
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 448, 2016 Ç.ö. ü. éÓÏÍÕÒÏÄÏ×, ë. ð. ëÏÈÁÓØîáâïò éú 12 þéóåì îå ÷ïóó�áîá÷ìé÷áå�óñïäîïúîáþîï ðï ó÷ïéí 4-óõííáí1. ÷×ÅÄÅÎÉÅ. ðÕÓÔØ ÄÁÎ �ÒÏÉÚ×ÏÌØÎÙÊ ÎÁÂÏÒ ÉÚ n ×ÅÝÅÓÔ×ÅÎÎÙÈ ÞÉ-ÓÅÌ. òÁÓÓÍÏÔÒÉÍ ÎÁÂÏÒ ÓÕÍÍ ×ÓÅ×ÏÚÍÏÖÎÙÈ ×ÙÂÏÒÏË �Ï k ÞÉÓÅÌ ÉÚÜÔÉÈ n ÞÉÓÅÌ, ÎÁÚÏ×ÅÍ ÔÁËÏÊ ÎÁÂÏÒ ÎÁÂÏÒÏÍ k-ÓÕÍÍ. ðÒÉ ËÁËÉÈ (n; k)ÍÏÖÎÏ ÏÄÎÏÚÎÁÞÎÏ ×ÏÓÓÔÁÎÏ×ÉÔØ ÉÓÈÏÄÎÙÊ ÎÁÂÏÒ ÉÚ n ÞÉÓÅÌ, ÅÓÌÉ ÎÁÍÉÚ×ÅÓÔÅÎ ÎÁÂÏÒ k-ÓÕÍÍ? üÔÏ ×Ï�ÒÏÓ ÉÚ ÚÁÄÁÞÉ ì. íÏÚÅÒÁ [7℄, Ï�ÕÂÌÉ-ËÏ×ÁÎÎÏÊ × Ameri
an Math. Monthly × 1957 Ç. úÁÄÁÞÁ ÏËÁÚÁÌÁÓØ ÎÅÔÒÉ-×ÉÁÌØÎÏÊ, ÅÊ ÂÙÌÏ �ÏÓ×ÑÝÅÎÏ ÎÅÓËÏÌØËÏ �ÕÂÌÉËÁ�ÉÊ × 60-Å [4, 8, 3℄ É90-Å [1, 2℄ ÇÏÄÙ �ÒÏÛÌÏÇÏ ×ÅËÁ. ÷ ËÎÉÇÅ ò. çÁÑ \îÅÒÅÛÅÎÎÙÅ �ÒÏÂÌÅÍÙÔÅÏÒÉÉ ÞÉÓÅÌ" ÜÔÁ ÚÁÄÁÞÁ �ÒÉ×ÏÄÉÔÓÑ ËÁË ÏÄÎÁ ÉÚ ÎÅÒÅÛÅÎÎÙÈ ÚÁÄÁÞÁÄÄÉÔÉ×ÎÏÊ ÔÅÏÒÉÉ ÞÉÓÅÌ [5, ÚÁÄÁÞÁ C5℄.÷ 1958 Ç. äÖ. ì. óÅÌÆÒÉÄÖ É ü. ç. ûÔÒÁÕÓ [8℄ ÄÏËÁÚÁÌÉ, ÞÔÏ ÄÌÑÓÌÕÞÁÑ (n; 2) ×ÏÓÓÔÁÎÏ×ÌÅÎÉÅ ×ÏÚÍÏÖÎÏ ÔÏÌØËÏ ÄÌÑ n, ÎÅ Ñ×ÌÑÀÝÉÈ-ÓÑ ÓÔÅ�ÅÎÑÍÉ Ä×ÏÊËÉ. ÷ ÏÂÝÅÍ ÓÌÕÞÁÅ ÏÎÉ Ï�ÉÓÁÌÉ ÓÉÓÔÅÍÕ ÄÉÏÆÁÎ-ÔÏ×ÙÈ ÕÒÁ×ÎÅÎÉÊ ÏÔÎÏÓÉÔÅÌØÎÏ �ÅÒÅÍÅÎÎÙÈ n É k; ÄÌÑ �ÁÒ (n; k), ÎÅÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÈ ÜÔÉÍ ÕÒÁ×ÎÅÎÉÑÍ (ÜÔÏ ÔÉ�ÉÞÎÁÑ ÓÉÔÕÁ�ÉÑ), ×ÏÓÓÔÁ-ÎÏ×ÌÅÎÉÅ ÏÄÎÏÚÎÁÞÎÏ. åÓÌÉ ÖÅ �ÁÒÁ (n; k) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÈÏÔÑ ÂÙ ÏÄ-ÎÏÍÕ ÉÚ ÕÒÁ×ÎÅÎÉÊ, ËÁË × ÓÌÕÞÁÅ (12; 4), ×ÏÚÍÏÖÎÏÓÔØ ×ÏÓÓÔÁÎÏ×ÌÅÎÉÑÎÅÑÓÎÁ. ÷ 1962 Ç. á. ó. æÒÅÎËÅÌØ, â. çÏÒÄÏÎ, ü. ç. ûÔÒÁÕÓ [4℄ Ó×Å-ÌÉ ÉÚÕÞÅÎÉÅ ÜÔÏÇÏ ×Ï�ÒÏÓÁ Ë ÓÌÕÞÁÀ ÎÁÂÏÒÏ× �ÅÌÙÈ ÞÉÓÅÌ É ÄÏËÁÚÁ-ÌÉ, ÞÔÏ �ÒÉ ËÁÖÄÏÍ k ÅÓÔØ ÌÉÛØ ËÏÎÅÞÎÏÅ ÍÎÏÖÅÓÔ×Ï n, ÄÌÑ ËÏÔÏÒÙÈÉÓÈÏÄÎÙÊ ÎÁÂÏÒ ×ÏÓÓÔÁÎÁ×ÌÉ×ÁÅÔÓÑ ÎÅÏÄÎÏÚÎÁÞÎÏ. äÌÑ \�ÒÏÂÌÅÍÎÙÈ"ÓÌÕÞÁÅ× (8; 2), (16; 2), (6; 3) É (12; 4) ÏÎÉ Ï�ÅÎÉÌÉ Ó×ÅÒÈÕ ËÏÌÉÞÅÓÔ×Ï ÎÁ-ÂÏÒÏ× ÉÚ n ÞÉÓÅÌ, ËÏÔÏÒÙÅ ÍÏÇÕÔ ÉÍÅÔØ ÏÄÉÎ É ÔÏÔ ÖÅ ÎÁÂÏÒ k-ÓÕÍÍ.÷ 1968 Ç. äÖ. é×ÅÌÌ [3℄ ÄÏËÁÚÁÌ ÞÔÏ × ÓÌÕÞÁÅ (6; 3) ÎÁÉÂÏÌØÛÅÅ ÞÉÓÌÏÒÁÚÎÙÈ ÎÁÂÏÒÏ×, ÉÍÅÀÝÉÈ ÏÄÉÎÁËÏ×ÙÊ ÎÁÂÏÒ k-ÓÕÍÍ, ÒÁ×ÎÏ ÞÅÔÙÒÅÍ.÷ 1994 Ç. ä. ÷. æÏÍÉÎ É ï. �. éÖÂÏÌÄÉÎ [1℄ �ÒÉ×ÅÌÉ �ÒÉÍÅÒ Ä×ÕÈ ÒÁÚ-ÌÉÞÎÙÈ ÎÁÂÏÒÏ×, ÞØÉ ÎÁÂÏÒÙ k-ÓÕÍÍ ÓÏ×�ÁÄÁÀÔ, ÄÌÑ ÓÌÕÞÁÅ× (27; 3) É(486; 3). üÔÁ �ÕÂÌÉËÁ�ÉÑ ÏËÁÚÁÌÁÓØ ÎÅ ÓÌÉÛËÏÍ ÉÚ×ÅÓÔÎÏÊ ÎÁ úÁ�ÁÄÅ,É × 1996 Ç. ñ. âÏÍÁÎ É ó. ìÉÎÕÓÓÏÎ [2℄ �ÒÉ×ÅÌÉ ÁÎÁÌÏÇÉÞÎÙÅ �ÒÉÍÅÒÙ.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÁÄÄÉÔÉ×ÎÁÑ ËÏÍÂÉÎÁÔÏÒÉËÁ, ÎÁÂÏÒÙ ÓÕÍÍ.135



136 ö. ü. éóïíõòïäï÷, ë. ð. ëïèáóøëÒÏÍÅ Õ�ÏÍÑÎÕÔÏÇÏ ÒÅÚÕÌØÔÁÔÁ, äÖ. é×ÅÌÌ × ÒÁÂÏÔÅ [3℄ ÄÏËÁÚÁÌ Ó�ÏÍÏÝØÀ ÄÏÓÔÁÔÏÞÎÏ ÇÒÏÍÏÚÄËÏÇÏ �Ï ÔÅÍ ×ÒÅÍÅÎÁÍ ÓÞÅÔÁ, ÞÔÏ × ÓÌÕ-ÞÁÅ (12; 4) ÉÓÈÏÄÎÙÊ ÎÁÂÏÒ ×ÏÓÓÔÁÎÁ×ÌÉ×ÁÅÔÓÑ ÏÄÎÏÚÎÁÞÎÏ. îÁ ÓÁÍÏÍÄÅÌÅ ÜÔÏ ÕÔ×ÅÒÖÄÅÎÉÅ ÎÅ×ÅÒÎÏ, É ÎÉÖÅ ÍÙ �ÒÅÄßÑ×ÌÑÅÍ ÏÛÉÂËÕ, ÓÄÅ-ÌÁÎÎÕÀ × [3℄. ðÒÉ �Ï�ÙÔËÅ \�ÏÞÉÎÉÔØ" ÄÏËÁÚÁÔÅÌØÓÔ×Ï é×ÅÌÌÁ Ó �Ï-ÍÏÝØÀ ÓÉÓÔÅÍÙ ËÏÍ�ØÀÔÅÒÎÏÊ ÁÌÇÅÂÒÙ Maple, ÍÙ �ÏÓÔÒÏÉÌÉ �ÒÉÍÅÒÄ×ÕÈ ÎÁÂÏÒÏ× ÉÚ 12 ÞÉÓÅÌ, ÉÍÅÀÝÉÈ ÏÄÉÎÁËÏ×ÙÅ ÎÁÂÏÒÙ 4-ÓÕÍÍ. �ÁËÉÍÏÂÒÁÚÏÍ, ×ÅÒÎÁ ÓÌÅÄÕÀÝÁÑ ÔÅÏÒÅÍÁ.�ÅÏÒÅÍÁ 1. ÷ ÓÌÕÞÁÅ (12; 4) ÉÓÈÏÄÎÙÊ ÎÁÂÏÒ ÎÅ ×ÏÓÓÔÁÎÁ×ÌÉ×ÁÅÔÓÑÏÄÎÏÚÎÁÞÎÏ: ÓÕÝÅÓÔ×ÕÀÔ Ä×Á ÎÁÂÏÒÁ �ÅÌÙÈ ÞÉÓÅÌ, ÉÍÅÀÝÉÈ ÏÄÉÎÁËÏ-×ÙÅ ÎÁÂÏÒÙ 4-ÓÕÍÍ.÷ [4℄ ÄÏËÁÚÁÎÏ, ÞÔÏ ÎÅ ÓÕÝÅÓÔ×ÕÅÔ ÔÒÅÈ ÎÁÂÏÒÏ×, ÉÍÅÀÝÉÈ ÏÄÉÎÁËÏ-×ÙÅ ÎÁÂÏÒÙ 4-ÓÕÍÍ. ëÁË �ÏËÁÚÙ×ÁÀÔ ÎÁÛÉ ×ÙÞÉÓÌÅÎÉÑ, �ÁÒÁ ÎÁÂÏÒÏ×,ÉÍÅÀÝÁÑ ÓÏ×�ÁÄÁÀÝÉÅ ÎÁÂÏÒÙ 4-ÓÕÍÍ, ÅÄÉÎÓÔ×ÅÎÎÁ (Ó ÔÏÞÎÏÓÔØÀ ÄÏÓÄ×ÉÇÏ× É ÒÁÓÔÑÖÅÎÉÊ).2. éÓÈÏÄÎÏÅ ÄÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ ÄÁÎ �ÒÏÉÚ×ÏÌØÎÙÊ ÎÁÂÏÒ ÉÚ nÞÉÓÅÌ A = {a1; a2; : : : ; an}(ÓÒÅÄÉ ÞÉÓÅÌ ai ÍÏÇÕÔ ÂÙÔØ ÒÁ×ÎÙÅ). îÁÂÏÒÏÍ k-ÓÕÍÍ ÎÁÚÏ×ÅÍ ÓÏ×Ï-ËÕ�ÎÏÓÔØ ×ÓÅÈ ÞÉÓÅÌ ×ÉÄÁai1 + ai2 + : : :+ aik ; ÇÄÅ 1 6 i1 < i2 < : : : < ik 6 n:ïÂÏÚÎÁÞÉÍ ÜÔÏÔ ÎÁÂÏÒ A(k). íÙ ÉÚÕÞÁÅÍ ÞÁÓÔÎÙÊ ÓÌÕÞÁÊ ÓÌÅÄÕÀÝÅÇÏÏÓÎÏ×ÎÏÇÏ ×Ï�ÒÏÓÁ Ï ÎÁÂÏÒÁÈ A(k).ðÒÉ ËÁËÉÈ (n; k) �Ï ÎÁÂÏÒÕ A(k) ÍÏÖÎÏ ÏÄÎÏÚÎÁÞÎÏ ×ÏÓÓÔÁÎÏ×ÉÔØÎÁÂÏÒ A?ï�ÉÛÅÍ ÏÂÝÉÊ �ÏÄÈÏÄ ÒÁÂÏÔ [8, 4, 3℄ Ë ÒÅÛÅÎÉÀ ÜÔÏÊ ÚÁÄÁÞÉ.÷ ÒÁÂÏÔÅ [4℄ �ÏËÁÚÁÎÏ, ÞÔÏ ÏÔ×ÅÔ ÎÁ ÜÔÏÔ ×Ï�ÒÏÓ ÎÅ ÚÁ×ÉÓÉÔ ÏÔ ÔÏÇÏ,Ñ×ÌÑÀÔÓÑ ÌÉ ÞÉÓÌÁ ai �ÅÌÙÍÉ, ×ÅÝÅÓÔ×ÅÎÎÙÍÉ ÉÌÉ ÄÁÖÅ ËÏÍ�ÌÅËÓÎÙ-ÍÉ. ðÏÜÔÏÍÕ ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ ÎÁÂÏÒA (É Ã) ÓÏÓÔÏÉÔ ÉÚ ËÏÍ�ÌÅËÓÎÙÈÞÉÓÅÌ (ÈÏÔÑ �ÏÓÔÒÏÅÎÎÙÊ ÎÁÍÉ �ÒÉÍÅÒ �ÅÌÏÞÉÓÌÅÎÎÙÊ). òÁÓÓÍÏÔÒÉÍÓÉÍÍÅÔÒÉÞÅÓËÉÅ ÆÕÎË�ÉÉ ÎÁÂÏÒÁ A. åÓÌÉ 1 6 j 6 n, ÔÏ ÄÌÑ ËÁÖÄÏ-ÇÏ ÎÁÂÏÒÁ {p1; p2; : : : ; pj} ÉÚ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ �ÅÌÙÈ ÞÉÓÅÌ ÏÂÏÚÎÁÞÉÍÞÅÒÅÚ Sp1;p2;:::;pj ÍÏÎÏÍÉÁÌØÎÕÀ ÓÔÅ�ÅÎÎÕÀ ÓÕÍÍÕSp1;p2;:::;pj = ∑D(j) ap1i1 ap2i2 : : : apjij ; (1)



îáâïò éú 12 þéóåì îå ÷ïóó�áîá÷ìé÷áå�óñ ïäîïúîáþîï 137ÇÄÅ ÓÕÍÍÉÒÏ×ÁÎÉÅ ×ÅÄÅÔÓÑ �Ï ÍÎÏÖÅÓÔ×Õ D(j), ÓÏÓÔÏÑÝÅÍÕ ÉÚ ×ÓÅ-×ÏÚÍÏÖÎÙÈ Õ�ÏÒÑÄÏÞÅÎÎÙÈ j-�ÏÄÍÎÏÖÅÓÔ× {i1; i2; : : : ; ij} ⊂ {1; : : : ; n}.÷ ÞÁÓÔÎÏÓÔÉ, Sp = n∑i=1 api :óÌÅÄÕÀÝÅÅ ÓÏÏÂÒÁÖÅÎÉÅ �ÏÚ×ÏÌÑÅÔ ÓÎÉÚÉÔØ ÇÒÏÍÏÚÄËÏÓÔØ ×ÙÞÉÓÌÅ-ÎÉÊ. úÁÍÅÔÉÍ, ÞÔÏ ÓÄ×ÉÇÉ {a1; : : : ; an} 7→ {a1+ t; : : : ; an+ t} É ÍÁÓÛÔÁ-ÂÉÒÏ×ÁÎÉÑ {a1; : : : ; an} 7→ {ta1; : : : ; tan} ÎÅ ×ÌÉÑÀÔ ÎÁ ÒÁÚÒÅÛÉÍÏÓÔØÉÓÈÏÄÎÏÊ ÚÁÄÁÞÉ. ðÏÜÔÏÍÕ ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ S1 = 0, S2 = 1.ëÁË ÉÚ×ÅÓÔÎÏ, ÎÁÂÏÒ ÓÔÅ�ÅÎÎÙÈ ÓÕÍÍ Sp, p = 1, 2, . . . , n, ÏÄÎÏÚÎÁÞÎÏÏ�ÒÅÄÅÌÑÅÔ ÎÁÂÏÒ A. ðÒÉ m > n ÓÔÅ�ÅÎÎÙÅ ÓÕÍÍÙ Sm ÍÏÇÕÔ ÂÙÔØ×ÙÒÁÖÅÎÙ ÞÅÒÅÚ S1, . . . , Sn �ÏÓÌÅÄÏ×ÁÔÅÌØÎÙÍ �ÒÉÍÅÎÅÎÉÅÍ ÆÏÒÍÕÌÙ,ËÏÔÏÒÕÀ ÍÏÖÎÏ ÎÁÊÔÉ × ÕÞÅÂÎÉËÅ íÁË-íÁÇÏÎÁ [6, ÓÔÒ. 6℄:1mSm = ∑1p1+2p2+:::=mpm=0 (−1)∑ pi Sp11 Sp22 : : :1p12p2 : : : p1!p2! : : : : (2)íÏÎÏÍÉÁÌØÎÙÅ ÓÔÅ�ÅÎÎÙÅ ÓÕÍÍÙ Sp1;p2;:::;pj ÔÁËÖÅ ×ÙÒÁÖÁÀÔÓÑ ÞÅÒÅÚS1, . . . , Sn �ÏÓÌÅÄÏ×ÁÔÅÌØÎÙÍ �ÒÉÍÅÎÅÎÉÅÍ ÆÏÒÍÕÌÙ, ËÏÔÏÒÁÑ ÓÒÁÚÕÓÌÅÄÕÅÔ ÉÚ ÉÈ Ï�ÒÅÄÅÌÅÎÉÑ (1):Sp1;p2;:::;pj= Sp1;p2;:::;pj−1Spj − Sp1+pj ;p2;:::;pj−1 − : : :− Sp1;p2;:::;pj−1+pj : (3)òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÓÉÍÍÅÔÒÉÞÅÓËÉÅ ÆÕÎË�ÉÉ ÎÁÂÏÒÁ A(k). ðÕÓÔØEp { p-Ñ ÓÔÅ�ÅÎÎÁÑ ÓÕÍÍÁ ÎÁÂÏÒÁ A(k), × Ï�ÒÅÄÅÌÅÎÉÉ ËÏÔÏÒÏÊ ÍÙ ÓÒÁÚÕÒÁÓËÒÏÅÍ ÓËÏÂËÉ (ÎÁ�ÏÍÎÉÍ, ÞÔÏ × ÎÁÛÅÍ ÓÌÕÞÁÅ k = 4):4!Ep = ∑D(4)(ai1 + ai2 + ai3 + ai4)p= ∑p1+p2+p3+p4=p p!p1!p2!p3!p4!Sp1;p2;p3;p4 : (4)ðÒÉÍÅÎÑÑ ÆÏÒÍÕÌÙ �ÏÎÉÖÅÎÉÑ (3) É (2), ÍÏÖÎÏ ×ÙÒÁÚÉÔØ ÆÕÎË�ÉÉ EpÞÅÒÅÚ S1, . . . , Sn, × ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÁÀÔÓÑ ÓÌÅÄÕÀÝÉÅ ÕÒÁ×ÎÅÎÉÑ (ÏÎÉ�ÒÉ×ÅÄÅÎÙ × ÓÔÁÔØÅ [3℄):



138 ö. ü. éóïíõòïäï÷, ë. ð. ëïèáóøE1 = 0; (5)E2 = 120S2; (6)E3 = 48S3; (7)E4 = −48S4 + 84S22 ; (8)E5 = −120S5 + 140S2S3; (9)E6 = 0S6 + 40S23 − 120S2S4 + 90S32 ; (10)E7 = 648S7 − 714S2S5 − 350S3S4 + 420S22S3; (11)E8 = 1632S8 − 896S2S6 − 1120S3S5 − 280S24 + 560S2S23 + 105S42 ; (12)E9 = −3480S9 + 4824S2S7 + 1176S3S6+ 1764S4S5 − 3024S22S5 − 2520S2S3S4 + 1260S32S3; (13)E10 = −59520S10 + 42840S2S8 + 29280S3S7 + 23520S4S6
− 15120S22S6 − 8400S23S4 + 3150S32S4
− 9450S2S24 + 6300S22S23 − 25200S2S3S5 + 12600S25; (14)E11 = −407352S11 + 222530S2S9 + 196350S3S8 + 155100S4S7

− 120120S2S3S6 + 150612S5S6 − 97020S2S4S5
− 55440S23S5 + 6930S32S5 − 55440S22S7
− 46200S3S24 + 34650S22S3S4 + 15400S2S33 ; (15)E12 = −2203488S12+ 964128S2S10 + 998800S3S9 + 827640S4S8

− 178200S22S8 − 459360S2S3S7 + 744480S5S7 + 373296S26
− 415800S2S4S6 − 258720S3S3S6 + 13860S32S6
− 182952S2S25 − 443520S3S4S5 + 83160S22S3S5
− 69300S34 + 51975S22S24 + 138600S2S23S4 + 15400S43: (16)ïÔÍÅÔÉÍ, ÞÔÏ ËÏÜÆÆÉ�ÉÅÎÔ �ÅÒÅÄ S6 × ÕÒÁ×ÎÅÎÉÉ (10) ÒÁ×ÅÎ ÎÕ-ÌÀ { ÉÍÅÎÎÏ ÂÌÁÇÏÄÁÒÑ ÜÔÏÍÕ ÏÂÓÔÏÑÔÅÌØÓÔ×Õ ÓÌÕÞÁÊ (12; 4) Ñ×ÌÑÅÔÓÑÓÌÏÖÎÙÍ. åÓÌÉ ÂÙ ËÏÜÆÆÉ�ÉÅÎÔ ÂÙÌ ÎÅÎÕÌÅ×ÙÍ, ÍÙ �ÏÓÌÅÄÏ×ÁÔÅÌØ-ÎÏ ÎÁÛÌÉ ÂÙ ÉÚ ÕÒÁ×ÎÅÎÉÊ (6){(16) ×ÅÌÉÞÉÎÙ S2; : : : ; S12 É ÏÄÎÏÚÎÁÞÎÏ×ÏÓÓÔÁÎÏ×ÉÌÉ ÉÓÈÏÄÎÙÊ ÎÁÂÏÒ A.



îáâïò éú 12 þéóåì îå ÷ïóó�áîá÷ìé÷áå�óñ ïäîïúîáþîï 139�ÁË ËÁË ÕÒÁ×ÎÅÎÉÅ (10) ÏËÁÚÁÌÏÓØ ÎÅÓÏÄÅÒÖÁÔÅÌØÎÙÍ, äÖ.é×ÅÌÌ ÄÏ-ÂÁ×ÌÑÅÔ Ë ÓÉÓÔÅÍÅ ÅÝÅ ÏÄÎÏ ÕÒÁ×ÎÅÎÉÅE14 = −48517440S14+ 14260792S2S12 + 18521776S3S11+ 17649632S4S10 − 1513512S22S10 − 5005000S2S3S9+ 15095080S5S9 + 14030016S6S8 − 5675670S2S4S8
− 3723720S23S8 + 45045S32S8 + 7008144S27 − 5045040S2S5S7
− 7687680S3S4S7 − 2270268S2S26 + 360360S22S3S7
− 6726720S3S5S6 − 3783780S24S6 + 630630S22S4S6+ 840840S2S23S6 − 3531528S4S25 + 378378S22S25+ 2522520S2S3S4S5 + 560560S33S5+ 525525S2S34 + 1051050S23S24 : (17)ðÏÄÓÔÁ×ÉÍ × ÎÅÇÏ ×ÙÒÁÖÅÎÉÅ ÄÌÑ S14 ÞÅÒÅÚ S2; : : : ; S12 �Ï ÆÏÒÍÕÌÅ (2)É ÄÁÌÅÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ÉÓËÌÀÞÉÍ ÉÚ ÓÉÓÔÅÍÙ (6){(17) �ÅÒÅÍÅÎÎÙÅS2; : : : ; S5, S7; : : : ; S12. âÌÁÇÏ�ÒÉÑÔÎÙÍ ÏÂÓÔÏÑÔÅÌØÓÔ×ÏÍ ÚÄÅÓØ Ñ×ÌÑ-ÅÔÓÑ ÔÏ, ÞÔÏ �ÅÒÅÍÅÎÎÙÅ S2; : : : ; S5 ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ×ÙÒÁÖÁÀÔÓÑ ÉÚÕÒÁ×ÎÅÎÉÊ (6){(9) ÞÅÒÅÚ ×ÅÌÉÞÉÎÙ Ei, Á �ÅÒÅÍÅÎÎÙÅ S7; : : : ; S12 ×ÙÒÁ-ÖÁÀÔÓÑ ËÁË �ÏÌÉÎÏÍÙ ÏÔ S6 Ó ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ, ÚÁ×ÉÓÑÝÉÍÉ ÏÔ Ei.÷ ÉÔÏÇÅ �ÏÌÕÞÁÅÔÓÑ ÕÒÁ×ÎÅÎÉÅE14 = (734585465 E2)S26 +(225561787015315943600 E3E5 − 88912 E8 − 1521113392E24+ 4783550233119441640960E22E4 − 9881683541849418343497545600E2E23

−
72629302403477766563840000E42)S6 + : : : : (18)úÄÅÓØ ×ÙÒÁÖÅÎÉÅ, ÏÂÏÚÎÁÞÅÎÎÏÅ ÍÎÏÇÏÔÏÞÉÅÍ, ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ �Á-ÒÁÍÅÔÒÏ× Ei, Á �ÏÄÞÅÒËÎÕÔÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ÎÅ ÓÏ×�ÁÄÁÀÔ × ÎÁÛÅÍ×ÙÞÉÓÌÅÎÉÉ Ó ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ ÉÚ [3℄. �ÏÞÎÙÅ ÚÎÁÞÅÎÉÑ ËÏÜÆÆÉ�ÉÅÎ-ÔÏ× ÎÅ ÓÔÏÌØ ÓÕÝÅÓÔ×ÅÎÎÙ, ÎÏ × ÒÁÓÓÕÖÄÅÎÉÑÈ Ï ÞÉÓÌÅ ËÏÒÎÅÊ ÜÔÏÇÏÕÒÁ×ÎÅÎÉÑ (ÏÔÎÏÓÉÔÅÌØÎÏ S6) é×ÅÌÌ �ÏÌØÚÕÅÔÓÑ ÔÅÍ, ÞÔÏ ËÏÜÆÆÉ�É-ÅÎÔ, �ÏÄÞÅÒËÎÕÔÙÊ Ä×Á ÒÁÚÁ, ÏÔÎÏÓÉÔÅÌØÎÏ ×ÅÌÉË, ÉÚ-ÚÁ ÞÅÇÏ ÕÒÁ×ÎÅÎÉÅ



140 ö. ü. éóïíõòïäï÷, ë. ð. ëïèáóøÍÏÖÅÔ ÉÍÅÔØ ÌÉÛØ ÏÄÉÎ �ÏÌÏÖÉÔÅÌØÎÙÊ ËÏÒÅÎØ, ÞÔÏ É ÄÁÅÔ ÏÄÎÏÚÎÁÞ-ÎÏÓÔØ ×ÏÓÓÔÁÎÏ×ÌÅÎÉÑ ÎÁÂÏÒÁ A. ÷ ÎÁÛÉÈ ×ÙÞÉÓÌÅÎÉÑÈ ÜÔÏÔ ËÏÜÆÆÉ�É-ÅÎÔ �ÒÉÍÅÒÎÏ × 3000 ÒÁÚ ÍÅÎØÛÅ, ÞÅÍ Õ é×ÅÌÌÁ, É ÎÁ �ÒÏÓÔÏÍ �ÒÉÍÅÒÅ×ÉÄÎÏ, ÞÔÏ ÕÒÁ×ÎÅÎÉÅ ÍÏÖÅÔ ÉÍÅÔØ Ä×Á �ÏÌÏÖÉÔÅÌØÎÙÈ ËÏÒÎÑ.ðÒÉÍÅÒ. ðÕÓÔØ A = {−1; 010; 1}, ÔÏÇÄÁ A(4) = {−1120; 0255; 1120}. ðÒÉÎÅÞÅÔÎÏÍ i 
ÔÅ�ÅÎÎÙÅ ÓÕÍÍÙ Ei ÒÁ×ÎÙ 0, �ÒÉ ÞÅÔÎÏÍ i ÉÍÅÅÍ Ei = 240.ðÏÄÓÔÁ×É× ÜÔÉ ÞÉÓÌÁ × ÕÒÁ×ÎÅÎÉÅ (18), �ÏÌÕÞÁÅÍ Ä×Á �ÏÌÏÖÉÔÅÌØÎÙÈËÏÒÎÑ S6 = 2 É S6 = 377762=44361, ÞÔÏ �ÒÏÔÉ×ÏÒÅÞÉÔ ÕÔ×ÅÒÖÄÅÎÉÀ [3,Theorem 2℄.3. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1. òÁÓÓÍÏÔÒÉÍ ÎÁÂÏÒÙA′ = {0; 0; 1;−1; 2;−2; 4;−4; 7;−7; 7;−7}É A′′ = {1;−1; 2;−2; 3;−3; 4;−4; 5;−5; 8;−8}:îÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ �ÒÏ×ÅÒÑÅÔÓÑ, ÞÔÏ ÎÁÂÏÒÙ (A′)(4) É (A′′)(4) ÓÏ×�ÁÄÁÀÔ.4. îÅËÏÔÏÒÙÅ �ÏÄÒÏÂÎÏÓÔÉ. ÷ ÜÔÏÍ ÒÁÚÄÅÌÅ ÍÙ ÏÂßÑÓÎÑÅÍ, ËÁËÉÍÏÂÒÁÚÏÍ ÂÙÌÉ ÎÁÊÄÅÎÙ ÕËÁÚÁÎÎÙÅ ×ÙÛÅ ÎÁÂÏÒÙ ÞÉÓÅÌ. ÷ ×ÙÞÉÓÌÅÎÉÑÈÉÓ�ÏÌØÚÏ×ÁÌÁÓØ ÓÉÓÔÅÍÁ ËÏÍ�ØÀÔÅÒÎÏÊ ÁÌÇÅÂÒÙ Maple.íÙ ÈÏÔÉÍ ÎÁÊÔÉ Ä×Á ÎÁÂÏÒÁ A′ = {a′1; : : : ; a′12} É A′′ = {a′′1 ; : : : ; a′′12},Õ ËÏÔÏÒÙÈ ÎÁÂÏÒÙ 4-ÓÕÍÍ ÓÏ×�ÁÄÁÀÔ. ëÁË ÏÔÍÅÞÁÌÏÓØ, ÍÏÖÎÏ ÓÞÉÔÁÔØ,ÞÔÏ S′1 = 0, S′2 = 1. ðÕÓÔØ S′p, S′′p { p-Å ÓÔÅ�ÅÎÎÙÅ ÓÕÍÍÙ ÜÔÉÈ ÎÁÂÏÒÏ×,Ep { ÓÔÅ�ÅÎÎÙÅ ÓÕÍÍÙ ÉÈ ÏÂÝÅÇÏ ÎÁÂÏÒÁ 4-ÓÕÍÍ (A′)(4). ðÏÌØÚÕÑÓØÕÒÁ×ÎÅÎÉÑÍÉ (6), (7), . . . , ×ÙÒÁÚÉÍ E2; E3; : : : ÞÅÒÅÚ S′1; : : : ; S′12.�Å�ÅÒØ ÚÁÎÏ×Ï ÒÁÓÓÍÏÔÒÉÍ ÓÉÓÔÅÍÕ ÕÒÁ×ÎÅÎÉÊ (6), (7), . . . , ÓÞÉÔÁÑ,ÞÔÏ �ÒÁ×ÙÅ ÞÁÓÔÉ ÕÒÁ×ÎÅÎÉÊ ÜÔÏÊ ÓÉÓÔÅÍÙ ÚÁÄÁÎÙ Ó �ÏÍÏÝØÀ ×ÙÞÉ-ÓÌÅÎÉÑ ÉÚ �ÒÅÄÙÄÕÝÅÇÏ ÁÂÚÁ�Á. òÁÂÏÔÁÑ Ó ÜÔÏÊ ÓÉÓÔÅÍÏÊ, k-Í ÕÒÁ×ÎÅ-ÎÉÅÍ ÂÕÄÅÍ ÓÞÉÔÁÔØ ÔÏ, Õ ËÏÔÏÒÏÇÏ × �ÒÁ×ÏÊ ÞÁÓÔÉ ÎÁÈÏÄÉÔÓÑ Ek, ÁÔÁËÖÅ ÓÌÅÄÓÔ×ÉÑ ÉÚ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ, �ÏÌÕÞÅÎÎÙÅ �ÏÄÓÔÁÎÏ×ËÏÊ × ÎÅ-ÇÏ ËÁËÉÈ-ÌÉÂÏ ×ÅÌÉÞÉÎ. �ÁËÉÍ ÏÂÒÁÚÏÍ, (6) { ÜÔÏ 2-Å ÕÒÁ×ÎÅÎÉÅ, (16) {12-Å, É Ô.Ä. äÌÑ ÄÁÌØÎÅÊÛÅÇÏ ÎÁÍ �ÏÎÁÄÏÂÑÔÓÑ ÕÒÁ×ÎÅÎÉÑ Ó 1-ÇÏ �Ï 26-Å.éÔÁË, ÍÙ ÉÍÅÅÍ 26 ÕÒÁ×ÎÅÎÉÊ ÏÔÎÏÓÉÔÅÌØÎÏ �ÅÒÅÍÅÎÎÙÈ Si, �ÒÉ-ÞÅÍ ÍÙ �ÏÄÓÔÁ×ÉÌÉ × ÜÔÉ ÕÒÁ×ÎÅÎÉÑ ×ÍÅÓÔÏ Ei ÉÈ ×ÙÒÁÖÅÎÉÑ ÞÅÒÅÚÞÉÓÌÁ S′1, . . . , S′12. �Å�ÅÒØ ÄÌÑ ÕÒÁ×ÎÅÎÉÊ Ó 13-ÇÏ �Ï 26-Å ×Ù�ÏÌÎÉÍÔÁËÉÅ ÖÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ, ËÁË Õ é×ÅÌÌÁ, Á ÉÍÅÎÎÏ: �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ×ÙÒÁÚÉÍ S13, S14, . . . , S26 ÞÅÒÅÚ S2, . . . , S12 �Ï ÆÏÒÍÕÌÅ (2) É ÄÁ-ÌÅÅ, �ÏÌØÚÕÑÓØ ÕÒÁ×ÎÅÎÉÑÍÉ (6){(16), ÉÓËÌÀÞÉÍ �ÅÒÅÍÅÎÎÙÅ S2; : : : ; S5,



îáâïò éú 12 þéóåì îå ÷ïóó�áîá÷ìé÷áå�óñ ïäîïúîáþîï 141S7; : : : ; S12. �ÁË, ÎÁ�ÒÉÍÅÒ, 14-Å ÕÒÁ×ÎÅÎÉÅ ÓÔÁÎÅÔ Ë×ÁÄÒÁÔÎÙÍ ÕÒÁ×-ÎÅÎÉÅÍ ÏÔÎÏÓÉÔÅÌØÎÏ S6, ÏÎÏ ÏÔÌÉÞÁÅÔÓÑ ÏÔ (18) ÌÉÛØ ÔÅÍ, ÞÔÏ ×ÓÅEi ×ÙÒÁÖÅÎÙ ÞÅÒÅÚ S′j . ëÏÒÎÑÍÉ 14-ÇÏ ÕÒÁ×ÎÅÎÉÑ ÏÔÎÏÓÉÔÅÌØÎÏ ÅÄÉÎ-ÓÔ×ÅÎÎÏÇÏ ÎÅÉÚ×ÅÓÔÎÏÇÏ S6 ÄÏÌÖÎÙ ÂÙÔØ ÞÉÓÌÁ S′6 É S′′6 . é ÄÅÊÓÔ×É-ÔÅÌØÎÏ, �ÏÄÓÔÁÎÏ×ËÁ S = S′6 ÔÏÖÄÅÓÔ×ÅÎÎÏ ÏÂÎÕÌÑÅÔ 14-Å ÕÒÁ×ÎÅÎÉÅ,É × ÓÉÌÕ ÜÔÏÇÏ ×ÔÏÒÏÊ ×ÏÚÍÏÖÎÙÊ ËÏÒÅÎØ S6 = S′′6 ÏÔÎÏÓÉÔÅÌØÎÏ ÎÅ-ÓÌÏÖÎÏ ×ÙÒÁÖÁÅÔÓÑ ÞÅÒÅÚ S′1, . . . , S′12 (ÚÄÅÓØ ÕÖÅ ÓÄÅÌÁÎÁ �ÏÄÓÔÁÎÏ×ËÁS1 = 0, ÎÏ ÅÝÅ ÎÅ �ÏÄÓÔÁ×ÌÅÎÏ S2 = 1):S′′6 = −
556877605796368672S′23 + 56211561108746487926782 S′32 + 76209307766364056 S′2S′4

−
199057747223 S′6 − 4217456129563116219816955 ·

S′3S′5S′2 −
146232471301256 ·

S′42S′2 + 235978731482 S′8S′2 :îÁÊÄÅÎÎÙÊ ËÏÒÅÎØ ÄÏÌÖÅÎ ÕÄÏ×ÌÅÔ×ÏÒÑÔØ É ÏÓÔÁÌØÎÙÍ 13 ÕÒÁ×ÎÅ-ÎÉÑÍ { Ó 15-ÇÏ �Ï 26-Å É 13-ÍÕ. íÙ �ÏÄÓÔÁ×ÉÌÉ ÅÇÏ × ÜÔÉ ÕÒÁ×ÎÅÎÉÑ(ÓÏËÒÁÔÉ× ÉÈ �ÒÅÄ×ÁÒÉÔÅÌØÎÏ ÎÁ S6 − S′6), �ÏÌÕÞÉÌÏÓØ 13 �ÏÌÉÎÏÍÉ-ÁÌØÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ ÎÁ ×ÅÌÉÞÉÎÙ S′3, . . . , S′12. ïÎÉ ×ÅÓØÍÁ ÇÒÏÍÏÚÄËÉ:�ÅÒ×ÏÅ �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ÓÕÍÍÕ 10 ÏÄÎÏÞÌÅÎÏ×, �ÏÓÌÅÄÎÅÅ { ÓÕÍÍÕ130 ÏÄÎÏÞÌÅÎÏ×.ïÔÍÅÔÉÍ ÅÝÅ ÏÄÎÏ ÓÏÏÂÒÁÖÅÎÉÅ, ÓÌÅÇËÁ ÓÎÉÖÁÀÝÅÅ ÏÂßÅÍ ×ÙÞÉ-ÓÌÅÎÉÊ. ëÁË ÎÅÔÒÕÄÎÏ �ÒÏ×ÅÒÉÔØ, 13-Å ÕÒÁ×ÎÅÎÉÅ ÌÉÎÅÊÎÏ ÏÔÎÏÓÉÔÅÌØ-ÎÏ S6. ïÎÏ ÍÏÖÅÔ ÉÍÅÔØ Ä×Á ÒÁÚÌÉÞÎÙÈ ËÏÒÎÑ ÔÏÌØËÏ × ÔÏÍ ÓÌÕÞÁÅ,ËÏÇÄÁ ËÏÜÆÆÉ�ÉÅÎÔ �ÒÉ S6 ÒÁ×ÅÎ ÎÕÌÀ. üÔÏ ÕÓÌÏ×ÉÅ �ÏÚ×ÏÌÑÅÔ ×Ù-ÒÁÚÉÔØ S′7 ÞÅÒÅÚ S′3, S′4, S′5 É ÔÅÍ ÓÁÍÙÍ ÕÍÅÎØÛÉÔØ ÎÁ 1 ËÏÌÉÞÅÓÔ×Ï�ÅÒÅÍÅÎÎÙÈ:S′7 = −
14946612494874501080325368S′3S′22 + 217002961417230286S′2S′5 + 36781992599908S′3S′4:÷ ÒÅÚÕÌØÔÁÔÅ ÜÔÏÊ �ÏÄÓÔÁÎÏ×ËÉ ÏÓÔÁÅÔÓÑ ÓÉÓÔÅÍÁ ÉÚ 12 ÕÒÁ×ÎÅÎÉÊ,�ÏÌÕÞÅÎÎÙÈ ÉÚ ÕÒÁ×ÎÅÎÉÊ Ó 15-ÇÏ �Ï 26-Å. âÁÚÉÓ çÒ£ÂÎÅÒÁ ÜÔÏÊ ÓÉÓÔÅ-ÍÙ ÕÒÁ×ÎÅÎÉÊ ÏÔÎÏÓÉÔÅÌØÎÏ ÎÅ×ÅÌÉË. ëÁË �ÏËÁÚÙ×ÁÅÔ Maple, ÓÉÓÔÅÍÁÉÍÅÅÔ ×ÓÅÇÏ Ä×Á ÒÅÛÅÎÉÑ { ÔÏ, ÉÚ ËÏÔÏÒÏÇÏ �ÏÌÕÞÅÎÙ ÎÁÂÏÒÙ, �ÒÅÄß-Ñ×ÌÅÎÎÙÅ ×ÙÛÅ, É ÅÝÅ ÏÄÎÏ \ÓÁÍÏÄ×ÏÊÓÔ×ÅÎÎÏÅ" ÒÅÛÅÎÉÅ, ÄÌÑ ËÏÔÏÒÏÇÏS′′6 = S′6. ìÉÔÅÒÁÔÕÒÁ1. ä. ÷. æÏÍÉÎ, ï. �. éÖÂÏÌÄÉÎ, îÁÂÏÒÙ ËÒÁÔÎÙÈ ÓÕÍÍ. | �ÒÕÄÙ ó.-ðÅÔÅÒÂÕÒÇÓËÏÇÏ ÍÁÔ. ÏÂÝÅÓÔ×Á 3 (1994), 244{259.
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