ∈ 
∗, 2�-�ÅÒÉÏÄÉÞÅÓËÁÑÆÕÎË�ÉÑ f ∈ L∞(R) × ÔÏÞËÅ x ∈ R ÉÍÅÅÔ �ÒÏÉÚ×ÏÄÎÕÀ r-ÇÏ �ÏÒÑÄËÁ,



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 49�ÒÉ ×ÓÅÈ t ∈ R Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅf(x+ t) = r
∑l=0 f (l)(x)l! tl + "(t)r! tr;ÇÄÅ |"(t)| 6 !(|t|). ðÕÓÔØ, ÄÁÌÅÅ, � ∈ L1(R), �(t) > 0 ÄÌÑ ×ÓÅÈ t ∈ R,

∫

R

�(t) dt = 1. ðÏÌÏÖÉÍW (f) = ∫
R

f(x+ t)�(t) dt; Æs = ∫
R

|t|s�(t) dt:�ÏÇÄÁ, ÅÓÌÉ Æpr 6 M , Æp(r+1) < +∞, ÔÏ
∣

∣

∣

∣

∣

∣

W (f)− r
∑l=0 f (l)(x)l! ∫

R

tl�(t) dt∣∣∣∣
∣

∣

6





∫

R

∣

∣

∣

∣

∣

f(x+ t)− r
∑l=0 f (l)(x)l! tl∣∣∣∣

∣

p �(t) dt 1p
6
Æ 1pprr! !((Æp(r+1)Æpr )

1p)
6
M 1pr! !((Æp(r+1)M )

1p) :äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ g(t) = f(x + t). ðÒÉÍÅÎÉÍ Ë ÜÔÏÊ ÆÕÎË�ÉÉÔÅÏÒÅÍÕ 3.3, �ÏÌÏÖÉ× × ÎÅÊ E = R, x = 0,  = �. �ÏÇÄÁ
∣

∣

∣

∣

∣

∣

V (g)− r
∑l=0 g(l)(0)l! ∫

R

tl�(t) dt∣∣∣∣
∣

∣

6





∫

R

∣

∣

∣

∣

∣

g(t)− r
∑l=0 g(l)(0)l! tl∣∣∣∣

∣

p �(t) dt 1p
6
Æ 1pprr! !((Æp(r+1)Æpr )

1p)
6
M 1pr! !((Æp(r+1)M )

1p) :÷ÏÚ×ÒÁÝÁÑÓØ Ë ÆÕÎË�ÉÉ f , �ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ. �úÁÍÅÞÁÎÉÅ 3.2. ðÕÓÔØ r ∈ Z+, f ∈ Cr(E). ðÏÌÏÖÉÍ g(t) = ! (f (r); t).ñÓÎÏ, ÞÔÏ g ∈ 
, É �ÏÔÏÍÕ × ÓÉÌÕ ÔÅÏÒÅÍÙ D ÎÁÊÄ£ÔÓÑ ÆÕÎË�ÉÑ !∗ ∈ 
∗



50 í. ÷. âáâõûëéî, ÷. ÷. öõëÔÁËÁÑ, ÞÔÏ �ÒÉ ×ÓÅÈ t; � > 0g(�t) 6 !∗(�t) 6 (�+ 1)g(t):ðÏ ÌÅÍÍÅ C �ÒÉ x; x+ t ∈ E
∣

∣

∣

∣

∣

f(x+ t)− r
∑l=0 f (l)(x)l! tl∣∣∣

∣

∣

6
|t|rr! !∗

( |t|r + 1) :�ÁËÉÍ ÏÂÒÁÚÏÍ, �ÒÉÍÅÎÑÑ ÔÅÏÒÅÍÙ 3.1{3.3 Ë ÆÕÎË�ÉÉ f , × ËÁÞÅÓÔ×Å! ÍÏÖÎÏ ÂÒÁÔØ ÆÕÎË�ÉÀ !(t) = !∗

( tr + 1) :íÙ ÎÅ ÓÔÁÎÅÍ ÏÓÔÁÎÁ×ÌÉ×ÁÔØÓÑ ÎÁ ÜÔÏÍ �ÏÄÒÏÂÎÏ É ÏÇÒÁÎÉÞÉÍÓÑ ÌÉÛØÏÄÎÉÍ �ÒÉÍÅÒÏÍ (ÓÍ. �ÒÉÍÅÒ 4.3).
§4. ðÒÉÍÅÒÙ �ÒÉÌÏÖÅÎÉÊ ÏÂÝÉÈ ÔÅÏÒÅÍ §3 ËËÏÎËÒÅÔÎÙÍ ÍÅÔÏÄÁÍ �ÒÉÂÌÉÖÅÎÉÑðÒÉÍÅÒÙ 4.1{4.3 (�ÏÌÉÎÏÍÙ âÅÒÎÛÔÅÊÎÁ).ðÒÉÍÅÒ 4.1. ðÕÓÔØ p > 1, ! ∈ 
∗, n ∈ N, x ∈ [0; 1℄, ÄÌÑ ÏÇÒÁÎÉÞÅÎÎÏÊÆÕÎË�ÉÉ f : [0; 1℄ → R �ÒÉ ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏ x + t ∈ [0; 1℄, Ó�ÒÁ×ÅÄÌÉ×ÏÎÅÒÁ×ÅÎÓÔ×Ï

|f(x+ t)− f(x)| 6 ! (|t|) :�ÏÇÄÁ
|f(x)−Bn(f; x)| 6

( n
∑k=0 ∣∣∣∣f (kn)− f(x)∣∣∣

∣

p pn;k(x)) 1p
6 !( n

∑k=0 ∣∣∣∣kn − x∣∣∣
∣

p pn;k(x)) 1p
 :



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 51÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ p = 2
( n
∑k=0(f (kn)− f(x))2 pn;k(x)) 12= ((Bn(f; x)− f(x))2 +Bn(f2; x)−B2n(f; x)) 12

6 !(√x(1− x)n ) : (4.1)äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÓÌÅÄÓÔ×ÉÅÍ 3.1, �Ï-ÌÏÖÉ× × Î£Í E = [0; 1℄,Q = {0; 1; : : : ; n}, xk = kn , pk = pn;k(x). ðÒÉ p = 2ÔÁËÖÅ �ÒÉÍÅÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×Ï (2.3).ðÒÉÍÅÒ 4.2. ðÕÓÔØ ! ∈ 
∗, n ∈ N, ÏÇÒÁÎÉÞÅÎÎÁÑ ÆÕÎË�ÉÑ f : [0; 1℄→
R ÉÍÅÅÔ × ÔÏÞËÅ x ∈ [0; 1℄ �ÒÏÉÚ×ÏÄÎÕÀ, �ÒÉ ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏ x + t ∈[0; 1℄, Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ×ÌÅÎÉÅf(x+ t) = f(x) + f ′(x)t + "(t)t;ÇÄÅ |"(t)| 6 !(|t|). �ÏÇÄÁ

|Bn(f; x)− f(x)| 6

n
∑k=0 ∣∣∣∣f (kn)− f(x)− f ′(x)(kn − x)∣∣∣

∣

pn;k(x)
6

√x(1− x)n !(√x(1− x)n ) : (4.2)äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÓÌÅÄÓÔ×ÉÅÍ 3.2, �Ï-ÌÏÖÉ× × Î£Í p = 1, E = [0; 1℄, Q = {0; 1; : : : ; n}, xk = kn , pk = pn;k(x),M =√√√√ n
∑k=0(kn − x)2 pn;k(x) =√x(1− x)n(ÓÍ. ÒÁ×ÅÎÓÔ×Ï (2.3)).÷ Ó×ÑÚÉ Ó ÎÅÒÁ×ÅÎÓÔ×ÁÍÉ (4.1) É (4.2) ÏÔÍÅÔÉÍ ÓÏÏÔÎÏÛÅÎÉÑ (1.1)É (1.2), ÒÁÎÅÅ ÕÓÔÁÎÏ×ÌÅÎÎÙÅ ó. á. �ÅÌÑËÏ×ÓËÉÍ.



52 í. ÷. âáâõûëéî, ÷. ÷. öõëðÒÉÍÅÒ 4.3. ðÕÓÔØ n ∈ N, f ∈ C1([0; 1℄), x ∈ [0; 1℄. �ÏÇÄÁ
|Bn(f; x)− f(x)| 6

n
∑k=0 ∣∣∣∣f (kn)− f(x)− f ′(x)(kn − x)∣∣∣

∣

pn;k(x)
6 2√x(1− x)n !(f ′; 12√x(1− x)n ) :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ �ÒÉÍÅÒÏÍ 4.2 É�ÒÉÎÑÔØ ×Ï ×ÎÉÍÁÎÉÅ ÚÁÍÅÞÁÎÉÅ 3.2.÷ Ó×ÑÚÉ Ó �ÒÉÍÅÒÏÍ 4.3 ÓÍ., ÎÁ�ÒÉÍÅÒ, [4, Ó. 167℄, [11, Ó. 22{23℄.ðÒÉÍÅÒ 4.4 (ÓÕÍÍÙ óÁÓÁ{íÉÒÁËØÑÎÁ). ðÕÓÔØ p > 1, ! ∈ 
∗, x ∈ R+,n ∈ N, ÄÌÑ ÏÇÒÁÎÉÞÅÎÎÏÊ ÆÕÎË�ÉÉ f : R+ → R �ÒÉ ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏx+ t ∈ R+, Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï

|f(x+ t)− f(x)| 6 !(|t|):�ÏÇÄÁ
|f(x)− Cn(f; x)| 6

(

∞
∑k=0 ∣∣∣∣f (kn)− f(x)∣∣∣

∣

p e−nx (nx)kk! )
1p

6 !( ∞
∑k=0 ∣∣∣∣kn − x∣∣∣

∣

p e−nx (nx)kk! )
1p
 :÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ p = 2

(

∞
∑k=0(f (kn)− f(x))2 e−nx (nx)kk! )

12= ((Cn(f; x)− f(x))2 + Cn(f2; x)− C2n(f; x)) 12
6 !(√xn) :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ × ÓÌÅÄÓÔ×ÉÉ 3.1 �ÏÌÏÖÉÔØ E = R+,Q = Z+, xk = kn; pk = e−nx (nx)kk! ;Á �ÒÉ p = 2 ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ É ÒÁ×ÅÎÓÔ×ÏÍ (2.4).



ï óéìøîïê æïòíå áóéíð�ï�éþåóëéè æïòíõì 53ðÒÉÍÅÒ 4.5 (ÓÕÍÍÙ ëÁÎÔÏÒÏ×ÉÞÁ). ðÕÓÔØ p > 1, ! ∈ 
∗, x ∈ [0; 1℄,n ∈ Z+, f ∈ L∞([0; 1℄), �ÒÉ ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏ x+ t ∈ [0; 1℄, Ó�ÒÁ×ÅÄÌÉ×ÁÏ�ÅÎËÁ
|f(x+ t)− f(x)| 6 !(|t|):�ÏÇÄÁ

|Kn(f; x) − f(x)| 6







n
∑k=0(n+ 1) k+1n+1

∫kn+1 |f(t)− f(x)|p dt

pn;k(x) 1p

6 !








n
∑k=0(n+ 1) k+1n+1

∫kn+1 |t− x|p dt

pn;k(x) 1p







:÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ p = 2






n
∑k=0(n+ 1) k+1n+1

∫kn+1 (f(t)− f(x))2 dt

pn;k(x) 12

= ((Kn(f; x) − f(x))2 +Kn(f2; x)−K2n(f; x)) 12
6 !√(n− 1)x(1− x) + 13(n+ 1) 

 :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ × ÓÌÅÄÓÔ×ÉÉ 3.3 �ÏÌÏÖÉÔØ E = [0; 1℄,Q = {0; 1; : : : ; n}, pk = pn;k(x),'k(t) = {n+ 1; ÅÓÌÉ kn+1 6 t 6 k+1n+1 ;0; ÉÎÁÞÅ:ðÒÉ p = 2 ÉÓ�ÏÌØÚÕÅÔÓÑ É ÒÁ×ÅÎÓÔ×Ï (2.1).ðÒÉÍÅÒ 4.6 (ÓÕÍÍÙ âÅÒÎÛÔÅÊÎÁ{äÀÒÒÍÅÊÅÒ). ðÕÓÔØ p > 1, ! ∈ 
∗,x ∈ [0; 1℄, n ∈ Z+, f ∈ L∞([0; 1℄), �ÒÉ ×ÓÅÈ t ÔÁËÉÈ, ÞÔÏ x + t ∈ [0; 1℄,Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ
|f(x+ t)− f(x)| 6 !(|t|):
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|Dn(f; x) − f(x)|

6





n
∑k=0(n+ 1) 1

∫0 |f(t)− f(x)|p pn;k(t) dt pn;k(x) 1p
6 !







n
∑k=0(n+ 1) 1

∫0 |t− x|ppn;k(t) dt pn;k(x) 1p



:÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ p = 2





n
∑k=0(n+ 1) 1

∫0 (f(t)− f(x))2 pn;k(t) dt pn;k(x) 12= ((Dn(f; x)− f(x))2 +Dn(f2; x)−D2n(f; x)) 12
6 !(√2(n− 3)x(1− x) + 2(n+ 2)(n+ 3) ) :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ × ÓÌÅÄÓÔ×ÉÉ 3.3 �ÏÌÏÖÉÔØ E = [0; 1℄,Q = {0; 1; : : : ; n}, pk = pn;k(x), 'k(t) = (n + 1)pn;k(t), Á �ÒÉ p = 2×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÒÁ×ÅÎÓÔ×ÏÍ (2.2).ðÒÉÍÅÒ 4.7 (ÓÒÅÄÎÉÅ óÔÅËÌÏ×Á 1-ÇÏ �ÏÒÑÄËÁ). ðÕÓÔØ r ∈ Z+, p > 1,! ∈ 
∗, h > 0, 2�-�ÅÒÉÏÄÉÞÅÓËÁÑ ÆÕÎË�ÉÑ f ∈ L∞(R) × ÔÏÞËÅ x ∈ RÉÍÅÅÔ �ÒÏÉÚ×ÏÄÎÕÀ r-ÇÏ �ÏÒÑÄËÁ, ÄÌÑ ×ÓÅÈ t ∈ R Ó�ÒÁ×ÅÄÌÉ×Ï �ÒÅÄÓÔÁ-×ÌÅÎÉÅ f(x+ t) = r

∑l=0 f (l)(x)l! tl + "(t)r! tr;
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∣

∣

∣

∣

∣

∣

Sh;1(f; x)− [r=2℄
∑l=0 f (2l)(x)(2l + 1)! (h2)2l∣∣

∣

∣

∣

∣

6







1h h2
∫

−h2 ∣∣∣∣∣f(x+ t)− r
∑l=0 f (l)(x)l! tl∣∣∣∣

∣

p dt


1p
6

hrr!2r(pr + 1) 1p !(h2 ( pr + 1p(r + 1) + 1) 1p) :÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ r = 1, p = 1,1h h2
∫

−h2 |f(x+ t)− f(x)− f ′(x)t| dt 6
h4!(h3) :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ × ÓÌÅÄÓÔ×ÉÉ 3.4 �ÏÌÏÖÉÔØ�(t) = { 1h ; ÅÓÌÉ − h2 6 t 6 h2 ;0; ÉÎÁÞÅ;É �ÒÉÎÑÔØ ×Ï ×ÎÉÍÁÎÉÅ, ÞÔÏ �ÒÉ s > 0Æs = ∫

R

|t|s�(t) dt = 1h h2
∫

−h2 |t|s dt 2h h2
∫0 ts dt hs2s(s+ 1) :ðÒÉÍÅÒ 4.8 (ÓÒÅÄÎÉÅ óÔÅËÌÏ×Á 2-ÇÏ �ÏÒÑÄËÁ). ðÕÓÔØ r ∈ Z+, p > 1,! ∈ 
∗, h > 0, 2�-�ÅÒÉÏÄÉÞÅÓËÁÑ ÆÕÎË�ÉÑ f ∈ L∞(R) ÉÍÅÅÔ �ÒÏ-ÉÚ×ÏÄÎÕÀ r-ÇÏ �ÏÒÑÄËÁ × ÔÏÞËÅ x ∈ R, ÄÌÑ ×ÓÅÈ t ∈ R Ó�ÒÁ×ÅÄÌÉ×Ï�ÒÅÄÓÔÁ×ÌÅÎÉÅ f(x+ t) = r

∑l=0 f (l)(x)l! tl + "(t)r! tr;
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∣

∣

∣

∣

∣

∣

Sh;2(f; x)− [r=2℄
∑l=0 2f (2l)(x)(2l + 2)! h2l∣∣∣∣∣

∣

6





1h h
∫

−h ∣∣∣∣∣f(x+ t)− r
∑l=0 f (l)(x)l! tl∣∣∣∣

∣

p
(1− |t|h ) dt 1p

6
hrr! ( 2(pr + 1)(pr + 2)) 1p !(h( (pr + 1)(pr + 2)(p(r + 1) + 1)(p(r + 1) + 2)) 1p) :÷ ÞÁÓÔÎÏÓÔÉ, �ÒÉ r = 1, p = 11h h

∫

−h |f(x+ t)− f(x)− f ′(x)t|(1− |t|h ) dt 6
h3!(h2) :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ × ÓÌÅÄÓÔ×ÉÉ 3.4 �ÏÌÏÖÉÔØ�(t) = { 1h (1− |t|h ) ; ÅÓÌÉ − h 6 t 6 h;0 × �ÒÏÔÉ×ÎÏÍ ÓÌÕÞÁÅ;É �ÒÉÎÑÔØ ×Ï ×ÎÉÍÁÎÉÅ, ÞÔÏ �ÒÉ s > 0Æs = ∫

R

|t|s�(t) dt = 1h h
∫

−h |t|s(1− |t|h ) dt2h  h
∫0 ts dt− 1h h

∫0 ts+1 dt = 2h ( hs+1s+ 1 − hs+1s+ 2) 2hs(s+ 1)(s+ 2) :ðÒÉÍÅÒÙ 4.9{4.10 (ÉÎÔÅÇÒÁÌ ÷ÁÌÌÅ-ðÕÓÓÅÎÁ).ðÒÉÍÅÒ 4.9. ðÕÓÔØ ! ∈ 
∗, x ∈ R, n ∈ N, 2�-�ÅÒÉÏÄÉÞÅÓËÁÑ ÆÕÎË�ÉÑf ∈ L∞(R), ÄÌÑ ×ÓÅÈ t ∈ R Ó�ÒÁ×ÅÄÌÉ×Á Ï�ÅÎËÁ
|f(x+ t)− f(x)| 6 !(|t|):
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|Vn(f; x)− f(x)|
6

(2n)!!(2n− 1)!! 12� �
∫

−� |f(x+ t)− f(x)| 
os2n t2 dt 6 !( 2√�n + 1√n3) :äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ × ÓÌÅÄÓÔ×ÉÉ 3.4 �ÏÌÏÖÉÔØ r = 0,p = 1, �(t) = { (2n)!!(2n−1)!! 12� 
os2n t2 ; ÅÓÌÉ − � 6 t 6 �;0 × �ÒÏÔÉ×ÎÏÍ ÓÌÕÞÁÅ;É �ÒÉÎÑÔØ ×Ï ×ÎÉÍÁÎÉÅ, ÞÔÏ (ÓÍ. [12, Ó. 11℄)�
∫

−� |t|�(t) dt 6
2√�n + 1√n3 :ðÒÉÍÅÒ 4.10. ðÕÓÔØ ! ∈ 
∗, n ∈ N, 2�-�ÅÒÉÏÄÉÞÅÓËÁÑ ÆÕÎË�ÉÑ f ∈L∞(R) ÉÍÅÅÔ �ÒÏÉÚ×ÏÄÎÕÀ × ÔÏÞËÅ x ∈ R, ÄÌÑ ×ÓÅÈ t ∈ R Ó�ÒÁ×ÅÄÌÉ×Ï�ÒÅÄÓÔÁ×ÌÅÎÉÅ f(x+ t) = f(x) + f ′(x)t + "(t)t;ÇÄÅ |"(t)| 6 !(|t|). �ÏÇÄÁ(2n)!!(2n− 1)!! 12� �

∫

−� |f(x+ t)− f(x)− f ′(x)t| 
os2n t2 dt
6

�
√2(n+ 1)!( �

√2(n+ 1)) :



58 í. ÷. âáâõûëéî, ÷. ÷. öõëäÏËÁÚÁÔÅÌØÓÔ×Ï. �ÁË ËÁË t2 6 �2 sin t2 �ÒÉ t ∈ [0; �℄, ÔÏ(2n)!!(2n− 1)!! 12� �
∫

−� t2 
os2n t2 dt 6
(2n)!!(2n− 1)!! 12��2 �

∫

−� sin2 t2 
os2n t2 dt= �2 (2n)!!(2n− 1)!! 12�  �
∫

−� 
os2n t2 dt− �
∫

−� 
os2(n+1) t2 dt= �2(1− (2n)!!(2n− 1)!! (2n+ 1)!!(2n+ 2)!!)�2 (1− 2n+ 12n+ 2) �22(n+ 1) :ðÏÌÁÇÁÑ × ÓÌÅÄÓÔ×ÉÉ 3.4�(t) = { (2n)!!(2n−1)!! 12� 
os2n t2 ; ÅÓÌÉ − � 6 t 6 �;0; × �ÒÏÔÉ×ÎÏÍ ÓÌÕÞÁÅ;r = 1, p = 1, M = �√2(n+1) , �ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ. �ìÉÔÅÒÁÔÕÒÁ1. é. ð. îÁÔÁÎÓÏÎ, ëÏÎÓÔÒÕËÔÉ×ÎÁÑ ÔÅÏÒÉÑ ÆÕÎË�ÉÊ, í.{ì., 1949.2. R. A. DeVore, G. G. Lorentz, Constru
tive approximation, Berlin, 1993.3. ó. î. âÅÒÎÛÔÅÊÎ, óÏÂÒÁÎÉÅ ÓÏÞÉÎÅÎÉÊ, Ô. II. í., 1954.4. ó. á. �ÅÌÑËÏ×ÓËÉÊ, ï ÓËÏÒÏÓÔÉ �ÒÉÂÌÉÖÅÎÉÑ ÆÕÎË�ÉÊ ÍÎÏÇÏÞÌÅÎÁÍÉ âÅÒÎ-ÛÔÅÊÎÁ. | �Ò. éíí õÒï òáî 14, No. 3 (2008), 162{169.5. H. Gonska, On the degree of approximation in Voronovskaja's theorem. | Stud.Univ. Babe�s-Bolyai Math. 52, No. 3 (2007), 103{115.6. J. A. Adell, J. Bustamante, J. M. Quesada Estimates for the moments of Bernsteinpolynomials. | J. Math. Anal. Appl. 432 (2015), 114{128.7. ÷. ÷. öÕË, ï ÓÉÌØÎÏÍ �ÒÉÂÌÉÖÅÎÉÉ ÆÕÎË�ÉÊ �ÏÓÒÅÄÓÔ×ÏÍ �ÏÌÏÖÉÔÅÌØÎÙÈÏ�ÅÒÁÔÏÒÏ×. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 440 (2015), 68{80.8. ÷. ÷. öÕË, í. ÷. âÁÂÕÛËÉÎ, á. á. ðÕÄÏ×ËÉÎ, ï ÓÉÌØÎÏÊ ÆÏÒÍÅ ÁÓÉÍ�ÔÏÔÉÞÅ-ÓËÉÈ ÆÏÒÍÕÌ ÔÉ�Á ÷ÏÒÏÎÏ×ÓËÏÊ{âÅÒÎÛÔÅÊÎÁ. | ðÒÏÂÌÅÍÙ ÍÁÔ. ÁÎÁÌÉÚÁ 84(2016), 89{105.9. é. ë. äÁÕÇÁ×ÅÔ, ÷×ÅÄÅÎÉÅ × ËÌÁÓÓÉÞÅÓËÕÀ ÔÅÏÒÉÀ �ÒÉÂÌÉÖÅÎÉÑ ÆÕÎË�ÉÊ, ó.-ðÅÔÅÒÂÕÒÇ, 2011.10. ÷. ÷. öÕË, óÔÒÕËÔÕÒÎÙÅ Ó×ÏÊÓÔ×Á ÆÕÎË�ÉÊ É ÔÏÞÎÏÓÔØ Á��ÒÏËÓÉÍÁ�ÉÉ, ì.,1984.11. ÷. ó. ÷ÉÄÅÎÓËÉÊ, íÎÏÇÏÞÌÅÎÙ âÅÒÎÛÔÅÊÎÁ, ì., 1990.12. é. ð. îÁÔÁÎÓÏÎ, ï �ÒÉÂÌÉÖ£ÎÎÏÍ �ÒÅÄÓÔÁ×ÌÅÎÉÉ ÆÕÎË�ÉÊ, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈÕÓÌÏ×ÉÀ ìÉ�ÛÉ�Á, Ó �ÏÍÏÝØÀ ÉÎÔÅÇÒÁÌÁ ÷ÁÌÌÅ{ðÕÓÓÅÎÁ. | äÏËÌ. áî óóóò54, No. 1 (1946), 11{14.
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