
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 447, 2016 Ç.�. á. âÏÌÏÈÏ×ó÷ïêó�÷á îåëï�ïòùè òáóûéòåîéêë÷áäòá�éþîïê æïòíù ÷åë�ïòîïçïïðåòá�ïòá ìáðìáóá÷×ÅÄÅÎÉÅ÷ ÒÁÂÏÔÅ ÒÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ Ó×ÏÊÓÔ×Á Ë×ÁÄÒÁÔÉÞÎÙÈ ÆÏÒÍ ×ÉÄÁQ��(~f) = lim�→0( ∫

R3\B� ∣

∣

�f j(~x)�xk ∣

∣

2d3x−
(�� − ��)

∫�B� |~f(~x)|2 d2s) (1)ÏÔ ×ÅËÔÏÒÎÙÈ ÆÕÎË�ÉÊ ~f(~x) × ÔÒÅÈÍÅÒÎÏÍ �ÒÏÓÔÒÁÎÓÔ×Å, ÕÄÏ×ÌÅÔ×ÏÒÑ-ÀÝÉÈ ÎÅËÏÔÏÒÏÍÕ ËÁÌÉÂÒÏ×ÏÞÎÏÍÕ ÕÓÌÏ×ÉÀ, �ÒÉ ÒÁÚÌÉÞÎÙÈ ÚÎÁÞÅÎÉÑÈËÏÜÆÆÉ�ÉÅÎÔÁ � (ÚÄÅÓØ B� { ÜÔÏ ÛÁÒ ÒÁÄÉÕÓÁ � Ó �ÅÎÔÒÏÍ × ÎÁÞÁÌÅ ËÏ-ÏÒÄÉÎÁÔ). �ÁËÁÑ ÖÅ Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ ÄÌÑ ÓËÁÌÑÒÎÙÈ ÆÕÎË�ÉÊQ�(f) = lim�→0( ∫

R3\B� ∣

∣

�f(~x)�xk ∣

∣

2d3x−
(1� − ��)

∫�B� |f(~x)|2 d2s); (2)�ÒÉ ÚÎÁÞÅÎÉÉ � = 1 ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ Ï�ÉÓÁÎÎÏÍÕ × ÌÉÔÅÒÁÔÕÒÅ ÓÌÕÞÁÀ×ÚÁÉÍÏÄÅÊÓÔ×ÉÑ ÞÁÓÔÉ�Ù Ó ÔÏÞÅÞÎÙÍ �ÏÔÅÎ�ÉÁÌÏÍ [1℄ É Ñ×ÌÑÅÔÓÑ ÚÁÍÙ-ËÁÅÍÏÊ �ÏÌÕÏÇÒÁÎÉÞÅÎÎÏÊ ÆÏÒÍÏÊ, Ï�ÒÅÄÅÌÑÅÍÏÊ ÓÉÍÍÅÔÒÉÞÅÓËÉÍ ÉÌÉÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÍ Ï�ÅÒÁÔÏÒÏÍ. íÙ �ÏËÁÖÅÍ, ÞÔÏ ÄÌÑ ÓÌÕÞÁÑ ÆÕÎË�ÉÉ~f(~x), �ÒÉÎÉÍÁÀÝÅÊ ÚÎÁÞÅÎÉÑ × ÔÒÅÈÍÅÒÎÏÍ ×ÅËÔÏÒÎÏÍ �ÒÏÓÔÒÁÎÓÔ×Å,�ÏÍÉÍÏ ÚÎÁÞÅÎÉÑ � = 1 Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ (1) ÍÏÖÅÔ ÂÙÔØ Ï�ÒÅÄÅ-ÌÅÎÁ ÔÁËÖÅ × ÉÎÔÅÒ×ÁÌÅ 3=2 6 � 6 3, �ÒÉ ÜÔÏÍ ËÁÌÉÂÒÏ×ÏÞÎÏÅ ÕÓÌÏ×ÉÅÚÁ×ÉÓÉÔ ÏÔ �ÁÒÁÍÅÔÒÁ �. ÷Ï�ÒÏÓ Ï ÄÏÓÔÁÔÏÞÎÙÈ ÕÓÌÏ×ÉÑÈ ÓÕÝÅÓÔ×Ï×Á-ÎÉÑ ÆÏÒÍ ×ÉÄÁ (1) ÏÓÔÁÅÔÓÑ ÚÁ ÒÁÍËÁÍÉ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ.îÁ ÍÎÏÖÅÓÔ×Å ÇÌÁÄËÉÈ ×ÅËÔÏÒÎÙÈ ÆÕÎË�ÉÊ, ÕÂÙ×ÁÀÝÉÈ ÎÁ ÂÅÓËÏ-ÎÅÞÎÏÓÔÉ, Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ (1) Ñ×ÌÑÅÔÓÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÏÊëÌÀÞÅ×ÙÅ ÓÌÏ×Á: Ï�ÅÒÁÔÏÒ ìÁ�ÌÁÓÁ × ÓÆÅÒÉÞÅÓËÉÈ ËÏÏÒÄÉÎÁÔÁÈ, �Ï�ÅÒÅÞÎÏÅ É�ÒÏÄÏÌØÎÙÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á, ×ÅËÔÏÒÎÙÅ ÓÆÅÒÉÞÅÓËÉÅ ÆÕÎË�ÉÉ, ÒÁÓÛÉÒÅÎÉÑ Ë×Á-ÄÒÁÔÉÞÎÙÈ ÆÏÒÍ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ �ÏÄÄÅÒÖËÅ ÇÒÁÎÔÁ òîæ 14-11-00598.5



6 �. á. âïìïèï÷Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ: Q�(~f) = ∫

R3 ∣

∣

�f j(~x)�xk ∣

∣

2d3x: (3)ïÔÌÉÞÉÑ �ÒÏÑ×ÌÑÀÔÓÑ ÔÏÌØËÏ ÎÁ ÂÏÌÅÅ ÛÉÒÏËÏÍ �ÒÏÓÔÒÁÎÓÔ×Å ÆÕÎË-�ÉÊ, ÒÁÓÈÏÄÑÝÉÈÓÑ Ï�ÒÅÄÅÌÅÎÎÙÍ ÏÂÒÁÚÏÍ × ÎÁÞÁÌÅ ËÏÏÒÄÉÎÁÔ. ÷ �ÒÉ-ÌÏÖÅÎÉÑÈ Ë ÜÌÅËÔÒÏÄÉÎÁÍÉËÅ ÉÌÉ Ë×ÁÎÔÏ×ÏÊ ÍÅÈÁÎÉËÅ ÔÁËÉÅ ÒÁÓÈÏÄÉ-ÍÏÓÔÉ ÏÂÙÞÎÏ ×ÏÚÎÉËÁÀÔ ÏÔ ×ÚÁÉÍÏÄÅÊÓÔ×ÉÑ Ó ÓÉÎÇÕÌÑÒÎÙÍ \×ÎÅÛ-ÎÉÍ" �ÏÌÅÍ. ïÄÎÁËÏ, Ë×ÁÄÒÁÔ ÍÏÄÕÌÑ ×Ï ×ÔÏÒÏÍ ÓÌÁÇÁÅÍÏÍ × (1) ÎÅ-ÈÁÒÁËÔÅÒÅÎ ÄÌÑ ÕÞÅÔÁ ×ÎÅÛÎÅÇÏ ÉÓÔÏÞÎÉËÁ, × ÜÔÏÍ ÓÌÕÞÁÅ �ÏÌÅ ~f(~x)ÓËÏÒÅÅ ÄÏÌÖÎÏ ÕÍÎÏÖÁÔØÓÑ ÎÁ ÎÅËÏÔÏÒÙÊ ×ÅËÔÏÒ. ðÏÜÔÏÍÕ × ËÁÞÅÓÔ×Å�ÒÉÌÏÖÅÎÉÊ ÄÌÑ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ ÍÙ ×ÉÄÉÍ ÔÅÏÒÉÀ �ÏÌÑ, ÇÄÅ Ë×Á-ÄÒÁÔ ÍÏÄÕÌÑ ÍÏÖÅÔ �ÏÑ×ÌÑÔØÓÑ ËÁË ÒÅÚÕÌØÔÁÔ ÕÞÅÔÁ ÓÁÍÏÄÅÊÓÔ×ÉÑ,ÓÍ., ÎÁ�ÒÉÍÅÒ, [2℄.
§1. ðÁÒÁÍÅÔÒÉÚÁ�ÉÑ ×ÅËÔÏÒÎÏÇÏ �ÏÌÑïÓÎÏ×ÎÁÑ ÉÄÅÑ ÒÁÂÏÔÙ ÓÏÓÔÏÉÔ × ÉÓÓÌÅÄÏ×ÁÎÉÉ ÓÕÖÅÎÉÊ ÆÏÒÍÙ (1)ÎÁ ÌÉÎÅÊÎÙÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á �Ï�ÅÒÅÞÎÙÈ É �ÒÏÄÏÌØÎÙÈ ×ÅËÔÏÒÎÙÈÆÕÎË�ÉÊ, Á �ÏÓÌÅ ÜÔÏÇÏ { ÎÁ ÎÅËÏÔÏÒÙÅ ÉÈ ÌÉÎÅÊÎÙÅ ËÏÍÂÉÎÁ�ÉÉ. ÷ ÔÁ-ËÉÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ ÁÎÁÌÏÇÏÍ ÒÁÚÌÏÖÅÎÉÑ �Ï (ÓËÁÌÑÒÎÏÍÕ) ÓÆÅÒÉ-ÞÅÓËÏÍÕ ÂÁÚÉÓÕ Ylm, 0 6 l; |m| 6 l, Ñ×ÌÑÅÔÓÑ ÒÁÚÌÏÖÅÎÉÅ �Ï ×ÅËÔÏÒÎÙÍÓÆÅÒÉÞÅÓËÉÍ ÇÁÒÍÏÎÉËÁÍ (VSH) [3℄~�lm(
) = ~xr Ylm; 0 6 l; |m| 6 l; (4)~	lm(
) = l̂−1r~�Ylm; 1 6 l; |m| 6 l; (5)~�lm(
) = l̂−1(~x× ~�)Ylm; 1 6 l; |m| 6 l; (6)ÚÄÅÓØ l̂ = √l(l+ 1). �ÁËÉÅ ÇÁÒÍÏÎÉËÉ, ÔÁËÖÅ ËÁË É Ylm, Ñ×ÌÑÀÔÓÑÆÕÎË�ÉÑÍÉ ÔÏÌØËÏ ÕÇÌÏ×ÙÈ �ÅÒÅÍÅÎÎÙÈ 
 ∈ S2 É ÏÂÒÁÚÕÀÔ ÏÒÔÏÎÏÒ-ÍÉÒÏ×ÁÎÎÙÊ ÂÁÚÉÓ ÏÔÎÏÓÉÔÅÌØÎÏ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ �Ï ÓÆÅÒÅ.éÓ�ÏÌØÚÕÑ VSH, ÌÀÂÕÀ ÄÏÓÔÁÔÏÞÎÏ ÇÌÁÄËÕÀ ×ÅËÔÏÒÎÕÀ ÆÕÎË�ÉÀ~f(~x) ÍÏÖÎÏ �ÁÒÁÍÅÔÒÉÚÏ×ÁÔØ Ó �ÏÍÏÝØÀ ÎÁÂÏÒÏ× ÆÕÎË�ÉÊ v0, {vlm},
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{ulm}, {�lm} ÒÁÄÉÁÌØÎÏÊ �ÅÒÅÍÅÎÎÏÊ r = |x|:~f(~x) = v0r ~�0 + ∑16l;|m|6l((vlmr )′~�lm + l̂ vlmr2 ~	lm) (7)+ ∑16l;|m|6l(l̂ ulmr2 ~�lm + u′lmr ~	lm)+ ∑16l;|m|6l �lmr ~�lm; (8)ÔÁË, ÞÔÏ �ÅÒ×ÁÑ ÓÔÒÏËÁ �ÒÅÄÓÔÁ×ÌÑÅÔ ÉÚ ÓÅÂÑ �ÒÏÄÏÌØÎÕÀ ËÏÍ�ÏÎÅÎÔÕ(vlmr )′~�lm + l̂ vlmr2 ~	lm = ~� vlmr Ylm;Á Ä×Å ÏÓÔÁ×ÛÉÈÓÑ ÓÕÍÍÙ { �Ï�ÅÒÅÞÎÕÀ~� ·

(l̂ ulmr2 ~�lm + u′lmr ~	lm) = 0; ~� · �lmr ~�lm = 0(ÚÄÅÓØ É ÄÁÌÅÅ �ÏÄÒÏÂÎÙÅ ÆÏÒÍÕÌÙ ÓÍ. × [4℄).äÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ�~f(~x) = −
∑k �2�x2k ~f(~x)ÎÁ ÇÌÁÄËÕÀ ×ÅËÔÏÒÎÕÀ ÆÕÎË�ÉÀ (7), (8) Ó×ÏÄÉÔÓÑ Ë ÄÅÊÓÔ×ÉÀ ÓÏÏÔ-×ÅÔÓÔ×ÕÀÝÉÈ ÒÁÄÉÁÌØÎÙÈ ÞÁÓÔÅÊ ÜÔÏÇÏ Ï�ÅÒÁÔÏÒÁTl = − d2dr2 + l(l + 1)r2 ; r > 0; l = 0; 1; : : : (9)ÎÁ ËÁÖÄÕÀ ÆÕÎË�ÉÀ ÉÚ ÎÁÂÏÒÏ× {vlm}, {ulm}, {�lm} É ÄÅÊÓÔ×ÉÀ Ï�Å-ÒÁ�ÉÉ T1 ÎÁ ËÏÍ�ÏÎÅÎÔÕ v0. óËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÉÚ �ÒÏÓÔÒÁÎÓÔ×ÁÆÕÎË�ÉÊ ÎÁ R3(~f;~g) = ∫

R3 ~f(~x) · ~g(~x) d3x = ∫

R3 ∑j f j(~x)gj(~x) d3x (10)



8 �. á. âïìïèï÷�ÅÒÅÎÏÓÉÔÓÑ ÎÁ ÎÁÂÏÒÙ {vlm}, {ulm}, {�lm} × ×ÉÄÅ ÓÌÅÄÕÀÝÉÈ �ÏÌÏÖÉ-ÔÅÌØÎÏ Ï�ÒÅÄÅÌÅÎÎÙÈ ÉÎÔÅÇÒÁÌÏ×
(�lmr ~�lm; ~�njr ~�nj) = ∞

∫0 �lm ~�nj dr ÆlnÆmj ≡ (�lm; ~�nj) ÆlnÆmj ; (11)
(l̂ ulmr2 ~�lm + u′lmr ~	lm; n̂ ~unjr2 ~�nj + ~u′njr ~	nj)= ∞

∫0 (u′~u′ + l(l + 1)r2 u~u)dr ÆlnÆmj ≡ 〈u; ~u〉l ÆlnÆmj ; (12)
((vlmr )′~�lm + l̂ vlmr2 ~	lm; ( ~vnjr )′~�nj + n̂ ~vnjr2 ~	nj) = 〈v; ~v〉l ÆlnÆmj : (13)ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ Ó×ÏÊÓÔ×Á Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ × �ÁÒÁÍÅÔÒÉÚÁ�ÉÉ(7), (8) Ï�ÒÅÄÅÌÑÀÔÓÑ Ó×ÏÊÓÔ×ÁÍÉ ÅÇÏ ÒÁÄÉÁÌØÎÙÈ ÞÁÓÔÅÊ (9) × ÓËÁ-ÌÑÒÎÙÈ �ÒÏÉÚ×ÅÄÅÎÉÑÈ (11){(13). ï�ÅÒÁÔÏÒÙ Tl, 1 6 l, × ÓËÁÌÑÒÎÏÍ�ÒÏÉÚ×ÅÄÅÎÉÉ (11) ÓÁÍÏÓÏ�ÒÑÖÅÎÙ × ÓÕÝÅÓÔ×ÅÎÎÏÍ, ÎÉËÁËÁÑ ÄÏÂÁ×ËÁË Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÅ (3), Ó×ÑÚÁÎÎÁÑ Ó �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÏÍ P�, �ÏÒÏ-ÖÄÅÎÎÙÍ ÇÁÒÍÏÎÉËÁÍÉ ~�lm(
) (�ÏÓÌÅÄÎÅÊ ÓÕÍÍÏÊ × (8)), ÎÅ ÄÁÓÔ ÚÁ-ÍËÎÕÔÏÇÏ ÒÁÓÛÉÒÅÎÉÑ. ÷ ÔÏ ÖÅ ×ÒÅÍÑ, Ï�ÅÒÁÔÏÒÙ Tl × ÓËÁÌÑÒÎÏÍ �ÒÏ-ÉÚ×ÅÄÅÎÉÉ (12) Ñ×ÌÑÀÔÓÑ ÓÉÍÍÅÔÒÉÞÅÓËÉÍÉ É ÉÍÅÀÔ ÉÎÄÅËÓÙ ÄÅÆÅËÔÁ(1; 1) �ÒÉ l = 1. óÁÍÏÓÏ�ÒÑÖÅÎÎÙÅ ÒÁÓÛÉÒÅÎÉÑ Ï�ÅÒÁÔÏÒÁ T1 × ÓËÁÌÑÒ-ÎÏÍ �ÒÏÉÚ×ÅÄÅÎÉÉ 〈·; ·〉1 ÚÁÄÁÀÔÓÑ ÓÍÅÛÁÎÎÙÍ ÄÅÊÓÔ×ÉÅÍT �1 w = T1w − 2rw′(0) = −d2wdr2 + 2r2w − 2rw′(0) (14)É Ï�ÒÅÄÅÌÑÀÔÓÑ, × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ �ÁÒÁÍÅÔÒÁ ÒÁÓÛÉÒÅÎÉÑ �, ÎÁ ÍÎÏ-ÖÅÓÔ×ÁÈ

D� = {w(r) : 〈w;w〉1 < ∞; 〈T �1 w; T �1 w〉1 < ∞; 3w′′(0) = 4w′(0)}; (15)Ó�ÅËÔÒÁÌØÎÙÅ Ó×ÏÊÓÔ×Á ÜÔÉÈ Ï�ÅÒÁÔÏÒÏ× Ï�ÉÓÁÎÙ × [5℄. úÄÅÓØ ÓÔÏÉÔÏÔÍÅÔÉÔØ, ÞÔÏ ×ÓÅ ÏÓÎÏ×ÎÙÅ Ó×ÏÊÓÔ×Á �ÒÅÄÓÔÁ×ÌÅÎÉÑ ×ÅËÔÏÒÎÙÈ ÆÕÎË-�ÉÊ (7), (8) ÓÏÈÒÁÎÑÀÔÓÑ �ÒÉ ÒÁÓÛÉÒÅÎÉÉ �ÁÒÁÍÅÔÒÏ× u1m, v1m (ÉÌÉËÁËÏÊ-ÌÉÂÏ ÉÈ ÌÉÎÅÊÎÏÊ ËÏÍÂÉÎÁ�ÉÉ) ÄÏ ÍÎÏÖÅÓÔ×Á D�, × ÞÁÓÔÎÏÓÔÉ,ÍÏÖÎÏ �ÒÉÒÁ×ÎÑÔØ ÎÕÌÀ ÉÎÔÅÇÒÁÌ ÏÔ �ÏÌÎÏÊ �ÒÏÉÚ×ÏÄÎÏÊ × (13), ÁÔÁËÖÅ ÉÎÔÅÇÒÁÌ × ÕÓÌÏ×ÉÉ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ �Ï�ÅÒÅÞÎÏÊ É �ÒÏÄÏÌØÎÙÈ
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((v1mr )′~�1m +√2v1mr2 ~	1m;√2u1mr2 ~�1m + u′1mr ~	1m)= √2 ∞

∫0 (u1m(v1mr )′ + u′1mv1mr )dr = √2 ∞
∫0 (u1mv1mr )′dr = 0:÷ ÚÁËÌÀÞÅÎÉÉ ÜÔÏÊ ÞÁÓÔÉ �ÒÉ×ÅÄÅÍ ÆÏÒÍÕÌÙ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ ÏÔ ×ÅË-ÔÏÒÎÏÊ ÆÕÎË�ÉÉ ~f(~x) Ë �ÁÒÁÍÅÔÒÁÍ {vlm}, {ulm}, {�lm}, ÔÏ ÅÓÔØ �ÒÅ-ÏÂÒÁÚÏ×ÁÎÉÑ, ÏÂÒÁÔÎÏÇÏ Ë �ÏÄÓÔÁÎÏ×ËÅ (7), (8):�lm(r) = r ∫

S2 d
 ~�lm(
) · ~f(r;
) = 1r ∫

R3 d3x Æ(r − s)~�lm(
) · ~f(~x);ulm(r) = ∞
∫0 ds T−1l (r; s) ∫

S2 d
 (l̂~�lm(
)− ��ss~	lm(
)) · ~f(s;
)= ∫

R3 d3x ( l̂s2T−1l (r; s)~�lm(
) + 1s ( ��sT−1l (r; s))~	lm(
)) · ~f(~x);vlm(r) = ∞
∫0 ds T−1l (r; s) ∫

S2 d
 (l̂~	lm(
)− 1s ��ss2~�lm(
)) · ~f(s;
)= ∫

R3 d3x (( ��s 1sT−1l (r; s))~�lm(
) + l̂2s T−1l (r; s)~	lm(
)) · ~f(~x);ÚÄÅÓØ ~x = ~x(s;
), Á T−1l (r; s) { ÜÔÏ ÑÄÒÁ Ï�ÅÒÁÔÏÒÏ×, ÏÂÒÁÔÎÙÈ Ë Ï�Å-ÒÁÔÏÒÁÍ Tl, ÕÞÁÓÔ×ÕÀÝÉÍ × ÓËÁÌÑÒÎÙÈ �ÒÏÉÚ×ÅÄÅÎÉÑÈ (12), (13):T−1l (r; s) = 12l + 1(sl+1rl �(r − s) + rl+1sl �(s− r)):
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§2. òÁÓÛÉÒÅÎÉÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ÷×ÉÄÕ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ËÏÍ�ÏÎÅÎÔ ÒÁÚÌÏÖÅÎÉÑ (7), (8), Ë×ÁÄÒÁÔÉÞ-ÎÁÑ ÆÏÒÍÁ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ (3) �ÒÉ ÄÅÊÓÔ×ÉÉ ÎÁ ~f(~x) ÄÉÁÇÏÎÁÌÉÚÕ-ÅÔÓÑ É �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ÓÌÅÄÕÀÝÅÍ ×ÉÄÅ:Q�(~f)=(v0; T1v0)+ ∑16l;|m|6l (〈vlm; Tlvlm〉l + 〈ulm; Tlulm〉l + (�lm; Tl�lm)) :(16)òÁÓÓÍÏÔÒÉÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï Pa,Pa = {
(l̂ wlmr2 + (awlmr )′)~�lm + (w′lmr + l̂ awlmr2 )~	lm}; 1 6 l;ÎÁÔÑÎÕÔÏÅ ÎÁ ×ÅËÔÏÒÙ, ÏÒÔÏÇÏÎÁÌØÎÙÅ Ë P�, Õ ËÏÔÏÒÙÈ �ÁÒÁÍÅÔÒÙ vlmÉ ulm Ó×ÑÚÁÎÙ �ÒÏÓÔÅÊÛÉÍ ÌÉÎÅÊÎÙÍ ÓÏÏÔÎÏÛÅÎÉÅÍvlm(r) = aulm(r); a ∈ C:ïÔÄÅÌØÎÏ ×ÙÄÅÌÉÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï �ÒÏÄÏÌØÎÙÈ ×ÅËÔÏÒÏ×, ÎÁÔÑÎÕ-ÔÙÈ ÎÁ ~�0: P = {v0r ~�0}:ðÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï, ÏÒÔÏÇÏÎÁÌØÎÏÅ Ë Pa, P É Ë P�, ÓÔÒÏÉÔÓÑ Ó �ÏÍÏÝØÀÍÏÄÕÌÑÒÎÏÇÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ �ÁÒÁÍÅÔÒÁ a:a → −1a; (17)É, ÔÁËÉÍ ÏÂÒÁÚÏÍ, ×ÓÅ �ÒÏÓÔÒÁÎÓÔ×Ï ×ÅËÔÏÒÎÙÈ ÆÕÎË�ÉÊ Hve
(R3) ÒÁÓ-ËÌÁÄÙ×ÁÅÔÓÑ × ÓÕÍÍÕ

Hve
(R3) = P ∔ P� ∔ Pa ∔ P−1=a; (18)ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÇÒÕ��ÁÍ ÓÌÁÇÁÅÍÙÈ × ÒÁÚÌÏÖÅÎÉÉ~f(~x) = v0r ~�0 + ∑16l;|m|6l �lmr ~�lm (19)+ ∑16l;|m|6l((l̂ wlmr2 + (awlmr )′)~�lm + (w′lmr + l̂ awlmr2 )~	lm) (20)+ ∑16l;|m|6l((l̂ ~wlmr2 − ( ~wlmar )′)~�lm + ( ~w′lmr − l̂a ~wlmr2 )~	lm): (21)íÙ ÎÅ ÎÁÚÙ×ÁÅÍ �ÒÏÓÔÒÁÎÓÔ×Ï ×ÅËÔÏÒÎÙÈ ÆÕÎË�ÉÊ L2(R3) ⊗ C3, ÔÁËËÁË ÔÒÅÂÕÅÍ ÏÔ ÅÇÏ ÜÌÅÍÅÎÔÏ× ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÏÓÔÉ. ÷ ÔÏ ÖÅ ×ÒÅÍÑ,



ó÷ïêó�÷á îåëï�ïòùè òáóûéòåîéê 11×Ï�ÒÏÓ Ï ÚÁÍËÎÕÔÏÓÔÉ �ÏÌÕÞÅÎÎÏÇÏ ÏÒÔÏÇÏÎÁÌØÎÏÇÏ ÒÁÚÌÏÖÅÎÉÑ ÍÏÖÅÔÓÔÁ×ÉÔØÓÑ ÔÏÌØËÏ �ÒÉ ÎÁÌÉÞÉÉ ÎÏÒÍÙ, ÓÏÈÒÁÎÑÀÝÅÊ ÕÓÌÏ×ÉÅ �Ï�ÅÒÅÞ-ÎÏÓÔÉ, ÎÁ�ÒÉÍÅÒ, ÎÏÒÍÙ, �ÏÒÏÖÄÅÎÎÏÊ Ë×ÁÄÒÁÔÉÞÎÙÍÉ ÆÏÒÍÁÍÉ (1)ÉÌÉ (3).ðÏÄ�ÒÏÓÔÒÁÎÓÔ×Á Pa ÓÏÈÒÁÎÑÀÔ ÇÌÁ×ÎÙÅ Ó×ÏÊÓÔ×Á ÞÁÓÔÉ �ÒÏÄÏÌØ-ÎÏÇÏ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á (7)Pa|a=∞ = {(vlmr )′~�lm + l̂ vlmr2 ~	lm}É ÞÁÓÔÉ �Ï�ÅÒÅÞÎÏÇÏ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á P⊥, �ÏÒÏÖÄÅÎÎÏÊ �ÅÒ×ÙÍ ÓÌÁ-ÇÁÅÍÙÍ × (8)Pa|a=0 = {l̂ ulmr2 ~�lm + u′lmr ~	lm}; P⊥ = Pa|a=0 ∔ P�:á ÉÍÅÎÎÏ, ÄÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ Ó×ÏÄÉÔÓÑ Ë ÄÅÊÓÔ×ÉÀ Ï�ÅÒÁÔÏ-ÒÏ× Tl ÎÁ �ÁÒÁÍÅÔÒÙ wlm, ÔÏ ÅÓÔØ, ÅÓÌÉ~fwlm = (l̂ wlmr2 + (awlmr )′)~�lm + (w′lmr + l̂ awlmr2 )~	lm;ÔÏ�~fwlm = (l̂ Tlwlmr2 +(aTlwlmr )′)~�lm+( (Tlwlm)′r + l̂ aTlwlmr2 )~	lm = ~fTlwlm :(22)ðÒÉ ÜÔÏÍ ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ �ÒÏ�ÏÒ�ÉÏÎÁÌØÎÏ ÓËÁÌÑÒÎÏÍÕ �ÒÏ-ÉÚ×ÅÄÅÎÉÀ (12) ÄÌÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ �ÁÒÁÍÅÔÒÏ× wlm:(~fwlm ; ~f ~wl′m′
) = (1 + |a|2)〈wlm; ~wl′m′〉lÆll′Æmm′ :ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ (16), ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÒÁÚÌÏ-ÖÅÎÉÀ (18), ÍÏÖÅÔ ÂÙÔØ �ÅÒÅ�ÉÓÁÎÁ × ×ÉÄÅ ÓÕÍÍÙQ�(~f) = (v0; T1v0) + ∑16l;|m|6l(�lm; Tl�lm)+ ∑16l;|m|6l(1 + |a|2)(〈wlm; Tlwlm〉l + |a|−2〈 ~wlm; Tl ~wlm〉l); (23)× ËÏÔÏÒÏÊ ÆÕÎË�ÉÉ wlm É ~wlm �ÁÒÁÍÅÔÒÉÚÕÀÔ ×ÅËÔÏÒÙ ÉÚ �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ× Pa É P−1=a, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ. ðÅÒÅÈÏÄ ÏÔ �ÁÒÁÍÅÔÒÏ× ulm, vlm



12 �. á. âïìïèï÷Ë wlm, ~wlm ×ÙÇÌÑÄÉÔ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:ulm = wlm + ~wlm; wlm = 11 + |a|2 (ulm + avlm);vlm = awlm − 1a ~wlm; ~wlm = |a|21 + |a|2 (ulm − 1avlm):äÁÌÅÅ ÍÙ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÄÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ É ÅÇÏË×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ ÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï ÆÕÎË�ÉÊ H
ave
(R3), ÏÂÒÁÚÏ-×ÁÎÎÏÅ �ÅÒ×ÙÍÉ ÔÒÅÍÑ ÓÌÁÇÁÅÍÙÍÉ ÓÕÍÍÙ (18) ÉÌÉ ÍÎÏÖÅÓÔ×ÏÍ ÆÕÎË-�ÉÊ, �ÁÒÁÍÅÔÒÉÚÕÅÍÙÈ × ×ÉÄÅ ÓÕÍÍ (19){(20). �ÁËÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÏÏ�ÉÓÙ×ÁÅÔ ÜÌÅËÔÒÏÍÁÇÎÉÔÎÏÅ �ÏÌÅ ~f(~x), ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÅ ÓÌÅÄÕÀÝÉÍËÁÌÉÂÒÏ×ÏÞÎÙÍ ÕÓÌÏ×ÉÑÍ:

(r ��r + al̂ + 2) ∫

S2 ~�lm(
) · ~f(~x(r;
)) d
= (ar ��r + l̂ + a) ∫

S2 ~	lm(
) · ~f(~x(r;
)) d
; 1 6 l; |m| 6 l:ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ ÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÅH
ave
(R3)�ÒÉ �ÅÒÅÎÏÓÅ ÎÁ �ÁÒÁÍÅÔÒÉÚÕÀÝÉÅ ÆÕÎË�ÉÉ �ÒÅÄÓÔÁ×ÌÑÅÔ ÉÚ ÓÅÂÑÞÁÓÔØ ÓÌÁÇÁÅÍÙÈ ÓÕÍÍÙ (23)Qa�(~f) = (v0; T1v0) + ∑16l;|m|6l((�lm; Tl�lm) + (1 + |a|2)〈wlm; Tlwlm〉l):(24)�Å�ÅÒØ ÒÁÓÓÍÏÔÒÉÍ ÔÁËÏÅ ÒÁÓÛÉÒÅÎÉÅ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ Qa�,Qa�� (~f) = (v0; T1v0) + ∑16l;|m|6l(�lm; Tl�lm) + ∑

|m|61〈w1m; T �1 w1m〉1+ ∑26l;|m|6l(1 + |a|2)〈wlm; Tlwlm〉l; (25)× ËÏÔÏÒÏÍ × �ÅÒ×ÏÍ ÓÌÁÇÁÅÍÏÍ ÓÕÍÍÙ, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ �ÏÄ�ÒÏÓÔÒÁÎ-ÓÔ×Õ Pa, Ë×ÁÄÒÁÔÉÞÎÙÅ ÆÏÒÍÙ 〈w1m; T1w1m〉1 ÚÁÍÅÎÑÀÔÓÑ ÎÁ Ë×ÁÄÒÁ-ÔÉÞÎÙÅ ÆÏÒÍÙ Ï�ÅÒÁÔÏÒÁ T �1q�(w1m) = 〈w1m; T �1 w1m〉1:ðÒÉ ÜÔÏÍ, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ ÜÔÉÈ ÆÏÒÍ ÒÁÓÛÉÒÑ-ÀÔÓÑ ÄÏ ÍÎÏÖÅÓÔ×Á Ä×Á ÒÁÚÁ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÙÈ ÆÕÎË�ÉÊ, ÉÓÞÅÚÁÀ-ÝÉÈ × ÎÕÌÅ, Ó ÏÇÒÁÎÉÞÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ �ÒÏÉÚ×ÏÄÎÏÊ. ÷ÓÅ ÏÓÔÁÌØÎÙÅ



ó÷ïêó�÷á îåëï�ïòùè òáóûéòåîéê 13ÓÌÁÇÁÅÍÙÅ × (24), ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÄÒÕÇÉÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÍ, ÏÓÔÁ-ÀÔÓÑ ÂÅÚ ÉÚÍÅÎÅÎÉÑ. �ÁËÉÍ ÏÂÒÁÚÏÍ, × ÏÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑ ÒÁÓÛÉ-ÒÅÎÎÏÊ ÆÏÒÍÙ �Ï�ÁÄÁÀÔ ÆÕÎË�ÉÉ, ÒÁÓÈÏÄÑÝÉÅÓÑ ËÁË |r|−1 × ÎÁÞÁÌÅËÏÏÒÄÉÎÁÔ.
§3. ðÅÒÅÎÏÓ × ÔÒÅÈÍÅÒÎÏÅ �ÒÏÓÔÒÁÎÓÔ×ÏõÂÅÄÉÍÓÑ ÔÅ�ÅÒØ, ÞÔÏ ÒÁÓÛÉÒÅÎÎÁÑ ÆÏÒÍÁ Qa�� ÍÏÖÅÔ ÂÙÔØ �ÒÅÄ-ÓÔÁ×ÌÅÎÁ × ×ÉÄÅ (1) Ó ÎÅËÏÔÏÒÙÍ �ÁÒÁÍÅÔÒÏÍ �(a). äÌÑ ÜÔÏÇÏ �ÏÌÏÖÉÍ~fm = √2(z(w′1mr − w1mr2 ) + w1mr2 )~�1m+ (2zw1mr2 + w′1mr )~	1m; a=√2z;(26)É ×ÙÞÉÓÌÉÍ ÚÎÁÞÅÎÉÅ ÆÏÒÍÙ (25) ÎÁ ÜÔÏÍ ×ÅËÔÏÒÅ:Qa�� (~fm) = (1 + 2|z|2)〈w1m; T �1 w1m〉1= (1 + 2|z|2) lim�→0 ∞

∫� (dw1mdr ddrT �1 w1m + 2r2w1mT �1 w1m) dr= (1 + 2|z|2) lim�→0 ∞
∫� (dw1mdr ddrT1w1m + 2r2w1mT1w1m+ 2(w′1mr2 − 2w1mr3 )w′1m(0)) dr:úÄÅÓØ ÍÙ ÒÁÓËÒÙÌÉ ÄÅÊÓÔ×ÉÅ ÒÁÓÛÉÒÅÎÎÏÇÏ Ï�ÅÒÁÔÏÒÁ T �1 × ÓÏÏÔ×ÅÔ-ÓÔ×ÉÉ Ó (14). ðÏÓÌÅÄÎÅÅ ÓÌÁÇÁÅÍÏÅ × ÉÎÔÅÇÒÁÌÅ Ñ×ÌÑÅÔÓÑ �ÏÌÎÏÊ �ÒÏÉÚ-×ÏÄÎÏÊ, Á ×ÓÅ, ÞÔÏ ÓÏÄÅÒÖÉÔ Ï�ÅÒÁ�ÉÀ T1, ÍÏÖÎÏ Ó �ÏÍÏÝØÀ ÆÏÒÍÕÌÙ(22) ×ÙÒÁÚÉÔØ ÞÅÒÅÚ ÄÅÊÓÔ×ÉÅ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁ ÎÁ ~fm, �ÏÌÕÞÉÍQa�� (~f)=− lim�→0( ∫

R3\B� f jm(~x)�2f jm(~x)�x2k d3x+ 2(1 + 2|z|2)w′1m(0)w1m(�)�2 )(27)�Å�ÅÒØ, ÓÌÅÄÕÑ ÔÅÏÒÅÍÅ çÁÕÓÓÁ{ïÓÔÒÏÇÒÁÄÓËÏÇÏ, �ÒÏÉÎÔÅÇÒÉÒÕÅÍ �ÏÞÁÓÔÑÍ �ÅÒ×ÏÅ ÓÌÁÇÁÅÍÏÅ:
−

∫

R3\B� f jm(~x)�2f jm(~x)�x2k d3x = ∫

R3\B� ∣

∣

�f jm(~x)�xk ∣

∣

2 d3x+ ∫�B� f jm(~x)�kf jm(~x) d2�k;



14 �. á. âïìïèï÷ÚÄÅÓØ d2~� { ÜÔÏ ×ÅËÔÏÒ, ÎÏÒÍÁÌØÎÙÊ Ë �Ï×ÅÒÈÎÏÓÔÉ �B� ÛÁÒÁ B� Ó�ÅÎÔÒÏÍ × ÎÁÞÁÌÅ ËÏÏÒÄÉÎÁÔ. ðÏÌÁÇÁÑ ~x = ~x(�;
) É d2~� = ~x�d2
,ÇÄÅ 
 | ÜÔÏ, ËÁË É ÒÁÎÅÅ, ÔÏÞËÁ ÎÁ ÅÄÉÎÉÞÎÏÊ ÓÆÅÒÅ S2, ÉÎÔÅÇÒÁÌ �Ï�Ï×ÅÒÈÎÏÓÔÉ ÍÏÖÎÏ �ÅÒÅ�ÉÓÁÔØ ËÁË ÉÎÔÅÇÒÁÌ �Ï ÅÄÉÎÉÞÎÏÊ ÓÆÅÒÅ:
∫�B� f jm(~x)�kf jm(~x) d2�k = ∫

S2 f jm(~x)�kf jm(~x)xk� d2
: (28)ðÏÄÓÔÁ×ÉÍ ×ÙÒÁÖÅÎÉÅ (26) × �ÒÏÉÚ×ÏÄÎÕÀ xk�k ~fm, �ÏÌÕÞÉÍxk�k ~fm = xk�k(√2((zw1mr )′ + w1mr2 )~�1m + (2zw1mr2 + w′1mr )~	1m)= √2(zw′′1m + (1− 2z)w′1mr − 2(1− z)w1mr2 )~�lm+ (w′′1m + (2z − 1)w′1mr − 4zw1mr2 )~	lm;ÚÄÅÓØ ÍÙ ÉÓ�ÏÌØÚÏ×ÁÌÉ Ó×ÏÊÓÔ×Ï ÎÅÚÁ×ÉÓÉÍÏÓÔÉ ×ÅËÔÏÒÎÙÈ ÓÆÅÒÉÞÅ-ÓËÉÈ ÇÁÒÍÏÎÉË ÏÔ ÒÁÄÉÁÌØÎÏÊ �ÅÒÅÍÅÎÎÏÊ:xk�k~�lm(
) = 0; xk�k~	lm(
) = 0:ðÅÒÅÍÎÏÖÁÑ �ÏÌÕÞÅÎÎÙÅ ×ÙÒÁÖÅÎÉÑ ÄÌÑ xk�k ~fm É ~fm, �ÒÉÄÅÍ Ë ÓÌÅ-ÄÕÀÝÅÍÕ ×ÙÒÁÖÅÎÉÀ ÄÌÑ ÉÎÔÅÇÒÁÌÁ (28):
∫

S2 f jm(~x) �kf jm(~x)xk� d2
= (1 + 2|z|2)w′′1mw′1m + 2(z + z − |z|2)w′′1mw1m� (29)+ (2(z + z)− 4|z|2 − 1) |w′1m|2� + (8|z|2 − 4(z + z) + 2)w′1mw1m�2 (30)+ 4(|z|2 − z − z)w′1mw1m�2 − (12|z|2 − 4(z + z) + 4) |w1m|2�3 ; (31)ÇÄÅ w1m = w1m(�). �Å�ÅÒØ ÎÁ�ÉÛÅÍ ÒÁÚÌÏÖÅÎÉÅ ÆÕÎË�ÉÉ w(�) × ÒÑÄ�ÅÊÌÏÒÁ × ÏËÒÅÓÔÎÏÓÔÉ ÎÕÌÑ:w(�) = w′(0)�+ w′′(0)�22 + : : : ; w′(�) = w′′(0)�+ : : : ; � → 0;



ó÷ïêó�÷á îåëï�ïòùè òáóûéòåîéê 15�ÏÄÓÔÁ×ÉÍ × ÎÅÇÏ ÇÒÁÎÉÞÎÏÅ ÕÓÌÏ×ÉÅ ÉÚ (15) É ×ÙÞÉÓÌÉÍ �ÅÒ×ÙÅ ÞÌÅÎÙÒÁÚÌÏÖÅÎÉÑ ÄÌÑ Ë×ÁÄÒÁÔÉÞÎÙÈ ÓÌÁÇÁÅÍÙÈ × (29){(31) É (27):w′(�)w(�)�2 ≃ 1� |w′(0)|2 + w′′(0)w′(0) + 12w′(0)w′′(0) = (1� + 2�)

|w′(0)|2;
|w(�)|2�3 ≃ 1� |w′(0)|2+12w′(0)w′′(0)+ 12w′′(0)w′(0)=(1�+43�)

|w′(0)|2;
|w′(�)|2� ≃ 1� |w′(0)|2 + w′(0)w′′(0) + w′′(0)w′(0) = (1� + 83�)

|w′(0)|2;w′′(�)w′(�) ≃ 43�|w′(0)|2; w′′(�)w(�)� ≃ 43�|w′(0)|2w(�)�2 ≃ 1�w′(0) + 12w′′(0) = (1� + 23�)w′(0):äÁÌÅÅ ÓÏÂÅÒÅÍ ×ÍÅÓÔÅ ÓÌÁÇÁÅÍÙÅ ÉÚ (29){(31) É (27), �ÏÌÕÞÉÍQa�� (~f) = lim�→0( ∫

R3\B� ∣

∣

�f jm(~x)�xk ∣

∣

2 d3x
−

(1� (8|z|2 + 2(z + z) + 5) + (163 |z|2 + 83(z + z) + 4)�)

|w′1m(0)|2)É ÓÒÁ×ÎÉÍ ÜÔÏ ×ÙÒÁÖÅÎÉÅ Ó ÉÎÔÅÇÒÁÌÏÍ �Ï ÓÆÅÒÅ ÏÔ Ë×ÁÄÒÁÔÁ ÍÏÄÕ-ÌÑ ~fm,
∫�B� |~fm(~x)|2 d2s= ∫�B� ∣

∣

√2(z(w1m� )′ + w1m�2 )~�1m + (2zw1m�2 + w′1m� )~	1m∣

∣

2 d2s= (2|z|2+|1−z|2)2|w1m|2�2 +(z(1−z)+z)2w′1mw1m� +(z(1−z)+z)2w′1mw1m�+ (2|z|2 +1)|w′1m|2 ≃ ((4|z|2 + 2(z + z) + 3) + 163 |z + 1|2��)|w′1m(0)|2:÷ ÒÅÚÕÌØÔÁÔÅ �ÏÌÕÞÉÍQa�� (~fm) = lim�→0( ∫

R3\B� ∣

∣

�f jm(~x)�xk ∣

∣

2d3x−
(�� − ��)

∫�B� |~fm(~x)|2 d2s); (32)



16 �. á. âïìïèï÷ÇÄÅ�(z) = 8|z|2 + 2(z + z) + 54|z|2 + 2(z + z) + 3 ;�(z) = 163 4|z|4 + 6|z|2(z + z) + (z + z)2 + 7|z|2 + 4(z + z) + 11=4(4|z|2 + 2(z + z) + 3)2 :îÅÓÌÏÖÎÏ Õ×ÉÄÅÔØ, ÞÔÏ ×ÓÅ ×ÙÞÉÓÌÅÎÉÑ É ËÏÎÅÞÎÁÑ ÆÏÒÍÕÌÁ ÄÌÑ Ë×Á-ÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ (32) Ó�ÒÁ×ÅÄÌÉ×Ù É × ÓÌÕÞÁÅ, ËÏÇÄÁ ×ÅËÔÏÒÎÁÑ ÆÕÎË-�ÉÑ (26) �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅ ÓÕÍÍÙ �Ï ÓÆÅÒÉÞÅÓËÉÍ ÇÁÒÍÏÎÉËÁÍ ÓÒÁÚÎÙÍÉ ÚÎÁÞÅÎÉÑÍÉ ÏÒÂÉÔÁÌØÎÏÇÏ ÍÏÍÅÎÔÁ l É m. æÏÒÍÕÌÕ (32) ÍÏÖ-ÎÏ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÄÁÌÅÅ ÄÌÑ ÆÕÎË�ÉÉ ~f(~x) ÏÂÝÅÇÏ ×ÉÄÁ (19){(20), É,ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÒÁÓÛÉÒÉÔØ ÅÅ ÎÁ ×ÓÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï H
ave
(R3) ÆÕÎË-�ÉÊ Ó ÆÉËÓÉÒÏ×ÁÎÎÏÊ ËÁÌÉÂÒÏ×ËÏÊ.

§4. ëÏÜÆÆÉ�ÉÅÎÔÙ �(z) É �(z)ðÏÓÍÏÔÒÉÍ ÔÅ�ÅÒØ, ÞÔÏ ÉÚ ÓÅÂÑ �ÒÅÄÓÔÁ×ÌÑÀÔ �ÏÌÕÞÅÎÎÙÅ ËÏÜÆÆÉ-�ÉÅÎÔÙ �(z), �(z). äÌÑ ÜÔÏÇÏ �ÅÒÅÊÄÅÍ Ë ×ÅÝÅÓÔ×ÅÎÎÙÍ �ÅÒÅÍÅÎÎÙÍz = x+ iy. �ÏÇÄÁ �ÏÄÓÔÁÎÏ×ËÁ ÕÒÁ×ÎÅÎÉÑ ÏËÒÕÖÎÏÓÔÉ(x− �)2 + y2 = R2 (33)Ó �ÅÎÔÒÏÍ ÎÁ ×ÅÝÅÓÔ×ÅÎÎÏÊ �ÒÑÍÏÊ × ×ÙÒÁÖÅÎÉÅ ÄÌÑ �(z)�(z) = 8|z|2 + 2(z + z) + 54|z|2 + 2(z + z) + 3 = 8(x2 + y2) + 4x+ 54(x2 + y2) + 4x+ 3= (16�+ 4)x+ 8R2 − 8�2 + 5(8�+ 4)x+ 4R2 − 4�2 + 3�ÏÚ×ÏÌÑÅÔ �ÏÌÕÞÉÔØ ÓÏÏÔÎÏÛÅÎÉÅ ÄÌÑ ÒÁÄÉÕÓÁ R É �ÏÌÏÖÅÎÉÑ �ÅÎÔÒÁ� ÏËÒÕÖÎÏÓÔÅÊ ÌÉÎÉÊ ÕÒÏ×ÎÑ �(z):R2(�) = (�+ 1)(�− 12); �(�) = 4�+ 12�+ 1 : (34)éÚ ÜÔÉÈ ÆÏÒÍÕÌ ×ÉÄÎÏ, ÞÔÏ ËÏÇÄÁ �ÏÌÏÖÅÎÉÅ �ÅÎÔÒÁ ÍÅÎÑÅÔÓÑ × �ÒÅ-ÄÅÌÁÈ � 6 −1, 1=2 6 �, ÚÁÄÁ×ÁÅÍÙÈ ÔÒÅÂÏ×ÁÎÉÅÍ �ÏÌÏÖÉÔÅÌØÎÏÓÔÉË×ÁÄÒÁÔÁ ÒÁÄÉÕÓÁ, ÔÏ ÚÎÁÞÅÎÉÅ ËÏÜÆÆÉ�ÉÅÎÔÁ � ÍÅÎÑÅÔÓÑ × ÄÉÁ�ÁÚÏÎÅ3=2 6 � 6 3. �ÁË ËÁË � É R ÎÁÈÏÄÑÔÓÑ ÏÄÎÏÚÎÁÞÎÏ ÉÚ ÓÏÏÔÎÏÛÅÎÉÊ(33), (34) �ÒÉ ÚÁÄÁÎÎÙÈ x, y, ÔÏ ÔÁËÉÅ ÏËÒÕÖÎÏÓÔÉ, ÏÞÅ×ÉÄÎÏ, ÎÅ �ÅÒÅ-ÓÅËÁÀÔÓÑ ÄÒÕÇ Ó ÄÒÕÇÏÍ É �ÏËÒÙ×ÁÀÔ ×ÓÀ ËÏÍ�ÌÅËÓÎÕÀ �ÌÏÓËÏÓÔØ.



ó÷ïêó�÷á îåëï�ïòùè òáóûéòåîéê 17íÏÄÕÌÑÒÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ (17) ÄÌÑ �ÁÒÁÍÅÔÒÁ z �ÅÒÅ×ÏÄÉÔ ÓÉÓÔÅ-ÍÕ ÏËÒÕÖÎÏÓÔÅÊ ÕÒÏ×ÎÅÊ �(z) × ÎÁÂÏÒ ÏËÒÕÖÎÏÓÔÅÊ~� = �(− 12z ) = 5|z|2 + z + z + 23|z|2 + z + z + 1 = 5(x2 + y2) + 2x+ 23(x2 + y2) + 2x+ 1 ;ËÏÔÏÒÙÊ Ï�ÉÓÙ×ÁÅÔÓÑ ÔÁËÏÊ ÖÅ ÚÁ×ÉÓÉÍÏÓÔØÀ ÒÁÄÉÕÓÁ ÏÔ �ÏÌÏÖÅÎÉÑ�ÅÎÔÒÁ: R2(�) = (�+ 1)(�− 12); ~�(�) = 5�− 13�− 1 ;ÔÏ ÅÓÔØ × ÔÕ ÖÅ ÓÉÓÔÅÍÕ ÏËÒÕÖÎÏÓÔÅÊ. îÅ�ÏÄ×ÉÖÎÏÊ ÔÏÞËÏÊ ÜÔÏÇÏ�ÒÅÏÂÒÁÚÏ×ÁÎÉÑ Ñ×ÌÑÅÔÓÑ ÏËÒÕÖÎÏÓÔØ �(z) = 95 , ÒÁÄÉÕÓÁ R = 3√22 Ó�ÅÎÔÒÏÍ × ÔÏÞËÅ z = 2. ÷ ÜÔÏÍ ÓÌÕÞÁÅ Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ (1) ÍÏÖÅÔÉÍÅÔØ ÒÁÓÛÉÒÅÎÉÑ × ÌÀÂÏÍ ÉÚ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× (ÎÏ ÎÅ × ÏÂÏÉÈ!) Pa,P−1=a × ÒÁÚÌÏÖÅÎÉÉ (18).ðÅÒÅÊÄÅÍ ÔÅ�ÅÒØ Ë Ï�ÉÓÁÎÉÀ �Ï×ÅÄÅÎÉÑ ËÏÜÆÆÉ�ÉÅÎÔÁ �(z). ðÏÌÉ-ÎÏÍ ÞÅÔ×ÅÒÔÏÊ ÓÔÅ�ÅÎÉ, ÓÔÏÑÝÉÊ × ÞÉÓÌÉÔÅÌÅ, ÍÏÖÎÏ ÒÁÚÌÏÖÉÔØ ÎÁÍÎÏÖÉÔÅÌÉ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:�(z) = 163 4(x2 + y2)2 + 12(x2 + y2)x+ 11x2 + 7y2 + 8x+ 11=4(4x2 + 4y2 + 4x+ 3)2= 643 ((x+ 3+√54 )2 + y2 − √54 )((x+ 3−√54 )2 + y2 + √54 )(4x2 + 4y2 + 4x+ 3)2 :ìÉÎÉÉ ÕÒÏ×ÎÅÊ ÔÁËÏÊ ÆÕÎË�ÉÉ ÍÏÖÎÏ Ï�ÑÔØ ÉÓËÁÔØ × ×ÉÄÅ ÏËÒÕÖÎÏ-ÓÔÅÊ ÔÉ�Á (33), × ÒÅÚÕÌØÔÁÔÅ �ÏÄÓÔÁÎÏ×ËÉ �ÏÌÕÞÁÅÍ�(z)= 43 ((2�+ 3−√52 )x+R2
− �2 + 7−√58 )((2�+ 3+√52 )x+R2

− �2 + 7+√58 )

((2�+ 1)x+R2
− �2 + 34)2 :úÄÅÓØ × ÞÉÓÌÉÔÅÌÅ É × ÚÎÁÍÅÎÁÔÅÌÅ ÓÔÏÑÔ �ÏÌÉÎÏÍÙ ×ÔÏÒÏÊ ÓÔÅ�ÅÎÉ�Ï x. äÌÑ ÔÏÇÏ, ÞÔÏÂÙ ÏÎÉ ÓÏËÒÁÔÉÌÉÓØ É ÄÁÌÉ ËÏÎÓÔÁÎÔÕ, ÎÅÏÂÈÏÄÉÍÏ,ÞÔÏÂÙ ÉÈ ËÏÜÆÆÉ�ÉÅÎÔÙ ÂÙÌÉ �ÒÏ�ÏÒ�ÉÏÎÁÌØÎÙ ÄÒÕÇ ÄÒÕÇÕ, ÔÏ ÅÓÔØ,ÞÔÏÂÙ ÏÄÎÏ×ÒÅÍÅÎÎÏ ×Ù�ÏÌÎÑÌÉÓØ Ä×Á ÕÒÁ×ÎÅÎÉÑ ÎÁ R É �, ÎÁ�ÒÉÍÅÒ

(7−√58 +R2 − �2)(4�+ 2) = (R2 − �2 + 34)(4�+ 3−√5);
(7 +√58 +R2 − �2)(4�+ 2) = (R2 − �2 + 34)(4�+ 3 +√5):



18 �. á. âïìïèï÷îÅÓÌÏÖÎÏ Õ×ÉÄÅÔØ, ÞÔÏ ÜÔÏ ÉÍÅÅÔ ÍÅÓÔÏ �ÒÉR2(�) = (�+ 1)(�− 12); �(�) = 16(�+ 3+√54 )(�+ 3−√54 )3(2�+ 1)2 ;ÔÏ ÅÓÔØ ÌÉÎÉÉ ÕÒÏ×ÎÅÊ ËÏÜÆÆÉ�ÉÅÎÔÁ �(z) ÓÏ×�ÁÄÁÀÔ Ó ÏËÒÕÖÎÏÓÔÑÍÉÕÒÏ×ÎÅÊ ËÏÜÆÆÉ�ÉÅÎÔÁ �(z). îÁ ÏËÒÕÖÎÏÓÔÉ� = −3 +√54 ; R = 4√52ËÏÜÆÆÉ�ÉÅÎÔ �(z) ÏÂÒÁÝÁÅÔÓÑ × ÎÏÌØ, × ÜÔÏÍ ÓÌÕÞÁÅ Ë×ÁÄÒÁÔÉÞÎÁÑÆÏÒÍÁ (32) �ÒÉÏÂÒÅÔÁÅÔ ×ÉÄlim�→0( ∫

R3\B� ∣

∣

�f j(~x)�xk ∣

∣

2d3x− 3 +√52� ∫�B� |~f(~x)|2 d2s);Á ×ÓÅ ÒÁÚÌÉÞÉÑ ÍÅÖÄÕ ÒÁÓÛÉÒÅÎÉÑÍÉ ÓÏÄÅÒÖÁÔÓÑ ÔÏÌØËÏ × ÏÂÌÁÓÔÉÏ�ÒÅÄÅÌÅÎÉÑ.
§5. úÁËÌÀÞÅÎÉÅíÙ ÒÁÓÓÍÏÔÒÅÌÉ ÓÕÖÅÎÉÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁÓÁÎÁ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á ÌÉÎÅÊÎÙÈ ËÏÍÂÉÎÁ�ÉÊ ×ÅËÔÏÒÎÙÈ ÆÕÎË�ÉÊ ÉÚ �Ï-�ÅÒÅÞÎÏÇÏ É �ÁÒÁÌÌÅÌØÎÏÇÏ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×, ÚÁÄÁ×ÁÅÍÙÈ �ÁÒÁÍÅÔÒÉ-ÚÁ�ÉÑÍÉ ×ÉÄÁ (19){(21). äÁÌÅÅ ÎÁ ÏÄÎÏÍ ÉÚ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× �ÏÓÔÒÏÉÌÉÒÁÓÛÉÒÅÎÉÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ Ï�ÅÒÁÔÏÒÁ, ÄÅÊÓÔ×ÕÀÝÅÇÏ ÎÁ �ÁÒÁ-ÍÅÔÒÉÚÕÀÝÉÅ ÆÕÎË�ÉÉ, É �ÅÒÅÎÅÓÌÉ ÄÅÊÓÔ×ÉÅ ÒÁÓÛÉÒÅÎÉÑ ÎÁÚÁÄ ÎÁ�ÒÏÓÔÒÁÎÓÔ×Ï ×ÅËÔÏÒÎÙÈ ÆÕÎË�ÉÊ. ÷ �ÏÌÕÞÅÎÎÏÍ ÓÒÁ×ÎÉÔÅÌØÎÏ �ÒÏ-ÓÔÏÍ ×ÙÒÁÖÅÎÉÉ ÄÌÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ (32) ÍÙ ÉÓÓÌÅÄÏ×ÁÌÉ ÚÁ×É-ÓÉÍÏÓÔØ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÏÔ ×ÙÂÏÒÁ ËÏÍÌÅËÓÎÏÇÏ �ÁÒÁÍÅÔÒÁ × Ï�ÉÓÁÎ-ÎÏÍ ×ÙÛÅ ÌÉÎÅÊÎÏÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å.ìÉÔÅÒÁÔÕÒÁ1. æ. á. âÅÒÅÚÉÎ, ì. ä. æÁÄÄÅÅ×, úÁÍÅÞÁÎÉÅ ÏÂ ÕÒÁ×ÎÅÎÉÉ ûÒÅÄÉÎÇÅÒÁ Ó ÓÉÎÇÕ-ÌÑÒÎÙÍ �ÏÔÅÎ�ÉÁÌÏÍ. | äÏËÌÁÄÙ áî óóóò 137, ×Ù�. 5 (1961), 1011{1014.2. �. á. âÏÌÏÈÏ×, óÏÂÓÔ×ÅÎÎÙÅ ÓÏÓÔÏÑÎÉÑ ÄÌÑ Ë×ÁÎÔÏ×ÏÇÏ ÇÁÍÉÌØÔÏÎÉÁÎÁ Ó×Ï-ÂÏÄÎÏÇÏ �Ï�ÅÒÅÞÎÏÇÏ �ÏÌÑ. | ðÒÅ�ÒÉÎÔ ðïíé 2015/8, arxiv:1512.04121.3. â. ûÕÔ�, çÅÏÍÅÔÒÉÞÅÓËÉÅ ÍÅÔÏÄÙ ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÆÉÚÉËÉ. M. íÉÒ, 1984.E. L. Hill, \The Theory of Ve
tor Spheri
al Harmoni
s", Am. J. Phys., 22, 211(1954).4. �. á. âÏÌÏÈÏ×, òÁÓÛÉÒÅÎÉÑ Ë×ÁÄÒÁÔÉÞÎÏÊ ÆÏÒÍÙ ×ÅËÔÏÒÎÏÇÏ �Ï�ÅÒÅÞÎÏÇÏ Ï�Å-ÒÁÔÏÒÁ ìÁ�ÌÁÓÁ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 433 (2015), 78{110.
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