
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 448, 2016 Ç.N. Bogoliubov, C. MalyshevMULTI-DIMENSIONAL RANDOM WALKS ANDINTEGRABLE PHASE MODELSAbstrat. We onsider random multi-dimensional lattie walksbounded by a hyperplane, alling them walks over multi-dimensi-onal simpliial latties. We demonstrate that generating funtionsof these walks are dynamial orrelation funtions of a ertain typeof exatly solvable quantum phase models desribing strongly or-related bosons on a hain. Walks over oriented latties are relatedto the phase model with a non-Hermitian Hamiltonian, while walksover disoriented ones are related to the model with a HermitianHamiltonian. The alulation of the generating funtions is based onthe algebrai Bethe Ansatz approah to the solution of integrablemodels. The answers are expressed through symmetri funtions.Continuous-time quantum walks bounded by a one-dimensional lat-tie of �nite length are also studied.
§1. IntrodutionThe theory of random walks, being a lassial part of enumerative om-binatoris [1℄, appears in di�erent �elds of mathematis [2{4℄, physis [5,6℄,and information theory [7{9℄. Certain quantum integrable models solvableby the quantum inverse sattering method [10,11℄ demonstrate a lose re-lationship [12{16℄ with di�erent objets of ombinatoris [17℄ and the the-ory of symmetri funtions [18℄. In the present paper, we onsider randommulti-dimensional lattie walks bounded by a hyperplane. We all themwalks over multi-dimensional simpliial latties. Our approah is based onthe analysis of dynamial orrelation funtions of integrable phase mod-els. The obtained orrelation funtions have the meaning of the generatingfuntions of random walks.Quantum walks [19{21℄ are of onsiderable reent interest due to theirrole in quantum omputations and quantum information proessing [22{24℄. Walks on multi-dimensional latties were studied by numerous authors[25{29℄.Key words and phrases: multi-dimensional random walk, quantum walk, phasemodel, orrelation funtion, symmetri funtions.48



MULTI-DIMENSIONAL RANDOM WALKS 49The dynamial variables of exatly solvable phase models are the so-alled phase operators introdued in quantum optis in onnetion with thequantum phase problem [30℄. We apply a model de�ned by a non-HermitianHamiltonian [31℄ to the desription of walks on an orientedM -dimensionalsimpliial lattie (see [32℄ for the theory of equipped graded graphs andprojetive limits of simplies). A model with a Hermitian Hamiltonian[33,34℄ is used in the desription of walks on an disoriented lattie. Variousboundary onditions will be studied. It should be mentioned that the modelwith the non-Hermitian Hamiltonian �nds an appliation in the theory oflow-dimensional non-equilibrium statistial mehanis, and the model withthe Hermitian Hamiltonian desribes strongly orrelated bosons on a hain.The behavior of ontinuous-time quantum walks under the inuene ofan external environment is of interest. The analysis of one-dimensionalontinuous-time quantum walks at di�erent values of the bias potentialwill be given.The paper is organized as follows. Setion 1 is introdutory. In Se. 2,random walks over an M -dimensional simpliial lattie with general andretaining boundary onditions are introdued. The integrable phase mod-els are introdued in Se. 3. The solution of the generalized phase modelis given in Se. 4. In Se. 5, the alulation of generating funtions is pre-sented. The phase model is studied in Se. 6, and ontinuous-time quantumwalks are studied in Se. 7.
§2. Multi-dimensional lattie walks boundedby a hyperplaneStarting from the (M + 1)-dimensional hyperubial lattie with unitspaing ZM+1 ∋ m ≡ (m0;m1; : : : ;mM ), let us de�ne the nonnegativeorthant N
M+10 ≡ {m | 0 6 mi; i ∈ M} as a subspae of Z

M+1 (hereafter,
M ≡ {0; 1; : : : ;M}). Consider the subset of N

M+10 onsisting of the siteswith oordinates onstrained by the requirementm0+m1+ : : :+mM = N :Simp(N)(ZM+1) ≡ {m ∈ N
M+10 ∣∣∣

∑i∈M

mi = N} : (1)Then Simp(N)(ZM+1) is a ompat M -dimensional set, and we will allit a simpliial lattie. A two-dimensional triangular simpliial lattie ispresented in Fig. 1.A sequene of K + 1 points in ZM+1 is alled a random walk with Ksteps, see [4℄. Random walks over sites of Simp(N)(ZM+1) are determined
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Fig. 1. A two-dimensional triangular simpliial lattie.by a set of admissible steps (step set) 
M suh that at eah step the ithoordinate mi inreases by 1 while the nearest neighboring one dereasesby 1. Namely, eah element of 
M is a sequene (e0; e2; : : : ; eM ) suh thatei = ±1, ei+1 = ∓1 for all pairs (i; i+ 1) with 0 6 i 6 M and M + 1 = 0(mod 2), and ej = 0 for all j ∈ M and j 6= i; i + 1. The step set 
M ≡
M (m0) ensures that the trajetory of the random walk determined bythe starting point m0 lies in the M -dimensional set Simp(N)(ZM+1). Anexample of step proesses in the one-dimensional lattie is given in Fig. 2.Direted random walks on the M -dimensional oriented simpliial lattieare determined by a step set �M = (k0; k1; : : : ; kM ) suh that ki = −1,ki+1 = 1 for all pairs (i; i + 1) with i ∈ M and M + 1 = 0 (mod2), andkj = 0 for j ∈ M\{i; i+1}. An oriented two-dimensional simpliial lattieis presented in Fig. 3.It might our that some points on the boundary of the simpliial lat-tie also belong to a random walk trajetory. Therefore, the walker's move-ments should be supplied with appropriate boundary onditions. The gen-eral boundary onditions are de�ned by the requirement that admissiblesteps along the boundary of Simp(N)(ZM+1) are taken from the step sets
M or �M .
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Fig. 2. Step proesses for the one-dimensional nearest-neighbor random walk on a segment [0, N℄.

Fig. 3. The oriented two-dimensional simpliial lattie de-termined by the step set �2 with (a) general and (b) re-taining (g0 = 1, g1 = g2 = 0) boundary onditions. Stepsare allowed only in the diretion of arrows.Under the retaining boundary onditions, the walker omes to a node ofthe boundary and either ontinues to move in aordane with the elementsof 
M (or �M ) or keeps staying in the node. The boundary of the simpliiallattie onsists of M + 1 faes of highest dimension M − 1. To eah nodeof the sth omponent of the boundary, s ∈ M, a weight gs is assigned



52 N. BOGOLIUBOV, C. MALYSHEVwhih is 0 or 1. When all gs are zero, the model orresponds to the generalboundary onditions.As an example, walks determined by the step set 
1 = {(1;−1); (−1; 1)}go over sites of the one-dimensional set Simp(N)(Z2). The step set
2 = {(−1; 1; 0); (1;−1; 0); (0;−1; 1); (0; 1;−1); (1; 0;−1); (−1; 0; 1)}for random walks, or 
2 = {(−1; 1; 0); (0;−1; 1); (1; 0;−1)} for diretedwalks, ensures that the trajetories belong to Simp(N)(Z3).Consider the ase of the retaining boundary onditions. The exponentialgenerating funtion of lattie walks is de�ned as the formal seriesF (N)(l; j|t) = ∞∑k=0 tkk!G(N)k (l; j) ; (2)where the oeÆients G(N)k (l; j) haraterize the k-step walks with theend nodes l; j ∈ Simp(N)(ZM+1). The generating funtion (2) satis�es themaster equation�tF (N)(l; j|t) = M∑s=0 F (N)(l; j0; j1; : : : ; js − 1; js+1 + 1; : : : jM )+ M∑s=0 F (N)(l; j0; j1; : : : ; js + 1; js+1 − 1; : : : jM )+ M∑s=0 gsF (N)(l; j0; j1; : : : ; js−1; 0; js+1; : : : jM ) Æ(N; ∑06k6M′jk) ; (3)
where Æ(n;m) is the Kroneker symbol and ∑′ implies that the term withk = s is omitted. The equation for direted walks is obtained by removingthe seond sum in the right-hand side of (3). Substituting (2) into (3), weobtain a system of equations for G(N)k (l; j):G(N)k (l; j) = M∑s=0G(N)k−1(l; j0; j1; : : : ; js − 1; js+1 + 1; : : : jM )+ M∑s=0G(N)k−1(l; j0; j1; : : : ; js + 1; js+1 − 1; : : : jM )+ M∑s=0 gsG(N)k−1(l; j0; j1; : : : ; js−1; 0; js+1; : : : jM ) Æ(N; ∑06k6M′jk) ; (4)



MULTI-DIMENSIONAL RANDOM WALKS 53where k > 1, while it is natural to set G(N)0 (l; j) = M∏l=0 Ælljl .
§3. The integrable phase modelsTo give the problem a quantum avor, we will interpret the oordinatesnj of a partile n = (n0; n1; : : : ; nM ) ∈ ZM+1 as the oupation numbersof the (M + 1)-omponent Fok spae and desribe the dynamis of apartile with the help of the Fok state vetors |n〉 ≡ |n0; n1; : : : ; nM 〉. Letus introdue a desription in terms of N bosoni partiles on a yli hainonsisting of M+1 nodes. The number of partiles at any site is arbitrary,and eah on�guration of partiles is haraterized by the olletion ofoupation numbers {n0; n1; : : : ; nM ∣∣ ∑l∈M

nl = N}. Eah partile hops toone of the nearest sites.To desribe the hops of the partiles, let us introdue the so-alled phaseoperators �n; �†n (see [33℄) whih satisfy the ommutation relations[N̂i; �j ℄ = −�iÆij ; [N̂i; �†j ℄ = �†i Æij ; [�i; �†j ℄ = �iÆij ; (5)where N̂j is the number operator and �i = 1− �†i�i is the vauum proje-tion: �j�j = �j�†j = 0.Consider the Fok state vetors |nl〉l = (�†l )nl |0〉l, where |0〉l is thevauum state |0〉 at the lth site de�ned by the relation �l|0〉 = 0, l ∈ M.A representation of the phase algebra (5) is given by the relations�†l |nl〉l = |nl + 1〉l ; �l |nl〉l = |nl − 1〉l ; N̂l |nl〉l = nl |nl〉l : (6)We introdue the (M + 1)-dimensional vauum vetor
|0〉 ≡ M⊗l=0 |0〉l (7)and de�ne, taking into aount (6), an appropriate state vetor |n〉:
|n〉 ≡ M⊗l=0 |nl〉l ; (8)



54 N. BOGOLIUBOV, C. MALYSHEVwhere n ∈ Simp(N)(ZM+1). The Fok state vetors |n〉 are generated fromthe vauum state |0〉 by the ation of the raising operators �†j :
|n〉 = ( M∏j=0(�†j)nj)|0〉 : (9)This algebra has a representation in the Fok spae:�j | n0; : : : ; 0j ; : : : ; nM 〉 = 0;�†j | n0; : : : ; nj ; : : : ; nM 〉 =| n0; : : : ; nj + 1; : : : ; nM 〉;�j | n0; : : : ; nj ; : : : ; nM 〉 = |n0; : : : ; nj − 1; : : : ; nM 〉; (10)N̂j | n0; : : : ; nj ; : : : ; nM 〉 = nj |n0; : : : ; nj ; : : : ; nM 〉;�j | n0; : : : ; 0j ; : : : ; nM 〉 =| n0; : : : ; 0j ; : : : ; nM 〉:The states |n0; : : : ; nM 〉 are orthogonal, 〈p0; : : : ; pM |n0; : : : ; nM 〉 = M∏l=0 Æplnl .The generator of undireted walks over sites of Simp(N)(ZM+1) is de-termined by the Hermitian phase model [33℄ with the HamiltonianHph = M∑m=0(�m�†m+1 + �†m�m+1) : (11)As the generator of direted walks with the retaining boundary onditions,we an onsider the non-Hermitian Hamiltonian of the generalized phasemodel [31, 35℄: Hgph = M∑m=0(�m�†m+1 + gm�m) ; (12)where M + 1 = 0 (mod 2) and the periodi boundary onditions are im-posed. The Hamiltonians (11) and (12) ommute with the number opera-tor: [Hph; N̂ ℄ = [Hgph; N̂ ℄ = 0 ; N̂ = M∑j=0 N̂j : (13)This ensures that the walks themselves belong to the sympliial lattiesSimp(N)(ZM+1).The exponential generating funtion (2) of random walks an be ex-pressed as the dynamial orrelation funtion:F (N)(l; j|t) = 〈l | etH | j〉 ; (14)



MULTI-DIMENSIONAL RANDOM WALKS 55where H is the Hamiltonian (11) or (12) and the oordinates of a parti-le moving over the sites of Simp(N)(ZM+1) oinide with the oupationnumbers of the Fok states. Di�erentiating (14) by t and taking into a-ount (10), we obtain Eq. (3) for undireted or direted walks, respetively.Expanding the orrelator in powers of t, we obtain an expression for theoeÆients G(N)k (l; j) haraterizing the k-step lattie walks between thenodes j and l: G(N)k (l; j) = 〈l | Hk | j〉 : (15)To �nd analyti answers for F (N) and G(N)k , we will apply the quantuminverse sattering method [10,11℄.
§4. Solution of the generalized phase modelTo apply the sheme of the quantum inverse sattering method to thesolution of the Hamiltonian (12), we introdue the L-operator [31℄, whihis a 2 × 2 matrix with operator-valued entries ating on the Fok statesaording to (10): L(n|u) ≡ (u−1 + ugn�n �†n�n u ) ; (16)where u ∈ C is a parameter and gn ∈ R. This L-operator satis�es theintertwining relationR(u; v) (L(n|u)⊗ L(n|v)) = (L(n|v)⊗ L(n|u))R(u; v) ; (17)in whih R(u; v) is the R-matrixR(u; v) = 



f(v; u) 0 0 00 g(v; u) 1 00 0 g(v; u) 00 0 0 f(v; u) ; (18)where f(v; u) = u2u2 − v2 ; g(v; u) = uvu2 − v2 ; u; v ∈ C : (19)The monodromy matrix is the matrix produt of L-operators:T (u) = L(M |u)L(M − 1|u) · · ·L(0|u) = (A(u) B(u)C(u) D(u)) : (20)



56 N. BOGOLIUBOV, C. MALYSHEVThe ommutation relations for the matrix elements of the monodromymatrix are given by the same R-matrix (18):R(u; v) (T (u)⊗ T (v)) = (T (v)⊗ T (u))R(u; v) : (21)The transfer matrix �(u) is the trae of the monodromy matrix in theauxiliary spae: �(u) = trT (u) = A(u) +D(u) : (22)Relation (21) means that [�(u); �(v)℄ = 0 for arbitrary u; v ∈ C.Using the de�nition of the L-operator (16) in order to alulate themonodromy matrix T (u), one obtains the orresponding entries in theform of relations polynomial in powers of u2:uM+1A(u) = 1 + u2(M−1∑m=0 �m�†m+1 + M∑m=0 gm�m) + : : :+u2(M+1) M∏m=0 gm�m ;uM+1D(u) = u2�†0�M + : : :+ u2(M+1) ; (23)and uMB(u) = �†0 + : : :+ u2MPR ≡ B̃(u) ; (24)uMC(u) = �M + : : :+ u2MPL ≡ C̃(u) ; (25)where
PR = �†M +M−1∑k=0 �†kgk+1�k+1 : : : gM�M ;
PL = �0 + M∑k=1 g0�0 : : : gk−1�k−1�k :The representation (23) allows one to express the Hamiltonian (12) throughthe transfer matrix (22):Hgph = ��u2 uM+1�(u)∣∣∣u=0= ��u2uM+1(A(u) +D(u))∣∣∣u=0: (26)By onstrution, this Hamiltonian ommutes with the transfer matrix:[Hgph; �(u)℄ = 0:



MULTI-DIMENSIONAL RANDOM WALKS 57Sine the Hamiltonian (12) is non-Hermitian, we must distinguish be-tween its right and left eigenvetors. The N -partile right state vetors aretaken in the form
|	N(u)〉 = ( N∏j=1 B̃(uj))|0〉; (27)where B̃(u) is de�ned in (24) and u is a olletion of arbitrary omplexparameters uj ∈ C: u = (u0; u1; : : : ; uN ). The left state vetors are
〈	N(u)| = 〈0|( N∏j=1 C̃(uj)) ; (28)where C̃(u) is given by (25). The vauum state | 0〉 (see (7)) is an eigen-vetor of A(u) and D(u),A(u)|0〉 = �(u)|0〉; D(u)|0〉 = Æ(u)|0〉; (29)with the eigenvalues�(u) = M∏j=0(u−1 + gju); Æ(u) = uM+1: (30)The state vetors (27) and (28) are eigenvetors both of the Hamilton-ian (12) and of the transfer matrix �(u) if and only if the variables ujsatisfy the Bethe equations:�(un)Æ(un) = N∏m6=n f(um; un)f(un; um) ; (31)or, in an expliit form,u−2Nn M∏j=0 (gj + u−2n ) = (−1)N−1U2 ; U2 ≡ N∏j=1 u2j : (32)The eigenvalues �N (v;u) of the transfer matrix (22) in general form areequal to �N (v;u) = �(v) N∏j=1 f(v; uj) + Æ(v) N∏j=1 f(uj ; v) : (33)



58 N. BOGOLIUBOV, C. MALYSHEVFor the model under onsideration,vM+1�gphN (v;u) = M∏j=0(1 + gjv2) N∏m=1 u2mu2m − v2 + v2(M+1) N∏m=1 v2v2 − u2m (34)= ( M∏j=0(1 + gjv2) + (−1)Nv2(M+N+1)U−2)H(v2;u−2) : (35)In (35), we have introdued the generating funtion of omplete symmetrifuntions hl(u−2) ≡ hl(u−21 ; u−22 ; : : : ; u−2N ), see [18℄:H(v2;u−2) ≡ N∏m=1 11− v2=u2m = ∑l>0 hl(u−2)v2l : (36)Equation (26) allows one to obtain the spetrum of the Hamiltonian (12).The N -partile eigenenergies are equal toEgphN (u) = ��v2 vM+1�gphN (v;u)∣∣∣v=0 (37)= M∑m=0 gm + N∑k=1u−2k = h1(u−2) + M∑m=0 gm : (38)
§5. Calulation of generating funtionsFor the models assoiated with the R-matrix (18), the salar produtof the state vetors (27) and (28) is given by the formula (see [36℄)
〈	N(v)|	N (u)〉 = detQ

VN (v2)VN (u−2) N∏j=1( vjuj )M+N−1 ; (39)where VN (x) is the Vandermonde determinant,
VN (x) ≡ VN (x1; x2; : : : ; xN ) = ∏16i<k6N(xk − xi) ; (40)and the matrix Q is haraterized by the entries Qjk, 1 6 j; k 6 N :Qjk = �(vj)Æ(uk)(ukvj )N−1

− �(uk)Æ(vj)( vjuk )N−1ukvj −
vjuk ; (41)with �(u) and Æ(u) given by (30).



MULTI-DIMENSIONAL RANDOM WALKS 59The norm of the state vetor, N 2(u) ≡ 〈	N (u)|	N (u)〉, is de�ned bythe salar produt (39) when the arguments v and u satisfy the Betheequations (32). In the present ase of the generalized phase model, wesubstitute vk = uk for all k, with uk respeting the Bethe equations (32),into the entries of the matrix Q. The resulting matrix is denoted by Q̃,and its entries at j 6= k are equal toQ̃jk = (−1)N (ukuj)N+M+1U2 ; (42)where U2 is given by (32). L'Hôspital's rule gives the diagonal entries of Q̃:Q̃jj = (N − 1)�(uj)Æ(uj) + (�(uj)Æ′(uj)− �′(uj)Æ(uj))uj2= (1−N − Gj)(−1)Nu2(N+M+1)jU2 ; (43)where
Gj ≡ M∑s=0 1gsu2j + 1 : (44)As a result, the squared norm N 2(u) on the Bethe solution takes the form

N 2(u) = det Q̃
VN (u2)VN (u−2) ; (45)det Q̃ = U2(M+1)(1− N∑l=1 1N +Gl ) N∏j=1(N +Gj) : (46)There are (N+M)!N !M ! sets of solutions of the Bethe equations (32), andstate vetors belonging to di�erent sets are orthogonal. The eigenvetors(27) and (28) provide a resolution of the identity operator:I = ∑

{u} |	N (u)〉〈	N (u)|
N 2(u) ; (47)where the summation ∑

{u} is over all independent solutions of the Betheequations (32).The general answer for the generating funtion (14) of direted randomwalks is F (N)(l; j|t) = ∑

{u} etEgphN 〈l|	N(u)〉〈	N (u)|j〉
N 2(u) : (48)



60 N. BOGOLIUBOV, C. MALYSHEVFor simpliity, let us onsider a walker on Simp(N)(ZM+1) under theondition that the starting point is loated at the node (N; 0; : : : ; 0) andthe walk terminates at (0; 0; : : : ; N). The generating funtion (14) of thesewalks is spei�ed as follows:F (N)(t) ≡ 〈0; 0; : : : ; N | etHgph | N; 0; : : : ; 0〉 = 〈0 | (�M )NetHgph(�†M )N | 0〉 ;(49)where (7) and (9) have been used. Inserting the resolution of the identityoperator (47) into (49), we obtainF (N)(t) = ∑

{u} etEgphN (u)
N 2(u) 〈0 | (�M )N | 	N(u)〉〈	N (u) | (�†M )N | 0〉 ; (50)where the summation is over all independent solutions of (32).The deomposition (25) for B(u) and C(u) gives

〈0 | (�M )N | 	N(u)〉 = limv→0〈	N (v)|	N (u)〉 = 1 ; (51)
〈	N (u) | (�†M )N | 0〉 = limv→0〈	N (u)|	N (v)〉 = 1 ; (52)and eventually we obtainF (N)(t) = ∑

{u} et( M∑k=0 gs+ N∑k=1 u−2k )

N 2(u) ; (53)where N 2(u) is given by (45), (46).When gs = 0 for all s, the model desribed by the non-HermitianHamiltonian (12) is still appliable for the desription of direted walksover the simpliial lattie (1). The Hamiltonian (12) at gs = 0 and theHamiltonian of the phase model (11) ommute and are diagonalized bythe same set of eigenfuntions. Therefore, the expression for the salarprodut 〈	N (v)|	N (u)〉 in the ase where gs = 0 for all s and M , Nare arbitrary should be the same as in the ase of the phase model. Theorresponding formula was derived in [15℄ and will be given in the nextsetion.
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§6. The phase modelIn this setion, we will onsider the phase model [33℄ desribed by theHermitian Hamiltonian (11):Hph = M∑m=0(�m�†m+1 + �†m�m+1) :The Hamiltonian Hph may be regarded as the generator of random walkson Simp(N)(ZM+1) that are haraterized by the step set 
M . TheL-operator of the phase model is given by (16) with gi = 0 .The state vetors of the phase model have the form (see [36, 37℄)

|	N(u)〉 = ∑�⊆{MN}

S�(u2)( M∏l=0(�†l )nl) |0〉 : (54)The oeÆients of the expansion (54) are the Shur funtions S�(u2) givenby the Jaobi{Trudi identity [18℄:S�(x) ≡ det(x�k+N−kj )16j;k6N
VN (x) : (55)Here � denotes a partition (�1; : : : ; �N ), whih is a sequene of noninreas-ing nonnegative integers,M > �1 > �2 > : : : > �N > 0;and VN (x) is the Vandermonde determinant (40). The summation in Eq. (54)is over all partitions � into at most N parts with N 6 M .There is a one-to-one orrespondene between the sequenes of oupa-tion numbers (nM ; : : : ; n1; n0), ∑j∈M

nj = N , and the partitions� = (MnM ; (M − 1)nM−1 ; : : : ; 1n1 ; 0n0) ;where eah number S appears nS times (see Fig. 4).The Bethe equations (31) for the phase model take the formu−2(N+M+1)n = (−1)N−1U2 : (56)On solutions of the Bethe equations, the state vetors are the eigen-vetorsof the orrespondent transfer matrix (22) and of the Hamiltonian (11),respetively. It is onvenient to express the eigenvalues �N (v;u) of the
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Fig. 4. A on�guration of partiles (N = 4) on alattie (M = 6), the orresponding partition � =(61; 50; 40; 32; 20; 11; 00) ≡ (6; 3; 3; 1), and its Young dia-gram.transfer matrix in terms of the generating funtions of omplete symmetrifuntions (36):�phN (v;u) = H(v2;u−2) + v2(M+1)H(v−2;u2) : (57)The N -partile eigenenergies of the model are equal toEphN (u) = ��v2 vM+1�phN (v;u)∣∣∣v=0+ ��v−2 v−(M+1)�phN (v;u)∣∣∣v=∞

(58)= h1(u2) + h1(u−2) = N∑k=1 (u2k + u−2k ) : (59)The salar produt of the state vetors (54) an be alulated by theBinet{Cauhy formula, whih is a speial ase of the general formula (39):
〈	N (v)|	N (u)〉 = ∑�⊆{MN}

S�(v2)S�(u−2) (60)= 1
VN (v2)VN(u−2) det(1− (vj=uk)2(M+N)1− (vj=uk)2 )16j;k6N : (61)The norms of the eigenvetors an be obtained from Eqs. (45) and (46)putting Gs =M + 1:

N 2ph(u) = U2(M+1)(M + 1 +N)N−1(M + 1)
VN (u2)VN (u−2) : (62)



MULTI-DIMENSIONAL RANDOM WALKS 63The generating funtion of random walks on Simp(N)(ZM+1) takes aform similar to that of the generalized phase model, see (53):F (N)ph (l; j|t) = ∑

{u} et N∑k=1(u2k+u−2k )
N 2ph(u) S�L(u2)S�R(u−2) ; (63)where the summation is over all independent solutions of Eqs. (56). Thepartition �R is (M jM ; (M − 1)jM−1 ; : : : ; 1j1 ; 0j0), where eah number Sappears jS times and j0 + j1 + : : : + jD = N . The partition �L is(M lM ; (M − 1)lM−1 ; : : : ; 1l1 ; 0l0), and l0 + l1 + : : :+ lD = N .

§7. Continuous-time quantum walksA ontinuous-time quantum walk is a unitary proess that desribesthe quantum-mehanial analog of the lassial random walk proess. Thedynamis of ontinuous-time quantum walks is determined by the Hamil-tonian evolution of a partile on a lattie. The Hamiltonian of the phasemodel desribes strongly orrelated bosons on a hain and an be ho-sen as a generator of ontinuous-time quantum walks. After the substitu-tion � → −it, the generating funtion of lassial random walks (63) hasthe meaning of the transition amplitude F (N)(l; j|t) of a ontinuous-timequantum walker from the state |l0; l1; : : : ; lM 〉 at time t = 0 to the state
|j0; j1; : : : ; jM 〉 at a spei� time t:F (N)ph (l; j| − it) ≡ F (N)(l; j|t) :For the transition amplitude, the ondition ∑j |F (N)(l; j|t)|2 = 1 holds.In the one-dimensional ase M = 1, the detailed analysis [38,39℄ of theBethe equations (56) allows one to rewrite the answer for the transitionamplitude on a segment [0; N ℄ in the form
F (N)(l; j|t) ≡ F (N)((l; N − l); (N − j; j)|t)= 2N + 1 N∑k=1 e−itEk sin [�k(j + 1)N + 1 ] sin [�k(l + 1)N + 1 ] ; (64)with the Bloh spetrumEk = −2 os( �kN + 1) : (65)



64 N. BOGOLIUBOV, C. MALYSHEVIn Fig. 5 we show the probability |F (N)(l; j|t)|2 for the initial statej = l = N=2 and Ft(j; l|0)|t=0 = Æjl.
Fig. 5. The probability |F (N)(l; j|t)|2 for N = 18 as asurfae diagram in the t− j plane. The height is indiatedwith a gray sale suh that blak means zero height.Let us onsider the ontinuous-time quantum walks on a segment [0; N ℄in the bias potential � de�ned by the Hamiltonian, see [40℄:Ĥ� = (�†0�1 + �0�†1) + 2�N0 ; (66)where N0 is the number operator ating in the zero node. The transitionamplitude satis�es the equation

−i ddtF (N)� (l; j|t) = F
(N)� (l; j + 1|t)+ F (N)(l; j − 1|t) − 2�jF (N)� (l; j|t) ;(67)for a �xed l. The boundary onditions are

F
(N)� (l; j|t) = 0 for j; l = −1; N + 1;and the initial ondition is F

(N)� (l; j|0) = Æjl. Naturally, the transitionamplitude (64) is the solution of this equation for the zero bias potential� = 0.For nonzero �, Eq. (67) an also be solved exatly. The solution isexpressed via the Lommel polynomials B(�; �;m):
F
(N)� (l; j|t) = N+1∑k=1 e−itEk B(�k ;�−1; j)B(�k;�−1; l)N∑n=1B2(�k;�−1;n) : (68)



MULTI-DIMENSIONAL RANDOM WALKS 65The Lommel polynomials are polynomials of degree m − 1 in � and in �and an be expressed in terms of Bessel funtions of the �rst and seondkind:B(�;�−1;m) = ��2 [J�(�−1)Y�+m(�−1)− J�+m(�−1)Y�(�−1)] :These polynomials satisfy the reurrene relationB(�;�−1;m+ 1) +B(�;�−1;m− 1) = 2�(m+ �)B(�;�−1;m) :The boundary onditions given below (67) mean that B(�;�−1;N+2) = 0,and N + 1 roots of this equation are �k. The spetrum Ek is nowEk = −�(�k + 1) : (69)For smallN�, this spetrum is similar to the Bloh spetrum (65). There isa rossover around N� ≈ 1 into a linear spetrum Ek ≈ �k for N� ≫ 1.This latter kind of spetrum is also alled the Wannier{Stark ladder.For N� ≪ 1, we thus �nd that the probability |F
(N)� (l; j|t)|2 behavesvery similarly to that for � = 0 shown in Fig. 6. Around N� ≈ 1, thereis a transition to a ompletely di�erent behavior. For inreasing N�, theprobability |F

(N)� (l; j|t)|2 beomes loalized around the enter line. Weshow |F
(N)� (l; j|t)|2 for N� = 3 in Fig. 6, where these features of thesolution are learly visible. For inreasing N�, the number of loalized
Fig. 6. The probability |F

(N)� (l; j|t)|2 for N = 18, j = 9,and �−1 = 6.states inreases, and the probability beomes more and more loalizedaround the enter line (i.e., the initial value). These properties have beenexperimentally veri�ed for quantum walks in optial latties [22℄.
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