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t. For the S
hur Q-fun
tions there is a Cau
hy identity,whi
h shows a duality between the S
hur P- and Q-fun
tions. Wewill be interested in the multiparameter S
hur Q-fun
tions, whi
hwere introdu
ed by V. N. Ivanov, and we will give dual analogsof the multiparameter S
hur Q(P)-fun
tions, with a 
orrespondingmultiparameter Cau
hy identity.
§1. Introdu
tionThe S
hur Q-fun
tions were introdu
ed by S
hur and are useful to de-s
ribe the proje
tive representations of the symmetri
 group. These super-symmetri
 polynomials are enumerated by the stri
t partitions, and di�erby a s
alar fa
tor from the Hall{Littlewood polynomials with t = −1. Thelatter are sometimes 
alled the S
hur P-polynomials (for stri
t partitions).As des
ribed in [2, Chap. 3℄, we have the following identity, whi
h is 
alledthe Cau
hy identity:

∑� P�(x1; : : : ; xN )Q�(y1; : : : ; yK) = ∏i6Nj6K 1 + xiyj1− xiyj : (1)It shows the duality between the S
hur Q- and P-fun
tions.Similarly to other series of symmetri
 fun
tions, the S
hur Q(P)-fun
-tions have interpolation analogs introdu
ed by V. N. Ivanov in [1℄ and
alled the multiparameter S
hur Q-fun
tions. For an in�nite sequen
e(a0 = 0; a1; a2; : : : ) and a stri
t partition � of length l, we haveQ�(x1; : : : ; xN |a) = 2l(N − l)! ∑!∈S(N) l∏i=1(x!(i)|a)�i ∏i6l;i6j6N x!(i) + x!(j)x!(i) − x!(j) ;where by (x|a)k we denote the generalized power (x − a0) : : : (x − ak−1).These fun
tions have a lot of properties that 
an be regarded as multi-parameter versions of 
orresponding properties of the S
hur Q-fun
tions,Key words and phrases: symmetri
 polynomials, S
hur Q-fun
tions, multiparameterS
hur Q-fun
tions, Cau
hy identity. 143



144 S. KOROTKIKHand at the same time they have an interpolation property that introdu
esanother method of working with these fun
tions and proving some 
ombi-natorial identities.We give dual analogs of the multiparameter S
hur Q-fun
tions, whi
hwe 
all the dual multiparameter S
hur Q-fun
tions and denote by Q̂�. Fora stri
t partition � of length l, we de�neQ̂�(t1; : : : ; tK |a) = 2l(K − l)! ∑!∈S(K) l∏i=1 1(t!(i)|�a)�i ∏i6l;i6j6K t!(j) + t!(i)t!(j) − t!(i) ;where �a is the shifted sequen
e(a1;a2;: : : ).We will prove a multiparameteranalog of the Cau
hy identity, whi
h holds in C[x1; : : : ; xN ℄[[t−11 ; : : : ; t−1K ℄℄:
∑� P�(x1; : : : ; xN |a)Q̂�(t1; : : : ; tK |a) = ∏i6Nj6K tj + xitj − xi : (2)For K 6 2, an equivalent identity was proved in [1, Se
. 8℄ with the usageof an interpolation property. We will follow another method, proving theparameter independen
e of the left-hand side of (2).The results of this work 
an be regarded as a proje
tive analog of someresults from Molev's paper [3℄, where multiparameter analogs of the ordi-nary S
hur fun
tions are 
onsidered. Even earlier, in the 
ase of the shiftedS
hur fun
tions, dual S
hur fun
tions and a 
orresponding Cau
hy identityappeared in [4℄.I am grateful to Grigori Olshanski for many valuable remarks.

§2. Dual multiparameter S
hur Q-fun
tionsLet a = (a0; a1; : : : ) be an in�nite sequen
e of parameters, with a0 = 0.Let (x|a)k denote the generalized powers (x− a0) : : : (x− ak−1). FollowingIvanov, we de�ne fun
tions P�(x1; : : : ; xN |a) and Q�(x1; : : : ; xN |a) for anarbitrary sequen
e of positive integers of length l 6 N .De�nition 1. Let � = (�1; : : : ; �l) be a sequen
e of positive integers andN > l. Then the multiparameter S
hur P- and Q-fun
tions are de�ned byP�(x1; : : : ; xN |a) = 1(N − l)! ∑�∈S(N)�( l∏i=1(xi|a)�i ∏i6l;i<j6N xi + xjxi − xj);Q�(x1; : : : ; xN |a) = 2lP�(x1; : : : ; xN |a);



DUAL MULTIPARAMETER SCHUR Q-FUNCTIONS 145where a permutation � a
ts by permuting the variables xi. If l = 0, we setP� = P∅ = 1. For N < l, set P�(x1; : : : ; xN |a) = Q�(x1; : : : ; xN |a) = 0.For partitions of length l, this de�nition 
oin
ides with Ivanov's de�ni-tion. Moreover, for stri
t partitions of length l and a = 0, this de�nitiongives the S
hur P- and Q-fun
tions.Let � denote the shift operator a
ting on the spa
e of in�nite sequen
esby �a = (a1; a2; : : : ).De�nition 2. Let � = (�1; : : : ; �l) be a sequen
e of positive integers andK > l. The dual multiparameter S
hur P- and Q-fun
tions with index �are de�ned byP̂�(t1; : : : ; tK |a) = 1(K − l)! ∑�∈S(K)�( l∏i=1 1(ti|�a)�i ∏i6l;i<j6K tj + titj − ti);Q̂�(t1; : : : ; tK |a) = 2lP̂�(t1; : : : ; tK |a);where � a
ts by permuting the variables ti. If l = 0, we de�ne P̂� = P̂∅ = 1.For K < l, set P̂�(t1; : : : ; tK |a) = Q̂�(t1; : : : ; tK |a) = 0.For a = 0 and a stri
t partition � of length l, we have P̂�(t1; : : : ; tK |a) =P�(t−11 ; : : : ; t−1K ), where P�(y1; : : : ; yK) denote the S
hur P-fun
tion.Proposition 3. For ! ∈ S(l) and a sequen
e � of length l, one hasP!�(x1; : : : ; xN |a) = "(!)P�(x1; : : : ; xN |a);P̂!�(t1; : : : ; tK |a) = "(!)P̂�(t1; : : : ; tK |a);where "(!) is the sign of ! and !� = (�!−1(1); : : : ; �!−1(l)).Proof. We will prove the assertion for P�, the proof for P̂� is similar. Ifl > N , both sides are 0, so we assume that l 6 N . Sin
e any permutationfrom S(N) 
an be written in the form �!−1, we haveP!�(x1; : : : ; xN |a)= 1(N − l)! ∑�∈S(N)�!−1( l∏i=1(xi|a)�!−1(i) ∏i6l;i<j6N xi + xjxi − xj)= 1(N − l)! ∑�∈S(N)�( l∏i=1(x!−1(i)|a)�!−1(i) ∏i6l;i<j6N x!−1(i) + x!−1(j)x!−1(i) − x!−1(j)):



146 S. KOROTKIKHSin
e !−1 permutes only the �rst l variables, the �rst produ
t is the sameas in the de�nition of P�. As to the se
ond produ
t, the numerator is alsothe same, but the denominator behaves as the Vandermonde determinant,so the a
tion of !−1 on it produ
es the desired fa
tor "(!−1) = "(!). �Corollary 4. If for i 6= j we have �i = �j , then P� = Q� = P̂� = Q̂� = 0.Proposition 5.(1) P̂�(t1; : : : ; tK |a) is an element of C[[t−11 ; : : : ; t−1K ℄℄ of degree −|�|.(2) The (−|�|)th homogenous 
omponent of P̂�(t1; : : : ; tK |a) isP�(t−11 ; : : : ; t−1K ):Proof. Rewrite the de�nition of P̂� asP̂�(t1; : : : ; tK |a)= 1(K − l)! ∑�∈S(K)� l∏i=1 1(ti|�a)�i ∏i6l;i<j6K t−1i + t−1jt−1i − t−1j 

 : (3)Then A=V(t−11 ; : : : ; t−1K )P̂�(t1; : : : ; tK |a) is an element of C[[t−11 ; : : : ; t−1K ℄℄,where V (x1; : : : ; xk) denote the Vandermonde determinant. At the sametime, A is skew-symmetri
 in t−11 ; : : : ; t−1K , so P̂�(t1; : : : ; tK |a) is also an ele-ment of C[[t−11 ; : : : ; t−1K ℄℄. The degree with respe
t to the variables t1; : : : ; tKof ea
h summand in (3) is −|�|, so the degree of P̂�(t1; : : : ; tK |a) is also
−|�|. Moreover, the highest degree terms of ea
h summand give the de�-nition of P�(t−11 ; : : : ; t−1K ), thus the se
ond 
laim follows. �Proposition 6 (stability 
ondition). For K > l and � of length l, we haveP̂�(t1; : : : ; tK−1;∞|a) = P̂�(t1; : : : ; tK−1|a):Proof. From the de�nition we haveP̂�(t1; : : : ; tK |a) = 1(K − l)! ∑�∈S(K)�( l∏i=1 1(ti|�a)�i ∏i6l;i<j6K tj + titj − ti):As tK tends to in�nity, the only surviving terms on the right-hand side willbe those that 
orrespond to permutations � ∈ S(K) su
h that �−1(K) > l.



DUAL MULTIPARAMETER SCHUR Q-FUNCTIONS 147Any su
h permutation 
an be written in the form !�0 where �0 = (i;K)for i > l and ! ∈ S(K − 1) permutes {1; : : : ;K − 1}. Hen
e we haveP̂�(t1; : : : ; tK−1;∞|a)= 1(K − l)! ∑�∈S(K)!�0( l∏i=1 1(ti|�a)�i ∏i6l;i<j6K−1 tj + titj − ti)= 1(K − l − 1)! ∑!∈S(K−1)!( l∏i=1 1(ti|�a)�i ∏i6l;i<j6K−1 tj + titj − ti)= P̂�(t1; : : : ; tK−1|a): �The next formula 
an be thought of as a multiparameter analog offormula (2.14) in [2, Chap. 3℄ for the S
hur P-fun
tions.Proposition 7. For N > l > 1 and � of length l, one hasP�(x|a) = N∑i=1(xi|a)�1gi(x)P�(x(i)|a); (4)where x=(x1; : : : ; xN ), x(i)=(x1; : : : ; xi−1; xi+1; : : : ; xN ), gi(x)= N∏j 6=i xi+xjxi−xj ,and � = (�2; : : : ; �l),Proof. Ea
h element � ∈ S(N) 
an be uniquely written as �0!, where�0 = (1; i) and ! ∈ S(N − 1) a
ts on 2; : : : ; N . Then one hasP�(x|a)= 1(N − l)! ∑�∈S(N)�0!( l∏i=1(xi|a)�i ∏i6l;i<j6N xi + xjxi − xj)= 1((N − 1)− (l − 1))! ∑�∈S(N)�0((x1|a)�1g1!( l∏i=2(xi|a)�i∏26i6l;i<j6N xi + xjxi − xj))= N∑i (1; i) ((x1|a)�1g1P�2;:::;�l(x2; : : : ; xN |a)) ;whi
h is equivalent to (4). �



148 S. KOROTKIKH
§3. Independen
e of the parameters and themultiparameter Cau
hy identityWe will say that an expression f(x; t; a) is independent of the param-eters, or independent of a, if for every pair of in�nite sequen
es a and a′beginning with 0 we have f(x; t; a) = f(x; t; a′). A basi
 and importantexample of an expression independent of a is

∞∑i=1 (x|a)i(t|�a)i = x− a0t− x = xt− x: (5)In the parti
ular 
ase a = (0; 1; 2; : : : ) this identity redu
es to formu-la (12.5) in [5℄, and in the general 
ase it 
an be 
he
ked in exa
tly thesame way.If an expression f is independent of a, then f(x; t; a) = f(x; t; 0). Wewill use this idea to prove a multiparameter Cau
hy identity.Let Y denote the set of all partitions, Yl denote the set of partitions oflength l, and Y
′l denote the set of stri
t partitions of length l.Theorem 8 (multiparameter Cau
hy identity). For N;K > 1 one has
∑�∈Y

2−l(�)Q�(x|a)Q̂�(t|a) = N∏i=1 K∏j=1 tj + xitj − xi : (6)Proof. We will prove that the left-hand side of (6) is independent of a.For that we will need several lemmas. For a sequen
e � = (�1; : : : ; �l), let(t|a)� denote (t1|a)�1 : : : (tl|a)�l .Lemma 8.1. For arbitrary integers N > l > 0, the expression
∞∑�1;:::;�l>1 P�(x1; : : : ; xN |a)(t|�a)� (7)is independent of a.Proof. We prove this by indu
tion on l. For l = 1 we haveP(i)(x1; : : : ; xN |a) = N∑j=1(xj |a)igj :Hen
e, using (5), we 
an rewrite (7) asN∑j=1 ∞∑i=1 (xj |a)i(t|�a)i gj = N∑j=1 xjt− xj gj ;



DUAL MULTIPARAMETER SCHUR Q-FUNCTIONS 149whi
h is independent of a.Assume that we have already proved the lemma for l. Then forN > l+1we have from (4)
∞∑�j>1j∈[1;l+1℄ P�(x1; : : : ; xN |a)(t|�a)� = N∑i=1 ∞∑�j>1 gi (xi|a)�1(t1|�a)�1 P(�2;:::;�l+1)(x(i)|a)(t2|�a)�2 : : : (tl+1|�a)�l+1= N∑i=1 gi( ∞∑�1>1 (xi|a)�1(t1|�a)�1)( ∞∑�2;:::;�l+1>1 P(�2;:::;�l+1)(x(i)|a)(t2|�a)�2 : : : (tl+1|�a)�l+1):Both sums in the parentheses are independent of a, the �rst one is (5)and the se
ond one is (7) for l, both independent of a. Then the wholeexpression is independent of a. �Lemma 8.2. For arbitrary integers N;K > l > 1, the expression

∑�∈Yl P�(x1; : : : ; xN |a)P̂�(t1; : : : ; tK |a) (8)is independent of a.Proof. By the de�nition of P̂ and Corollary 4, we have that (8) is equalto
∑�∈Y

′l 1(K − l)!P�(x1; : : : ; xN |a) ∑�t∈S(K)�t( l∏i=1 1(ti|�a)�i ∏i6l;i<j6K tj + titj − ti);where �t a
ts on t1; : : : ; tK . Consider the quotient S(K)=S(l), and for ea
h!t ∈ S(K)=S(l) 
hoose an arbitrary element !0t ∈ !t. Then any permuta-tion �t ∈ S(K) 
an be uniquely written in the form !0t �t, where �t ∈ S(l)permutes only {1; : : : ; l} and !t ∈ S(K)=S(l). As in the proof of Lemma 3,a
ting by �t on ∏i6l;i<j6K tj+titj−ti gives us the multipli
ation by "(�t), so we



150 S. KOROTKIKHhave that (8) is equal to
∑!t ∑�t ∑�∈Y

′l 1(K− l)! !0t("(�t)P�(x1; : : : ; xN |a) l∏i=1 1(t�t(i)|�a)�i ∏i6l;i<j6Ktj+ titj− ti)= 1(K− l)!∑!t !0t( ∑�t∈S(l) ∑�∈Y
′l "(�t)P�(x|a) l∏i=1 1(ti|�a)��−1t (i) ∏i6l;i<j6Ktj + titj − ti)= 1(K − l)!∑!t !0t( ∑�t∈S(l) ∑�∈Y
′l P�t�(x|a)(t|�a)�t� ∏i6l;i<j6K tj + titj − ti)= 1(K − l)!∑!t !0t(( ∑�i>1;�i 6=�j P�(x|a)(t|�a)� ) ∏i6l;i<j6K tj + titj − ti);whi
h is independent of a by Lemma 8.1 (the sums 
oin
ide by Corollary 4).So (8) is independent of a. �From the previous lemma we derive that the left-hand side of (6) isindependent of a. Hen
e it suÆ
es to prove (6) for a = 0. But in this 
asethe desired identity is the Cau
hy identity for the S
hur Q-polynomialswith yi = t−1i . �Referen
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