
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 448, 2016 Ç.V. Bernik, F. G�otze, A. GusakovaON THE DISTRIBUTION OF POINTS WITHALGEBRAICALLY CONJUGATE COORDINATES IN ANEIGHBORHOOD OF SMOOTH CURVESAbstra
t. Let ' : R → R be a 
ontinuously di�erentiable fun
tionon a �nite interval J ⊂ R, and let � = (�1; �2) be a point with al-gebrai
ally 
onjugate 
oordinates su
h that the minimal polynomialP of �1; �2 is of degree 6 n and height 6Q. Denote byMn' (Q;
; J)the set of points � su
h that |'(�1)− �2| 6 
1Q−
 . We show thatfor 0 < 
 < 1 and any suÆ
iently large Q there exist positive values
2 < 
3, where 
i = 
i(n), i = 1; 2, that are independent of Q andsu
h that 
2 ·Qn+1−
 < #Mn' (Q;
; J) < 
3 ·Qn+1−
 .
§1. Introdu
tionFirst of all, let us introdu
e some useful notation. Let n be a positiveinteger and Q > 1 be a suÆ
iently large real number. Consider a polyno-mial P (t) = antn+ : : :+ a1t+ a0 ∈ Z[t℄. Denote by H(P ) = max06j6n |aj | theheight of the polynomial P , and by degP the degree of the polynomial P .We de�ne the following 
lass of integer polynomials with bounded heightand degree:

Pn(Q) := {P ∈ Z[t℄ : degP 6 n;H(P ) 6 Q}:Denote by #S the 
ardinality of a �nite set S and by �kS the Lebesguemeasure of a measurable set S ⊂ Rk, k ∈ N. Furthermore, denote by
j > 0 positive 
onstants independent of Q. We are also going to use theVinogradov symbol A ≪ B, whi
h means that there exists a 
onstant 
 > 0su
h that A 6 
 ·B. We will also write A ≍ B if A ≪ B and B ≪ A. Nowlet us introdu
e the 
on
ept of an algebrai
 point. A point � = (�1; �2)is 
alled an algebrai
 point if �1 and �2 are roots of the same irredu
iblepolynomial P ∈ Z[t℄. The polynomial P of the smallest degree n > 2 withrelatively prime 
oeÆ
ients su
h that P (�1) = P (�2) = 0 is 
alled theKey words and phrases: algebrai
 numbers, metri
 theory of Diophantine approxi-mation, Lebesgue measure.Supported by SFB-701, Bielefeld University (Germany).14



ON THE DISTRIBUTION OF POINTS 15minimal polynomial of the algebrai
 point �. Denote by deg(�) = degPthe degree of the algebrai
 point � and by H(�) = H(P ) the height ofthe algebrai
 point �. De�ne the following set of algebrai
 points:
A2n(Q) := {� ∈ C2 : deg� 6 n; H(�) 6 Q}:Further, denote by A2n(Q;D) := A2n(Q)∩D the set of algebrai
 points lyingin some domain D ⊂ R2. Problems related to 
al
ulating the number ofinteger points in shapes and bodies in Rk 
an be naturally generalized toestimating the number of rational points in domains in Eu
lidean spa
es.Let f : J0 → R be a 
ontinuously di�erentiable fun
tion de�ned on a �niteopen interval J0 in R. De�ne the following set:Nf (Q; 
; J) := { (p1=q; p2=q) ∈ Q2 :0 < q 6 Q; p1=q ∈ J; |f (p1=q)− p2=q| < Q−
};where J ⊂ J0 and 0 6 
 < 2. In other words, the quantity #Nf (Q; 
; J)denotes the number of rational points with bounded denominators lyingwithin a 
ertain neighborhood of the 
urve parametrized by f . The problemis to estimate the value #Nf (Q; 
; J). In [7℄, Huxley proved that for fun
-tions f ∈ C2(J) su
h that 0 < 
4 := infx∈J0 |f ′′(x)| 6 
5 := supx∈J0 |f ′′(x)| < ∞and an arbitrary 
onstant " > 0, the following upper bound holds:#Nf (Q; 
; J) ≪ Q3−
+":An estimate without " in the exponent was obtained in 2006 in a paperby Vaughan and Velani [14℄. One year later, Beresnevi
h, Di
kinson, andVelani [1℄ proved a lower estimate of the same order:#Nf (Q; 
; J) ≫ Q3−
 :This result was obtained using methods of metri
 theory introdu
ed byS
hmidt in [9℄. In this paper, we 
onsider a problem related to the dis-tribution of algebrai
 points � ∈ A2n(Q) near smooth 
urves, whi
h is anatural extension of the same problem formulated for rational points. Let' : J0 → R be a 
ontinuously di�erentiable fun
tion de�ned on a �niteopen interval J0 in R satisfying the 
onditionssupx∈J0 |'′(x)| := 
6 <∞; #{x ∈ J0 : '(x) = x} := 
7 < ∞: (1.1)De�ne the following set:Mn' (Q; 
; J) := {� ∈ A2n(Q) : �1 ∈ J; |'(�1)− �2| < 
1Q−
} ;



16 V. BERNIK, F. G�OTZE, A. GUSAKOVAwhere 
1 = ( 12 + 
6) · 
8 and J ⊂ J0. This set 
ontains algebrai
 pointswith bounded degree and height lying within some neighborhood of the
urve parametrized by '. Our goal is to estimate the value #Mn' (Q; 
; J).The �rst advan
ement in solving this problem for 0 < 
 6 12 was madein 2014 in the paper [5℄. We are going to state it in the following form:for any Q > Q0(n; J; ') there exists a positive value 
9 > 0 su
h that#Mn' (Q; 
; J) > 
9 · Qn+1−
 for 0 < 
 6 12 . However, it should be notedthat this result is not the best possible, sin
e for the quantity #Mn' (Q; 
; J)an upper bound of order Qn+1−
 
an be proved for 0 < 
 < 1. In thispaper, we are going to �ll this gap in the result of [5℄ by obtaining lowerand upper bounds of the same order for 0 < 
 < 1. Our main result is asfollows.Theorem 1. For any smooth fun
tion ' satisfying 
onditions (1.1) thereexist positive values 
2; 
3 > 0 su
h that
2 ·Qn+1−
 < #Mn' (Q; 
; J) < 
3 ·Qn+1−
for Q > Q0(n; J; '; 
), suÆ
iently large 
1, and 0 < 
 < 1.The proof of Theorem 1 is based on the following idea. We 
onsiderthe strip Ln'(Q; 
; J) := {x ∈ R2 : x1 ∈ J; |'(x1)− x2| < 
1Q−
} and �llit using squares � = I1 × I2 with sides of length �1I1 = �1I2 = 
8Q−
 .In order to prove Theorem 1, we need to estimate the number of algebrai
points lying in su
h a square �. It should be mentioned that these esti-mates are highly relevant to several other problems in the metri
 theoryof Diophantine approximation [6, 15℄. Let us 
onsider a more general 
ase,namely, the 
ase of a re
tangle � = I1 × I2, where �1Ii = 
8Q−
i . Weare now going to give an overview of results related to the distributionof algebrai
 points in re
tangle �. First of all, let us �nd the value ofthe parameter 
1 + 
2 su
h that a re
tangle � does not 
ontain algebrai
points � ∈ A2n(Q). The following Theorem 2 answers this question. Theone-dimensional 
ase of this problem was 
onsidered in [4℄.Theorem 2. For any �xed p; q ∈ N with p < 2q there exists a re
tangle�0 of size �2�0 = 
10(p; q; n) ·Q−1, where
10(p; q; n) = (2p(2q + 2p)n(n+ 1))−1 · qn+1;su
h that #A2n(Q;�0) = 0.



ON THE DISTRIBUTION OF POINTS 17Proof. Consider the re
tangle �0 with sides given by I0;2 = (0; pq) andI0;1 = ( pq ; pq + 
10 · Q−1). To prove Theorem 2, assume that there existsan algebrai
 point � ∈ A2n(Q;�0) with minimal polynomial P1. Considerthe resultant R(P1; P2) of the polynomials P1 and P2(t) = qt − p. Sin
e�1 6= pq and �2 6= pq , we have |R(P1; P2)| > 1. On the other hand, fromFeldman's lemma (Lemma 5) and the assumption � ∈ �0 we obtain that
|R(P1; P2)| < 12 . This 
ontradi
tion 
ompletes the proof. �This simple result implies that if the size of a re
tangle � is suÆ
ientlylarge, that is, �2� ≫ Q−1, then we have #A2n(Q;�) 6= 0, and we 
an
onsider lower bounds for this quantity. A bound of this type was obtainedin [5℄; it has the form #A2n(Q;�) > 
11 ·Qn+1�2�: (1.2)In this paper, we obtain an upper bound for #A2n(Q;�). It is of the sameorder as estimate (1.2), whi
h demonstrates that estimate (1.2) is asymp-toti
ally the best possible.Theorem 3. Let � = I1 × I2 be a re
tangle with midpoint d and sides�1Ii = 
8Q−
i , i = 1; 2. Then for 0 < 
1; 
2 < 1 and Q > Q0(n; 
;d), theestimate #A2n(Q;�) < 
12 ·Qn+1�2�holds, where
12= 23n+9n2�n(d1)�n(d2)|d1−d2|−1 and �n(x) = ((|x|+ 1)n+1

−1)·|x|−1:It follows from Theorem 2 that for 1 < 
1 + 
2 < 2 we 
annot obtainestimate (1.2) for all re
tangles �. In parti
ular, it is easy to show that
ertain neighborhoods of algebrai
 points of small height and small degreedo not 
ontain any other algebrai
 points � ∈ A2n(Q). This leads us tothe de�nition of a set of small re
tangles that are not a�e
ted by these\anomalous" points. Now let us introdu
e the 
on
ept of a (v1; v2)-spe
ialsquare.De�nition 1. Let � = I1 × I2 be a square with midpoint d, d1 6= d2,and sides �1I1 = �1I2 = 
8Q−
 su
h that 12 < 
 < 1. We will say thatthe square � satis�es the (l; v1; v2)-
ondition if v1 + v2 = 1 and thereexist at most Æ3 · 2l+3Q1+2�l+1�2� polynomials P ∈ P2(Q) of the form



18 V. BERNIK, F. G�OTZE, A. GUSAKOVAP (t) = a2t2 + a1t+ a0 satisfying the inequalities
{

|P (x0;i)| < h ·Q−vi ; i = 1; 2;ÆQ�l+1 6 |a2| < ÆQ�lfor some point x0 ∈ �, where Æ = 2−L−17h−2 · (d1 − d2)2, L = [3−2
1−
 ],and �l =




1− (l−1)(1−
)2 ; 1 6 l 6 L+ 1;
 − 12 ; l = L+ 2;0; l > L+ 3: (1.3)De�nition 2. A square � = I1 × I2 with sides �1I1 = �1I2 = 
8Q−
su
h that 12 < 
 < 1 is 
alled a (v1; v2)-spe
ial square if it satis�es the(l; v1; v2)-
ondition for all l with 1 6 l 6 L+ 2.The following theorem 
an be proved for (v1; v2)-spe
ial squares.Theorem 4. For all ( 12 ; 12)-spe
ial squares � = I1 × I2 with midpointsd, d1 6= d2, and sides �1I1 = �1I2 = 
8Q−
, where 12 < 
 < 1 and
8 > 
0(n;d), there exists a value 
13 = 
13(n;d; 
) > 0 su
h that#A2n(Q;�) > 
13 ·Qn+1�2�for Q > Q0(n;d; 
).
§2. Auxiliary statementsFor a polynomial P with roots �1; : : : ; �n, letS(�i) := {x ∈ R : |x− �i| = min16j6n |x− �j |} :Furthermore, from now on, we assume that the roots of the polynomial Pare sorted by the distan
e from �i = �i;1:

|�i;1 − �i;2| 6 |�i;1 − �i;3| 6 : : : 6 |�i;1 − �i;n|:Lemma 1. Let x ∈ S(�i). Then
|x− �i| 6 n|P (x)| · |P ′(x)|−1; |x− �i| 6 2n−1|P (x)| · |P ′(�i)|−1;
|x− �i| 6 min16j6n (2n−j |P (x)| · |P ′(�i)|−1 · |�i;1 − �i;2| : : : |�i;1 − �i;j |)1=j :



ON THE DISTRIBUTION OF POINTS 19The �rst inequality follows from the inequality
|P ′(x)| · |P (x)|−1 6

n
∑j=1 |x− �i;j |−1 6 n|x− �i;1|−1:For a proof of the se
ond and the third inequalities, see [8, 3℄.Lemma 2 (see [2℄). Let I ⊂ R be an interval, and let A ⊂ I be a measur-able set, �1A > 12�1I. If for all x ∈ A the inequality |P (x)| < 
14 · Q−wholds for some w > 0, then

|P (x)| < 6n(n+ 1)n+1 · 
14 ·Q−wfor all points x ∈ I, where n = degP .Lemma 3 (see [16℄). Let Æ, �1, �2 be real positive numbers, and letP1; P2 ∈ Z[t℄ be irredu
ible polynomials of degrees at most n su
h thatmax (H(P1); H(P2)) < K. Let Ji ⊂ R, i = 1; 2, be intervals of sizes�1Ji = K−�i . If for some �1; �2 > 0 and for all x ∈ J1×J2 the inequalitiesmax (|P1(xi)|; |P2(xi)|) < K−�i hold, then�1 + �2 +2+ 2max(�1 + 1− �1; 0) + 2max(�2 + 1− �2; 0) < 2n+ Æ (2.1)for K > K0(Æ).Lemma 4 (see [8℄). Let P ∈ Z[t℄ be a redu
ible polynomial, P = P1 · P2,degP = n > 2. Then H(P1)H(P2) ≍ H(P ):Lemma 5 (see [10℄). For any subset of roots �i1 ; : : : ; �is , 1 6 s 6 n, of apolynomial P (t) = antn + : : :+ a1t+ a0, we haves
∏j=1 |�ij | 6 (n+ 1)2n ·H(P ) · |an|−1:Lemma 6. Let G = G(d;K), where |d1 − d2| > "1 > 0, be a set of pointsb = (b1; b0) ∈ Z2 su
h that

|b1di + b0| 6 Ki; i = 1; 2: (2.2)Then #G 6
(4"−11 K1 + 1) · (4K2 + 1) :



20 V. BERNIK, F. G�OTZE, A. GUSAKOVAProof. Without loss of generality, we assume that K1 > K2. Consider thesystem of equations b1di + b0 = li; i = 1; 2; (2.3)in two variables. It is 
lear that for |li| 6 Ki any solution of the system (2.3)satis�es (2.2). Thus, our problem is redu
ed to estimating the number ofinteger solutions of the system (2.3) with di�erent values |li| 6 Ki, i = 1; 2.Let us 
onsider the di�eren
e of the equations (2.3): b1(d1 − d2) = l1 − l2.Then for |li| 6 K1 we obtain
|b1| 6 (|l1|+ |l2|) · |d1 − d2|−1

6 2"−11 K1:This inequality implies that all possible values of b1 lie in the intervalJ1 = (−2"−11 K1; 2"−11 K1). Let us �x the value of b1 ∈ J1 and 
onsider thesystem (2.3) for two di�erent 
ombinations (b1; b0;0) and (b1; b0;j). In this
ase, the system (2.3) 
an be transformed as follows:
|b0;0 − b0;j | = |l1;0 − l1;j | 6 2Ki; i = 1; 2:These inequalities imply that for a �xed b1, all possible values of b0 lie in theinterval J0(b1) = (b0;0 − 2K2; b0;0 + 2K2). Remembering that b1; b0 ∈ Z,we have#G 6 (�1J1 + 1) · (�1J0 + 1) = (4"−11 K1 + 1) · (4K2 + 1) : �

§3. Proof of Theorem 3Assume that #A2n(Q;�) > 
12 · Qn+1�2�. Taking an algebrai
 point� ∈ A2n(Q;�) with minimal polynomial P , let us 
onstru
t an estimatefor the polynomial P at points d1; d2. Sin
e �i ∈ Ii, we have
|P (k)(�i)| 6

n
∑j=k j!(j−k)! · |aj | · |�i|j−k < n!(n−k)! · �n(di) ·Q;for 1 6 k 6 n and Q > Q0. From these estimates and the Taylor expansionof P in the intervals Ii, i = 1; 2, we obtain the following inequality:

|P (di)| 6

n
∑k=1 ∣∣ 1k!P (k)(�i)(di − �i)k∣∣< n
∑k=1 2−k(kn)�n(di) ·Q�1Ii 6 2n�n(di) ·Q�1Ii: (3.1)Let us �x the ve
tor A1 = (an; : : : ; a2), where an; : : : ; a2 are the 
oeÆ-
ients of the polynomial P ∈ Pn(Q). Denote by Pn(Q;A1) ⊂ Pn(Q) the



ON THE DISTRIBUTION OF POINTS 21sub
lass of polynomials P that have the same ve
tor of 
oeÆ
ients A1 andsatisfy (3.1). The number of sub
lasses Pn(Q;A1) is equal to the numberof ve
tors A1, whi
h 
an be estimated as follows for Q > Q0:#{A1} = (2Q+ 1)n−1 < 2n ·Qn−1: (3.2)It should also be noted that every point of the set A2n(Q;�) 
orrespondsto a polynomial P ∈ Pn(Q) that satis�es (3.1). On the other hand, everypolynomial P ∈ Pn(Q) satisfying (3.1) 
orresponds to at most n2 pointsof the set A2n(Q;�). This allows us to write
11 ·Qn+1�2� < #A2n(Q;�) 6 n2∑A1 #Pn(Q;A1):Thus, by estimate (3.3) and Diri
hlet's prin
iple applied to ve
torsA1 andpolynomials P satisfying (3.1), there exists a ve
tor A1;0 su
h that#Pn(Q;A1;0) > 
12 · 2−nn−2Q2�2�: (3.3)Let us �nd an upper bound for the value #Pn(Q;A1;0). To do this, we�x some polynomial P0 ∈ Pn(Q;A1;0) and 
onsider the di�eren
e betweenthe polynomials P0 and Pj ∈ Pn(Q;A1;0) at points di, i = 1; 2. Fromestimate (3.1) it follows that
|P0(di)− Pj(di)| = |(a0;1 − aj;1)di + (a0;0 − aj;0)| 6 2n+1�n(di) ·Q�1Ii:Thus the number of di�erent polynomials Pj ∈ Pn(Q;A1;0) does not ex-
eed the number of integer solutions of the following system:

|b1di + b0| 6 2n+1�n(di) ·Q�1Ii; i = 1; 2:Now let us use Lemma 6 for Ki = 2n+1�n(di) ·Q�1Ii. Sin
e �1Ii = 
8Q−
iand 
i < 1, we have Ki > 2n+1�n(di)
8 ·Q1−
i > max{"1; 1} for Q > Q0.This implies thatj 6 22n+8|d1 − d2|−1�n(d1)�n(d2) ·Q2�2�:It follows that #Pn(Q;A1;0) 6 22n+8|d1 − d2|−1�n(d1)�n(d2) · Q2�2�,whi
h 
ontradi
ts inequality (3.3) for
12 = 23n+9n2�n(d1)�n(d2)|d1 − d2|−1:This leads to the estimate#A2n(Q;�) < 
12 ·Qn+1�2�:



22 V. BERNIK, F. G�OTZE, A. GUSAKOVA
§4. Proof of Theorem 44.1. The main lemma.Lemma 7. Let � = I1 × I2 be a square with midpoint d, d1 6= d2, andsides �1I1 = �1I2 = 
8Q−
, where 12 < 
 < 1 and 
8 > 
0(n;d). Givenpositive values v1; v2 su
h that v1 + v2 = n − 1, let L = Ln(Q; Æn;v;�)be the set of points x ∈ � su
h that there exists a polynomial P ∈ Pn(Q)satisfying the following system of inequalities:

{

|P (xi)| < hn ·Q−vi ;mini {|P ′(xi)|} < Æn ·Q; i = 1; 2; (4.1)where hn =√ 32 (|d1|+ |d2|) ·max (1; 3|d1|; 3|d2|)n2 . If � is a ( v1n−1 ; v2n−1)-spe
ial square, then �2L < 14 · �2�for Æn < Æ0(n;d) and Q > Q0(n;v;d; 
).Proof. Sin
e d1 6= d2, we may assume that for Q > Q0 the inequality
|x1 − x2| > "1 = |d1−d2|2 (4.2)is satis�ed for every point x ∈ �. Let us introdu
e some additional nota-tion. For a polynomial P , let A(P ) denote the set of roots of P . Denoteby L1 and L2 the sets of points x ∈ � su
h that there exists an irredu
iblepolynomial P ∈ Pn(Q) satisfying (4.1) and the 
ondition |P ′(x1)| < ÆnQor |P ′(x2)| < ÆnQ, respe
tively, and let L3 denote the set of points x ∈ �su
h that (4.1) is satis�ed for some redu
ible polynomial P ∈ Pn(Q).Clearly, we have L = L1∪L2∪L3. The 
ase of irredu
ible polynomials willbe the most diÆ
ult one and requires the largest part of the proof. Let usstart by 
onsidering this 
ase, deriving estimates for the measures �1L1and �1L2. Without loss of generality, let us assume that |P ′(x1)| < ÆnQ,i.e., 
onsider the set L1. In this 
ase, the main idea is to split an interval Ti,whi
h 
ontains all possible values of P ′ at points x ∈ �, into subintervalsTi;1, Ti;2, Ti;3 and to estimate the measure of the set of solutions of thesystem (4.1) for |P ′(xi)| ∈ Ti;k, k = 1; 2; 3. This splitting is performed as



ON THE DISTRIBUTION OF POINTS 23follows: for i = 1; 2,Ti;1 = [0; 2
15 ·Q 12− vi2 ) ;Ti;2 = [2
15 ·Q 12− vi2 ; Q 12− (n−2)vi2(n−1) ·�(n)) ;T1;3 = [Q 12− (n−2)v12(n−1) ·�(n); Æn ·Q) ;T2;3 = [Q 12− (n−2)v22(n−1) ·�(n); �n+1(d2) ·Q) ;where �(n) = 0 if n 6 3 and �(n) = 1 if n > 3. Without loss of generality,let us assume that |d1| < |d2|. We would like to verify that if a polynomialP ∈ Pn(Q) satis�es the 
ondition
|P ′(xi)| > 2
15 ·Q 12− vi2 ; (4.3)then the values |P ′(�i)| 
an be estimated as follows:12 |P ′(xi)| 6 |P ′(�i)| 6 2|P ′(xi)|; i = 1; 2; (4.4)where xi ∈ S(�i) and 
15 = 2n−1n(n− 1) ·max{hn; 1} ·max{1; �n−1(d2)}.Let us write the Taylor expansion of P ′:P ′(xi) = P ′(�i)+P ′′(�i)(xi−�i)+: : :+ 1(n−1)! ·P (n)(�i)(xi−�i)n−1: (4.5)Using Lemma 1 and estimates (4.1), (4.3), we obtain

|xi − �i| 6 nhn
−115 ·Q−
vi+12 < Q−

vi+12 ; |�i| 6 |xi|+ 12 < |d2|+ 1for Q > Q0. Let us estimate every term in (4.5) in the following way:
∣

∣

∣

1(k−1)! · P (k)(�i)(xi − �i)k−1∣∣
∣
< (k−1n−1) · n(n− 1)�n−1(d2) ·Q 12− vi2 ;for Q > Q0 and 2 6 k 6 n. Thus, we 
an write

∣

∣

∣

∣

∣

n
∑k=2 1(k−1)! · P (k)(�i)(xi − �i)k−1∣∣∣

∣

∣

< 2n−1n(n− 1)�n−1(d2) ·Q 12− vi2< 12 |P ′(xi)|:Substituting this inequality into (4.5) yields estimates (4.4). This meansthat for |P ′(xi)| ∈ Ti;3 and |P ′(xi)| ∈ Ti;2 we have |P ′(�i)| ∈ T i;3 and
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|P ′(�i)| ∈ T i;2, respe
tively, whereT 1;3 = [12Q 12− (n−2)v12(n−1) ·�(n); 2Æn ·Q) ;T 2;3 = [12Q 12− (n−2)v22(n−1) ·�(n); 2�n+1(d2) ·Q) ;T i;2 = [
15 ·Q 12− vi2 ; 2 ·Q 12− (n−2)vi2(n−1) ·�(n)) ; i = 1; 2:Let us 
onsider the 
ase |P ′(�i)| ∈ T i;3, i = 1; 2. We are going to useindu
tion on the degree of polynomials P .The base of the indu
tion: polynomials of the se
ond degree. Let us 
on-sider the system (4.1) for n = 2. For given u2;1; u2;2 > 0 satisfying the
ondition u2;1 + u2;2 = 1, let L′ = L2(Q; Æ2;u2;�) be the set of pointsx ∈ � su
h that there exists a polynomial P ∈ P2(Q) satisfying the sys-tem of inequalities

{

|P (xi)| < h2 ·Q−u2;i ;mini {|P ′(xi)|} < Æ2 ·Q; i = 1; 2: (4.6)Let us prove that for all (u2;1; u2;2)-spe
ial squares � satisfying the 
ondi-tions of Lemma 7, the estimate�2L′ < 14 · �2�holds for Æ2 < Æ0(d; 
) and Q > Q0(u2; 
;d). Let P (t) = a2t2 + a1t + a0.First, note that the de�nition of a (u2;1; u2;2)-spe
ial square implies thatfor Q > Q0 there exists at mostÆ2l+3
25Q1−2
 < Æ2l+3
25Q−" < 1polynomials P ∈ P2(Q) satisfying |a2| < ÆQ
− 12 and (4.6). Therefore, fromnow on we are going to assume that |a2| > ÆQ
− 12 . By the third inequalityof Lemma 1, for every polynomial P satisfying the system (4.6) at a pointx ∈ �, we have the following estimates:
|xi − �i| < (|P (xi)||a2|−1) 12 < Æ1=2h1=22 ·Q−

2
+2u2;i−14 < "18 ; (4.7)where Q > Q0 and xi ∈ S(�i), i = 1; 2. Thus, from (4.7) and (4.2) weobtain that the distan
e between the roots �1 and �2 of the polynomial Psatis�es
|�1 − �2| > |x1 − x2| − |x1 − �1| − |x2 − �2| > 34 · "1:



ON THE DISTRIBUTION OF POINTS 25This leads to the following lower bound for |P ′(�i)|:
|P ′(�i)| = |a2| · |�1 − �2| > 34 · "1 · |a2|: (4.8)An upper bound for |P ′(�i)| 
an be obtained from the Taylor expansionof the polynomial P ′:

|P ′(�i)| 6 |P ′(xi)|+ |P ′′(xi)| · |xi − �i| 6 |P ′(xi)|+ "14 · |a2|:Hen
e, by (4.8) and (4.6) we have
|a2| < 4"−11 ·mini {|P ′(xi)|} < 4Æ2"−11 ·Q: (4.9)Now let us turn to the estimation of �2L′. From Lemma 1 and the esti-mates (4.8) it follows that L′ ⊂

⋃P∈P2(Q) �P , where�P = {x ∈ � : |xi − �i| < 2h2"−11 Q−u2;i |a2|−1; i = 1; 2}: (4.10)Simple 
al
ulations show that for 
8 > 24h2"−11 Æ−1 and |a2| > ÆQ
− 12 wehave �2�P 6 24h22"−21 Q−1|a2|−2 6
28h22"21Æ2 ·Q−2
 < 14 · �2�:Let P2(Q; l) ⊂ P2(Q) be a sub
lass of polynomials de�ned as follows:

P2(Q; l) = {P ∈ P2(Q) : ÆQ�l+1 6 |a2| < ÆQ�l};where �l is de�ned by (1.3) and Æ = 2−L−17h−22 · (d1 − d2)2, L = [3−2
1−
 ].Thus, by (4.9) it follows that for |a2| > ÆQ
− 12 and Æ2 = 4Æ"1 we have�2L′
6 �2 ⋃P∈P2(Q)�P 6

L+1
∑l=1 ∑P∈P2(Q;l)�2�P :From the de�nition of a (u2;1; u2;2)-spe
ial square it follows that the num-ber of polynomials P ∈ P2(Q; l) satisfying (4.6) does not ex
eedÆ3 · 2l+3Q1+2�l+1�2�: (4.11)Hen
e, by estimates (4.10) and (4.11) we have�2L2 6 28"−21 h22ÆQ−1�2� ·

L+1
∑l=1 2l+3Q1+2�l+1−2�l+1 6 14 · �2�:



26 V. BERNIK, F. G�OTZE, A. GUSAKOVAThe indu
tion step: redu
tion of the degree of the polynomial. Let us returnto the proof of Lemma 7. For |P ′(�i)| ∈ T i;3, i = 1; 2, we 
onsider thefollowing system of inequalities:














|P (xi)| < hn ·Q−vi ; i = 1; 2;12Q 12− (n−2)v12(n−1) ·�(n)
6 |P ′(�1)| < 2Æn ·Q;12Q 12− (n−2)v22(n−1) ·�(n)
6 |P ′(�2)| < 2�n+1(d2) ·Q: (4.12)Denote by L3;3 the set of points x ∈ � su
h that there exists a polynomialP ∈ Pn(Q) satisfying the system (4.12). By Lemma 1, it follows thatL3;3 ⊂ ⋃P∈Pn(Q) ⋃�∈A2(P )�P (�), where�P (�) := {x ∈ � : |xi − �i| < 2n−1hnQ−vi |P ′(�i)|−1; i = 1; 2} :(4.13)This means that the following estimate for �2L3;3 holds:�2L3;3 6 �2 ⋃P∈Pn(Q) ⋃�∈A2(P )�P (�) 6

∑P∈Pn(Q) ∑�∈A2(P )�2�P (�):Together with the sets �P (�), 
onsider the following expanded sets:�′P (�) = �′P;1(�1)× �′P;2(�2)= {x ∈ � : |xi − �i| < 
16Q−ui;n−1 |P ′(�i)|−1} ; (4.14)where ui;n−1 = (n−2)vin−1 , i = 1; 2. It is easy to see that the measure ofthe expanded set �′P (�) is smaller than the measure of the square � forQ > Q0. Using (4.13) and (4.14), we �nd that the measures of the sets�P (�) and �′P (�) are 
onne
ted as follows:�2�P (�) 6 22n−2h2n
−216 ·Q−1�2�′P (�): (4.15)For a �xed a, let Pn(Q; a) ⊂ Pn(Q) denote the sub
lass of polynomialswith the leading 
oeÆ
ient a:
Pn(Q; a) = {P ∈ Pn(Q) : P (t) = atn + : : :+ a0} :Sin
e −Q 6 a 6 Q, the number of sub
lasses Pn(Q; a) is equal to# {a} = 2Q+ 1: (4.16)We are going to use Sprind�zuk's method of essential and nonessential do-mains [8℄. Consider a family of sets �′P (�), P ∈ Pn(Q; a). A set �′P1(�1)is 
alled essential if for every set �′P2(�2), P2 6= P1, the inequality�2 (�′P1 (�1) ∩ �′P2(�2)) < 12 · �2�′P1(�1)



ON THE DISTRIBUTION OF POINTS 27is satis�ed. Otherwise, the set �′P1(�1) is 
alled nonessential.The 
ase of essential sets. From the de�nition of essential sets we imme-diately have that
∑P∈Pn(Q;a) ∑�∈A

2(P ):�′P (�) is essential�2�′P (�) 6 2�2�: (4.17)Then inequalities (4.15), (4.16), and (4.17) for 
16 = 2n+5hn allow us towrite
∑a ∑P∈Pn(Q;a) ∑�∈A

2(P ):�′P (�) is ess.�2�P (�)
6 2−10 · ∑P∈Pn(Q;a) ∑�∈A

2(P ):�′P (�) is ess.�2�′P (�) < 1288 · �2�: (4.18)The 
ase of nonessential sets. If a set �′P1(�1) is nonessential, then thefamily 
ontains another set �′P2(�2) su
h that�2 (�′P1(�1) ∩ �′P2 (�2)) > 12�2�′P1(�1):Consider the di�eren
e R = P2 − P1, whi
h is a polynomial of degreedegR 6 n − 1 and height H(R) 6 2Q. Let us estimate the polynomialsR and R′ at points x ∈
(�′P1(�1) ∩ �′P2(�2)). From the Taylor expansionsof the polynomials Pj in the intervals �′P1;i(�1;i) ∩ �′P2;i(�2;i), i; j = 1; 2,estimates (4.12), (4.14), and the equality ui;n−1 = (n−2)vin−1 we have

|Pj(xi)| 6

n
∑k=1 ∣∣∣ 1k!P (k)j (�j;i)(xi − �j;i)k∣∣∣

6

n
∑k=1 (kn) · �n
k16 ·Q−ui;n−1 6 �n(d2)(1 + 
16)n ·Q−ui;n−1for Q > Q0. Now we 
an write

|R(xi)| < |P1(xi)|+ |P2(xi)| < 2�n(d2)(1 + 
16)n ·Q−ui;n−1 : (4.19)Similarly, the Taylor expansions of the polynomials P ′j , j = 1; 2, in theintervals �′P1;i(�1;i)∩�′P2;i(�2;i), estimates (4.12), (4.14), and the equalityui;n−1 = (n−2)vin−1 allow us to write
|Pj(xi)| < n2�n(d2)(1 + 
16)n−1 · |P ′j(�j;i)|:



28 V. BERNIK, F. G�OTZE, A. GUSAKOVAFrom these estimates and inequalities (4.12), it easily follows thatmini {|R′(xi)|} < 4n2�n(d2)(1 + 
16)n−1Æn ·Q: (4.20)Inequalities (4.19) and (4.20) hold for every point x ∈ �′P1 (�1) ∩ �′P2(�2).Sin
e �1 (�′P1;i(�1;i) ∩ �′P2;i(�2;i)) > 12�1�′P1;i(�1;i) for i = 1; 2, from Lem-ma 2 it follows that for every point x ∈ �′P1(�1) the inequalities
|R(xi)| < 
17 ·Q−ui;n−1 ; mini {|R′(xi)|} < 
18Æn ·Q (4.21)hold, where 
17 = 6n(n+ 1)n+1 · 2�n(d2)(1 + 
16)n and
18 = 6n(n+ 1)n+1 · 2n2�n(d2)(1 + 
16)n−1:Denote by L′ the set of points x ∈ � su
h that there exists a polynomialR ∈ Pn−1(Q1) satisfying the following system of inequalities:











|R(xi)| < 
19hn−1 ·Q−ui;n−11 ; ui;n−1 > 0;mini {|R′(xi)|} < Æn−1 ·Q1;u1;n−1 + u2;n−1 = n− 2; i = 1; 2;where Q1 = 2Q, 
19 = maxi {2ui;n−1} 
17h−1n−1, and Æn−1 = 2
18 · Æn. Itshould be mentioned that if a polynomial R(t) = a1t − a0 is linear, thenby Lemma 1 we obtain
∣

∣

∣
xi − a0a1 ∣∣∣≪ Q−ui;n−11 < "4 ; i = 1; 2;for Q1 > Q0. Hen
e, we immediately have |x1−x2| < ", whi
h 
ontradi
ts
ondition 2 for the polynomial �. Estimates (4.21) imply that the in
lusion
⋃P∈Pn(Q;a) ⋃�∈A

2(P ):�′P (�) is noness.�′P (�) ⊂ L′is satis�ed for all a. Thus, by the indu
tion assumption, we obtain that
∑a ∑P∈Pn(Q;a) ∑�∈A

2(P ):�′P (�) is noness.�2�P (�) 6 �2L′
6 1288 · �2�; (4.22)



ON THE DISTRIBUTION OF POINTS 29for a suÆ
iently small 
onstant Æn and Q > Q0. Then estimates (4.18) and(4.22) allow us to write�2L3;3 6
∑a ∑P∈Pn(Q;a) ∑�∈A

2(P ):�′P (�) is ess.�2�P (�)+∑a ∑P∈Pn(Q;a) ∑�∈A
2(P ):�′P (�) is noness.�2�P (�) 6 1144 · �2�:The 
ase of the subintervals T1;n and T2;n. For |P ′(�i)| ∈ T i;2, i = 1; 2,we have the following system of inequalities:

{

|P (xi)| < hn ·Q−vi ;
15 ·Q 12− vi2 6 |P ′(�i)| < 2Q 12− (n−2)vi2(n−1) ·�(n); i = 1; 2: (4.23)Denote by L2;2 the set of points x ∈ � su
h that there exists a polynomialP ∈ Pn(Q) satisfying (4.23). By Lemma 1, the set L2;2 is 
ontained in theunion ⋃P∈Pn(Q) ⋃�∈A2(P )�P (�), where�P (�) = {x ∈ � : |xi − �i| < 2n−1hn
−115 Q−
vi+12 ; i = 1; 2} : (4.24)In this 
ase, we 
annot use indu
tion, sin
e the degree of the polynomial
annot be redu
ed. Let us estimate the measure of the set L2;2 by a di�erentmethod. Without loss of generality, we may assume that v1 6 v2. Let us
over the square � by a system of disjoint re
tangles �k = Jk;1 × Jk;2,where �1Jk;i = Q−

vi+12 +"2;i , i = 1; 2. The number of re
tangles �k 
an beestimated as follows:k 6 4max{ �1I1�1Jk;1 ; 1} ·max{ �1I2�1Jk;2 ; 1}= {4Qn+12 −"2;1−"2;2�2�; 
 < vi+12 ;4Q v2+12 −"2;2�1I2; 
 > v1+12 : (4.25)We will say that a polynomial P belongs to �k if there is a point x ∈ �ksu
h that inequalities (4.23) are satis�ed. Let us prove that a re
tangle�k 
annot 
ontain two irredu
ible polynomials P ∈ Pn(Q). Assume the
onverse: the system of inequalities (4.23) holds for some irredu
ible poly-nomials Pj at some point xj ∈ �k, j = 1; 2. This means that for Q > Q0



30 V. BERNIK, F. G�OTZE, A. GUSAKOVAand all points x ∈ �k, the estimates
|xi−�j;i| 6 |xi−xj;i|+|xj;i−�j;i| 6 2·Q−

vi+12 +"2;i < Q−
vi+12 +2"2;i (4.26)are satis�ed, where xj;i ∈ S(�j;i). Let us estimate the absolute values

|Pj(xi)|, i; j = 1; 2, where x ∈ �k. From the Taylor expansions of Pj inthe interval Jk;i and estimates (4.23), (4.26) we obtain that
|Pj(xi)| 6 �n(d2)3n ·Q−vi+ vi2(n−1)+(n−1)"2;i < Q−vi+ vi2(n−1)+n"2;i ;for Q > Q0 and "2;i < vi2(n−1) . Applying Lemma 3 for �i = vi+12 − 2"2;i,�i = vi− vi2(n−1) −n · "2;i, i = 1; 2, and "2;i = vi8(n−1) leads to the inequality�1 + �2 + 2 + 2(�1 + 1− �1) + 2(�2 + 1− �2) > 2n+ 14 :This 
ontradi
tion shows that there is at most one irredu
ible polynomialP ∈ Pn(Q) that belongs to the re
tangle �k . Hen
e, by inequalities (4.26)and (4.25) for Q > Q0, we 
an estimate the measure of the set L2;2 asfollows: �2L2;2 6

∑�k �2�P (�) ≪ Q−"2;2�2� < 1144 · �2�:The 
ase of a small derivative. Let us dis
uss the 
ase where |P ′(xi)|∈Ti;1,i = 1; 2. In this 
ase, we 
an show that if for some polynomial P and apoint x ∈ � inequalities (4.1) are satis�ed for |P ′(xi)| ∈ Ti;1, then byLemma 1 we have
∣

∣

∣
P ′′(�i)(xi − �i) + : : :+ 1(n−1)! · P (n)(�i)(xi − �i)n−1∣∣

∣
< 
15Q 12− v12 :Using the Taylor expansion of the polynomial P ′ and this estimate, weobtain

|P ′(�i)| < 3
15 ·Q 12− vi2 ;whi
h 
ontradi
ts our assumption. Denote by L1;1 the set of points x ∈ �su
h that there exists a polynomial P ∈ Pn(Q) satisfying
{

|P (xi)| < hn ·Q−vi ;
|P ′(�i)| < 4
15 ·Q 12− vi2 ; i = 1; 2: (4.27)The polynomials P ∈ Pn(Q) will be 
lassi�ed a

ording to the distributionof their roots and the size of the leading 
oeÆ
ient. This 
lassi�
ation wasintrodu
ed by Sprin�zuk in [8℄. Let "3 > 0 be a suÆ
iently small 
onstant.



ON THE DISTRIBUTION OF POINTS 31For every polynomial P ∈ Pn(Q) of degree m with 3 6 m 6 n, we de�nenumbers �1;j and �2;j , 2 6 j 6 m, as solutions of the following equations:
|�1;1 − �1;j | = Q−�1;j ; |�2;1 − �2;j | = Q−�2;j :Let us also de�ne ve
tors ki = (ki;2; : : : ; ki;m) ∈ Zm−1 as solutions of theinequalities(ki;j − 1) · "3 6 �i;j < ki;j · "3; i = 1; 2; j = 2;m:Clearly, we have m(m − 1) pairs of ve
tors k1;k2 that 
orrespond to apolynomial P ∈ Pn(Q) of degree m with 2 6 m 6 n depending on the
hoi
e of the roots �1;1 and �1;2. Let us de�ne sub
lasses of polynomi-als Pm(Q;k1;k2; u) ⊂ Pn(Q) as follows. A polynomial P of degree mwith 2 6 m 6 n belongs to the sub
lass Pm(Q;k1;k2; u) if (1) thepair of ve
tors (k1;k2) 
orrespond to the polynomial P for some pairof roots �1; �2; (2) the leading 
oeÆ
ient of P is bounded as follows:Qu 6 |am| < Qu+"3 , where u ∈ Z · "3. Let us estimate the number ofdi�erent sub
lasses Pm(Q;k1;k2; u). Sin
e 1 6 |am| 6 Q, the follow-ing estimate holds: 0 6 u 6 1 − "3. On the other hand, we 
an writeQ ≫ |�j1 − �j2 | ≫ H(P )−m+1 ≫ Q−m+1, where �j1 ; �j2 are roots of thepolynomial P , whi
h leads to the estimate − 1"3 + 1 6 ki;j 6 m−1"3 . Thus,an integer ve
tor ki = (ki;2; : : : ; ki;n) 
an assume at most (m"−13 − 1)m−1values. Now, the number of sub
lasses Pm(Q;k1;k2; u) 
an be estimatedas follows: # {m;k1;k2; u} 6 n
220 · ("−13 + 1); (4.28)where 
20 = n
∑i=2 (i"−13 − 1)i−1. De�ne values pi;j , i = 1; 2, as follows:
{pi;j = (ki;j+1 + : : :+ ki;m) · "3; 1 6 j 6 m− 1;pi;j = 0; j = m: (4.29)Consider polynomials P belonging to the same sub
lass Pm(Q;k1;k2; u).For these polynomials, we 
an write the following estimates for their deriva-tives at a root �i:Qu−pi;1 6 |P ′(�i)| = |am| · |�i;1−�i;2| : : : |�i;1−�i;m|6Qu−pi;1+m"3 ;
|P (j)(�i)| 6 m!(m−j)! ·Qu−pi;j+m"3 : (4.30)Sin
e we are 
on
erned only with polynomials satisfying the system (4.27),we may assume that the following inequalities hold for at least one value



32 V. BERNIK, F. G�OTZE, A. GUSAKOVAof l: Qu−p1;i 6 |P ′(�i)| < 4
15Q 12− vi2 ; i = 1; 2:This 
ondition implies thatp1;1 > u+ v1−12 ; p2;1 > u+ v2−12 : (4.31)Now let us estimate the measure of the set L1;1. From Lemma 1 it followsthat L1;1 ⊂
⋃m;k1;k2;u ⋃P∈Pm(Q;k1;k2;u) ⋃�∈A2(P )�P (�), where�P (�) := {x ∈ � : |xi − �i|

6 min26j6m( 2m−jhnQ−vi
|P ′(�i;1)| · |�i;1 − �i;2| : : : |�i;1 − �i;j |)1=j ; i = 1; 2}:This, together with the earlier notation (4.29) and estimates (4.30), yields�P (�) :={x∈� : |xi−�i|6 12 · min26j6m((2mhn)1=j ·Q−u−vi+pi;jj ); i=1; 2}for P ∈ Pm(Q;k1;k2; u). The numbers j = m1 and j = m2 in the formulaabove provide the best estimates for the roots �1 and �2, respe
tively, ifthe following inequalities are satis�ed:(2mhn)1=mi ·Q−u−vi+pi;mimi 6 (2mhn)1=k ·Q−u−vi+pi;kk ;1 6 k 6 m; i = 1; 2: (4.32)Then�P (�) :={x ∈ � : |xi − �i|< 12 · (2mhn)1=mi ·Q−u−vi+pi;mimi ; i = 1; 2} :(4.33)Cover the square � by a system of disjoint re
tangles �m1;m2 = Jm1×Jm2 ,where �1Jmi = Q−

u+vi−pi;mimi +"4 . The number of re
tangles �m1;m2 
an beestimated as follows:#�m1;m2 6 4Qu+v1−p1;m1m1 +u+v2−p2;m2m2 −2"4 · �2�: (4.34)Let us show that a re
tangle �m1;m2 
annot 
ontain two irredu
ible poly-nomials belonging to the same sub
lass Pm(Q;k1;k2; u). Assume the 
on-verse: let inequalities (4.27) hold for some irredu
ible polynomial



ON THE DISTRIBUTION OF POINTS 33Pj ∈ Pm(Q;k1;k2; u) and some point xj ∈ �m1;m2 , j = 1; 2. Then forall points x ∈ �m1;m2 , we obtain
|xi−�j;i| 6 |xi−xj;i|+|xj;i−�j;i| 6 2·Q−

u+vi−pi;mimi +"4 < Q−
u+vi−pi;mimi +2"4 ;(4.35)where xj;i ∈ S(�j;i) and Q > Q0. Let us estimate |Pj(xi)|, i; j = 1; 2,where x ∈ �m1;m2 . From the Taylor expansions of the polynomials Pj inthe intervals Jmi and inequalities (4.30), (4.35), (4.32) for Q > Q0 weobtain that

|Pj(xi)| 6 �m(d2) · 3m ·Q−v1+m"4+m"3 < Q−v1+(m+1)"4+m"3 :Apply Lemma 3 for �i = u+vi−pi;mimi − 2"4 and �i = vi − (m+ 1)"4 −m"3,i = 1; 2. Then for "3 = 112m and "4 = 14(3m+1) we have�1 + �2 + 2 = (n− 1) + 2− 2m"3 − 2m"4 = n+ 1− 16 − 2(m+ 1)"4;2(�i + 1− �i) = 2vi + 2− 16 −
2(u+vi−pi;mi )mi − 2m · "4:Let us estimate the expression 2(�i + 1− �i) using inequalities (4.31):2(�i + 1− �i) >

{vi + 2− u+ 2pi;mim − 16 − 2m"4; mi > 2;vi + 1− 16 − 2m"4; mi = 1;
> vi + 1− 16 − 2m · "4:Substituting these expressions into (2.1) yields�1 + �2 + 2 + 2(�1 + 1− �1) + 2(�2 + 1− �2) > 2m+ 12 ;whi
h is a 
ontradi
tion. This means that there is at most one irredu
iblepolynomial P ∈ Pm(Q;k1;k2; u) belonging to the re
tangle �m1;m2 . Now,by inequalities (4.28) and (4.33) for Q > Q0, the measure of the set L1;1
an be estimated as follows:�2L1;1 6
∑m;k1;k2;u ∑�m1;m2 �2�P ≪ Q−2"4 · �2� < 172 · �2�:Mixed 
ases. All mixed 
ases have the same stru
ture and 
an be provedusing Lemma 3 and the ideas des
ribed above, see [17℄. Thus, we haveL1 ⊂ ⋃16i;j63Li;j , whi
h leads to the following estimate:�2L1 6
∑16i;j63�2Li;j 6 9 · 1144 · �2� = 116 · �2�:



34 V. BERNIK, F. G�OTZE, A. GUSAKOVASimilarly, �2L2 6 116 ·�2�. These estimates 
on
lude the proof of Lemma 7in the 
ase of irredu
ible polynomials.The 
ase of redu
ible polynomials. In this se
tion, we are going to estimatethe measure of the set L3. Clearly, the results of Lemma 3 do not applydire
tly to this 
ase. Let a polynomial P of degree n be a produ
t ofseveral (not ne
essarily di�erent) irredu
ible polynomials P1; P2; : : : ; Ps,s > 2, where degPi = ni > 1 and n1 + : : : + ns = n. Then, by Lemma 4,we have H(P1) ·H(P2) · : : : ·H(Ps) 6 
19H(P ) 6 
19Q:On the other hand, by the de�nition of height, we have H(Pi) > 1, andthus H(Pi) 6 
19Q, i = 1; : : : ; s. Denote by L3(k; "5) the set of pointsx ∈ � su
h that there exists a polynomial P ∈ Pk(Q1) satisfying theinequality
|R(x1)R(x2)| < h2nQ−k+"51 : (4.36)If a polynomial P satis�es inequalities (4.1) at a point x ∈ �, we 
an write

|P (x1)P (x2)| = |P1(x1)P1(x2)| · : : : · |Ps(x1)Ps(x2)| 6 h2nQ−n+1:Sin
e n = n1 + : : :+ns and s > 2, it is easy to see that at least one of theinequalities
|Pi(x1)Pi(x2)| 6 h2nQ−ni+
 ; ni > 2; (4.37)
|Pi(x1)Pi(x2)| 6 h2nQ−
 ; ni = 1; i = 1; : : : ; s;is satis�ed at the point x. Hen
e, x ∈ L3 (nj ; 
) for nj > 2 or x ∈L3 (1; 1− 
), and we haveL3 ⊂

( n−1
⋃k=2 L3(k; 
)) ∪ L3(1; 1− 
):Let us estimate the measure of the set L3(k; 
), 2 6 k 6 n− 1. Denote byL13(k; t) the set of points (x1; x2) ∈ � su
h that there exists a polynomialP ∈ Pk(Q1) satisfying the inequalities

{

|P (x1)| < h2nQt1; |P (x2)| < h2nQ−k+1−t1 ;mini {|P ′(�i)|} < ÆkQ1; xi ∈ S(�i); i = 1; 2; (4.38)



ON THE DISTRIBUTION OF POINTS 35and by L23(k; t), the set of points (x1; x2) ∈ � su
h that there exists apolynomial P ∈ Pk(Q1) satisfying the inequalities
{

|P (x1)| < h2nQt1; |P (x2)| < h2nQ−k+ 1+
2 −t1 ;
|P ′(�i)| > ÆkQ1; xi ∈ S(�i); i = 1; 2: (4.39)By the de�nition of the set L3(k; 
), it is easy to see thatL3(k; 
) ⊂ (N1
⋃i=0L13(k; 1− i(1− 
))) ∪

(N2
⋃i=0L23(k; 1− i(1− 3
)=2)) ;where N1 = [2+k−
1−
 ] and N2 = [4+2k−2
1−3
 ]. The system (4.38) is a systemof the form (4.1). Furthermore, sin
e the polynomials P ∈ Pk(Q1) areirredu
ible and k < n, we 
an apply the above arguments for a suÆ
ientlysmall 
onstant Æk and Q1 > Q0 to obtain the following estimate:�2L13(k; t) < 124n(N1+1) · �2�: (4.40)Now let us estimate the measure of the set L23(k; t). From Lemma 1 it fol-lows that L23(k; t) is 
ontained in a union ⋃P∈Pk(Q) ⋃�∈A2(P )�P (�; t), where�P (�; t) := {x ∈ � : |x1 − �1| 6 2k−1h2n ·Qt · |P ′(�1)|−1;

|x2 − �2| 6 2k−1h2n ·Q−k+ 1+
2 −t · |P ′(�2)|−1 } :Let us estimate the value of the polynomial P at the 
entral point d ofthe square �. The Taylor expansion of the polynomial P 
an be writtenas follows:P (di) = P ′(�i)(di−�i)+ 12P ′′(�i)(di−�i)2+ : : :+ 1k! ·P (k)(�i)(di−�i)k:(4.41)If the polynomial P satis�es (4.39), it follows that
|d1 − �1| 6 |d1 − x0;1|+ |x0;1 − �1| 6 �1I1 + 2k−1h2nÆ−1k ·Qt−11 ;
|d2 − �2| 6 |d2 − x0;2|+ |x0;2 − �2| 6 �1I2 + 2k−1h2nÆ−1k ·Q−k+ 1+
2 −t−11 :(4.42)Without loss of generality, let us assume that t > −k + 1+
2 − t. Then we
an rewrite estimates (4.42) as follows:

|d1 − �1| 6

{
21 · �1I1; t < 1− 
;
21 ·Qt−11 ; 1− 
 6 t 6 1; |d2 − �2| 6 �1I2;



36 V. BERNIK, F. G�OTZE, A. GUSAKOVAwhere 
21 = 2k−1h2nÆ−1k +
8. Using these inequalities and expression (4.41)allows us to write
|P (d1)| < {
22 ·Q1 · �1I1; t < 1− 
;
22 ·Qt1; 1− 
 6 t < 1; |P (d2)| < 
22 ·Q1 · �1I2:(4.43)Fix a ve
torA1 = (ak; : : : ; a2), where ak; : : : ; a2 will denote the 
oeÆ
ientsof the polynomial P ∈ Pk(Q1). Consider the sub
lass Pk(A1) of polyno-mials P that satisfy (4.39) and have the same ve
tor of 
oeÆ
ients A1.For Q1 > Q0, the number of su
h 
lasses 
an be estimated as follows:#{A1} = (2Q1 + 1)k−1 < 2kQk−11 : (4.44)Let us estimate the value #Pk(A1). Take a polynomial P0 ∈ Pk(A1) and
onsider the di�eren
e between the polynomials P0 and Pj ∈ Pk(A1) atpoints di, i = 1; 2. By (4.43), we have

|P0(d1)− Pj(d1)| = |(a0;1 − aj;1)d1 + (a0;0 − aj;0)|
6

{2
22 ·Q1�1I1; t < 1− 
;2
22 ·Qt1; 1− 
 6 t 6 1;
|P0(d2)− Pj(d2)| = |(a0;1 − aj;1)d2 + (a0;0 − aj;0)| 6 2
22 ·Q1�1I2:This implies that the number of di�erent polynomials Pj ∈ Pk(A1) doesnot ex
eed the number of integer solutions to the system

|b1di + b0| 6 Ki; i = 1; 2;where K2 = 2
22 · Q1�1I2 and K1 = 2
22 · Q1�1I1 if t < 1 − 
 andK1 = 2
22 ·Qt1 if 1−
 6 t 6 1. It is easy to see that Ki > 2
22 ·Q1−
1 > Q"1for Q1 > Q0. Thus, by Lemma 6, we have#Pk(A1) 6

{27"−11 ·Q21 · �2�; t < 1− 
;27"−11 ·Qt+11 · �1I2; 1− 
 6 t 6 1:This estimate and inequality (4.44) mean that the number N of polynomi-als P ∈ Pk(Q1) satisfying the system (4.39) 
an be estimated as follows:N 6

{2k+7"−11 ·Qk+11 · �2�; t < 1− 
;2k+7"−11 ·Qk+t1 · �1I2; 1− 
 6 t 6 1: (4.45)



ON THE DISTRIBUTION OF POINTS 37On the other hand, the measure of the set �P (�; t) satis�es the inequality�2�P (�; t) 6







22kh4nÆ−2k ·Q−k−2+ 1+
21 ; t < 1− 
;22kh4nÆ−2k ·Q−k−1−t+ 1+
21 · �1I1; 1− 
 6 t 6 1: (4.46)Then, by estimates (4.45) and (4.46), for Q1 > Q0 we 
an write�2L23(k; t) 6 23k+7Æ−2k h4n"−11 Q− 1−
21 �2� < 124n(N2+1) · �2�: (4.47)Inequalities (4.40) and (4.47) lead to the following estimate for the measureof the set L3(k), 2 6 l 6 n− 1:�2L3(k; 
) 6

N1
∑i=0 �2L13(k; 1− i(1− 
)) + N2

∑i=0 �2L23(k; 1− i(1− 3
)=2)
6 112n · �2�:Now let us estimate the measure of the set L3(1; 1 − 
). For every pointx ∈ L3(1; 1− 
) there exists a rational point a0a1 su
h that

∣

∣

∣
x1 − a0a1 ∣∣∣ · ∣∣∣x2 − a0a1 ∣∣∣ < h2nQ−
1 |a1|−2:Sin
e |x1−x2| > "1, one of the values ∣∣∣xi − a0a1 ∣∣∣, i = 1; 2, is greater than "12 .Thus we 
onsider the sets�i (a0=a1) := {x ∈ � : ∣∣

∣
xi − a0a1 ∣∣∣ 6 2h2n"−11 Q−
1 |a1|−2} ; i = 1; 2: (4.48)Simple 
al
ulations show that for 
8 > 4h2n"−11 we have�2�i (a0=a1) 6 4h2n"−11 
8Q−2
1 6 �2�:Let us de�ne the following sets:�i = ⋃16a0;a16Q1 �i (a0=a1) ; i = 1; 2:It is easy to see that L3(1; 1− 
) ⊂ �1 ∪ �2 and we need to estimate themeasure of the sets �1 and �2. For a �xed value a1, let us 
onsider theset N(a1) := {a0 ∈ Z : �i (a0=a1) 6= ∅}. The 
ardinality of this set 
an beestimated in the following way:#N(a1) 6

{3�1Ii · |a1|−1; (�1Ii)−1
6 |a1| 6 Q1;2; 1 6 |a1| 6 (�1Ii)−1 :



38 V. BERNIK, F. G�OTZE, A. GUSAKOVAThese inequalities together with (4.48) imply that�2�i 6
∑16|a1|6Q1N(a1) · �2�i (a0=a1)

6 8h2n
8"−11 Q−2
1 ∑16|a1|6(�1Ii)−1 |a1|−2+ 12h2n"−11 Q−
1 �2� ∑(�1Ii)−16|a1|6Q1 |a1|−1 6 2�2
8h2n"−11 Q−2
1+ 12h2n"−11 Q−
1 lnQ�2� 6 124n · �2�for Q1 > Q0 and 
8 > 96n�2h2n"−11 . Then�2L3(1; 1− 
) 6 112n · �2�;and, �nally,�2L3 6

n−1
∑k=2 �2L3(k; 
) + �2L3(1; 1− 
) 6 n−112n · �2� 6 112 · �2�:This proves Lemma 7 in the 
ase of redu
ible polynomials. Combining theobtained estimates for the di�erent 
ases yields the �nal estimate�2L 6 �2L1 + �2L2 + �2L3 6 14 · �2�: �Remark. Note that in the 
ase of redu
ible polynomials we do not usethe inequality mini {|P ′(xi)|} < ÆnQ. This means that the set L3 is the setof points x ∈ � su
h that there exists a redu
ible polynomial P ∈ Pn(Q)satisfying the inequalities

|P (xi)| < hnQ−vi ; i = 1; 2:4.2. The �nal part of the proof. Let us use Lemma 7 to 
on
lude theproof. Consider the set B1 = �\Ln(Q; Æn;v;�) for n > 2, v1 = v2 = n−12 ,Q > Q0, and a suÆ
iently small 
onstant Æn. From Lemma 7 it followsthat �2B1 > 34 · �2�: (4.49)Now we will prove that for every point x ∈ � there exists a polynomialP ∈ Pn(Q) su
h that
|P (xi)| 6 hn ·Q−n−12 ; i = 1; 2:



ON THE DISTRIBUTION OF POINTS 39By Minkowski's linear forms theorem [9℄, for every point x ∈ � there existsa nonzero polynomial P (t) = antn + : : :+ a1t+ a0 ∈ Z[t℄ satisfying
|P (xi)| 6 hn ·Q−n−12 ; |aj | 6 max (1; 3|d1|; 3|d2|)−n−1

·Q;i = 1; 2; 2 6 j 6 n:One 
an easily verify that |a1| < Q and |a0| < Q; hen
e P ∈ Pn(Q). Then,by the remark after Lemma 7, we 
an say that for every point x1 ∈ B1there exists an irredu
ible polynomial P1 ∈ Pn(Q) su
h that
{

|P1(x1;i)| < hn ·Q−n−12 ;
|P ′1(x1;i)| > Æn ·Q; i = 1; 2:Consider the roots �1; �2 of the polynomial P1 su
h that x1;i ∈ S(�i). ByLemma 1, we have

|x1;i − �i| 6 nhnÆ−1n Q−n+12 ; i = 1; 2: (4.50)Let us prove that �1; �2 ∈ R. Assume the 
onverse: let �i ∈ C, then thenumber �i 
omplex 
onjugate to �i is also a root of the polynomial P1,and x1;i ∈ S(�i). Hen
e, from estimates (4.50) and Lemma 5 we have
|P ′(�i)| 6 |an||�i − �i| 6 
24 ·Q−n−12 :On the other hand, the Taylor expansion of the polynomial P1 in theinterval S(�i) implies that

|P ′(�i)| > 12Æn ·Q:These two inequalities 
ontradi
t ea
h other. Let us 
hoose a maximalsystem of algebrai
 points � = {
1; : : : ;
t} ⊂ A2n(Q) satisfying the 
on-dition that the re
tangles �(
k) = {|xi − 
k;i| < nÆ−1n Q−n+12 ; i = 1; 2},1 6 k 6 t, do not interse
t. Furthermore, let us introdu
e the expandedre
tangles�′(
k) = {|xi − 
k;i| < 2nhnÆ−1n Q−n+12 ; i = 1; 2} ; k = 1; t; (4.51)and show that B2 ⊂

t
⋃k=1 �′(
k): (4.52)To prove this fa
t, we are going to show that for any point x1 ∈ B1 thereexists a point 
k ∈ � su
h that x1 ∈ �′(
k). Sin
e x1 ∈ B1, there is a



40 V. BERNIK, F. G�OTZE, A. GUSAKOVApoint � satisfying inequalities (4.50). Thus, either � ∈ � and x1 ∈ �′(�),or there exists a point 
k ∈ � satisfying
|�i − 
k;i| 6 nhnÆ−1n Q−n+12 ; i = 1; 2;whi
h implies that x1 ∈ �′(
k). Hen
e, from (4.49), (4.51), and (4.52) wehave 34 · �2� 6 �2B1 6

t
∑k=1 �2�1(
k) 6 t · 26n2h2nÆ−2n Q−n−1;whi
h yields the estimate#A2n(Q;�) > t > 
13 ·Qn+1�2�:

§5. Proof of Theorem 1Now we 
an prove Theorem 1, whi
h is the main result of the paper.Consider the setL'(Q; 
; J) := {x ∈ R2 : x1 ∈ J; |'(x1)− x2| < Ó1Q−
} :Clearly, Mn' (Q; 
; J) = L'(Q; 
; J) ∩ A2n(Q), and our problem is redu
edto estimating the number of algebrai
 points in the set A2n(Q) lying withinthe strip L'(Q; 
; J).5.1. The lower bound. The lower bound for 0 < 
 6 12 was obtained in[5℄, whi
h allows us to 
onsider only the 
ase where 12 < 
 < 1. Note thatthe distan
e between algebrai
ally 
onjugate numbers is bounded frombelow, meaning that a 
ertain neighborhood of the line '1(x) = x must beex
luded from 
onsideration. Let us 
onsider the setD0 := {x ∈ J : |'(x) − x| < "12 } ;where "1 > 0 is a small positive 
onstant. Sin
e the number of pointsx ∈ J su
h that '(x) = x is �nite, for a suÆ
iently small 
onstant "1we have �1D0 < 14�1J . Instead of the interval J , let us 
onsider the setJ \ D0 = ⋃k Jk, k 6 
5 + 1. The measure of this set is larger than 34�1J .For every interval Jk = [bk;1; bk;2℄, let us 
onsider the strip L'(Q; 
; Jk)and estimate the 
ardinality of the set L'(Q; 
; Jk)∩A2n(Q). Let us dividethe strip L'(Q; 
; Jk) into subsets Ej as follows:Ej := {x ∈ R2 : x1 ∈ Jk;j ; |'(x1)− x2| < 
1Q−
} ;



ON THE DISTRIBUTION OF POINTS 41where Jk;j = [yj−1; yj ℄, y0 = bk;1, and yj+1 = yj + 
8Q−
 . The number tkof subsets Ej 
an be estimated in the following way:tk > �1Jk · (�1Jk;j)−1 − 1 > 12 · 
−18 Q
�1Jk: (5.1)For 'j = 12 ( maxx∈Jk;j '(x) + minx∈Jk;j '(x)), 
onsider the squares de�ned as�j := {x ∈ R2 : x1 ∈ Jk;j ; ∣

∣'j − x2∣∣ < 12
8Q−
} :Sin
e the fun
tion ' is 
ontinuously di�erentiable on the interval J , andmaxx∈J |'′(x)| < 
6, we obtain by the mean value theorem that
∣

∣

∣

∣

maxx∈Jk;j '(x) − minx∈Jk;j '(x)∣∣∣∣ < 
6 · 
8Q−
 ;whi
h implies that the square �j is 
ontained in the subset Ej . Thus, everyset Ej de�nes the respe
tive square �j = Ij;1×Ij;2 of size �2�j=
28Q−2
 .Let us estimate the number of ( 12 ; 12)-spe
ial squares �j . To obtain thisestimate, let us derive an upper bound on the number of squares �j satis-fying the (l; 12 ; 12)-
ondition for 1 6 l 6 L+2. For polynomials P ∈ P2(Q)of the form P (t) = a2t2 + a1t+ a0 satisfying the 
onditionsÆQ�l+1 6 |a2| < ÆQ�l ; |P (xi)| < h ·Q− 12 ; i = 1; 2; (5.2)denote by P2(Q; l;D) the sub
lass of polynomials P ∈ P2(Q) satisfyinginequalities (5.2) at some point x ∈ D ⊂ R2. By de�nition, if a square �jsatis�es the (l; 12 ; 12)-
ondition, then the following inequality holds:#P2(Q; l;�j) 6 Æ3 · 2l+3Q1+2�l+1�2�j :Consider the expanded sets Es = js+T (l)
⋃i=js Ei 
omposed of T (l) subsets Ej ,whereT (l) = 
24Q
−�l ; 
24 = 18 · Æ−1
−18 (|d1|+ |d2|+ "1)−1

·min{
6; "−11 } ;(5.3)and j1 = 1, js+1 = js + T (l) + 1. By inequality (5.1), the number ofexpanded sets 
an be estimated as follows:s 6 tk · T (l)−1
6 
8T (l)−1Q
�1Jk:Now let us show that at least (1− 2−l−3) ·T (l) squares �j ⊂ Es satisfy the

(l; 12 ; 12)-
ondition. By the de�nition of the set Es, for every point x ∈ Es
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8 · 
24Q−�l : (5.4)On the other hand, sin
e ' is 
ontinuously di�erentiable on the interval Jand maxx∈J |'′(x)|<
6, we have Es⊂�, where �=I1×I2 and �1I2 = 
6�1I1.Thus #P2(Q; l; Es) 6 #P2(Q; l;�), and we only need to estimate thequantity #P2(Q; l;�). By the third inequality of Lemma 1, for every poly-nomial P ∈ P2(Q; l;�) satisfying the system (5.2) at a point x0 ∈ �, theinequalities
|x0;i − �i| < (|P (x0;i)| · |a2|−1)− 12 < h 12 ·Q− 14 < "18 (5.5)are satis�ed for Q > Q0 and x0;i ∈ S(�i). From (5.5) and the 
ondition

|x1 − x2| > "1, we obtain the following lower bound for |P ′(�i)|:
|P ′(�i)| = |a2| · |�1 − �2| > 34 · "1 · |a2|: (5.6)Moreover, from inequalities (5.5) we have

|P ′(x0;i)| 6 |a2| · (|�1 − x0;i|+ |�2 − x0;i|) 6
(

|d1|+ |d2|+ 12"1) · |a2|;(5.7)where d is the midpoint of the re
tangle �. Let us estimate the polynomialsP ∈ P2(Q; l;�) at a point d ∈ �. From the Taylor expansion of thepolynomial P in the interval Ii and inequalities (5.2), (5.8) we have
|P (di)| < (|d1|+ |d2|+ "1) · |a2| · �1Ii: (5.8)Fix a number a and 
onsider the sub
lass of polynomials P with the sameleading 
oeÆ
ient:

P2(Q; l;�; a) := {P ∈ P2(Q; l;�) : a2 = a}:It is 
lear that the inequality #P2(Q; l;�; a) > 0 holds only if 
ondi-tions (5.2) are satis�ed. Hen
e, the number of 
lasses under 
onsideration
an be estimated as follows: #{a} 6 ÆQ�l : (5.9)Now let us estimate the number of polynomials in sub
lass P2(Q; l;�; a).Choose a polynomial P0 ∈ P2(Q; l;�; a) and 
onsider the di�eren
es be-tween the polynomials P0 and Pj ∈ P2(Q; l;�; a) at the point d. Fromestimates (5.8) it follows that
|P0(di)− Pj(x0;i)| = |(a0;1 − aj;1)di + (a0;0 − aj;0)| 6 2
25 · |a| · �1Ii;



ON THE DISTRIBUTION OF POINTS 43where 
25 = |d1| + |d2| + "1. Thus, the number of di�erent polynomialsPj ∈ P2(Q; l;�; a) does not ex
eed the number of integer solutions of thefollowing system:
|b1di + b0| 6 2
25 · |a| · �1Ii; i = 1; 2:Let us apply Lemma 6 with Ki = 2
25 · |a| · �1Ii. From estimates (5.2)and (5.4), we 
an easily verify that 4"−11 K1 < 1 and 4K2 < 1, whi
h leadsto the inequality #P2(Q; l;�; a) 6 1: (5.10)Hen
e, from inequality (5.9) we obtain the estimate#P2(Q; l;�) =∑a #P2(Q; l;�; a) 6 ÆQ�l : (5.11)Let us 
onsider the 
ase where 1 6 l 6 L+ 1. Assume that the inequality#P2(Q; l;�j) > Æ3 · 2l+3Q1+2�l+1�2�j (5.12)holds for 2−l−3 ·T (l) squares �j . By Lemma 1, for a polynomial P ∈ P2(Q)the set of points x satisfying (5.2) is 
ontained in the following set:�P := {|xi − �i| 6 hQ− 12 · |P ′(�i)|−1; xi ∈ S(�i); i = 1; 2} :From (5.2) and (5.6) it is easy to see that the measure of the set �P is atmost half the size of �j for 1 6 l 6 L + 1 and 
8 > hÆ−1"−11 . Therefore,no polynomial P ∈ P2(Q) satis�es inequalities (5.2) at three points thatlie inside three di�erent squares �j . Sin
e �j ⊂ Ej ⊂ E ⊂ �, we have

⋃j �j ⊂ �. Then, by our assumption and the inequality #P2(Q; l;�j) > 0,we get#P2(Q; l;�) >

js+T (l)
∑i=js #P2(Q; l;�i) > 12l+3 · T (l) ·#P2(Q; l;�j):From inequalities (5.3) and (5.12) for 1 6 l 6 L, we obtain:#P2(Q; l;�) > 
24Æ3 · 
28 ·Q1−
+2�l+1−�l > ÆQ�l ;for 
8 > 8Æ−1
25 ·
(min {
6; "−11 })−1. This inequality 
ontradi
ts esti-mate (5.11). For l = L + 1, we 
an use inequalities (5.3) and (5.12) toobtain #P2(Q; l;�) > 
24Æ3 · 
28 ·Q
−�L+1 > ÆQ
−1+ 1−
2 ·[ 3−2
1−
 ℄

> ÆQ
−1+ 3−2
2 − 1−
2 > ÆQ 
2 ;
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8 > 8Æ−1
25 · (min {
6; "−11 })−1. On the other hand, estimates (5.11)imply that#P2(Q; l;�) 6 ÆQ�L+1 = ÆQ1− 1−
2 ·[ 3−2
1−
 ℄ 6 ÆQ1− 3−2
2 = ÆQ
− 12 < ÆQ 
2for 
 < 1, whi
h 
ontradi
ts the previous inequality. This argument provesthat the number of squares �j ⊂ Es satisfying the (l; 12 ; 12)-
ondition for1 6 l 6 L+ 1 is larger than (1− 2−l−3) · T (l). The 
ase l = L+ 2 needsto be treated di�erently. From Lemma 1 and inequalities (5.6) it followsthat the set of points x satisfying inequalities (5.2) for some polynomial Pis 
ontained in the set�P := {|xi − �i| 6 h"−11 ·Q− 12 · |a2|−1; i = 1; 2}and the measure of the set �P is larger than the size of the square �j .This means that a single polynomial 
an belong to a large number of dif-ferent sets P2(Q; l;�j). Let us estimate this number for a �xed polynomialP ∈ P2(Q; l;�). Sin
e the side of the square �P is larger than the widthof the strip L'(Q; 
; Jk), we have#{�j : P ∈ P2(Q; l;�j)} 6 2h"−11 
−18 ·Q
− 12 · |a2|−1:Now, from inequalities (5.11) and estimates (5.10) we 
an obtain that# ⋃P∈P2(Q;l;�){�j : P ∈ P2(Q; l;�j)}62h"−11 
−18 ·Q
− 12 ∑16|a2|<ÆQ
−
12|a2|−1

6 24"−11 h
−18 (
 − 12)Q
− 12 lnQ < 12l+3 · T (l);for 
 < 1 and Q > Q0. This implies that the inequality #P2(Q; l;�) > 0
an only be satis�ed for 2−l−3 · T (l) squares �j ⊂ Es, and, therefore, thenumber of squares �j ⊂ Es satisfying the (l; 12 ; 12)-
ondition for l = L+ 2is larger than (1− 2−l−3) · T (l). Now it follows from inequality (5.1) thatthe number of squares �j ∈ L'(Q; 
; Jk) satisfying the (l; 12 ; 12)-
onditionfor 1 6 l 6 L+ 2 is larger than (1− 12l+3 ) · tk. Thus, we have
∑Pj ;l:Pj satisfy(l;1=2;1=2)-
ondition1 >

L+2
∑l=1 (1− 12l+3 ) · tk = (L+ 2− 14 + 12L+3 )·tk > (L+ 74)·tk:Assume that the number of squares �j ⊂ L'(Q; 
; Jk) that satisfy the

(l; 12 ; 12)-
ondition for all l with 1 6 l 6 L+ 2 is smaller than 34 · tk. Then
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∑Pj ;l:Pj satisfy(l;1=2;1=2)-
ondition1 6 34 · tk · (L+ 2) + 14 · tk · (L+ 1) = (L+ 74) · tk;whi
h 
ontradi
ts the previous estimate. Thus, there exist at least 34 · tk

( 12 ; 12)-spe
ial squares �j ⊂ L'(Q; 
; Jk). These squares satisfy the 
ondi-tions of Theorem 4, allowing us to write the following estimate:#A2n(Q;�j) > 
13Qn+1�2�j = 
13
28 ·Qn+1−2
 :Inequality (5.1) and the upper bound on the number of ( 12 ; 12)-spe
ialsquares imply that# (L'(Q; 
; Jk) ∩ A2n(Q)) > 34
13
28 · tk ·Qn+1−2

> 38
13
8 ·Qn+1−
�1Jk:These inequalities, in turn, lead us to the following lower bound on the
ardinality #M'(Q; J; 
):#M'(Q; J; 
) > 38 
13
8 ·Qn+1−
∑k �1Jk

> 932 
13
8 · �1J ·Qn+1−
 = 
2 ·Qn+1−
 :5.2. The upper bound. As in the previous se
tion, let us divide the setL'(Q; 
; J), J = [b1; b2℄, into subsets Ej , 1 6 j 6 t:Ej := {x ∈ R2 : x1 ∈ Jj ; |'(x1)− x2| < ( 12 + 
6) · 
8Q−
} ;where Jj = [yj−1; yj ℄; y0 = b1; yj+1 = yj + ( 12 + 32
6) · 
8Q−
 ;and the number of subsets Ej satis�es the inequalityt 6 �1J · (�1Jj)−1
6
( 12 + 32
6)−1

· 
−18 Q
�1J: (5.13)On
e again, for 'j = 12(maxx∈Jj '(x)+ minx∈Jj '(x)) let us 
onsider the squares�j := {x ∈ R2 : x1 ∈ Jj ; ∣

∣'j − x2∣∣ < ( 12 + 32
6) · 
8Q−
} :Sin
e the fun
tion ' is 
ontinuously di�erentiable on the interval J , andmaxx∈J |'′(x)| < 
6, it is easy to see that ea
h subset Ej is 
ontained in the
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tive square �j : Ej ⊂ �j , 1 6 j 6 t. Note that the squares �j satisfythe 
onditions of Theorem 3. Therefore, we have#A2n(Q;�j) 6 
12Qn+1�2�j = 
12
28 ( 12 + 32
6)2 ·Qn+1−2
 :These inequalities, together with estimate (5.13), lead to the followingupper bound for #M'(Q; I; 
):#M'(Q; J; 
) 6

t
∑j=1#A2n(Q;�j) 6 
12
8 ( 12 + 32
3) · �1J ·Qn+1−
= 
3 ·Qn+1−
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