
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 445, 2016 Ç.÷. ç. öÕÒÁ×ÌÅ×äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùèòáúâéåîéê �ïòá é íîïçïíåòîùåðòéâìéöåîéñ áìçåâòáéþåóëéè þéóåì÷×ÅÄÅÎÉÅ0.1. ðÅÒÅËÌÁÄÙ×ÁÀÝÉÅÓÑ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ. òÁÚ×ÅÒÔËÏÊ T ÔÏÒÁ
TDL = RD=L, ÇÄÅ L = Z[l1; : : : ; lD℄ { �ÏÌÎÁÑ ÒÅÛÅÔËÁ × RD, ÎÁÚÙ×ÁÅÔÓÑ�ÏÄÍÎÏÖÅÓÔ×Ï T ⊂ RD, �ÏÌÕÞÁÀÝÅÅÓÑ �ÏÄßÅÍÏÍ ÔÏÒÁ TDL × �ÒÏÓÔÒÁÎ-ÓÔ×Ï RD ÞÅÒÅÚ ÂÉÅË�ÉÀT −→

∼ TDL : x 7→ xmodL: (0.1)òÁÚ×ÅÒÔËÁ T ÂÕÄÅÔ �ÅÒÅËÌÁÄÙ×ÁÀÝÅÊÓÑ, ÅÓÌÉ ÚÁÄÁÎÏ ÅÅ ÒÁÚÂÉÅÎÉÅT = T0 ⊔ : : : ⊔ TD (0.2)É �ÅÒÅËÌÁÄÙ×ÁÎÉÅT S′

−→ T : S′(x) = x+ vol(x) (0.3)ÎÁ ×ÅËÔÏÒÙ v0; : : : ; vD, Ó×ÑÚÁÎÎÙÅ Ó ÂÁÚÉÓÏÍ ÒÅÛÅÔËÉ L ÒÁ×ÅÎÓÔ×ÁÍÉlk = vk − v0 ÄÌÑ k = 1; : : : ; D. úÄÅÓØ ol(x) = k ÏÂÏÚÎÁÞÁÅÔ �×ÅÔ ÔÏÞÅËx, �ÒÉÎÁÄÌÅÖÁÝÉÈ �ÏÄÍÎÏÖÅÓÔ×Õ Tk.÷ ÓÉÌÕ ÓÕÝÅÓÔ×Ï×ÁÎÉÑ ÂÉÅË�ÉÉ (0.1) ÍÎÏÖÅÓÔ×Ï T ÍÏÖÎÏ ÏÔÏÖÄÅ-ÓÔ×ÉÔØ Ó ÔÏÒÏÍ TDL . �ÏÇÄÁ �ÅÒÅËÌÁÄÙ×ÁÎÉÅ (0.3) ÂÕÄÅÔ ÜË×É×ÁÌÅÎÔÎÏÓÄ×ÉÇÕ S′ = S′�′ :T S′

−→ T : S′(x) ≡ x+ �′ mod L (0.4)ÔÏÒÁ T ÎÁ ×ÅËÔÏÒ �′ ≡ v0 modL.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: �ÅÒÅËÌÁÄÙ×ÁÎÉÑ ÔÏÒÁ, ÉÎÄÕ�ÉÒÏ×ÁÎÎÙÅ ÒÁÚÂÉÅÎÉÑ, ÎÁÉÌÕÞ-ÛÉÅ ÍÎÏÇÏÍÅÒÎÙÅ �ÒÉÂÌÉÖÅÎÉÑ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ ÆÉÎÁÎÓÏ×ÏÊ �ÏÄÄÅÒÖËÅ òîæ, ÇÒÁÎÔ 14-11-00433.33



34 ÷. ç. öõòá÷ìå÷0.2. ÷ËÌÁÄÙ×ÁÀÝÉÅÓÑ × ÔÏÒ ÒÁÚ×ÅÒÔËÉ. ðÕÓÔØ ÄÁÎ ÅÝÅ ÔÏÒ TDL =
RD=L ÄÌÑ ÄÒÕÇÏÊ �ÏÌÎÏÊ ÒÅÛÅÔËÉ L ⊂ RD É ÎÁ ÎÅÍ Ï�ÒÅÄÅÌÅÎ

TDL S
−→ TDL : x 7→ S(x) ≡ x+ �modL (0.5)ÓÄ×ÉÇ S = S� ÎÁ ×ÅËÔÏÒ � ∈ RD. óËÁÖÅÍ, ÞÔÏ �ÅÒÅËÌÁÄÙ×ÁÀÝÁÑÓÑÒÁÚ×ÅÒÔËÁ T ÉÚ (0.2) ×ËÌÁÄÙ×ÁÅÔÓÑT em,→ TDL (0.6)× ÔÏÒ TDL ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S = S�, ÅÓÌÉ ×Ù�ÏÌÎÑÀÔÓÑ ÕÓÌÏ×ÉÑ:1) ÒÁÚ×ÅÒÔËÁ T ⊂ RD ÄÏ�ÕÓËÁÅÔ ×ÌÏÖÅÎÉÅ T ⊂ TDL × ÔÏÒ TDL × ËÁÞÅ-ÓÔ×Å ÅÇÏ �ÏÄÍÎÏÖÅÓÔ×Á, Ô.Å. ÄÌÑ ÌÀÂÙÈ ÜÌÅÍÅÎÔÏ× x; y ÉÚ T , Ó×ÑÚÁÎÎÙÈÓÒÁ×ÎÅÎÉÅÍ x ≡ ymodL, ÓÌÅÄÕÅÔ ÉÈ ÒÁ×ÅÎÓÔ×Ï x = y;2) �ÅÒÅËÌÁÄÙ×ÁÎÉÅ (0.3) ÉÌÉ ÓÄ×ÉÇ ÔÏÒÁ (0.4) Ñ×ÌÑÀÔÓÑ ÉÎÄÕ�ÉÒÏ-×ÁÎÎÙÍÉ ÏÔÏÂÒÁÖÅÎÉÑÍÉ (ÏÔÏÂÒÁÖÅÎÉÑÍÉ �ÅÒ×ÏÇÏ ×ÏÚ×ÒÁÝÅÎÉÑ, ÏÔÏ-ÂÒÁÖÅÎÉÅÍ ðÕÁÎËÁÒÅ) S′ = S|TÄÌÑ ÓÄ×ÉÇÁ ÔÏÒÁ S.0.3. éÎÄÕ�ÉÒÏ×ÁÎÎÙÅ ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ É ÑÄÒÏ. ÷ËÌÁÄÙ×ÁÀÝÁÑÓÑ× ÔÏÒ (0.6) ÒÁÚ×ÅÒÔËÁ T �ÏÒÏÖÄÁÅÔ ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÒÁÚÂÉÅÎÉÅ
T = T |T = T0 ⊔ : : : ⊔ TD (0.7)ÔÏÒÁ TDL , ÇÄÅ Tk { ÏÒÂÉÔÙ ÍÎÏÖÅÓÔ× Tk ⊂ T ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ ÔÏÒÁS. íÎÏÖÅÓÔ×Ï T �Ï ÏÔÎÏÛÅÎÉÀ ËÏ ×ÓÅÍÕ ÒÁÚÂÉÅÎÉÀ (0.7) Ñ×ÌÑÅÔÓÑÑÄÒÏÍ T = Kr = Kr(T ) (0.8)ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ T . ñÄÒÏ Kr ⊂ TDL ÈÁÒÁËÔÅÒÉÚÕÅÔÓÑ ÔÅÍ Ó×ÏÊÓÔ×ÏÍ, ÞÔÏÏÔÏÂÒÁÖÅÎÉÅ �ÅÒ×ÏÇÏ ×ÏÚ×ÒÁÝÅÎÉÑ S′ = S|Kr, ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÓÄ×É-ÇÏÍ ÔÏÒÁ S ÉÚ (0.5), ÜË×É×ÁÌÅÎÔÎÏ �ÅÒÅËÌÁÄÙ×ÁÎÉÀ D+1 ÏÂÌÁÓÔÅÊ ÉÚKr = Kr0 ⊔ : : : ⊔KrD.0.4. äÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÅ ÉÎÄÕ�ÉÒÏ×ÁÎÎÙÈ ÒÁÚÂÉÅÎÉÊ. ïÓÎÏ×-ÎÁÑ �ÅÌØ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ { Ï�ÒÅÄÅÌÉÔØ ÄÌÑ �ÒÏÉÚ×ÏÌØÎÏÊ ÒÁÚÍÅÒÎÏ-ÓÔÉ D Ï�ÅÒÁ�ÉÉ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ� : T −→ T � (0.9)ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÇÏ ÒÁÚÂÉÅÎÉÑ (0.7) ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ × ÒÅÚÕÌØÔÁÔÅ�ÏÌÕÞÁÌÉÓØ ÓÎÏ×Á ÉÎÄÕ�ÉÒÏ×ÁÎÎÙÅ ÒÁÚÂÉÅÎÉÑ (ÓÍ. ÔÅÏÒÅÍÕ 3.1)

T � = T |Kr�



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 35ÔÏÇÏ ÖÅ ÔÏÒÁ TDL , �ÏÒÏÖÄÁÅÍÙÅ ÎÅËÏÔÏÒÙÍ ÎÏ×ÙÍ ÑÄÒÏÍ Kr� = T �.îÁ ÑÚÙËÅ ÑÄÅÒ Kr ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÅ� : Kr −→ Kr�Ó×ÏÄÉÔÓÑ Ë ËÏÍÂÉÎÁ�ÉÉ ÓÌÅÄÕÀÝÉÈ ÇÅÏÍÅÔÒÉÞÅÓËÉÈ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ�ÒÏÓÔÒÁÎÓÔ×Á RD. ÷ÓÅ ÏÂÌÁÓÔÉ Krk ÉÚ ÑÄÒÁ Kr ÒÁÚÂÉ×ÁÀÔÓÑ ÎÁ ÔÒÉËÌÁÓÓÁ. ïÂÌÁÓÔÉ �ÅÒ×ÏÇÏ ËÌÁÓÓÁ ÓÏÈÒÁÎÑÀÔÓÑ, ×ÔÏÒÏÇÏ ËÌÁÓÓÁ { �ÏÄ-×ÅÒÇÁÀÔÓÑ �ÒÅÏÂÒÁÚÏ×ÁÎÉÀ ËÏÓÏÇÏ ÓÄ×ÉÇÁ, Á ÔÒÅÔØÅÇÏ { Ó ÄÏ�ÏÌÎÉ-ÔÅÌØÎÙÍ ÓÖÁÔÉÅÍ ×ÄÏÌØ �ÒÑÍÏÊ.0.5. ðÒÉÂÌÉÖÅÎÉÑ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÞÉÓÅÌ. ðÕÓÔØ ×ÅÝÅÓÔ×ÅÎÎÙÅÞÉÓÌÁ �1; : : :, �D �ÒÉÎÁÄÌÅÖÁÔ ÁÌÇÅÂÒÁÉÞÅÓËÏÍÕ �ÏÌÀ Q(�), ÇÄÅ � Ñ×ÌÑ-ÅÔÓÑ ËÏÒÎÅÍ ÒÁ�ÉÏÎÁÌØÎÏÇÏ ÍÎÏÇÏÞÌÅÎÁ ÓÔÅ�ÅÎÉ D + 1, ÎÅ�ÒÉ×ÏÄÉÍÏ-ÇÏ ÎÁÄ �ÏÌÅÍ ÒÁ�ÉÏÎÁÌØÎÙÈ Q. äÌÑ ÉÒÒÁ�ÉÏÎÁÌØÎÏÇÏ ×ÅËÔÏÒÁ � =(�1; : : : ; �D), ËÏÇÄÁ ÞÉÓÌÁ 1; �1; : : : ; �D ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ ÎÁÄ ËÏÌØ-�ÏÍ �ÅÌÙÈ ÞÉÓÅÌ Z, ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÂÅÓËÏÎÅÞÎÁÑ ÏÒÂÉÔÁ ÔÏÞÅËxj ≡ j� mod ZD ÄÌÑ j = 0; 1; 2; : : : (0.10)ÎÁ ÔÏÒÅ TD = RD=ZD. ÷ �ÒÅÄÌÁÇÁÅÍÏÊ ÒÁÂÏÔÅ ÓÔÒÏÉÔÓÑ ÂÅÓËÏÎÅÞÎÁÑ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ×Ù�ÕËÌÙÈ �ÅÎÔÒÁÌØÎÏ-ÓÉÍÍÅÔÒÉÞÎÙÈ �ÁÒÁÌÌÅÌÏ-ÜÄÒÏ× T (i) ⊂ TD ÄÌÑ i = 0; 1; 2; : : : Ó Ï�ÒÅÄÅÌÅÎÎÙÍÉ ÄÌÑ ÎÉÈ �ÏÒÑÄËÁÍÉm(0) < m(1) < : : : < m(i) < : : : ;ÇÄÅ m(i) { ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ.÷ ÔÅÏÒÅÍÅ 11.1 (ÓÍ. ÆÏÒÍÕÌÙ (11.35){(11.38)) ÄÏËÁÚÁÎÏ, ÞÔÏ �ÏÓÌÅ-ÄÏ×ÁÔÅÌØÎÏÓÔØ �ÁÒÁÌÌÅÌÏÜÄÒÏ× T (i) ÏÂÌÁÄÁÅÔ ÓÌÅÄÕÀÝÉÍÉ Ó×ÏÊÓÔ×ÁÍÉ.1. îÉ ÏÄÎÁ ÉÚ ÔÏÞÅË xj ÏÒÂÉÔÙ (0.10) ÎÅ �Ï�ÁÄÁÅÔxj =∈ T (i) ÄÌÑ j = 1; 2; : : : ;m(i) − 1 (0.11)× �ÁÒÁÌÌÅÌÏÜÄÒ T (i). ðÅÒ×ÏÊ �Ï�Á×ÛÅÊ × ÏÂÌÁÓÔØ T (i) ⊂ TD Ñ×ÌÑÅÔÓÑÔÏÞËÁ xj ∈ T (i) ÄÌÑ j = m(i): (0.12)2. äÌÑ ÒÁÄÉÕÓÁ %(T (i)) �ÁÒÁÌÌÅÌÏÜÄÒÁ T (i) Ó ÎÏÍÅÒÏÍ i = ap+ b, ÇÄÅa = 0; 1; 2; : : : É b = 0; : : : ; p− 1, ×Ù�ÏÌÎÑÅÔÓÑ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï%(T (i)) 6 ‖A‖a%(T (b)): (0.13)úÄÅÓØ p { ÎÅËÏÔÏÒÙÊ �ÅÒÉÏÄ, Ï�ÒÅÄÅÌÑÅÍÙÊ ×ÅËÔÏÒÏÍ �, É ‖A‖ ÏÂÏ-ÚÎÁÞÁÅÔ Ó�ÅËÔÒÁÌØÎÕÀ ÎÏÒÍÕ ËÁÌÉÂÒÏ×ÏÞÎÏÊ ÍÁÔÒÉ�Ù A, ÔÁËÖÅ Ï�-ÒÅÄÅÌÑÅÍÏÊ �.



36 ÷. ç. öõòá÷ìå÷3. ðÌÏÝÁÄØ s(T (i)) �ÁÒÁÌÌÅÌÏÜÄÒÁ T (i) ÎÁÈÏÄÉÔÓÑ �Ï ÆÏÒÍÕÌÅs(T (i)) = |detA|as(T (b)); (0.14)ÇÄÅ detA { Ï�ÒÅÄÅÌÉÔÅÌØ ÍÁÔÒÉ�Ù A, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÊ ÎÅÒÁ×ÅÎÓÔ-×ÁÍ 0 < |detA| < 1.ó×ÏÊÓÔ×Á (0.11) É (0.12) ÏÚÎÁÞÁÀÔ, ÞÔÏ ÏÇÒÁÎÉÞÅÎÎÙÅ �ÁÒÁÌÌÅÌÏ-ÜÄÒÁÍÉ T (i) ÏÂÌÁÓÔÉ ÎÁ ÔÏÒÅ TD ×ÙÄÅÌÑÀÔ ÉÚ ÏÒÂÉÔÙ (0.10) ÎÅËÏÔÏÒÕÀ�ÏÄ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÔÏÞÅË {xj′}∞j′=1, ÎÁÉÌÕÞÛÉÍ ÏÂÒÁÚÏÍ �ÒÉÂÌÉ-ÖÁÀÝÉÈÓÑ Ë 0 ∈ TD .óÌÅÄÕÀÝÉÅ Ä×Á Ó×ÏÊÓÔ×Á (0.13) É (0.14) Ï�ÉÓÙ×ÁÀÔ ÍÅÔÒÉÞÅÓËÉÅ ÈÁ-ÒÁËÔÅÒÉÓÔÉËÉ Á��ÒÏËÓÉÍÉÒÕÀÝÉÈ �ÁÒÁÌÌÅÌÏÜÄÒÏ× T (i). ÷ ÞÁÓÔÎÏÓÔÉ,ÉÚ ÎÉÈ ×ÙÔÅËÁÀÔ ÜËÓ�ÏÎÅÎ�ÉÁÌØÎÙÅ ÓÏËÒÁÝÅÎÉÑ ÒÁÚÍÅÒÏ× É �ÌÏÝÁÄÅÊ�ÁÒÁÌÌÅÌÏÜÄÒÏ×%(T (i))→ 0; s(T (i))→ 0 �ÒÉ i→∞; (0.15)�ÒÉÞÅÍ ×Ù�ÏÌÎÅÎÉÅ �ÅÒ×ÏÇÏ Ó×ÏÊÓÔ×Á ÉÚ (0.15) ÔÒÅÂÕÅÔ ÕÓÌÏ×ÉÑ ‖A‖ <1 ÎÁ Ó�ÅËÔÒÁÌØÎÕÀ ÎÏÒÍÕ ËÁÌÉÂÒÏ×ÏÞÎÏÊ ÍÁÔÒÉ�Ù A. ÷ �ÒÏÔÉ×ÎÏÍÓÌÕÞÁÅ ×ÏÚÍÏÖÅÎ ÒÏÓÔ ÒÁÄÉÕÓÏ× Á��ÒÏËÓÉÍÉÒÕÀÝÉÈ �ÁÒÁÌÌÅÌÏÜÄÒÏ×T (i) Ó ÏÄÎÏ×ÒÅÍÅÎÎÙÍ ÓÖÁÔÉÅÍ ÉÈ �ÌÏÝÁÄÅÊ.÷ ÔÅÏÒÅÍÅ 9.2 ÄÏËÁÚÁÎÏ, ÞÔÏ ÓÕÝÅÓÔ×Ï×ÁÎÉÅ �ÅÒÉÏÄÁ p > 0 ×ÏÚÍÏÖÎÏÔÏÌØËÏ ÄÌÑ ×ÅËÔÏÒÏ× � = (�1; : : : ; �D) Ó ËÏÏÒÄÉÎÁÔÁÍÉ ÉÚ ÎÅËÏÔÏÒÏÇÏÁÌÇÅÂÒÁÉÞÅÓËÏÇÏ �ÏÌÑ Q(�) ÓÔÅ�ÅÎÉ D+1. �ÁËÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ Ñ×ÌÑÅÔ-ÓÑ ÍÎÏÇÏÍÅÒÎÙÍ ÏÂÏÂÝÅÎÉÅÍ �ÅÒ×ÏÊ ÞÁÓÔÉ ÔÅÏÒÅÍÙ ìÁÇÒÁÎÖÁ Ï �Å-ÒÉÏÄÉÞÎÏÓÔÉ ÒÁÚÌÏÖÅÎÉÊ Ë×ÁÄÒÁÔÉÞÎÙÈ ÉÒÒÁ�ÉÏÎÁÌØÎÏÓÔÅÊ × �Å�ÎÕÀÄÒÏÂØ (ÓÍ., ÎÁ�ÒÉÍÅÒ, [1℄). òÁÎÅÅ × [2,3℄ ÂÙÌÉ ÒÁÓÓÍÏÔÒÅÎÙ �ÒÉÂÌÉÖÅ-ÎÉÑ ËÕÂÉÞÅÓËÉÈ ÉÒÒÁ�ÉÏÎÁÌØÎÏÓÔÅÊ.éÓÔÏÒÉÑ É Ó×ÑÚÉ. íÅÔÏÄ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÙ ÏÓÎÏ×ÁÎ ÎÁ ÄÉÆÆÅÒÅÎ-�ÉÒÏ×ÁÎÉÉ Ú×ÅÚÄ, ×ËÌÁÄÙ×ÁÀÝÉÈÓÑ × ÔÏÒ [3, 4℄, É ÉÍÅÅÔ Ó×ÏÉÍ ÉÓÔÏÞ-ÎÉËÏÍ ÒÁÚÂÉÅÎÉÑ òÏÚÉ [5,6℄. éÎÄÕ�ÉÒÏ×ÁÎÎÙÅ ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ ×�ÅÒ×ÙÅ�ÏÑ×ÉÌÉÓØ × ÒÁÂÏÔÅ ö. òÏÚÉ [5℄ { ÜÔÏ ÂÙÌÉ Ä×ÕÍÅÒÎÙÅ ÓÁÍÏ�ÏÄÏÂ-ÎÙÅ ÒÁÚÂÉÅÎÉÑ Ó ÆÒÁËÔÁÌØÎÙÍÉ ÇÒÁÎÉ�ÁÍÉ. ïÂÝÉÅ ÖÅ ÉÎÄÕ�ÉÒÏ×ÁÎ-ÎÙÅ ÒÁÚÂÉÅÎÉÑ ÂÙÌÉ �ÏÓÔÒÏÅÎÙ × [7℄. ðÏÎÑÔÉÅ ÑÄÒÁ ÒÁÚÂÉÅÎÉÑ (0.8) ÉÅÇÏ ÒÏÌØ ÂÙÌÉ ×ÙÑ×ÌÅÎÙ × [6℄. ÷ ÜÔÏÊ ÖÅ ÒÁÂÏÔÅ ÂÙÌÏ ÄÏËÁÚÁÎÏ, ÞÔÏÓÏÓÔÁÌÑÀÝÉÅ ÒÁÚÂÉÅÎÉÑ òÏÚÉ ÏÂÌÁÓÔÉ Ñ×ÌÑÀÔÓÑ ÍÎÏÖÅÓÔ×ÁÍÉ ÏÇÒÁÎÉ-ÞÅÎÎÏÇÏ ÏÓÔÁÔËÁ.äÌÑ ÒÁÚÍÅÒÎÏÓÔÉ D = 1 Ï�ÅÒÁ�ÉÉ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ ÒÁÚÂÉÅÎÉÊ(0.9) ÜË×É×ÁÌÅÎÔÎÙ ×ÏÚ×ÒÁÔÎÏÍÕ ÏÔÏÂÒÁÖÅÎÉÀ ÄÌÑ �Å�ÎÙÈ ÄÒÏÂÅÊ



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 37(bakward ontinued fration map) [8, 9℄, Á ÄÌÑ D = 2 ÔÁËÉÅ Ï�ÅÒÁ�ÉÉÂÙÌÉ Ï�ÒÅÄÅÌÅÎÙ × [10,11℄.éÎÔÅÒÅÓ Ë ÉÎÄÕ�ÉÒÏ×ÁÎÎÙÍ ÒÁÚÂÉÅÎÉÑÍ (0.7) ×ÙÚÙ×ÁÅÔÓÑ ÉÈ Ó×Ñ-ÚÑÍÉ Ó ÍÎÏÖÅÓÔ×ÁÍÉ ÏÇÒÁÎÉÞÅÎÎÏÇÏ ÏÓÔÁÔËÁ [6,12{18℄, ÍÎÏÇÏÍÅÒÎÙÍÉ�ÒÉÂÌÉÖÅÎÉÑÍÉ [3℄, ÓÂÁÌÁÎÓÉÒÏ×ÁÎÎÙÍÉ ÓÌÏ×ÁÍÉ [19, 20℄, ÒÏÓÔÏÍ Ë×Á-ÚÉËÒÉÓÔÁÌÌÏ× [21{23℄ É ÔÅÏÒÉÅÊ ÓÌÏÖÎÏÓÔÉ (omplexity) [23℄.íÁÔÅÒÉÁÌ ÓÔÁÔØÉ ÉÚÌÁÇÁÅÔÓÑ × ÓÌÅÄÕÀÝÅÊ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ.
§1: óÏÇÌÁÓÏ×ÁÎÎÙÅ ÍÎÏÖÅÓÔ×Á ×ÅËÔÏÒÏ× É ÉÈ �ÒÏÉÚ×ÏÄÎÙÅ.
§2: éÎÄÕ�ÉÒÏ×ÁÎÎÙÅ ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ.
§3: ðÒÏÉÚ×ÏÄÎÙÅ ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ.
§4: óÔÒÕËÔÕÒÁ ÔÏÞÅÞÎÙÈ ÏÒÂÉÔ.
§5: éÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÒÁÚÂÉÅÎÉÅ �ÒÏÓÔÒÁÎÓÔ×Á É �ÏÌÉÜÄÒÁÌØÎÁÑ ÇÉ-�ÅÒ�Ï×ÅÒÈÎÏÓÔØ.
§6: äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 3.2.
§7: ÷ÏÚ×ÒÁÔÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ.
§8: äÒÏÂÎÏ-ÌÉÎÅÊÎÙÅ É �ÒÏÅËÔÉ×ÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ.
§9: ðÅÒÉÏÄÉÞÅÓËÉÅ ÔÏÞËÉ.
§10: ðÒÅÏÂÒÁÚÏ×ÁÎÉÑ É ÎÏÒÍÉÒÏ×ÁÎÉÑ Ú×ÅÚÄÙ.
§11: ðÒÉÂÌÉÖÅÎÉÑ ÎÁ ÔÏÒÅ.

§1. óÏÇÌÁÓÏ×ÁÎÎÙÅ ÍÎÏÖÅÓÔ×Á ×ÅËÔÏÒÏ× É ÉÈ�ÒÏÉÚ×ÏÄÎÙÅ1.1. óÏÇÌÁÓÏ×ÁÎÎÙÅ ÍÎÏÖÅÓÔ×Á ×ÅËÔÏÒÏ×. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ � ÓÏ-×ÏËÕ�ÎÏÓÔØ ×ÓÅÈ ÓÏÞÅÔÁÎÉÊ � ÉÚ Ä×ÕÈ ÜÌÅÍÅÎÔÏ× {k1; k2} ÉÚ ÍÎÏÖÅÓÔ×ÁÉÎÄÅËÓÏ× {0; 1; : : : ; D}. ðÕÓÔØ v0; v1; : : : ; vD { �ÒÏÉÚ×ÏÌØÎÙÅ ×ÅËÔÏÒÙ ÉÚ
RD É �′ = {k′1; : : : ; k′D−1} = {0; 1; : : : ; D} \ � { ÄÏ�ÏÌÎÉÔÅÌØÎÏÅ Ë � ÓÏ-ÞÅÔÅÎÉÅ. íÅÖÄÕ � ∈ � É ÄÏ�ÏÌÎÉÔÅÌØÎÙÍÉ Ë ÎÉÍ ÓÏÞÅÔÁÎÉÑÍÉ �′ ∈ �ÓÕÝÅÓÔ×ÕÅÔ ×ÚÁÉÍÎÏ ÏÄÎÏÚÎÁÞÎÏÅ ÓÏÏÔ×ÅÔÓÔ×ÉÅ� ⇔ �′: (1.1)äÁÌÅÅ ÍÙ ÂÕÄÅÍ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÎÅÕ�ÏÒÑÄÏÞÅÎÎÙÅ ÍÎÏÖÅÓÔ×Á ×ÅËÔÏÒÏ×
{v0; v1; : : : ; vD}.ï�ÒÅÄÅÌÅÎÉÅ 1.1. ðÕÓÔØ ÌÀÂÙÅ D − 1 ×ÅËÔÏÒÁ ÉÚ {v0; v1; : : : ; vD}ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚH�′ = {�k′1vk′1 + : : :+ �k′D−1vk′D−1 ; �k′1 ; : : : ; �k′D−1 ∈ R} (1.2)



38 ÷. ç. öõòá÷ìå÷ÇÉ�ÅÒ�ÌÏÓËÏÓÔØ, ÓÏÄÅÒÖÁÝÕÀ ×ÅËÔÏÒÙ vk′j Ó ÉÎÄÅËÓÁÍÉ k′j ÉÚ �′. �Ï-ÇÄÁ ÔÁËÏÅ ÍÎÏÖÅÓÔ×Ï ×ÅËÔÏÒÏ× {v0; v1; : : : ; vD} ÎÁÚÏ×ÅÍ ÓÏÇÌÁÓÏ×ÁÎ-ÎÙÍ, ÅÓÌÉ ÄÌÑ ×ÓÅÈ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈ (1.1) Ë �′ ÓÏÞÅÔÁÎÉÊ �={k1; k2} ∈� ×ÅËÔÏÒÙ vk1 , vk2 ÉÚ {v0; v1; : : : ; vD} ÎÅ �ÒÉÎÁÄÌÅÖÁÔ ÇÉ�ÅÒ�ÌÏÓËÏ-ÓÔÉ (1.2) É ÌÅÖÁÔ �Ï ÏÔÎÏÛÅÎÉÀ Ë ÎÅÊ × ÒÁÚÎÙÈ �ÏÌÕ�ÒÏÓÔÒÁÎÓÔ×ÁÈH+�′ É H−�′ .îÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ ÓÏÇÌÁÓÏ×ÁÎÎÏÓÔÉ ÓÌÅÄÕÅÔ, ÞÔÏ ÌÀ-ÂÙÅ D ×ÅËÔÏÒÁ ÉÚ {v0; v1; : : : ; vD} ÂÕÄÕÔ ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ.ï�ÒÅÄÅÌÅÎÉÅ 1.2. ìÀÂÏÅ ÓÏÇÌÁÓÏ×ÁÎÎÏÅ ÍÎÏÖÅÓÔ×Ï ×ÅËÔÏÒÏ× v =
{v0; v1; : : : ; vD} ÉÚ RD ÂÕÄÅÍ ÄÌÑ ËÒÁÔËÏÓÔÉ ÎÁÚÙ×ÁÔØ Ú×ÅÚÄÏÊ.ïÂßÑÓÎÅÎÉÅÍ ÎÁÚ×ÁÎÉÑ Ú×ÅÚÄÙ ÍÏÖÅÔ ÓÌÕÖÉÔØ ÓÌÅÄÕÀÝÉÊ ËÒÉÔÅ-ÒÉÊ.ëÒÉÔÅÒÉÊ 1.1. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ�(v)= {�0v0+ : : :+�DvD; �0 + : : :+ �D 61; �0; : : : ; �D >0};(1.3)ÇÄÅ ËÏÜÆÆÉ�ÉÅÎÔÙ �0; : : : ; �D ∈ R, ÎÁÔÑÎÕÔÙÊ ÎÁ ×ÅËÔÏÒÙ Ú×ÅÚÄÙ vÓÉÍ�ÌÅËÓ, É �ÕÓÔØ �int(v) { ×ÎÕÔÒÅÎÎÑÑ ÞÁÓÔØ ÓÉÍ�ÌÅËÓÁ (1.3). �ÏÇÄÁÕÓÌÏ×ÉÅ ÎÁ ÍÎÏÖÅÓÔ×Ï ×ÅËÔÏÒÏ× v ÂÙÔØ Ú×ÅÚÄÏÊ ÒÁ×ÎÏÓÉÌØÎÏ ÕÓÌÏ×ÉÀ0 ∈ �int(v): (1.4)1.2. ðÒÏÉÚ×ÏÄÎÙÅ Ú×ÅÚÄÙ. äÁÌÅÅ ÍÙ ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÏÂÏÚÎÁÞÅ-ÎÉÑ X = X1 ⊔X2; X = X1 ∪X2 (1.5)ÄÌÑ ÓÔÒÏÇÏÇÏ É ÎÅÓÔÒÏÇÏÇÏ ÒÁÚÂÉÅÎÉÊ ÍÎÏÖÅÓÔ×Á X × ÓÌÕÞÁÅ, ÅÓÌÉX1 ∩X2 = ∅ É X int1 ∩X int2 = ∅ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÇÄÅ X intk { ÍÎÏÖÅÓÔ×Ï×ÎÕÔÒÅÎÎÉÈ ÔÏÞÅË ÉÚ Xk.éÚ Ï�ÒÅÄÅÌÅÎÉÑ 1.1 ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ.ìÅÍÍÁ 1.1. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÄÌÑ ÎÅËÏÔÏÒÏÇÏ ÓÏÞÅÔÁÎÉÑ �={k1; k2}ÉÚ � ÓÕÍÍÁ ×ÅËÔÏÒÏ× v� = vk1 +vk2 Ú×ÅÚÄÙ v = {v0; v1; : : : ; vD} ÎÅ �ÒÉ-ÎÁÄÌÅÖÉÔ �ÌÏÓËÏÓÔÉ H�′ ÉÚ (1.2), ÇÄÅ �′ { ÄÏ�ÏÌÎÉÔÅÌØÎÏÅ ÓÏÞÅÔÁÎÉÅ(1.1) ÄÌÑ �. �ÏÇÄÁ �ÒÉ ÜÔÏÍ ÕÓÌÏ×ÉÉ ÔÏÌØËÏ ÏÄÎÏ ÉÚ ÍÎÏÖÅÓÔ×v(�) ⊔ v(�′) (1.6)ÂÕÄÅÔ ÓÏÇÌÁÓÏ×ÁÎÎÙÍ. úÄÅÓØv(�) = {vk1 ; v�} ÉÌÉ v(�) = {v�; vk2} (1.7)



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 39× ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÔÏÇÏ, ËÁËÉÅ ÉÚ �ÁÒ ×ÅËÔÏÒÏ× vk1 , v� ÉÌÉ vk2 , v��ÒÉÎÁÄÌÅÖÁÔ ÒÁÚÎÙÍ �ÏÌÕ�ÒÏÓÔÒÁÎÓÔ×ÁÍ H±�′ , É v(�′) { ÄÏ�ÏÌÎÉ-ÔÅÌØÎÏÅ ÄÌÑ v(�) ÍÎÏÖÅÓÔ×Ï ×ÅËÔÏÒÏ× ÉÚ Ú×ÅÚÄÙ v.úÁÍÅÔÉÍ, ÞÔÏ ÏÄÎÏÚÎÁÞÎÏÓÔØ ×ÙÂÏÒÁ ÍÎÏÖÅÓÔ×Á v(�) × (1.7) ÇÁÒÁÎ-ÔÉÒÏ×ÁÎÁ ÏÇÒÁÎÉÞÅÎÉÅÍ ÎÁ ÓÕÍÍÕ ×ÅËÔÏÒÏ× v� =∈ H�′ .ï�ÒÅÄÅÌÅÎÉÅ 1.3. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚv� = v(�) ⊔ v(�′) (1.8)ÔÏ ÍÎÏÖÅÓÔ×Ï ×ÅËÔÏÒÏ× ÉÚ (1.6), ËÏÔÏÒÏÅ Ñ×ÌÑÅÔÓÑ ÓÏÇÌÁÓÏ×ÁÎÎÙÍ.åÓÌÉ ÓÕÝÅÓÔ×ÕÀÔ ÍÎÏÖÅÓÔ×Á ×ÅËÔÏÒÏ× v� ÄÌÑ ×ÓÅÈ ÓÏÞÅÔÁÎÉÊ � ∈�, Ô.Å. ÄÌÑ ×ÓÅÈ � ×Ù�ÏÌÎÑÅÔÓÑ ÕÓÌÏ×ÉÅ ÌÅÍÍÙ 1.1, ÔÏ ÂÕÄÅÍ ÇÏ×Ï-ÒÉÔØ, ÞÔÏ ÓÏÇÌÁÓÏ×ÁÎÎÏÅ ÍÎÏÖÅÓÔ×Ï ×ÅËÔÏÒÏ× {v0; v1; : : : ; vD} ÎÅÒÙ-×ÏÖÄÅÎÏ ÉÌÉ ÂÏÌÅÅ ËÒÁÔËÏ { Ú×ÅÚÄÁ v = {v0; v1; : : : ; vD} ÎÅÒÙ×ÏÖÄÅÎÁ.�ÁËÉÍ ÏÂÒÁÚÏÍ, ÓÏÇÌÁÓÎÏ Ï�ÒÅÄÅÌÅÎÉÀ 1.3 ÄÌÑ ×ÓÅÈ ÓÏÞÅÔÁÎÉÊ � =
{k1; k2} ÉÚ � ÎÁ ÍÎÏÖÅÓÔ×Å ÎÅ×ÙÒÏÖÄÅÎÎÙÈ Ú×ÅÚÄ v = {v0; v1; : : : ; vD}Ï�ÒÅÄÅÌÅÎÏ ÏÔÏÂÒÁÖÅÎÉÅv �

−→ v� = {v�0 ; v�1 ; : : : ; v�D}; (1.9)ÇÄÅ v�k1 = vk1 ; v�k2 = v�ÉÌÉ v�k1 = v� ; v�k2 = vk2× ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ×Ù�ÏÌÎÅÎÉÑ ÕÓÌÏ×ÉÑ ÉÚ (1.7), Év�k′ = vk′ ÄÌÑ ×ÓÅÈ k′ ∈ �′:ú×ÅÚÄÕ v� ÉÚ (1.9) ÎÁÚÏ×ÅÍ �-�ÒÏÉÚ×ÏÄÎÏÊ ÎÅÒÙ×ÏÖÄÅÎÏÊ Ú×ÅÚÄÙ v.åÓÌÉ ÎÕÖÎÏ ×ÙÄÅÌÉÔ ÉÎÄÅËÓÙ k1, k2 ÉÚ ÓÏÞÅÔÁÎÉÑ � = {k1; k2}, ÔÏÂÕÄÅÍ ÄÌÑ �-�ÒÏÉÚ×ÏÄÎÏÊ (1.9) ÉÓ�ÏÌØÚÏ×ÁÔØ ÅÝÅ É ÄÒÕÇÏÅ ÒÁÚ×ÅÒÎÕÔÏÅÏÂÏÚÎÁÞÅÎÉÅ v� = v{k1;k2}: (1.10)ðÏ Ï�ÒÅÄÅÌÅÎÉÀ (1.9) ÉÍÅÅÔ ÍÅÓÔÏ ÆÏÒÍÕÌÁ ËÏÍÍÕÔÉÒÏ×ÁÎÉÑv{k1;k2} = v{k2;k1}:ðÏÜÔÏÍÕ ÄÌÑ ÎÅÒÙ×ÏÖÄÅÎÎÏÊ Ú×ÅÚÄÙ v ÓÕÝÅÓÔ×ÕÀÔ C2D+1 = (D+1)D2 ÅÅ�ÒÏÉÚ×ÏÄÎÙÈ Ú×ÅÚÄ v� .



40 ÷. ç. öõòá÷ìå÷1.3. éÎ×ÁÒÉÁÎÔÎÏÓÔØ ÏÔÎÏÓÉÔÅÌØÎÏ ÁÆÉÎÎÙÈ ÏÔÏÂÒÁÖÅÎÉÊ.îÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ 1.1 ×ÙÔÅËÁÅÔ ÓÌÅÄÕÀÝÅÅ Ó×ÏÊÓÔ×Ï ÉÎ-×ÁÒÉÁÎÔÎÏÓÔÉ Ú×ÅÚÄ.åÓÌÉ ÍÎÏÖÅÓÔ×Ï ×ÅËÔÏÒÏ× v = {v0; v1; : : : ; vD} ÏÂÒÁÚÕÅÔ Ú×ÅÚÄÕ, ÔÏÅÅ ÏÂÒÁÚÙ Av = {Av0; Av1; : : : ; AvD}ÏÔÎÏÓÉÔÅÌØÎÏ �ÒÏÉÚ×ÏÌØÎÏÇÏ ÎÅ×ÙÒÏÖÄÅÎÎÏÇÏ ÁÆÆÉÎÎÏÇÏ ÏÔÏÂÒÁÖÅ-ÎÉÑ A : RD −→ RD, ÇÄÅ A ∈ GLD(R), ÔÁËÖÅ ÂÕÄÕÔ Ú×ÅÚÄÁÍÉ.äÁÎÎÏÅ Ó×ÏÊÓÔ×Ï �ÏÚ×ÏÌÑÅÔ, ÎÅ ÕÍÅÎØÛÁÑ ÏÂÝÎÏÓÔÉ, ÏÇÒÁÎÉÞÉ×ÁÔØÓÑÒÁÓÓÍÏÔÒÅÎÉÅÍ ÌÉÛØ �ÒÉ×ÅÄÅÎÎÙÈ Ú×ÅÚÄ, ËÏÇÄÁ ËÁËÉÅ-ÔÏ D ×ÙÂÒÁÎÎÙÅ×ÅËÔÏÒÁ ÉÚ v0; v1; : : : ; vD ÒÁ×ÎÙ ÅÄÉÎÉÞÎÙÍ ×ÅËÔÏÒÁÍ e1 = (1; 0; : : : ; 0),e2 = (0; 1; : : : ; 0), : : :, eD = (0; 0; : : : ; 1).åÓÌÉ A { ÎÅ×ÙÒÏÖÄÅÎÎÏÅ ÁÆÆÉÎÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ, ÔÏ ÉÍÅÅÔ ÍÅÓÔÏËÏÍÍÕÔÁÔÉ×ÎÁÑ ÄÉÁÇÒÁÍÍÁ v �
−→ v�

↓ A ↓ AAv �
−→ Av�ëÒÁÔËÏ ÄÉÁÇÒÁÍÍÕ ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅ ÆÏÒÍÕÌÙ ËÏÍÍÕÔÉÒÕÅÍÏÓÔÉA(v�) = (Av)� (1.11)�-�ÒÏÉÚ×ÏÄÎÙÈ Ó ÁÆÆÉÎÎÙÍÉ ÏÔÏÂÒÁÖÅÎÉÑÍÉ A ∈ GLD(R).

§2. éÎÄÕ�ÉÒÏ×ÁÎÎÙÅ ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ2.1. ðÅÒÅËÌÁÄÙ×ÁÀÝÉÅÓÑ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ. ðÕÓÔØL = Z[l1; : : : ; lD℄ (2.1){ �ÏÌÎÁÑ ÒÅÛÅÔËÁ × �ÒÏÓÔÒÁÎÓÔ×Å RD Ó ÂÁÚÉÓÏÍ l1; : : : ; lD, Ô.Å. ×ÅËÔÏÒÙl1; : : : ; lD ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ ÎÁ �ÏÌÅÍ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÞÉÓÅÌ R; É �ÕÓÔØT | ÎÅËÏÔÏÒÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï ÉÚ RD. âÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ T Ñ×ÌÑÅÔÓÑÒÁÚ×ÅÒÔËÏÊ ÔÏÒÁ TDL = RD=L, ÅÓÌÉ ÏÔÏÂÒÁÖÅÎÉÅT −→
∼ TDL : x 7→ xmodL{ ÂÉÅË�ÉÑ. òÁÚ×ÅÒÔËÁ T ÎÁÚÙ×ÁÅÔÓÑ �ÅÒÅËÌÁÄÙ×ÁÀÝÅÊÓÑ, ÅÓÌÉ ÚÁÄÁÎÏÅÅ ÒÁÚÂÉÅÎÉÅ T = T0 ⊔ T1 ⊔ : : : ⊔ TD (2.2)É �ÅÒÅËÌÁÄÙ×ÁÎÉÅT S′

−→ T : S′(x) = x+ vol(x) (2.3)



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 41ÎÁ ×ÅËÔÏÒÙ v0; v1; : : : ; vD , Ó×ÑÚÁÎÎÙÅ Ó ÂÁÚÉÓÏÍ (2.1) ÒÅÛÅÔËÉ L ÒÁ×ÅÎ-ÓÔ×ÁÍÉ lk = vk − v0 ÄÌÑ k = 1; : : : ; D: (2.4)÷ ÆÏÒÍÕÌÅ (2.3) ÉÓ�ÏÌØÚÏ×ÁÎÏ ÏÂÏÚÎÁÞÅÎÉÅ ol(x) = k ÄÌÑ �×ÅÔÁ ÔÏ-ÞÅË x, �ÒÉÎÁÄÌÅÖÁÝÉÈ �ÏÄÍÎÏÖÅÓÔ×Õ Tk ÉÚ ÒÁÚÂÉÅÎÉÑ (2.2), ÇÄÅ k =0; 1; : : : ; D.úÁÍÅÔÉÍ, ÞÔÏ �ÒÉ �ÅÒÅÈÏÄÅ (2.4) ÏÔ ×ÅËÔÏÒÏ× �ÅÒÅËÌÙÄÙ×ÁÎÉÑv0; v1; : : : ; vD Ë ÂÁÚÉÚÕ l1; : : : ; lD ÒÅÛÅÔËÉ L ÎÁÒÕÛÁÅÔÓÑ ÓÉÍÍÅÔÒÉÑ, ËÏ-ÇÄÁ ×ÙÄÅÌÑÅÔÓÑ ×ÅËÔÏÒ v0. õÄÏÂÎÏ ××ÅÓÔÉ ÄÌÑ ÎÅÇÏ ÄÏ�ÏÌÎÉÔÅÌØÎÏÅÏÂÏÚÎÁÞÅÎÉÅ v0 = �′: (2.5)÷ ÞÁÓÔÎÏÓÔÉ, ÉÚ ÒÁ×ÅÎÓÔ× (2.4) É (2.5) ×ÙÔÅËÁÀÔ ÓÒÁ×ÎÅÎÉÑvk ≡ �′ mod LÄÌÑ ×ÓÅÈ k = 0; 1; : : : ; D. ðÏÜÔÏÍÕ �ÅÒÅËÌÁÄÙ×ÁÎÉÅ (2.3) ÜË×É×ÁÌÅÎÔÎÏÓÄ×ÉÇÕ ÔÏÒÁ S′ = S′�′ :T S′

−→ T : S′(x) ≡ x+ �′ mod L (2.6)ÎÁ ×ÅËÔÏÒ �′ modL.2.2. ðÅÒÅËÌÁÄÙ×ÁÀÝÉÅÓÑ �ÁÒÁÌÌÅÌÏÜÄÒÙ É ÉÈ ÄÅÆÏÒÍÁ�ÉÉ.ï�ÒÅÄÅÌÉÍ ÄÌÑ m = 0; 1; : : : ; D ÚÁÍËÎÕÔÙÅ D-ÍÅÒÎÙÅ �ÁÒÁÌÌÅÌÅ�É�ÅÄÙTm = {�k1vk1 + : : :+ �kDvkD ; 0 6 �ki 6 1}; (2.7)ÇÄÅ k1; : : : ; kD { ÄÏ�ÏÌÎÉÔÅÌØÎÙÅ Ëm ÉÎÄÅËÓÙ × {0; 1; : : : ; D}. åÓÌÉ ÍÎÏ-ÖÅÓÔ×Ï ×ÅËÔÏÒÏ× v = {v0; v1; : : : ; vD} Ñ×ÌÑÅÔÓÑ Ú×ÅÚÄÏÊ (ÓÍ. Ï�ÒÅÄÅÌÅÎÉÅ1.2), ÔÏ ÏÂßÅÄÉÎÅÎÉÅ T = T 0 ∪ T 1 ∪ : : : ∪ TD (2.8)�ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× (2.7) ÏÂÒÁÚÕÅÔ �ÁÒÁÌÌÅÌÏÜÄÒ [17, 18℄ { ÍÎÏÇÏÇÒÁÎÎÉË,ÒÁÚÂÉ×ÁÀÝÉÊ �ÒÏÓÔÒÁÎÓÔ×Ï
RD = ⋃l∈LT [l℄ (2.9)Ó �ÏÍÏÝØÀ �ÁÒÁÌÌÅÌØÎÙÈ �ÅÒÅÎÏÓÏ× T [l℄ = T + l ÎÁ ×ÅËÔÏÒÙ l ÒÅÛÅÔËÉL. ðÒÉÞÅÍ ÒÁÚÌÉÞÎÙÅ ÍÎÏÇÏÇÒÁÎÎÉËÉ T [l℄ ÉÚ (2.9) ÎÅ ÉÍÅÀÔ ÏÂÝÉÈ ×ÎÕ-ÔÒÅÎÎÉÈ ÔÏÞÅË. úÄÅÓØ É ÄÁÌÅÅ ÂÕÄÅÍ �ÏÌØÚÏ×ÁÔØÓÑ ÓÏÇÌÁÛÅÎÉÅÍ (1.5).äÌÑ D = 2 �ÁÒÁÌÌÅÌÏÜÄÒ T ÉÚ (2.7) Ñ×ÌÑÅÔÓÑ ×Ù�ÕËÌÙÍ ÛÅÓÔÉÕÇÏÌØ-ÎÉËÏÍ Ó �Ï�ÁÒÎÏ ÒÁ×ÎÙÍÉ É �ÁÒÁÌÌÅÌØÎÙÍÉ ÓÔÏÒÏÎÁÍÉ, ÄÌÑ D = 3



42 ÷. ç. öõòá÷ìå÷{ ÒÏÍÂÏÄÏÄÅËÁÜÄÒÏÍ æÅÄÏÒÏ×Á [24℄, Á ÄÌÑ D = 4 { �ÁÒÁÌÌÅÌÏÜÄÒÏÍ÷ÏÒÏÎÏÇÏ [25℄.ðÏ i-ÁÌÇÏÒÉÔÍÕ ÉÚ [17℄ ×ÅÒÛÉÎÙ, ÒÅÂÒÁ É ÇÒÁÎÉ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ×Tm ÍÏÖÎÏ ÒÁÓ�ÒÅÄÅÌÉÔØ ÍÅÖÄÕ ÓÏÂÏÀ ÔÁË, ÞÔÏÂÙ �ÏÌÕÞÁÌÏÓØ ÒÁÚÂÉÅ-ÎÉÅ T = T0 ⊔ T1 ⊔ : : : ⊔ TD; ÉÍÅÀÝÅÅ ×ÎÕÔÒÅÎÎÀÀ ÞÁÓÔØ T int = (T )intÔÁËÕÀ ÖÅ, ËÁË É �ÁÒÁÌÌÅÌÏÜÄÒ (2.8), É ÒÁÚÂÉ×ÁÀÝÅÅ �ÒÏÓÔÒÁÎÓÔ×Ï
RD = ⊔l∈LT [l℄ (2.10)× ÓÔÒÏÇÏÍ ÓÍÙÓÌÅ (1.5), Ô.Å. × (2.10) ÍÎÏÇÏÇÒÁÎÎÉËÉ T [l′℄ ∩ T [l′′ ℄ = ∅,ÅÓÌÉ l′ 6= l′′ . óÕÝÅÓÔ×Ï×ÁÎÉÅ ÒÁÚÂÉÅÎÉÑ (2.10) ÒÁ×ÎÏÓÉÌØÎÏ ÕÓÌÏ×ÉÀÎÅÚÁÍËÎÕÔÏÍÕ �ÁÒÁÌÌÅÌÏÜÄÒÕ T ÂÙÔØ ÒÁÚ×ÅÒÔËÏÊ ÔÏÒÁ TDL = RD=L.éÓÈÏÄÑ ÉÚ i-ÁÌÇÏÒÉÔÍÁ [17℄, ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ×Ù�ÏÌÎÑÀÔÓÑ ÕÓÌÏ-×ÉÑ0 ∈ T0; v0 ∈ T1; v0 + v1 ∈ T2; : : : ; v0 + v1 + : : :+ vD−1 ∈ TD:(2.11)åÓÌÉ ÄÏ�ÏÌÎÉÔÅÌØÎÏ �ÒÅÄ�ÏÌÏÖÉÔØ ×Ù�ÏÌÎÅÎÎÙÍÉ ÕÓÌÏ×ÉÑ (2.11),ÔÏ × ÒÅÚÕÌØÔÁÔÅ ËÁÖÄÏÊ Ú×ÅÚÄÅ v = {v0; v1; : : : ; vD} ÓÔÁ×ÉÔÓÑ × ÓÏÏÔ-×ÅÔÓÔ×ÉÅ �ÁÒÁÌÌÅÌÏÜÄÒT = T (v) = T0 ⊔ T1 ⊔ : : : ⊔ TD; (2.12)Ñ×ÌÑÀÝÉÊÓÑ �ÅÒÅËÌÁÄÙ×ÁÀÝÅÊÓÑ ÒÁÚ×ÅÒÔËÏÊ ÔÏÒÁ TDL Ó ×ÅËÔÏÒÁÍÉ �Å-ÒÅËÌÁÄÙ×ÁÎÉÑ v0, v1, : : : ; vD × (2.3).ðÒÉ×ÅÄÅÎÎÁÑ ËÏÎÓÔÒÕË�ÉÑ ÒÁÚ×ÅÒÔËÉ T ÎÅ Ñ×ÌÑÅÔÓÑ ÖÅÓÔËÏÊ. ðÁ-ÒÁÌÌÅÌØÎÙÅ (D − 1)-ÍÅÒÎÙÅ ÇÒÁÎÉ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× T0; T1; : : : ; TD ÉÚ(2.12) ÄÏ�ÕÓËÁÀÔ ÍÁÌÙÅ ÄÅÆÏÒÍÁ�ÉÉ, �ÒÉ ËÏÔÏÒÙÈ ÉÚÍÅÎÅÎÎÏÅ ÍÎÏÖÅ-ÓÔ×Ï ÏÓÔÁÅÔÓÑ �ÅÒÅËÌÁÄÙ×ÁÀÝÅÊÓÑ ÒÁÚ×ÅÒÔËÏÊ ÔÏÒÁ TDL Ó �ÒÅÖÎÉÍÉ×ÅËÔÏÒÁÍÉ �ÅÒÅËÌÁÄÙ×ÁÎÉÑ.2.3. ÷ÍÅÝÁÀÝÅÅ �ÒÏÓÔÒÁÎÓÔ×Ï. ëÒÏÍÅ ÔÏÒÁ TDL , ÎÁÍ �ÏÔÒÅÂÕÅÔ-ÓÑ ÅÝÅ ÏÄÉÎ ÔÏÒ TDL = RD=L ÄÌÑ ÄÒÕÇÏÊ �ÏÌÎÏÊ ÒÅÛÅÔËÉ L ⊂ RD.úÁÄÁÄÉÍ ÓÄ×ÉÇ S = S� ÔÏÒÁ TDL ÎÁ ×ÅËÔÏÒ � ∈ RD, �ÏÌÁÇÁÑ

TDL S
−→ TDL : x 7→ S(x) ≡ x+ �modL: (2.13)äÁÌÅÅ ÔÏÒÙ TDL ÂÕÄÕÔ ÉÓ�ÏÌØÚÏ×ÁÔØÓÑ, ËÁË ×ÍÅÝÁÀÝÉÅ �ÒÏÓÔÒÁÎÓÔ×ÁÄÌÑ ×ÌÏÖÅÎÉÊ ÒÁÚÌÉÞÎÙÈ ÔÏÒÏ× TDL Ó ÉÚÍÅÎÑÀÝÉÍÉÓÑ ÒÅÛÅÔËÁÍÉ L.



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 432.4. ÷ËÌÁÄÙ×ÁÀÝÉÅÓÑ × ÔÏÒ ÒÁÚ×ÅÒÔËÉ.ï�ÒÅÄÅÌÅÎÉÅ 2.1. ⊲ ðÅÒÅËÌÁÄÙ×ÁÀÝÁÑÓÑ ÒÁÚ×ÅÒÔËÁ T ÉÚ (2.2) ×ËÌÁ-ÄÙ×ÁÅÔÓÑ T em,→ TDL (2.14)× ÔÏÒ TDL ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S = S�, ÅÓÌÉ ×Ù�ÏÌÎÑÀÔÓÑ ÓÌÅÄÕÀ-ÝÉÅ ÕÓÌÏ×ÉÑ.1. ðÏÄÍÎÏÖÅÓÔ×Ï T ⊂ RD Ñ×ÌÑÅÔÓÑ L-ÒÁÚÌÉÞÉÍÙÍ, Ô.Å. ÄÌÑ ÌÀÂÙÈÜÌÅÍÅÎÔÏ× x; y ÉÚ T , Ó×ÑÚÁÎÎÙÈ ÓÒÁ×ÎÅÎÉÅÍ x ≡ ymodL, ÓÌÅÄÕÅÔ ÉÈÒÁ×ÅÎÓÔ×Ï x = y. úÎÁÞÉÔ, ÏÔÏÂÒÁÖÅÎÉÅT −→
∼ T modL : x 7→ xmodL (2.15)ÂÕÄÅÔ ×ÚÁÉÍÎÏ ÏÄÎÏÚÎÁÞÎÙÍ; É �ÏÜÔÏÍÕ ÉÓ�ÏÌØÚÕÑ ÏÔÏÂÒÁÖÅÎÉÅ(2.15) ÍÏÖÅÍ ÓÞÉÔÁÔØ ÒÁÚ×ÅÒÔËÕ T ×ÌÏÖÅÎÎÏÊ ËÁË ÍÎÏÖÅÓÔ×ÏT ⊂ TDL (2.16)× ÔÏÒ TDL .2. ÷ÅËÔÏÒÙ �ÅÒÅËÌÁÄÙ×ÁÎÉÑ (2.3) ÉÍÅÀÔ ×ÉÄvk ≡ mk� modL (2.17)ÄÌÑ ×ÓÅÈ k = 0; 1; : : : ; D Ó ÎÅËÏÔÏÒÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉmk = 1; 2; 3; : : :3. ðÕÓÔØOrb+(Tk) = {Sj(Tk); j = 1; : : : ;mk − 1} (2.18)ÏÂÏÚÎÁÞÁÅÔ ÏÒÂÉÔÕ �ÏÄÍÎÏÖÅÓÔ×Á Tk ⊂ T . ÷ ÓÉÌÕ ×ËÌÀÞÅÎÉÑ (2.16)ÂÕÄÅÍ �ÏÌÁÇÁÔØ Orb+k ⊆ TDL . �ÏÇÄÁ �Ï Ï�ÒÅÄÅÌÅÎÉÀ ÓÞÉÔÁÅÔÓÑ, ÞÔÏÏÒÂÉÔÙ (2.18) ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÓÌÏ×ÉÀOrb+(Tk) ∩ T = ∅ (2.19)ÄÌÑ k = 0; 1; : : : ; D. ⊳þÔÏÂÙ ÓÆÏÒÍÕÌÉÒÏ×ÁÔØ ÓÌÅÄÕÀÝÉÊ ÒÅÚÕÌØÔÁÔ, ÎÁÍ �ÏÔÒÅÂÕÅÔÓÑ ×ÄÏ�ÏÌÎÅÎÉÅ Ë (2.18) Ï�ÒÅÄÅÌÉÔØ ÅÝÅ �ÏÌÎÙÅ ÏÒÂÉÔÙOrb(Tk) = {Sj(Tk); j = 0; 1; : : : ;mk − 1}: (2.20)ëÒÏÍÅ ÔÏÇÏ, ÂÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ ×ÅËÔÏÒ ÓÄ×ÉÇÁ � = (�1; : : : ; �D) ÉÚ(2.13) ÉÒÒÁ�ÉÏÎÁÌØÎÙÍ, ËÏÇÄÁ ×Ù�ÏÌÎÑÅÔÓÑ ÕÓÌÏ×ÉÅ:ÞÉÓÌÁ 1; �1; : : : ; �D ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ ÎÁÄ ËÏÌØ�ÏÍ Z:(2.21)



44 ÷. ç. öõòá÷ìå÷úÄÅÓØ �k { ËÏÏÒÄÉÎÁÔÙ ×ÅËÔÏÒÁ � × ÎÅËÏÔÏÒÏÍ ÂÁÚÉÓÅ �ÏÌÎÏÊ ÒÅÛÅÔËÉ
L.�ÅÏÒÅÍÁ 2.1. ðÕÓÔØ ÒÁÚ×ÅÒÔËÁ T ×ËÌÁÄÙ×ÁÅÔÓÑ (2.14) × ÔÏÒ TDL ,ÒÁÚ×ÅÒÔËÁ T ÉÍÅÅÔ ×ÎÕÔÒÅÎÎÀÀ ÔÏÞËÕ, É �ÕÓÔØ ×ÅËÔÏÒ � ÄÌÑ ÓÄ×ÉÇÁS = S� ÉÚ (2.13) ÂÕÄÅÔ ÉÒÒÁ�ÉÏÎÁÌØÎÙÍ (2.21). �ÏÇÄÁ ×Ù�ÏÌÎÑÀÔÓÑÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ.1. íÎÏÖÅÓÔ×Á ÉÚ �ÏÌÎÙÈ ÏÒÂÉÔ Orb(Tk) ÎÅ �ÅÒÅÓÅËÁÀÔÓÑ, Ô.Å.Sj1(Tk1) ∩ Sj2(Tk2) 6= ∅ (2.22)ÔÏÌØËÏ �ÒÉ ÕÓÌÏ×ÉÉ j1 = j2 É k1 = k2.2. éÍÅÅÔ ÍÅÓÔÏ ÒÁÚÂÉÅÎÉÅ ÔÏÒÁ TDL :

T = T0 ⊔ T1 ⊔ : : : ⊔ TD; (2.23)ÇÄÅ
Tk = Tk ⊔ S1(Tk) ⊔ : : : ⊔ Smk−1(Tk){ ÏÒÂÉÔÎÏÅ ÒÁÚÂÉÅÎÉÅ, ÓÏÓÔÁ×ÌÅÎÎÏÅ ÉÚ ÍÎÏÖÅÓÔ×, ×ÈÏÄÑÝÉÈ × �ÏÌ-ÎÕÀ ÏÒÂÉÔÕ Orb(Tk) ÉÚ (2.20).äÏËÁÚÁÔÅÌØÓÔ×Ï �ÒÉ×ÅÄÅÎÏ × [7℄. �2.5. éÎÄÕ�ÉÒÏ×ÁÎÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ É ÑÄÒÏ ÒÁÚÂÉÅÎÉÑ. éÚ ÔÅÏ-ÒÅÍÙ 2.1 ÓÌÅÄÕÅÔ, ÞÔÏ ÓÄ×ÉÇ ÔÏÒÁ S′ : T −→ T ÉÚ (2.6) Ñ×ÌÑÅÔÓÑ ÉÎÄÕ-�ÉÒÏ×ÁÎÎÙÍ ÏÔÏÂÒÁÖÅÎÉÅÍ ÉÌÉ ÉÎÁÞÅ { ÏÔÏÂÒÁÖÅÎÉÅÍ �ÅÒ×ÏÇÏ ×ÏÚ-×ÒÁÝÅÎÉÑ, ÏÔÏÂÒÁÖÅÎÉÅÍ ðÕÁÎËÁÒÅ { ÄÌÑ ÓÄ×ÉÇÁ ÔÏÒÁ S : TDL −→ TDLÉÚ (2.13), ÞÔÏ ÓÉÍ×ÏÌÉÞÅÓËÉ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ × ×ÉÄÅ ÒÁ×ÅÎÓÔ×ÁS′ = S|T : (2.24)ïÂÏÚÎÁÞÉÍT = T (v); T = T (v) = T0 ⊔ T1 ⊔ : : : ⊔ TD (2.25)ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÒÁÚ×ÅÒÔËÕ T ÉÚ (2.2), (2.12) É ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÒÁÚÂÉ-ÅÎÉÅ (2.23) ÔÏÒÁ TDL , �ÏÒÏÖÄÁÅÍÏÅ ×ËÌÁÄÙ×ÁÀÝÅÊÓÑ × ÔÏÒ T em,→ TDLÒÁÚ×ÅÒÔËÏÊ T .íÎÏÖÅÓÔ×Ï T �Ï ÏÔÎÏÛÅÎÉÀ ËÏ ×ÓÅÍÕ ÒÁÚÂÉÅÎÉÀ ÔÏÒÁ T ÎÁÚÙ×ÁÅÔÓÑ(ÓÒ. [6, 21℄) ÑÄÒÏÍ (karyon) ÒÁÚÂÉÅÎÉÑ T . þÔÏÂÙ ÕËÁÚÙ×ÁÔØ ÎÁ ÔÁËÕÀÓ×ÑÚØ ÍÅÖÄÕ T É T ÂÕÄÅÍ ÉÓ�ÏÌØÚÏ×ÁÔØ ÏÂÏÚÎÁÞÅÎÉÑT = Kr = Kr(T ): (2.26)ñÄÒÏ (2.26) ÈÁÒÁËÔÅÒÉÚÕÅÔÓÑ ÓÌÅÄÕÀÝÉÍ Ó×ÏÊÓÔ×ÏÍ:



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 45ÑÄÒÏ { ÜÔÏ ÔÁËÏÅ �ÏÄÍÎÏÖÅÓÔ×ÏKr ⊂ TDL , ÄÌÑ ËÏÔÏÒÏÇÏ ÏÔÏÂÒÁÖÅÎÉÅ�ÅÒ×ÏÇÏ ×ÏÚ×ÒÁÝÅÎÉÑ S′ = S|Kr; (2.27)ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÓÄ×ÉÇÏÍ ÔÏÒÁ S = S� ÉÚ (2.13), ÜË×É×ÁÌÅÎÔÎÏ �ÅÒÅ-ËÌÁÄÙ×ÁÎÉÀ D + 1 �ÏÄÍÎÏÖÅÓÔ× ÉÚ ÒÁÚÂÉÅÎÉÑKr = Kr0 ⊔Kr1 ⊔ : : : ⊔KrD: (2.28)÷ Ï�ÒÅÄÅÌÅÎÉÉ ÑÄÒÁ Kr ×ÁÖÎÏ, ÞÔÏ ËÏÌÉÞÅÓÔ×Ï ÏÂÌÁÓÔÅÊ × ÒÁÚÂÉÅ-ÎÉÉ (2.28) ÎÁ ÅÄÉÎÉ�Õ ÂÏÌØÛÅ ÒÁÚÍÅÒÎÏÓÔÉ ×ÍÅÝÁÀÝÅÇÏ ÅÇÏ ÔÏÒÁ TDL .ïÔÓÀÄÁ, × ÞÁÓÔÎÏÓÔÉ, ÓÌÅÄÕÅÔ, ÞÔÏ Kr Ñ×ÌÑÅÔÓÑ ÒÁÚ×ÅÒÔËÏÊ ÎÅËÏÔÏÒÏ-ÇÏ ÔÏÒÁ TDL , Á ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ (2.27) ÉÚÏÍÏÒÆÎÏ ÓÄ×ÉÇÕÜÔÏÇÏ ÔÏÒÁ.2.6. ëÒÉÔÅÒÉÊ ×ÌÏÖÉÍÏÓÔÉ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ.�ÅÏÒÅÍÁ 2.2. ï�ÒÅÄÅÌÅÎÎÁÑ × (2.12) ÒÁÚ×ÅÒÔËÁ ÔÏÒÁ T = T (v) ×ËÌÁ-ÄÙ×ÁÅÔÓÑ (2.14) × ÔÏÒ T em,→ TDL ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ×Ù�ÏÌ-ÎÑÅÔÓÑ ÏÄÎÏ ÉÚ ÓÌÅÄÕÀÝÉÈ Ä×ÕÈ ÜË×É×ÁÌÅÎÔÎÙÈ ÕÔ×ÅÒÖÄÅÎÉÊ:1) ÍÎÏÖÅÓÔ×Ï T = T (v) = T0 ⊔ T1 ⊔ : : : ⊔ TD ÉÚ (2.25) Ñ×ÌÑÅÔÓÑÒÁÚÂÉÅÎÉÅÍ ÔÏÒÁ TDL ;2) ×ÎÕÔÒÅÎÎÑÑ ÞÁÓÔØ T int ÒÁÚ×ÅÒÔËÉ T ⊂ TDL ÎÅ ÓÏÄÅÒÖÉÔ ÎÉ ÏÄÎÏÊÉÚ ÔÏÞÅË xj ÏÒÂÉÔÙOrb+(0;m) = {xj = Sj(0); j = 1; 2; : : : ;m− 1} (2.29)�ÏÒÑÄËÁ m = m0 +m1 + : : :+mD: (2.30)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÅÒ×ÁÑ ÞÁÓÔØ ÔÅÏÒÅÍÙ ×ÙÔÅËÁÅÔ ÉÚ ÔÅÏÒÅÍÙ 2.1.äÏËÁÖÅÍ ×ÔÏÒÕÀ ÞÁÓÔØ ÔÅÏÒÅÍÙ. óÎÁÞÁÌÁ �ÏËÁÖÅÍ, ÞÔÏ ÉÚ ×ÌÏÖÅ-ÎÉÑ T em,→ TDL ÓÌÅÄÕÅÔ T∩Orb+(0;m) = ∅. ÷ÓÅ ÔÏÞËÉ ÏÒÂÉÔÙ Orb+(0;m)Ñ×ÌÑÀÔÓÑ ×ÅÒÛÉÎÁÍÉ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× ÉÚ ÏÒÂÉÔÎÏÇÏ ÒÁÚÂÉÅÎÉÑ
Tk = Tk ⊔ S1(Tk) ⊔ : : : ⊔ Smk−1(Tk);ÓÏÓÔÁ×ÌÅÎÎÏÇÏ ÉÚ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ×, ×ÈÏÄÑÝÉÈ × ÏÒÂÉÔÕ Orb+(Tk). ïÔ-ÓÀÄÁ É ÓÕÝÅÓÔ×Ï×ÁÎÉÑ (2.25) ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ T = T0 ⊔ T1 ⊔ : : : ⊔ TD×Ù×ÏÄÉÍ T ∩Orb+(0;m) = ∅.íÅÔÏÄÏÍ ÏÔ �ÒÏÔÉ×ÎÏÇÏ ÄÏËÁÖÅÍ ÏÂÒÁÔÎÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ. ðÕÓÔØËÁËÏÊ-ÔÏ �ÁÒÁÌÌÅÌÅ�É�ÅÄ T jk = Sj(Tk) Ó ÉÎÄÅËÓÏÍ 0 < j < nk ÉÚ



46 ÷. ç. öõòá÷ìå÷ÒÁÚÂÉÅÎÉÑ Tk �ÅÒÅÓÅËÁÅÔÓÑ T jk ∩ T 6= ∅ Ó ÒÁÚ×ÅÒÔËÏÊ T . ðÒÅÄ�ÏÌÏ-ÖÉÍ, ÞÔÏ �ÅÒÅÓÅÞÅÎÉÅ T jk ∩ T ÓÏÄÅÒÖÉÔ ×ÎÕÔÒÅÎÎÀÀ ÔÏÞËÕ ÒÁÚ×ÅÒÔ-ËÉ T . �ÏÇÄÁ ÏÄÎÁ ÉÚ ×ÅÒÛÉÎ �ÁÒÁÌÌÅÌÅ�É�ÅÄÁ T jk ÔÁËÖÅ �Ï�ÁÄÁÅÔ ×T int. îÏ × ÜÔÏÍ ÓÌÕÞÁÅ ÍÙ �ÒÉÈÏÄÉÍ Ë �ÒÏÔÉ×ÏÒÅÞÉÀ, �ÏÓËÏÌØËÕ �ÒÉÕÓÌÏ×ÉÉ 0 < j < mk ÕËÁÚÁÎÎÁÑ ×ÅÒÛÉÎÁ ÂÕÄÅÔ ÓÏÄÅÒÖÁÔØÓÑ × ÏÒÂÉÔÅOrb+(0;m).îÁËÏÎÅ�, ÏÓÔÁÌÏÓØ ÒÁÓÓÍÏÔÒÅÔØ ÓÌÕÞÁÊT jk ∩ T ⊂ �T :úÄÅÓØ ÞÅÒÅÚ T jk É T ÍÙ ÏÂÏÚÎÁÞÉÌÉ ÚÁÍÙËÁÎÉÑ T jk É T , Á �T { ÏÂßÅÄÉ-ÎÅÎÉÅ ×ÓÅÈ (D − 1)-ÍÅÒÎÙÈ ÇÒÁÎÅÊ ÍÎÏÇÏÇÒÁÎÎÉËÁ T .ïÄÎÁËÏ, ÎÅ ÔÒÕÄÎÏ ×ÉÄÅÔØ, ÞÔÏ ÓÏÇÌÁÓÎÏ Ï�ÒÅÄÅÌÅÎÉÀ (2.25) ÒÁÚ×ÅÒÔ-ËÉ T = T0 ⊔ T1 ⊔ : : : ⊔ TD �ÒÉ �ÒÉËÌÁÄÙ×ÁÎÉÉ Ë ÎÅÊ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ×T jk = Sj(Tk) �ÏÓÌÅÄÎÉÅ ÎÅ �ÅÒÅÓÅËÁÀÔÓÑ Ó ×Ù�ÕËÌÙÍ ÍÎÏÇÏÇÒÁÎÉËÏÍT . óÌÅÄÏ×ÁÔÅÌØÎÏ, ×ËÌÀÞÅÎÉÅ T jk ∩ T ⊂ �T ÎÅ ÍÏÖÅÔ ÉÍÅÔØ ÍÅÓÔÏ. �

§3. ðÒÏÉÚ×ÏÄÎÙÅ ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ3.1. ðÒÏÉÚ×ÏÄÎÙÅ ×ËÌÁÄÙ×ÁÀÝÉÈÓÑ ÍÎÏÖÅÓÔ× ×ÅËÔÏÒÏ×.ïÓÎÏ×ÎÁÑ ÔÅÏÒÅÍÁ.ï�ÒÅÄÅÌÅÎÉÅ 3.1. ðÕÓÔØ v = {v0; v1; : : : ; vD} { Ú×ÅÚÄÁ É T = T (v) {ÏÔ×ÅÞÁÀÝÁÑ ÅÊ ÒÁÚ×ÅÒÔËÁ (2.25) ÔÏÒÁ TDL Ó ×ÅËÔÏÒÁÍÉ �ÅÒÅËÌÁÄÙ×Á-ÎÉÑ v0; v1; : : : ; vD. åÓÌÉ ÄÁÎÎÁÑ ÒÁÚ×ÅÒÔËÁ T ×ËÌÁÄÙ×ÁÅÔÓÑ T em,→ TDL ×ÔÏÒ TDL ÏÔÎÏÓÉÔÅÌØÎÏ ÎÅËÏÔÏÒÏÇÏ ÓÄ×ÉÇÁ S = S�, ÔÏ × ÜÔÏÍ ÓÌÕÞÁÅÂÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ ÔÁËÁÑ Ú×ÅÚÄÁ v ×ËÌÁÄÙ×ÁÅÔÓÑv em,→ TDL (3.1)× ÔÏÒ TDL ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S.�ÅÏÒÅÍÁ 3.1. ðÕÓÔØ ÎÅ×ÙÒÏÖÄÅÎÎÁÑ Ú×ÅÚÄÁ v = {v0; v1; : : : ; vD} ×ËÌÁ-ÄÙ×ÁÅÔÓÑ (3.1) × ÔÏÒ TDL ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S = S� Ó ÉÒÒÁ�É-ÏÎÁÌØÎÙÍ (2.21) ×ÅËÔÏÒÏÍ �. �ÏÇÄÁ ÌÀÂÁÑ ÅÅ �-�ÒÏÉÚ×ÏÄÎÁÑ v� =
{v�0 ; v�1 ; : : : ; v�D} ÄÌÑ � ∈ � ÔÁËÖÅ ×ËÌÁÄÙ×ÁÅÔÓÑv� em,→ TDL (3.2)× ÔÏÔ ÖÅ ÔÏÒ TDL ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S.äÏËÁÚÁÔÅÌØÓÔ×Ï ×ÙÔÅËÁÅÔ ÉÚ ÔÅÏÒÅÍÙ 3.2 ÞÁÓÔÎÏÇÏ ×ÉÄÁ, ËÏÔÏÒÁÑÂÕÄÅÔ �ÒÉ×ÅÄÅÎÁ ÎÉÖÅ. �



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 47þÔÏÂÙ ÓÆÏÒÍÕÌÉÒÏ×ÁÔØ ÕËÁÚÁÎÎÕÀ ÔÅÏÒÅÍÕ, ÎÁÍ �ÏÔÒÅÂÕÀÔÓÑ ÎÅ-ÓËÏÌØËÏ ÄÏ�ÏÌÎÉÔÅÌØÎÙÈ ÒÁÚßÑÓÎÅÎÉÊ.3.2. éÎ×ÁÒÉÁÎÔÎÏÓÔØ ×ÌÏÖÅÎÉÊ Ú×ÅÚÄ. ï�ÅÒÁ�ÉÑ ×ÌÏÖÅÎÉÑ (3.1)Ú×ÅÚÄ v ÉÎ×ÁÒÉÁÎÔÎÁ v em,→ TDL
↓ A ↓ AAv em,→ TDAL

(3.3)ÏÔÎÏÓÉÔÅÌØÎÏ ÎÅ×ÙÒÏÖÄÅÎÎÙÈ ÁÆÆÉÎÎÙÈ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ A∈GLD(R).÷ ÄÉÁÇÒÁÍÍÅ (3.3) ÎÉÖÎÅÅ ×ÌÏÖÅÎÉÅ Ú×ÅÚÄÙ Av = {Av0; Av1; : : : ; AvD}ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁSA� : TDAL −→ TDALÔÏÒÁ TDAL = RD=AL, Ô.Å. ×ÅËÔÏÒ ÓÄ×ÉÇÁ � É ÒÅÛÅÔËÁ ÔÏÒÁ L �ÒÅÏÂÒÁ-ÚÕÀÔÓÑ ÔÅÍ ÖÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅÍ A.3.3. ðÒÉ×ÅÄÅÎÎÙÅ Ú×ÅÚÄÙ. óÏÇÌÁÓÎÏ ÄÉÁÇÒÁÍÍÅ (3.3) ÄÌÑ ÌÀÂÏÊ ÎÅ-×ÙÒÏÖÄÅÎÎÏÊ Ú×ÅÚÄÙ v = {v0; v1; : : : ; vD} É ÌÀÂÏÇÏ ÁÆÆÉÎÎÏÇÏ ÏÔÏÂÒÁ-ÖÅÎÉÑ A ∈ GLD(R) Ú×ÅÚÄÁ Av = {Av0; Av1; : : : ; AvD} ÓÎÏ×Á ÂÕÄÅÔ ÎÅ×Ù-ÒÏÖÄÅÎÎÏÊ É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÄÌÑ ÎÅÅ ÓÕÝÅÓÔ×ÕÅÔ {0; D}-�ÒÏÉÚ×ÏÄÎÁÑ(ÓÍ. ÏÂÏÚÎÁÞÅÎÉÅ (1.10))
{Av0; Av1; : : : ; AvD}{0;D} = {(Av0)′; (Av1)′; : : : ; (AvD)′}: (3.4)äÏ�ÏÌÎÉÔÅÌØÎÏ �ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ �ÒÏÉÚ×ÏÄÎÁÑ Ú×ÅÚÄÁ (3.4) ÉÍÅÅÔ ×ÅË-ÔÏÒÙ (Avk)′ = Avk ÄÌÑ k = 0; 1; : : : ; D − 1 (3.5)É (AvD)′ = Av0 +AvD:ðÏ Ï�ÒÅÄÅÌÅÎÉÀ Ú×ÅÚÄÙ ×ÅËÔÏÒÙ v1, : : :, vD ∈ v ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ.ðÏÜÔÏÍÕ ÍÏÖÎÏ ×ÙÂÒÁÔØ ÁÆÆÉÎÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ A ∈ GLD(R) Ó ÕÓÌÏ-×ÉÅÍ Av1 = e1; : : : ; AvD = eD:þÔÏÂÙ ÎÅ ÕÓÌÏÖÎÑÔØ ÏÂÏÚÎÁÞÅÎÉÑ (3.5), ÍÏÖÅÍ Ó ÓÁÍÏÇÏ ÎÁÞÁÌÁ ÓÞÉ-ÔÁÔØ ÉÓÈÏÄÎÕÀ Ú×ÅÚÄÕ v = {v0; v1; : : : ; vD}, ÓÏÄÅÒÖÁÝÕÀ ÅÄÉÎÉÞÎÙÅ×ÅËÔÏÒÙ v1 = e1; : : : ; vD = eD: (3.6)



48 ÷. ç. öõòá÷ìå÷ðÕÓÔØ ÔÅ�ÅÒØ v = {v0; v1; : : : ; vD} { ÎÅ×ÙÒÏÖÄÅÎÎÁÑ Ú×ÅÚÄÁ, ÕÄÏ×ÌÅ-Ô×ÏÒÑÀÝÁÑ ÕÓÌÏ×ÉÀ (3.6), É ÔÁËÁÑ, ÞÔÏ ÅÅ {0; D}-�ÒÏÉÚ×ÏÄÎÁÑ
{v0; v1; : : : ; vD}{0;D} = {v′0; v′1; : : : ; v′D} (3.7)ÉÍÅÅÔ ×ÅËÔÏÒÙ v′k = vk ÄÌÑ k = 0; 1; : : : ; D − 1 (3.8)É v′D = v0 + vD:úÄÅÓØ × (3.7) ÇÌÁ×ÎÏÅ ÏÇÒÁÎÉÞÅÎÉÅ ÎÁ �ÏÓÌÅÄÎÉÊ ×ÅËÔÏÒ v′D = v0 + vD .ðÅÒÅÓÔÁ×ÌÑÑ ÍÅÓÔÁÍÉ ×ÅËÔÏÒÙ v1, : : :, vD × ÉÓÈÏÄÎÏÍ ÍÎÏÖÅÓÔ×Å ×ÅË-ÔÏÒÏ× {v0; v1; : : : ; vD}, Ô.Å. ÓÎÏ×Á ÄÅÊÓÔ×ÕÀ ÎÁ ÎÅÅ ÁÆÆÉÎÎÙÍ �ÒÅÏÂÒÁ-ÚÏ×ÁÎÉÅÍ P ∈ GLD(R), �ÅÒÅÓÔÁ×ÌÑÀÝÉÍ ÍÅÓÔÁÍÉ ÕËÁÚÁÎÎÙÅ ×ÅËÔÏ-ÒÙ, ×ÓÅÇÄÁ ÍÏÖÎÏ ÄÏÂÉÔÓÑ ×Ù�ÏÌÎÅÎÉÑ ÕÓÌÏ×ÉÑ (3.8). âÏÌÅÅ ÔÏÇÏ, Ó �Ï-ÍÏÝØÀ �ÅÒÅÓÔÁÎÏ×ÏÞÎÙÈ ÍÁÔÒÉ� P ∈ GLD(R) ÌÀÂÕÀ �-�ÒÏÉÚ×ÏÄÎÕÀÚ×ÅÚÄÕ v� , ÇÄÅ � ∈ �, ÍÏÖÎÏ Ó×ÅÓÔÉ Ë ÒÁÓÓÍÏÔÒÅÎÉÀ {0; D}-�ÒÏÉÚ×ÏÄ-ÎÙÈ (3.7).õÞÉÔÙ×ÁÑ, ÞÔÏ Ú×ÅÚÄÁ v = {v0; v1; : : : ; vD} ÎÅÒÙ×ÏÖÄÅÎÁ, ÕÓÌÏ×ÉÅ(3.8) ÂÕÄÅÔ ÏÚÎÁÞÁÔØ, ÞÔÏ ×ÅËÔÏÒ v0 ∈ RD ÉÍÅÅÔ × ÅÄÉÎÉÞÎÏÍ ÂÁÚÉ-ÓÅ e1, : : :, eD ËÏÏÒÄÉÎÁÔÙ v0 = (x1; : : : ; xD); (3.9)ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÅ ÓÌÅÄÕÀÝÉÍ ÎÅÒÁ×ÅÎÓÔ×ÁÍ:

−∞ < x1 < 0; : : : ; −∞ < xD−1 < 0; −1 < xD < 0:åÓÌÉ �ÅÒÅÓÔÁ×ÉÔØ ÍÅÓÔÁÍÉ x1; : : :, xD−1 É ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÕÓÌÏ×ÉÅÍÉÒÒÁ�ÉÏÎÁÌØÎÏÓÔÉ (2.21), ÔÏ ÏÇÒÁÎÉÞÅÎÉÑ (3.9) ÍÏÖÎÏ ÎÅÓËÏÌØËÏ ÓÕ-ÚÉÔØv0=(x1;: : : ;xD); ÇÄÅ −∞ < xD−1< : : :< x1 < 0; −1 < x3 < 0:(3.10)ï�ÒÅÄÅÌÅÎÉÅ 3.2. ú×ÅÚÄÕ v = {v0; v1; : : : ; vD}, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÕÀ ÕÓ-ÌÏ×ÉÑÍ (3.6) É (3.9), ÎÁÚÏ×ÅÍ �ÒÉ×ÅÄÅÎÎÏÊ.ïÂÒÁÔÎÏ, ÅÓÌÉ v = {v0; v1; : : : ; vD} { �ÒÉ×ÅÄÅÎÎÁÑ Ú×ÅÚÄÁ (3.6) É (3.9),ÔÏ ÏÎÁ ÏÂÌÁÄÁÅÔ Ó×ÏÊÓÔ×ÁÍÉ:1) ÍÎÏÖÅÓÔ×Ï ×ÅËÔÏÒÏ× {v0; v1; : : : ; vD} Ñ×ÌÑÅÔÓÑ ÓÏÇÌÁÓÏ×ÁÎÎÙÍ (ÓÍ.Ï�ÒÅÄÅÌÅÎÉÅ 1.1);2) ÄÌÑ Ú×ÅÚÄÙ v ÓÕÝÅÓÔ×ÕÅÔ ÅÅ {0; D}-�ÒÏÉÚ×ÏÄÎÁÑ v{0;D}, ÉÍÅÀÝÁÑ×ÉÄ (3.8).



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 49éÔÁË, ÉÚ ÁÆÆÉÎÎÏÊ ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ (3.3) Ó×ÏÊÓÔ×Á ×ÌÏÖÉÍÏÓÔÉ v em,→
TDL ÓÌÅÄÕÅÔ, ÞÔÏ ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á �ÒÉ×ÅÄÅÎÎÏÊ ÒÁÎÅÅ ÔÅÏÒÅÍÙ 3.1ÄÏÓÔÁÔÏÞÎÏ ÒÁÓÓÍÏÔÒÅÔØ ÌÉÛØ ÓÌÅÄÕÀÝÉÊ ÅÅ ÞÁÓÔÎÙÊ ÓÌÕÞÁÊ.�ÅÏÒÅÍÁ 3.2. ðÕÓÔØ �ÒÉ×ÅÄÅÎÎÁÑ (3.6), (3.9) Ú×ÅÚÄÁ v={v0; v1; : : : ; vD}×ËÌÁÄÙ×ÁÅÔÓÑ v em,→ TDL × ÔÏÒ TDL = RD=L ÄÌÑ ÎÅËÏÔÏÒÏÊ �ÏÌÎÏÊ ÒÅ-ÛÅÔËÉ L ⊂ RD ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S = S� Ó ÉÒÒÁ�ÉÏÎÁÌØÎÙÍ (2.21)×ÅËÔÏÒÏÍ �. �ÏÇÄÁ ÅÅ {0; D}-�ÒÏÉÚ×ÏÄÎÁÑ ÓÕÝÅÓÔ×ÕÅÔ, ÉÍÅÅÔ ×ÉÄ
{v0; v1; : : : ; vD}{0;D} = {v′0; v′1; : : : ; v′D} = {v0; v1; : : : ; vD−1; v0 + vD}(3.11)É ÔÁËÖÅ ×ËÌÁÄÙ×ÁÅÔÓÑ v′ = v{0;D} em,→ TDL (3.12)× ÔÏÔ ÖÅ ÔÏÒ TDL ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S.äÏËÁÚÁÔÅÌØÓÔ×Ï ÂÕÄÅÔ �ÒÏ×ÏÄÉÔÓÑ �Ï ÓÌÅÄÕÀÝÅÍÕ �ÌÁÎÕ. ÷ �.�. 4, 5ÓÏÄÅÒÖÉÔÓÑ �ÏÌÎÏÅ Ï�ÉÓÁÎÉÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ ÔÏÞÅÞÎÙÈ ÏÒÂÉÔOrb+(0;m) ÏÔÎÏÓÉÔÅÌØÎÏ ÒÁÚÂÉÅÎÉÊ T = T (v) ÔÏÒÁ TDL . äÌÑ ÔÁËÏÇÏÏ�ÉÓÁÎÉÑ × �. 5 ÉÓ�ÏÌØÚÕÅÔÓÑ ÍÅÔÏÄ �ÏÌÉÜÄÒÁÌØÎÙÈ ÇÉ�ÅÒ�Ï×ÅÒÈÎÏ-ÓÔÅÊ, ×ÌÏÖÅÎÎÙÈ × ÒÁÚÂÉÅÎÉÅ T . �ÅÈÎÉÞÅÓËÁÑ ÞÁÓÔØ ÄÏËÁÚÁÔÅÌØÓÔ×ÁÔÅÏÒÅÍÙ 3.2 ÓÏÄÅÒÖÉÔÓÑ × �. 6. �

§4. óÔÒÕËÔÕÒÁ ÔÏÞÅÞÎÙÈ ÏÒÂÉÔ4.1. óÔÒÕËÔÕÒÁ �ÒÏÉÚ×ÏÄÎÏÊ ÏÒÂÉÔÙ Orb+(0;m′). òÁÓÓÍÏÔÒÉÍ�ÅÒÅËÌÁÄÙ×ÁÎÉÅ S′ : T −→ T ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ T , Ñ×ÌÑÀÝÅÅÓÑ ÉÎÄÕ�É-ÒÏ×ÁÎÎÙÍ ÏÔÏÂÒÁÖÅÎÉÅÍ S′ = S|T ÄÌÑ ÓÄ×ÉÇÁ ÔÏÒÁ S : TDL −→ TDL ÉÚ(2.13). ðÏÄÅÊÓÔ×ÕÅÍ (D + 1)-ËÒÁÔÎÙÍ �ÅÒÅËÌÁÄÙ×ÁÎÉÅÍ S′ ÎÁ ÔÏÞËÕx0 = 0 ÉÚ T int. ðÏÌÕÞÉÍ ÓÌÅÄÕÀÝÕÀ ×ÎÕÔÒÅÎÎÀÀ ÔÏÞËÕS′D+1(0) = xm (4.1)ÉÚ T , ÇÄÅ �ÏÒÑÄÏËm ÂÙÌ Ï�ÒÅÄÅÌÅÎ × (2.30). ïÎÁ Ñ×ÌÑÅÔÓÑ �ÅÒ×ÏÊ ÔÏÞ-ËÏÊ ÉÚ ÏÒÂÉÔÙOrb+new(0;m′) = Orb+(0;m′) \Orb+(0;m)= {xj = Sj(0); m 6 j 6 m′ − 1}; (4.2)�ÒÉ ÜÔÏÍ m′ = m′0 +m′1 + : : :+m′D; (4.3)ÇÄÅ m′k = mk ÄÌÑ k = 0; 1; : : : ; D − 1



50 ÷. ç. öõòá÷ìå÷É m′D = m0 +mD:éÚ (4.3) ÓÌÅÄÕÅÔ ÆÏÒÍÕÌÁ Ó×ÑÚÉm′ = 2m0 +m1 + : : :+mD =m+m0 (4.4)ÍÅÖÄÕ �ÒÏÉÚ×ÏÄÎÙÍ m′ É ÉÓÈÏÄÎÙÍ m �ÏÒÑÄËÁÍÉ.äÌÑ ÏÒÂÉÔÙ Orb+(0;m′) Ó ÎÏÍÅÒÏÍ m′ ÉÚ (4.4), Ï�ÒÅÄÅÌÅÎÎÏÊ ×(2.29), ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅ ÒÁÚÂÉÅÎÉÅOrb+(0;m′) = Orb+(0;m) ⊔Orb+new(0;m′): (4.5)ðÏ ËÒÉÔÅÒÉÀ 2) ÉÚ ÔÅÏÒÅÍÙ 2.2 ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ 3.2ÎÕÖÎÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×ÏT ′int ∩Orb+(0;m′) = ∅ (4.6)ÄÌÑ �ÒÏÉÚ×ÏÄÎÏÊ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ T ′ = T ′(v), ÇÄÅ ÒÁÚ×ÅÒÔËÁ T ′(v) =T (v′) ÄÌÑ �ÒÏÉÚ×ÏÄÎÏÊ Ú×ÅÚÄÙ v′ = v{0;D} ÂÙÌÁ Ï�ÒÅÄÅÌÅÎÁ × (2.25). ÷ÓÉÌÕ ÒÁÚÂÉÅÎÉÑ (4.5), ÞÔÏÂÙ �ÒÏ×ÅÒÉÔØ (4.6), ÎÕÖÎÏ ÄÏËÁÚÁÔØ ×Ù�ÏÌ-ÎÉÍÏÓÔØ Ä×ÕÈ ÕÓÌÏ×ÉÊ:T ′int ∩Orb+(0;m) = ∅; T ′int ∩Orb+new(0;m′) = ∅: (4.7)üÔÏ ÂÕÄÅÔ ÓÄÅÌÁÎÏ × �. 6 × ÌÅÍÍÁÈ 6.1{6.3.4.2. óÔÒÕËÔÕÒÁ ÎÁÞÁÌØÎÏÊ ÏÒÂÉÔÙ Orb+(0;m). ÷ ÓÌÅÄÕÀÝÅÍ�ÒÅÄÌÏÖÅÎÉÉ ÕÓÔÁÎÁ×ÌÉ×ÁÅÔÓÑ ×ÁÖÎÁÑ Ó×ÑÚØ ÍÅÖÄÕ ÔÏÞËÁÍÉ ÏÒÂÉÔÙOrb+(0;m) É ×ÅÒÛÉÎÁÍÉ ÍÎÏÇÏÇÒÁÎÎÉËÏ×, ×ÈÏÄÑÝÉÈ × ÒÁÚÂÉÅÎÉÅ T =
T (v).ðÒÅÄÌÏÖÅÎÉÅ 4.1. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ VT ÍÎÏÖÅÓÔ×Ï ×ÓÅÈ ×ÅÒÛÉÎ �Á-ÒÁÌÌÅÌÅ�É�ÅÄÏ× T jk = Sj(Tk) ÄÌÑ k = 0; 1; : : : ; D, ÉÚ ËÏÔÏÒÙÈ ÓÏÓÔÏÉÔÒÁÚÂÉÅÎÉÅ T = T (v), Ï�ÒÅÄÅÌÅÎÎÏÅ × (2.25). �ÏÇÄÁ ÄÌÑ ÎÁÞÁÌØÎÏÊ ÏÒ-ÂÉÔÙ Orb+(0;m) ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×ÏOrb+(0;m) = VT \ {x0}; (4.8)ÇÄÅ x0 = 0 { ÎÕÌÅ×ÁÑ ×ÅÒÛÉÎÁ × ÒÁÚÂÉÅÎÉÉ T = T (v).äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ Ï�ÒÅÄÅÌÅÎÉÑ (2.25) ÒÁÚÂÉÅÎÉÑ T = T (v) ÓÌÅÄÕÅÔ×ËÌÀÞÅÎÉÅ VT ⊂ Orb+(0;m) ⊔ {x0}: (4.9)



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 51÷Ó�ÏÍÉÎÁÑ ÓÏÇÌÁÛÅÎÉÅ (2.11), �ÒÏÓÌÅÄÉÍ Ä×ÉÖÅÎÉÅ ÎÕÌÅ×ÏÊ ×ÅÒÛÉÎÙx0 ∈ V0 �ÏÄ ÄÅÊÓÔ×ÉÅÍ ÓÄ×ÉÇÁ S. éÍÅÅÍV0 ∋ x0 S
−→ x1 → : : : → xm0−1 ∈ V j0V1 ∋ xm0 S
−→ xm0+1 → : : : → xm0+m1−1 ∈ V j1V2 ∋ xm0+m1 S
−→ xm0+m1+1 → : : : → xm0+m1+m2−1 ∈ V j2: : :VD ∋ xm0+m1+:::+mD−1 S
−→ xm0+m1+:::+mD−1+1 → : : : → xm−1 ∈ V jD;(4.10)ÇÄÅ ÄÌÑ ×ÅÒÛÉÎ �ÁÒÁÌÌÅÌÏÇÒÁÍÍÏ× Tk ÉÓ�ÏÌØÚÏ×ÁÌÉ ÏÂÏÚÎÁÞÅÎÉÑ Vk =VTk É V jk = Sj(Vk). éÚ ÄÉÁÇÒÁÍÍÙ (4.10) ÓÌÅÄÕÅÔ ×ËÌÀÞÅÎÉÅOrb+(0;m) ⊔ {x0} ⊂ VT ;ÉÚ ËÏÔÏÒÏÇÏ É (4.9) ×Ù×ÏÄÉÍ ÒÁ×ÅÎÓÔ×Ï (4.8). �4.3. óÔÒÕËÔÕÒÁ ÎÏ×ÏÊ ÞÁÓÔÉ ÏÒÂÉÔÙ Orb+new(0;m′). úÁ�ÉÛÅÍ ËÏ-ÏÒÄÉÎÁÔÙ xk ×ÅËÔÏÒÁ v0 = (x1; : : : ; xD) ÉÚ (3.9) × ×ÉÄÅx1 = −a1 − �1; : : : ; xD−1 = −aD−1 − �D−1; xD = −�D; (4.11)ÇÄÅ a1; : : : ; aD−1 = 0; 1; 2; : : : É 0 < �k < 1 ÄÌÑ k = 1; : : : ; D. �ÏÇÄÁÏÒÂÉÔÕ Orb+new(0;m′) ÉÚ (4.2) ÍÏÖÎÏ ÒÁÚÌÏÖÉÔØ ÎÁ ÓÌÅÄÕÀÝÉÅ �ÏÓÌÅ-ÄÏ×ÁÔÅÌØÎÏÓÔÉ:Tk0 ∋ xm S

−→ xm+1; : : : ; xm+mk0−1 ∈ T jk0
↓ S′Tk1 ∋ xm+mk0 S

−→ xm+mk0+1; : : : ; xm+mk0+mk1−1 ∈ T jk1
↓ S′

· · · · · ·
↓ S′Tkb ∋ xm+bm S

−→ xm+bm+1; : : : ; xm+bm+mkb−1 ∈ T jkb
↓ S′

· · · · · ·
↓ S′T0 ∋ xm+am S

−→ xm+am+1; : : : ; xm+am+i′−1 ∈ T j0
(4.12)

ÇÄÅ ÉÓ�ÏÌØÚÏ×ÁÎÙ ÓÏËÒÁÝÅÎÉÑbm = b1m1 + : : :+ bD−1mD−1; am = a1m1 + : : :+ aD−1mD−1:(4.13)



52 ÷. ç. öõòá÷ìå÷÷ ÄÉÁÇÒÁÍÍÅ (4.12) ÓÔÒÏËÉ ÉÍÅÀÔ ÎÏÍÅÒÁ b = 0; 1; : : : ; a, ÇÄÅ a =a1 + : : :+ aD−1. üÌÅÍÅÎÔÙ x∗ ÓÔÒÏËÉ Ó ÎÏÍÅÒÏÍ b = b1 + : : :+ bD−1 =0; 1; : : : ; a1 + : : :+ aD−1 �ÒÉÎÁÄÌÅÖÁÔxm+bm+j ∈ T jkbÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÍÕ ÏÂÒÁÚÕ T jkb = Sj(Tkb) (4.14)�ÁÒÁÌÌÅÌÅ�É�ÅÄÁ Tkb �ÏÄ ÄÅÊÓÔ×ÉÅÍ ÏÔÏÂÒÁÖÅÎÉÑ Sj = S ◦ : : : ◦ S︸ ︷︷ ︸j , ÇÄÅS { ÓÄ×ÉÇ ÉÚ (2.13) É ÓÔÅ�ÅÎØ j = 0; 1; : : : ;mkb − 1. úÄÅÓØ ÉÎÄÅËÓÙ kb Õ�ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× Tkb �ÒÉÎÉÍÁÀÔ ÚÎÁÞÅÎÉÑkb = 1; : : : ; D − 1 ÄÌÑ b = 0; 1; : : : ; a− 1;kb = 0 ÄÌÑ b = a; (4.15)�ÒÉÞÅÍ kb �ÒÉÎÉÍÁÅÔ ÚÎÁÞÅÎÉÅ 1; : : : ; D − 1 É 0 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏa1; : : : ; aD−1 É 1 ÒÁÚ.üÌÅÍÅÎÔÙ x∗ × ÓÔÒÏËÁÈ ÄÉÁÇÒÁÍÍÙ (4.12) �ÒÅÏÂÒÁÚÕÀÔÓÑ �Ï �ÒÁ-×ÉÌÕ x∗ 7→ S(x∗), Á �ÒÉ �ÅÒÅÈÏÄÅ ÓÏ ÓÔÒÏËÉ ÎÁ ÓÔÒÏËÕ { �ÒÁ×ÉÌÕx∗ 7→ S′(x∗), ÇÄÅ S′ { �ÒÏÉÚ×ÏÄÎÙÊ ÓÄ×ÉÇ (2.6) ÉÌÉ, ÞÔÏ ÔÏ ÖÅ ÓÁÍÏÅ, {ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ (2.24).éÎÄÅËÓ i′ ÉÚ ÎÉÖÎÅÊ ÓÔÒÏËÉ ÄÉÁÇÒÁÍÍÙ (4.12) ÒÁ×ÅÎ ÎÁÉÍÅÎØÛÅÍÕÞÉÓÌÕ i′ = 0; 1; 2; : : :, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÍÕ × ÓÉÌÕ (4.11) ÕÓÌÏ×ÉÀm+ am + i′ 6 m′;Ô.Å. ÓÏÇÌÁÓÎÏ (4.4) É (4.13) { ÎÅÒÁ×ÅÎÓÔ×Õa1m1 + : : :+ aD−1mD−1 + i′ 6 m0: (4.16)÷ Ó×ÏÀ ÏÞÅÒÅÄØ ÄÌÑ ÏÒÂÉÔÙ Orb+new(0;m′) ÉÚ (4.2) Ï�ÒÅÄÅÌÉÍ ÅÝÅÄÏ�ÏÌÎÉÔÅÌØÎÏÅ ÒÁÚÂÉÅÎÉÅOrb+new(0;m′) = Orb+T (0;m′) ⊔Orb+T−(0;m′): (4.17)úÄÅÓØ ÏÂÏÚÎÁÞÉÌÉOrb+T (0;m′) = Orb+new(0;m′) ∩ T ⊂ T (4.18)É Orb+T−(0;m′) = Orb+new(0;m′) \Orb+T (0;m′): (4.19)



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 53ðÒÅÄÌÏÖÅÎÉÅ 4.2. 1. ðÏÄ ÄÅÊÓÔ×ÉÅÍ ÓÄ×ÉÇÁ S ÔÏÞËÉ ÏÒÂÉÔÙOrb+new(0;m′)Ä×ÉÖÕÔÓÑ ÓÏÇÌÁÓÎÏ ÄÉÁÇÒÁÍÍÅ (4.12).2. íÎÏÖÅÓÔ×Ï (4.18) ÓÏÓÔÏÉÔOrb+T (0;m′) = {xm; xm+mk0 ; : : : ; xm+am} (4.20)ÉÚ ×ÓÅÈ ÔÏÞÅË, ÒÁÓ�ÏÌÏÖÅÎÎÙÈ × ÌÅ×ÏÊ ÞÁÓÔÉ ÄÉÁÇÒÁÍÍÙ (4.12), ÇÄÅam Ï�ÒÅÄÅÌÅÎÏ × (4.13).3. íÎÏÖÅÓÔ×Ï (4.19) ÓÏ×�ÁÄÁÅÔOrb+T−(0;m′) == {xm+1; : : : ; xm+mk0−1; : : : ; xm+am+1; : : : ; xm+am+i′−1} (4.21)Ó ÍÎÏÖÅÓÔ×ÏÍ ×ÓÅÈ ÔÏÞÅË ÉÚ �ÒÁ×ÏÊ ÞÁÓÔÉ ÄÉÁÇÒÁÍÍÙ (4.12).äÏËÁÚÁÔÅÌØÓÔ×Ï. òÁÚ×ÅÒÔËÁ ÔÏÒÁ T = T (v) = T0 ⊔ T1 ⊔ : : : ⊔ TD ÚÁ-ÍËÎÕÔÁ ÏÔÎÏÓÉÔÅÌØÎÏ �ÒÏÉÚ×ÏÄÎÏÇÏ ÓÄ×ÉÇÁ S′. ðÏÓËÏÌØËÕ xm ∈ T , ÔÏÔÏÞËÉ ÉÚ �ÒÁ×ÏÊ ÞÁÓÔÉ ÒÁ×ÅÎÓÔ×Á (4.20) �ÒÉÎÁÄÌÅÖÁÔ ÒÁÚ×ÅÒÔËÅ T É,ÚÎÁÞÉÔ, ÓÏÄÅÒÖÁÔÓÑ × ÍÎÏÖÅÓÔ×Å Orb+T (0;m′) �Ï Ï�ÒÅÄÅÌÅÎÉÀ (4.18).÷ ÓÉÌÕ (2.11) É (3.6) ÉÍÅÅÍxm = v0 + v1 + : : :+ vD = (x1 + 1; : : : ; xD + 1);ÇÄÅ xD + 1 > 0 × ÓÉÌÕ ÕÓÌÏ×ÉÑ (3.9). �ÏÞËÉ ÖÅ (x; y; : : : ; z) ÉÚ �ÁÒÁÌÌÅ-ÌÅ�É�ÅÄÁ TD ÉÍÅÀÔ ËÏÏÒÄÉÎÁÔÕ z 6 0, �ÏÜÔÏÍÕ xm =∈ TD.åÓÌÉ xm �ÒÉÎÁÄÌÅÖÉÔ ÏÄÎÏÍÕ ÉÚ ÍÎÏÖÅÓÔ× T1; : : : ; TD−1, ÔÏ, ÄÏ�ÅÒ×ÏÇÏ �Á�ÁÄÁÎÉÑ × ÏÂÌÁÓÔØ T0, ÎÁÞÁÌØÎÁÑ ÔÏÞËÁ xm ÂÕÄÅÔ ÓÄÉÇÁ-ÅÔÓÑ �ÏÄ ÄÅÊÓÔ×ÉÅÍ �ÒÏÉÚ×ÏÄÎÏÇÏ ÓÄ×ÉÇÁ S′ ÎÁ ×ÅËÔÏÒÙ v1 = e1, : : :,vD−1 = eD−1. óÌÅÄÏ×ÁÔÅÌØÎÏ, ×ÓÅ ÅÅ ÏÂÒÁÚÙ S′j(xm) ÓÎÏ×Á �ÒÉÎÁÄÌÅ-ÖÁÔ �ÁÒÁÌÌÅÌÅ�É�ÅÄÁÍ T1; : : : ; TD−1, ÞÔÏ ÄÏËÁÚÙ×ÅÔ ÒÁ×ÅÎÓÔ×Ï (4.20).òÁ×ÅÎÓÔ×Ï (4.21) ×ÙÔÅËÁÅÔ ÉÚ ÓÕÝÅÓÔ×Ï×ÁÎÉÑ ÒÁÚÂÉÅÎÉÑ T = T (v),Ï�ÒÅÄÅÌÅÎÎÏÇÏ × (2.23) ÄÌÑ ×ËÌÁÄÙ×ÁÀÝÅÊÓÑ × ÔÏÒ (2.12) ÒÁÚ×ÅÒÔËÉ T .
�

§5. éÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÒÁÚÂÉÅÎÉÅ �ÒÏÓÔÒÁÎÓÔ×ÁÉ �ÏÌÉÜÄÒÁÌØÎÁÑ ÇÉ�ÅÒ�Ï×ÅÒÈÎÏÓÔØ5.1. éÎÄÕ�ÉÒÏ×ÁÎÎÏÅ ÒÁÚÂÉÅÎÉÅ �ÒÏÓÔÒÁÎÓÔ×Á. äÁÌÅÅ, ÞÔÏÂÙÉÚÂÅÖÁÔØ ×ÏÚÎÉËÁÀÝÉÈ �ÒÉ ÍÁÌÙÈ ÒÁÚÍÅÒÎÏÓÔÑÈ D ×ÙÒÏÖÄÅÎÉÊ, ÂÕ-ÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ ×Ù�ÏÌÎÅÎÎÙÍ ÕÓÌÏ×ÉÅD > 3: (5.1)



54 ÷. ç. öõòá÷ìå÷óÌÕÞÁÊ D = 1 ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ [9℄, Á D = 2 �ÏÌÎÏÓÔØÀÉÓÓÌÅÄÏ×ÁÎ × [4℄.îÁ�ÏÍÎÉÍ, ÞÔÏ ÒÁÚ×ÅÒÔËÁ ÔÏÒÁ T = T (v) Ñ×ÌÑÅÔÓÑ �ÁÒÁÌÌÅÌÏÜÄÒÏÍ(2.8), ÓÏÓÔÁ×ÌÅÎÎÙÍ ÉÚ D+1 �ÁÒÁÌÌÅÌÅ�É�ÅÄÁ T0; T1, : : :, TD. ïÎÁ ÅÓÔÅ-ÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ ×ÌÏÖÅÎÁT = T (v) em,→ RD (5.2)× �ÒÏÓÔÒÁÎÓÔ×Ï RD É Ñ×ÌÑÅÔÓÑ ÑÄÒÏÍ T = Kr(T ) ÒÁÚÂÉÅÎÉÑ
T = T (v) = ⊔k=0;1;:::;D ⊔06j<mk Sj(Tk) (5.3)ÔÏÒÁ TDL , ÇÄÅ Sj(Tk) { ÔÒÁÎÓÌÑ�ÉÏÎÎÙÅ ËÏ�ÉÉ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× Tk �ÏÄÄÅÊÓÔ×ÉÅÍ ÓÄ×ÉÇÁ ÔÏÒÁ S ÉÚ (2.13).�ÅÍ ÓÁÍÙÍ ÒÁÚÂÉÅÎÉÅ (5.3) ÚÁÄÁÅÔ ÄÌÑ ×ÓÅÈ ÍÎÏÇÏÇÒÁÎÎÉËÏ× Sj(Tk)/

T ÉÈ ÌÏËÁÌØÎÙÅ ÏËÒÕÖÅÎÉÑ, Ô.Å. { ÓÏÓÅÄÎÉÅ ÍÎÏÇÏÇÒÁÎÎÉËÉ Sj′(Tk′)/T ,ÉÍÅÀÝÉÅ (D− 1)-ÍÅÒÎÕÀ ÏÂÝÕÀ ÇÒÁÎØ Ó Sj(Tk). úÄÅÓØ É ÄÁÌÅÅ ÚÎÁÞÏË/ ÂÕÄÅÔ ÏÚÎÁÞÁÔØ ×ÈÏÖÄÅÎÉÅ ÆÉÇÕÒÙ × ÎÅËÏÔÏÒÏÅ ÒÁÚÂÉÅÎÉÅ × ËÁÞÅÓÔ×ÅÏÄÎÏÇÏ ÉÚ ÅÇÏ ÏÂÒÁÚÕÀÝÉÈ ÜÌÅÍÅÎÔÏ×.éÓ�ÏÌØÚÕÑ ÔÁË Ï�ÒÅÄÅÌÅÎÎÙÅ ÌÏËÁÌØÎÙÅ ÏËÒÕÖÅÎÉÑ É ×ÌÏÖÅÎÉÅ (5.2),ÍÙ ÍÏÖÅÍ ÍÎÏÇÏÇÒÁÎÎÉËÉ Tk ÉÚ ÑÄÒÁ T = Kr(T ) ⊂ RD ÏËÒÕÖÁÔØ ÓÌÏ-ÑÍÉ ÓÏÓÅÄÎÉÍÉ Ó ÎÉÍÉ ÍÎÏÇÏÇÒÁÎÎÉËÁÍÉ Tk′ . ðÏÓËÏÌØËÕ �Ï ÕÓÌÏ×ÉÀ
T = T (v) { ÒÁÚÂÉÅÎÉÅ ÔÏÒÁ, ÔÏ × ÒÅÚÕÌØÔÁÔÅ ÕËÁÚÁÎÎÏÇÏ �ÒÏ�ÅÓÓÁ ÒÏ-ÓÔÁ �ÏÌÕÞÉÔÓÑ �ÅÒÉÏÄÉÞÅÓËÏÅ ÒÁÚÂÉÅÎÉÅ

T̂ = T̂ (v) = ⊔k=0;1;:::;D ⊔l∈Lk Tk[l℄ (5.4)�ÒÏÓÔÒÁÎÓÔ×Á RD. úÄÅÓØ Lk { ÏÂßÅÄÉÎÅÎÉÅ ÒÅÛÅÔËÉ L É ËÏÎÅÞÎÏÇÏ ÎÁ-ÂÏÒÁ ÅÅ ÔÒÁÎÓÌÑ�ÉÏÎÎÙÈ ËÏ�ÉÊ L + w, ÇÄÅ ×ÅËÔÏÒÙ w Ï�ÒÅÄÅÌÑÀÔÓÑÌÏËÁÌØÎÙÍÉ ÏËÒÕÖÅÎÉÑÍÉ ÉÚ (5.3). òÁÚÂÉÅÎÉÅ (5.4) ÎÁÚÏ×ÅÍ ÉÎÄÕ�ÉÒÏ-×ÁÎÎÙÍ ÒÁÚÂÉÅÎÉÅÍ �ÒÏÓÔÒÁÎÓÔ×Á RD.5.2. ðÏÌÉÜÄÒÁÌØÎÁÑ �Ï×ÅÒÈÎÏÓÔØ. ÷ÙÄÅÌÉÍ ÉÚ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ T =T (v) �ÁÒÁÌÌÅÌÅ�É�ÅÄÙ T0, T1; : : : ; TD−1. ïÂÏÚÎÁÞÉÍ ÉÈ ÓÏ×ÏËÕ�ÎÏÓÔØÞÅÒÅÚ T(D) = T(D)(v). ðÕÓÔØ Tkk′ ÏÂÏÚÎÁÞÁÅÔ ÏÂÝÕÀ (D−1)-ÇÒÁÎØ ÍÅÖ-ÄÕ ÓÏÓÅÄÎÉÍÉ �ÁÒÁÌÌÅÌÅ�É�ÅÄÁÍÉ Tk É Tk′ . �ÏÇÄÁ �ÁÒÁÌÌÅÌÅ�É�ÅÄÙ ÉÚÍÎÏÖÅÓÔ×Á T(D) = T(D)(v) ÉÍÅÀÔ C2D = D(D−1)2 ÏÂÝÉÈ ÇÒÁÎÅÊ.



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 55áÎÁÌÏÇÉÞÎÏ �ÏÓÔÒÏÅÎÉÀ ÒÁÚÂÉÅÎÉÑ (5.4), ÂÕÄÅÍ �ÏÓÌÏÊÎÏ ÏËÒÕÖÁÔØÍÎÏÇÏÇÒÁÎÎÉËÉ ÉÚ T(D) = T(D)(v) ÉÈ ÓÏÓÅÄÎÉÍÉ ÍÎÏÇÏÇÒÁÎÎÉËÁÍÉ, ÉÓ-�ÏÌØÚÕÑ ÌÏËÁÌØÎÙÅ ÏËÒÕÖÅÎÉÑ (5.3) ÔÏÌØËÏ Ó ÇÒÁÎÑÍÉ ÔÉ�Á Tkk′ . ÷ ÒÅ-ÚÕÌØÔÁÔÅ �ÏÌÕÞÉÍ �ÏÄÍÎÏÖÅÓÔ×Ï
Ŝ(D) = Ŝ(D)(v) / T̂ (5.5)ÉÚ ÒÁÚÂÉÅÎÉÑ T̂ = T̂ (v), ÓÏÄÅÒÖÁÝÅÇÏ ÔÏÌØËÏ ÍÎÏÇÏÇÒÁÎÎÉËÉ ÔÉ�Á ÔÅÈD ÍÎÏÇÏÇÒÁÎÎÉËÏ×, ËÏÔÏÒÙÅ ×ÈÏÄÑÔ × ÍÎÏÖÅÓÔ×Ï T(D) = T(D)(v), Ô.Å.ÉÈ ÔÒÁÎÓÌÑ�ÉÏÎÎÙÅ ËÏ�ÉÉ.úÁÄÁÄÉÍ �ÒÏÅË�ÉÀpr‖eD : RD −→ RD−1�ÁÒÁÌÌÅÌØÎÏ ×ÅËÔÏÒÕ eD É �ÏÄÅÊÓÔ×ÕÅÍ ÅÊpr‖eD : T(D)(v) −→

∼ S(D)(v) (5.6)ÎÁ ÍÎÏÖÅÓÔ×Ï T(D)(v). ðÏ ÕÓÌÏ×ÉÀ v = {v0; v1; : : : ; vD} { �ÒÉ×ÅÄÅÎÎÁÑÚ×ÅÚÄÁ (3.6) É (3.9), �ÏÜÔÏÍÕ ÏÂÒÁÚ S(D)(v) × (5.6) ÓÏÓÔÏÉÔS(D)(v) = P0 ∪ P1 ∪ : : : ∪ PD−1ÉÚ �ÒÉÌÅÇÁÀÝÉÈ ÄÒÕÇ Ë ÄÒÕÇÕ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× Pk = pr‖eDTk ÂÅÚ ÏÂ-ÝÉÈ ×ÎÕÔÒÅÎÎÉÈ ÔÏÞÅË, �ÒÉÞÅÍ P0 { ÅÄÉÎÉÞÎÙÊ (D− 1)−ÍÅÒÎÙÊ ËÕÂ.üÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÏÔÏÂÒÁÖÅÎÉÅ (5.6) ÍÏÖÎÏ �ÒÏÄÏÌÖÉÔØpr‖eD : Ŝ(D)(v) −→
∼ S(D)(v) (5.7)× �ÒÏÓÔÒÁÎÓÔ×Ï RD ÎÁ ×ÓÅ ÍÎÏÖÅÓÔ×Ï (5.5), ÇÄÅ S(D)(v) = pr‖eD Ŝ(D)(v).ìÅÍÍÁ 5.1. 1. íÎÏÖÅÓÔ×Ï S(D)(v) ÉÚ (5.7) ÓÏÓÔÏÉÔ ÉÚ �ÒÉÌÅÇÁÀ-ÝÉÈ ÄÒÕÇ Ë ÄÒÕÇÕ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× ÔÉ�Á Pk ÄÌÑ k = 0; 1; : : : ; D − 1 ÉÏÂÒÁÚÕÅÔ ÒÁÚÂÉÅÎÉÅ �ÒÏÓÔÒÁÎÓÔ×Á RD−1. ïÔÏÂÒÁÖÅÎÉÅ (5.7) ÕÓÔÁÎÁ-×ÌÉ×ÁÅÔ ×ÚÁÉÍÎÏ ÏÄÎÏÚÎÁÞÎÏÅ ÓÏÏÔ×ÅÔÓÔ×ÉÅ ÍÅÖÄÕ D−ÍÅÒÎÙÊ �Á-ÒÁÌÌÅÌÅ�É�ÅÄÁÍÉ ÉÚ Ŝ(D)(v) É (D−1)−ÍÅÒÎÙÍÉ �ÁÒÁÌÌÅÌÅ�É�ÅÄÁÍÉ ÉÚ

S(D)(v).2. íÎÏÖÅÓÔ×Ï Ŝ(D)(v) ÉÚ (5.5) ÒÁÚÄÅÌÑÅÔ
RD = RD− ∪ Ŝ(D)(v) ∪ RD+ (5.8)�ÒÏÓÔÒÁÎÓÔ×Ï RD ÎÁ Ä×Á ÎÅÓ×ÑÚÁÎÎÙÅ ÄÒÕÇ Ó ÄÒÕÇÏÍ �ÏÌÕ�ÒÏÓÔÒÁÎ-ÓÔ×Á RD± , ÇÄÅ RD− ∪ RD+ = RD \ Ŝ(D)(v) É RD− ∩ RD+ = ∅, Ô.Å. ÌÀÂÙÅÄ×Å ÔÏÞËÉ ÉÚ ÚÁÍÙËÁÎÉÊ ÍÎÏÖÅÓÔ× RD− É RD+ ÎÅÌØÚÑ ÓÏÅÄÉÎÉÔØ ÎÅ-�ÒÅÒÙ×ÎÏÊ ËÒÉ×ÏÊ, ÎÅ�ÅÒÅÓÅËÁÀÝÅÊ ÍÎÏÖÅÓÔ×Ï Ŝ int(D)(v).



56 ÷. ç. öõòá÷ìå÷äÏËÁÚÁÔÅÌØÓÔ×Ï ×ÙÔÅËÁÅÔ ÉÚ ÓÕÝÅÓÔ×Ï×ÁÎÉÑ ÒÁÚÂÉÅÎÉÑ �ÒÏÓÔÒÁÎ-ÓÔ×Á (5.4) É ÂÉÅË�ÉÊ (5.6), (5.7). �éÚ ÌÅÍÍÙ 5.1 ÓÌÅÄÕÅÔ, ÞÔÏ �ÏÄÍÎÏÖÅÓÔ×Ï (5.5) ×ÌÏÖÅÎÏem : Ŝ(D)(v) / T̂ (v) (5.9)× ÒÁÚÂÉÅÎÉÅ �ÒÏÓÔÒÁÎÓÔ×Á (5.4), ÓÏÓÔÏÉÔ ÉÚ ÍÎÏÇÏÇÒÁÎÎÉËÏ× Tk, ×ÈÏ-ÄÑÝÉÈ × ÒÁÚÂÉÅÎÉÅ T̂ (v), É ÏÂÌÁÄÁÅÔ Ó×ÏÊÓÔ×ÁÍÉ �Ï×ÅÒÈÎÏÓÔÉ ÂÅÚ ÄÙÒ.ðÏ ÜÔÏÊ �ÒÉÞÉÎÅ ÂÕÄÅÍ ÎÁÚÏ×ÁÔØ Ŝ(D)(v) �ÏÌÉÜÄÒÁÌØÎÏÊ ÇÉ�ÅÒ�Ï×ÅÒÈ-ÎÏÓÔØÀ.5.3. ðÏËÒÙÔÉÅ ÏÂÌÁÓÔÉ T ′
−. îÁ�ÏÍÎÉÍ, ÞÔÏ ÓÏÇÌÁÓÎÏ (5.6) ÏÂÒÁÚS(D)(v) = P0 ∪ P1 ∪ : : : ∪ PD−1 ÓÏÓÔÏÉÔ ÉÚ �ÒÉÌÅÇÁÀÝÉÈ ÄÒÕÇ Ë ÄÒÕÇÕ�ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× Pk = pr‖eDTk ÂÅÚ ÏÂÝÉÈ ×ÎÕÔÒÅÎÎÉÈ ÔÏÞÅË, ÇÄÅ P0 {ÅÄÉÎÉÞÎÙÊ (D − 1)−ÍÅÒÎÙÊ ËÕÂ.òÁÚÌÏÖÉÍ �ÒÏÉÚ×ÏÄÎÕÀ ÒÁÚ×ÅÒÔËÕ ÔÏÒÁ T ′ = T (v′) = T ′0⊔T ′1⊔: : :⊔T ′DÎÁ ÞÁÓÔÉ T ′ = T ′new ⊔ T ′old: (5.10)úÄÅÓØ T ′old = T ′ ∩ T { ÓÔÁÒÁÑ ÏÂÌÁÓÔØ ÉÚ ÒÁÚ×ÅÒÔËÉ T , Á ÎÏ×ÁÑ ÏÂÌÁÓÔØT ′new = T ′

− ÉÍÅÅÔ ÒÁÚÂÉÅÎÉÅT ′new = T ′
− = T ′1;− ∪ : : : ∪ T ′D−1;−; (5.11)ÇÄÅ T ′1;−; : : : ; T ′D−1;− { ÄÁÌØÎÉÅ ÏÔ ÎÁÞÁÌÁ ËÏÏÒÄÉÎÁÔ �ÏÌÏ×ÉÎÙ �ÁÒÁÌ-ÌÅÌÅ�É�ÅÄÏ× T ′1; : : : ; T ′D−1.äÌÑ ÒÁÚ×ÅÒÔËÉ T ′(v) ÒÁÓÓÍÏÔÒÉÍ ÅÅ �ÒÏÅË�ÉÀpr‖eD : T ′(v) −→ S′(D)(v) (5.12)× �ÒÏÓÔÒÁÎÓÔ×Ï RD−1. ïÂÒÁÚ S′(D)(v) ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ ÒÁÚ-ÂÉÅÎÉÑ S′(D)(v) = S(D)(v) ∪ P ′

−; (5.13)ÇÄÅ P ′
− = P ′1;− ∪ : : : ∪ P ′D−1;−{ ÏÂÌÁÓÔØ ÉÚ �ÒÉÌÅÇÁÀÝÉÈ ÄÒÕÇ Ë ÄÒÕÇÕ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× P ′k;− =pr‖eD T ′k;−, �ÒÉ ÜÔÏÍ P ′k;− �ÒÉÌÅÇÁÅÔ Ë �ÁÒÁÌÌÅÌÅ�É�ÅÄÕ Pk.ðÕÓÔØ
S(D)(v)|P ′

−

⊇ P ′
− (5.14){ �ÏËÒÙÔÉÅ ÏÂÌÁÓÔÉ P ′

−, ÏÂÒÁÚÏ×ÁÎÎÏÅ ×ÓÅÍÉ �ÁÒÁÌÌÅÌÅ�É�ÅÄÁÍÉ P̃kÉÚ ÒÁÚÂÉÅÎÉÑ S(D)(v) �ÒÏÓÔÒÁÎÓÔ×Á RD−1, �ÅÒÅÓÅËÁÀÝÉÍÉÓÑ ×Ï ×ÎÕ-ÔÒÅÎÎÉÈ ÔÏÞËÁÈ Ó ÏÂÌÁÓÔØÀ P ′
−. åÓÌÉ ËÁËÏÊ-ÔÏ �ÁÒÁÌÌÅÌÅ�É�ÅÄ P̃k Ó



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 57ÎÏÍÅÒÏÍ k = 1; : : : ; D − 1 ÓÏÄÅÒÖÉÔÓÑ × �ÏËÒÙÔÉÉ S(D)(v)|P ′

−

, ÔÏ ÏÎ�ÏÒÏÖÄÁÅÔ (D − 1)-�ÏÌÉÜÄÒÁÌØÎÙÊ ÄÉÓË
P =⋃l′1 P1[l′1℄ ∪ : : : ∪ ⋃l′D−1 PD−1[l′D−1℄ (5.15)�ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× ÉÚ S(D)(v)|P ′

−

ÔÉ�Á P1; : : : ; PD−1, �ÒÉÌÅÇÁÀÝÉÈ Ë P̃kÉ ÄÒÕÇ Ë ÄÒÕÇÕ �Ï ÏÂÝÉÍ (D − 2)-ÇÒÁÎÑÍ Pk′k′′ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× Pk′É Pk′′ Ó ÎÏÍÅÒÁÍÉ k′; k′′ = 1; : : : ; D − 1.äÌÑ �ÏËÒÙÔÉÑ S(D)(v)|P ′

−

ÉÚ (5.14) ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅ ÒÁÚÂÉÅ-ÎÉÅ
S(D)(v)|P ′

−

= P ∪ C; (5.16)ÇÄÅ ÍÎÏÖÅÓÔ×Ï
C =⋃l′0 P0[l′0℄ÓÏÓÔÏÉÔ ÉÚ (D − 1)-ËÕÂÏ× ÔÉ�Á P0. úÄÅÓØ × (5.15) É (5.16) ×ÅËÔÏÒÙ l′jÑ×ÌÑÀÔÓÑ pr‖eD -�ÒÏÅË�ÉÑÍÉ ×ÅËÔÏÒÏ× ×ÉÄÁlj = v0 − lj1v1 − : : :− lj(D−1)vD−1 (5.17)Ó ËÏÜÆÉ�ÉÅÎÔÁÍÉ ljk = 0; 1; 2; : : :, �ÒÉ ÜÔÏÍ l01 + : : :+ l0(D−1) > 1.äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á (5.17) ÚÁÄÁÄÉÍ ÅÝÅ �ÒÏÅË�ÉÀpr‖eD;:::;e2 : RD −→ R1�ÁÒÁÌÌÅÌØÎÏ ×ÅËÔÏÒÁÍ eD; : : : ; e2. ïÂÒÁÚ pr‖eD−1;:::;e2P ′

− = pr‖eD;:::;e2T ′
−ÏÂÌÁÓÔÉ (5.11) �ÏÌÎÏÓÔØÀ ÌÅÖÉÔ ÌÅ×ÅÅ ÔÏÞËÉpr‖eD;:::;e2v0 + pr‖eD ;:::;e2v1 = x1 + 1ÇÄÅ x1 { �ÅÒ×ÁÑ ËÏÏÒÄÉÎÁÔÁ ×ÅËÔÏÒÁ v0 ÓÏÇÌÁÓÎÏ (3.9). ïÔÓÀÄÁ ÓÌÅÄÕ-ÅÔ, ÞÔÏ l11 6 0, Á ÔÏÇÄÁ �Ï ÓÉÍÍÅÔÒÉÉ É ÏÓÔÁÌØÎÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ ×(5.17) ÔÁËÖÅ ÎÅ�ÏÌÏÖÉÔÅÌØÎÙ. ëÕÂ P0[v′0℄ ÎÅ �ÒÉÎÁÄÌÅÖÉÔ ÏÂÌÁÓÔÉ P ′
−,�ÏÜÔÏÍÕ ÓÌÕÞÁÊ l01 = : : : = l0(D−1) = 0 ÉÓËÌÀÞÁÅÔÓÑ × (5.17).éÚ ÌÅÍÍÙ 5.1 ÓÌÅÄÕÅÔ, ÞÔÏ (D−1)-�ÏÌÉÜÄÒÁÌØÎÏÅ �ÏËÒÙÔÉÅ S(D)(v)|P ′

−ÍÏÖÎÏ ÏÄÎÏÚÎÁÞÎÏ �ÏÄÎÑÔØ ×D-�ÏÌÉÜÄÒÁÌØÎÕÀ �Ï×ÅÒÈÎÏÓÔØ Ŝ(D)(v) ÄÏÍÎÏÖÅÓÔ×Á
Ŝ(D)(v)|P ′

−

= P̂ ∪ Ĉ / Ŝ(D)(v) (5.18)ÞÅÒÅÚ �ÒÏÅË�ÉÀpr‖eD : Ŝ(D)(v)|P ′

−

−→ S(D)(v)|P ′

−

: (5.19)
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−

ÉÚ (5.18) Ñ×ÌÑÅÔÓÑ �ÏËÒÙÔÉÅÍ
Ŝ(D)(v)|P ′

−

⊃ T ′
− (5.20)ÏÂßÅÄÉÎÅÎÉÑ ÍÎÏÇÏÇÒÁÎÎÉËÏ× T ′

− = T ′1;− ∪ : : : ∪ T ′D−1;−, Ï�ÒÅÄÅÌÅÎÎÙÈ× (5.11).äÏËÁÚÁÔÅÌØÓÔ×Ï. áÎÁÌÏÇÉÞÎÏ (5.6), ÒÁÓÓÍÏÔÒÉÍ Ä×Å Ä×ÕÍÅÒÎÙÅ �ÒÏ-ÅË�ÉÉ pr‖eD−1;:::;e2 : T (v) −→ S(1)(v);pr‖eD−1;:::;e2 : T ′(v) −→ S′(1)(v): (5.21)éÚ ÕÓÌÏ×ÉÊ (3.6) É (3.9) �ÒÉ×ÅÄÅÎÎÏÓÔÉ Ú×ÅÚÄÙ v = {v0; v1; : : : ; vD} ÓÌÅ-ÄÕÅÔ, ÞÔÏ ÏÂÒÁÚ S(1)(v) Ñ×ÌÑÅÔÓÑ ÛÅÓÔÉÕÇÏÌØÎÉËÏÍ, ÒÁÚÂÉÔÙÍS(1)(v) = Q0 ∪Q1 ∪QDÎÁ �ÒÉÌÅÇÁÀÝÉÅ ÄÒÕÇ Ë ÄÒÕÇÕ ÅÄÉÎÉÞÎÙÊ Ë×ÁÄÒÁÔ Q0 É �ÁÒÁÌÌÅÌÏ-ÇÒÁÍÍÙ Q1, QD, ÇÄÅ Qk = pr‖eD−1;:::;e2Tk. üÔÏÔ ÖÅ ÏÂÒÁÚ ÍÏÖÎÏ �ÒÅÄ-ÓÔÁ×ÉÔØ × ×ÉÄÅ S(1)(v) = QkÛÅÓÔÉÕÇÏÌØÎÏÊ �ÒÏÅË�ÉÉ �ÁÒÁÌÌÅÌÏÜÄÒÏ× Tk ÄÌÑ k 6= 0; 1; D. ë ÏÂÒÁÚÕÖÅ S′(1)(v) ÉÚ (5.21) ÄÏÂÁ×ÌÑÅÔÓÑS′(1)(v) = S(1)(v) ∪Q′
− (5.22)Ó ÎÁÌÏÖÅÎÉÅÍ �ÑÔÉÕÇÏÌØÎÉËQ′

− = Q′1;− ∪Q′k;−;ÇÄÅ Q′1;− = pr‖e2 T ′1;−, Q′k;− = pr‖e2 T ′k;− ÄÌÑ k 6= 0; 1; D.÷ÏÚ×ÒÁÝÁÅÍÓÑ Ë Ï�ÒÅÄÅÌÅÎÎÏÍÕ × (5.18) ÍÎÏÖÅÓÔ×Õ Ŝ(D)(v)|P ′

−

=
P̂ ∪ Ĉ ÉÚ �ÏÌÉÜÄÒÁÌØÎÏÊ �Ï×ÅÒÈÎÏÓÔÉ Ŝ(D)(v). òÁÓÓÍÏÔÒÉÍ ÅÇÏ �ÒÏ-ÅË�ÉÀ pr‖eD−1;:::;e2 Ŝ(D)(v)|P ′

−

. éÚ ÒÁÚÌÏÖÅÎÉÑ (5.16), �ÏÓÔÒÏÅÎÉÑ (5.19)ÍÎÏÖÅÓÔ×Á Ŝ(D)(v)|P ′

−

É ×ÉÄÁ (5.22) �ÑÔÉÕÇÏÌØÎÉËÁQ′
− ÓÌÅÄÕÅÔ ×ËÌÀÞÅ-ÎÉÅ pr‖eD−1;:::;e2 Ŝ(D)(v)|P ′

−

⊇ Q′
−; (5.23)ÔÁË ËÁË × ÓÉÌÕ (3.6) É (3.9) �ÒÏÅË�ÉÉ ×ÅËÔÏÒÏ× lj ÒÁ×ÎÙpr‖eD−1;:::;e2 lj = pr‖eD−1;:::;e2 v0− lj1pr‖eD−1 ;:::;e2 v1 = (x1; xD)− lj1(1; 0);(5.24)



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 59ÇÄÅ x1 < 0, −1 < xD < 0 É ËÏÜÆÆÉ�ÉÅÎÔÙ lj1 = 0; 1; 2; : : : ××ÉÄÕÒÁ×ÅÎÓÔ× (5.17). ðÏËÒÙÔÉÑ ÍÎÏÖÅÓÔ×Á Q′
− Ë×ÁÄÒÁÔÏÍ Q0 É �ÁÒÁÌÌÅ-ÌÏÇÒÁÍÍÏÍ Q1 ÏÞÅ×ÉÄÙ, ÄÌÑ ÏÓÔÁÌØÎÙÈ ÓÌÕÞÁÅ× ÓÎÏ×Á ÒÁÓÓÍÁÔÒÉ×ÁÅÍ�ÒÏÅË�ÉÉ (5.21), ÏÔÂÒÁÓÙ×ÁÑ ×ÅËÔÏÒÙ eD É ek ÄÌÑ k = 2; : : : ; D − 1.éÚ ×ËÌÀÞÅÎÉÊ (5.14) É (5.23) ×ÙÔÅËÁÅÔ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï Ŝ(D)(v)|P ′

−�ÏËÒÙ×ÁÅÔ (5.20) ÏÂßÅÄÉÎÅÎÉÅ ÍÎÏÇÏÇÒÁÎÎÉËÏ× T ′
− = T ′1;−∪: : :∪T ′D−1;−.

�

§6. äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 3.26.1. �ÏÞËÉ ÏÒÂÉÔÙ Orb+(0;m).ìÅÍÍÁ 6.1. ðÕÓÔØ T ′ = T (v′) { ÒÁÚ×ÅÒÔËÁ ÔÏÒÁ (2.25) ÄÌÑ �ÒÏÉÚ-×ÏÄÎÏÊ v′ = v{0;D} �ÒÉ×ÅÄÅÎÎÏÊ Ú×ÅÄÙ v É Orb+(0;m) { ÏÒÂÉÔÁ (2.29)ÎÁÞÁÌØÎÏÊ ÔÏÞËÉ x0 = 0 ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ ÔÏÒÁ S = S� ÉÚ (2.13).�ÏÇÄÁ ÉÍÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×ÏT ′int ∩Orb+(0;m) = ∅: (6.1)äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ (5.10) �ÒÏÉÚ×ÏÄÎÁÑ ÒÁÚ×ÅÒÔËÁ T ′ ÂÙÌÁ ÒÁÚÌÏÖÅÎÁT ′ = T ′new ⊔ T ′old ÎÁ ÓÔÁÒÕÀ ÞÁÓÔØ T ′old = T ′ ∩ T É ÎÏ×ÕÀ T ′new = T ′
− =T ′1;−∪: : :∪T ′D−1;−, ÓÏÓÔÏÑÝÕÀ ÉÚ ÄÁÌØÎÉÈ ÏÔ ÎÁÞÁÌÁ ËÏÏÒÄÉÎÁÔ �ÏÌÏ×ÉÎT ′1;−; : : : ; T ′D−1;− �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× T ′1; : : : ; T ′D−1.ðÏÓËÏÌØËÕ ×Ù�ÏÌÎÑÅÔÓÑ ×ËÌÀÞÅÎÉÅ T ′old ⊂ T É Orb+(0;m)∩T int = ∅,ÔÏ ÍÏÖÅÍ ÚÁ�ÉÓÁÔØ Orb+(0;m) ∩ T ′intold = ∅: (6.2)÷ ÓÉÌÕ �ÒÅÄÌÏÖÅÎÉÑ 4.1 É ÒÁÚÂÉÅÎÉÑ (5.11) ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÒÁ-×ÅÎÓÔ×Á Orb+(0;m) ∩ T ′intnew = ∅ (6.3)ÎÕÖÎÏ �ÒÏ×ÅÒÉÔØ ×Ù�ÏÌÎÉÍÏÓÔØ ÒÁ×ÅÎÓÔ×ÁVT ∩ T ′int

− = ∅: (6.4)éÚ ÌÅÍÍÙ 5.2 ÓÌÅÄÕÅÔ, ÞÔÏ × ÏÂÌÁÓÔØ T ′int
− ÍÏÇÕÔ �Ï�ÁÓÔØ ÔÏÌØËÏ ÔÅ×ÅÒÛÉÎÙ ÉÚ VT , ËÏÔÏÒÙÅ Ñ×ÌÑÀÔÓÑ ×ÅÒÛÉÎÁÍÉ ÍÎÏÇÏÇÒÁÎÎÉËÏ× ÔÉ�ÁT0, T1; : : : ; TD−1 ÉÚ ÒÁÚÂÉÅÎÉÑ T .þÔÏÂÙ ÕÂÅÄÉÔØÓÑ × Ó�ÒÁ×ÅÄÌÉ×ÏÓÔÉ (6.4), ÎÕÖÎÏ ÒÁÓÓÍÏÔÒÅÔØ Ä×Õ-ÍÅÒÎÙÅ �ÒÏÅË�ÉÉ pr‖eD−1;:::;e2 T É pr‖eD−1;:::;e2 T ′. ðÑÔÉÕÇÏÌØÎÁÑ �ÒÏÅË-�ÉÑ Q′

− = pr‖eD−1;:::;e2 T ′
− ÓÏÄÅÒÖÉÔ �ÑÔØ ×ÅÒÛÉÎ É ÏÄÎÕ ×ÎÕÔÒÅÎÎÀÀÔÏÞËÕ { �ÒÏÅË�ÉÉ ×ÅÒÛÉÎ ÍÎÏÇÏÇÒÁÎÎÉËÁ T ′

−. éÚ ÒÁÓÓÕÖÄÅÎÉÊ ÌÅÍÍÙ



60 ÷. ç. öõòá÷ìå÷5.2 É ÕÓÌÏ×ÉÑ −1 < xD < 0 ÓÌÅÄÕÅÔ, ÞÔÏ ×ÅÒÛÉÎÙ Ë×ÁÄÒÁÔÏ× Q0[l′′0j ℄É �ÁÒÁÌÌÅÌÏÇÒÁÍÍÏ× Q1[l′′1j ℄, ÇÄÅ l′′kj = pr‖eD−1;:::;e2 lkj , ÍÏÇÕÔ �Ï�ÁÄÁÔØÔÏÌØËÏ × ÕËÁÚÁÎÎÙÅ �ÑÔØ ÇÒÁÎÉÞÎÙÈ ×ÅÒÛÉÎ �ÒÏÅË�ÉÉ Q′
−. òÁÓÓÍÁ-ÔÒÉ×ÁÑ ÁÎÁÌÏÇÉÞÎÙÅ �ÒÏÅË�ÉÉ, �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ÏÔÂÒÁÓÙ×ÁÑ ×ÅËÔÏÒÙeD É ek ÄÌÑ k = 2; : : : ; D− 1, ÕÂÅÖÄÁÅÍÓÑ, ÞÔÏ ×ÅÒÛÉÎÙ ÏÓÔÁÌØÎÙÈ �Á-ÒÁÌÌÅÌÏÇÒÁÍÍÏ× Qk[l′′kj ℄ ÔÁËÖÅ ÍÏÇÕÔ �Ï�ÁÄÁÔØ ÔÏÌØËÏ × ÔÅ ÖÅ ÓÁÍÙÅ�ÑÔØ ×ÅÒÛÉÎ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ �ÑÔÉÕÇÏÌØÎÉËÏ×Q′

−. ïÔÓÀÄÁ �ÏÌÕÞÁÅÍÒÁ×ÅÎÓÔ×Ï (6.4), Á ÚÎÁÞÉÔ, É (6.3).õÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙ 6.1 ×ÙÔÅËÁÅÔ ÉÚ ÒÁ×ÅÎÓÔ× (5.10), (6.2) É (6.3).
�6.2. �ÏÞËÉ ÏÒÂÉÔÙ Orb+T (0;m′).ìÅÍÍÁ 6.2. ðÕÓÔØ Orb+T (0;m′) { ÞÁÓÔØ ÏÒÂÉÔÙ Orb+new(0;m′) ÉÚ(4.2), ÓÏÄÅÒÖÁÝÁÑÓÑ × ÉÓÈÏÄÎÏÊ ÒÁÚ×ÅÒÔËÅ ÔÏÒÁ T = T (v), ÇÄÅ �ÏÒÑ-ÄÏË m′ = m+m0 ÂÙÌ Ï�ÒÅÄÅÌÅÎ × (4.4). �ÏÇÄÁ × ÕÓÌÏ×ÉÑÈ ÌÅÍÍÙ 6.1×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×ÏOrb+T (0;m′) ∩ T ′int = ∅: (6.5)äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ �ÏÓÔÒÏÅÎÉÑ (2.25) �ÒÏÉÚ×ÏÄÎÏÊ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁT ′ = T (v′) ÓÌÅÄÕÅÔ, ÞÔÏ ÔÏÞËÉ (x; y; : : : ; z) ÉÚ ÅÅ ÚÁÍÙËÁÎÉÑ T ′ ÉÍÅÀÔÍÁËÓÉÍÁÌØÎÕÀ ËÏÏÒÄÉÎÁÔÕz = z(v′D) = xD + 1 > 0: (6.6)ï�ÒÅÄÅÌÅÎÎÕÀ × (4.1) ÔÏÞËÕ xm = (x; y; : : : ; z) ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ×ÉÄÅxm = (x; y; : : : ; z) = v0+v1+: : :+vD = v′1+: : :+v′D = (x1+1; : : : ; xD+1):(6.7)äÁÎÎÁÑ ÔÏÞËÁ Ñ×ÌÑÅÔÓÑ ×ÅÒÛÉÎÏÊ ÍÎÏÇÏÇÒÁÎÎÉËÁ T ′. ïÎÁ ÈÁÒÁËÔÅÒÉ-ÚÕÅÔÓÑ ÕÓÌÏ×ÉÅÍ:ÓÒÅÄÉ ×ÓÅÈ ÔÏÞÅË ÉÚ T ′ Ó D-ËÏÏÒÄÉÎÁÔÏÊ (6.6) ÔÏÞËÁ xm ÉÚ (6.7)ÉÍÅÅÔ ÎÁÉÂÏÌØÛÅÅ ÚÎÁÞÅÎÉÅ ÓÕÍÍÙ �ÅÒ×ÙÈ D − 1 ËÏÏÒÄÉÎÁÔx+ y + : : : = x1 + x2 + : : :+ 2:ä×ÉÖÅÎÉÅ ÔÏÞËÉ xm �Ï ÏÒÂÉÔÅ Orb+T (0;m′) �ÒÏÉÓÈÏÄÉÔ ÓÏÇÌÁÓÎÏ ÄÉÁ-ÇÒÁÍÍÅ (4.12) É Ó×ÏÄÉÔÓÑ Ë ÓÄ×ÉÇÁÍ ÎÁ ×ÅËÔÏÒÙ v1 = e1; : : :, vD−1 =eD−1. óÌÅÄÏ×ÁÔÅÌØÎÏ, �ÒÉ ÔÁËÏÍ Ä×ÉÖÅÎÉÉ Õ ÏÂÒÁÚÏ× ÔÏÞËÉ xm ÓÕÍÍÁ�ÅÒ×ÙÈ D − 1 ËÏÏÒÄÉÎÁÔ x+ y + : : : Õ×ÅÌÉÞÉ×ÁÅÔÓÑ ËÁÖÄÙÊ ÒÁÚ ÎÁ 1.



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 61ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ ×ÓÅ ÏÂÒÁÚÙ x∗ ÔÏÞËÉ xm ÉÚ ÏÒÂÉÔÙOrb+T (0;m′), ËÒÏÍÅ ÓÁÍÏÊ ÎÁÞÁÌØÎÏÊ ÔÏÞËÉ xm, ÎÅ �ÒÉÎÁÄÌÅÖÁÔ ÍÎÏ-ÇÏÇÒÁÎÎÉËÕ T ′, ÞÔÏ ÄÏËÁÚÙ×ÁÅÔ ÕÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙ (6.5). �6.3. �ÏÞËÉ ÏÒÂÉÔÙ Orb+T−(0;m′).ìÅÍÍÁ 6.3. ðÕÓÔØ Orb+T−(0;m′) { ÞÁÓÔØ ÏÒÂÉÔÙ Orb+new(0;m′) ÉÚ(4.17), ÄÏ�ÏÌÎÑÀÝÁÑ ÏÒÂÉÔÕ Orb+T (0;m′) ÉÚ ÌÅÍÍÙ 6.2. �ÏÇÄÁ ÄÌÑ ÜÔÏÊÞÁÓÔÉ Orb+T−(0;m′) ÓÎÏ×Á Ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×ÏOrb+T−(0;m′) ∩ T ′int = ∅: (6.8)äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÌÅÍÍÙ 6.2 ÓÌÅÄÕÅÔ, ÞÔÏ ÔÏÞËÉx∗ ÏÒÂÉÔÙ Orb+T−(0;m′) ÓÏÄÅÒÖÁÔÓÑ × D-ÍÅÒÎÙÈ ËÕÂÁÈ T j0 = Sj(T0)ÉÌÉ × �ÁÒÁÌÌÅÌÅ�É�ÅÄÁÈ T jk = Sj(Tk) Ó ÎÏÍÅÒÁÍÉ k = 1; : : : ; D − 1.ðÏÜÔÏÍÕ ÎÅËÏÔÏÒÁÑ ÔÏÞËÁ x∗ ÍÏÖÅÔ �Ï�ÁÓÔØ × ÒÁÚ×ÅÔËÕ T ′, ÔÏÌØËÏÅÓÌÉ ÓÏÄÅÒÖÁÝÉÊ ÅÅ ÍÎÏÇÏÇÒÁÎÎÉË T jk �ÅÒÅÓÅËÁÅÔÓÑ Ó T ′.ðÏÓËÏÌØËÕ ÎÁÓ × ÄÁÎÎÏÍ ÓÌÕÞÁÅ ÉÎÔÅÒÅÓÕÅÔ ÌÉÛØ ÎÏ×ÁÑ ÏÂÌÁÓÔØT ′new = T ′
− = T ′1;−∪ : : :∪T ′D−1;− ÉÚ �ÒÏÉÚ×ÏÄÎÏÊ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ T ′, ÓÏ-ÓÔÏÑÝÁÑ ÉÚ D−1 ÄÁÌØÎÉÈ ÏÔ ÎÁÞÁÌÁ ËÏÏÒÄÉÎÁÔ �ÏÌÏ×ÉÎ T ′1;− ⊂ T ′1; : : : ;T ′D−1;− ⊂ T ′D−1 �ÁÒÁÌÌÅÌÅ�É�ÅÄÏ× T ′1; : : : ; T ′D−1, ÔÏ ÂÕÄÅÍ ÓÌÅÄÉÔØ ÚÁ�Ï�ÁÄÁÎÉÅÍ ÔÏÞËÉ x∗ ∈ T ′

− (6.9)× ÕËÁÚÁÎÎÕÀ ÏÂÌÁÓÔØ T ′
−.åÓÌÉ x∗ ∈ T jk É ×Ù�ÏÌÎÑÅÔÓÑ ÕÓÌÏ×ÉÅ (6.9), ÔÏ �Ï ÌÅÍÍÅ 5.2 É (5.24)ÍÎÏÇÏÇÒÁÎÎÉË T jk ÂÕÄÅÔ ÓÏÄÅÒÖÁÔØÓÑT jk / Ŝ(D)(v)|P ′

−

(6.10)× �ÏÌÉÜÄÒÁÎÏÊ �Ï×ÅÒÈÎÏÓÔÉ Ŝ(D)(v)|P ′

−

ÉÚ (5.18) × ËÁÞÅÓÔ×Å ÏÄÎÏÇÏ ÉÚÏÂÒÁÚÕÀÝÉÈ ÅÅ ÍÎÏÇÏÇÒÁÎÎÉËÏ×.ðÕÓÔØ xm+b1m1+:::+bD−1mD−1 ∈ Tkb (6.11){ ÎÁÞÁÌØÎÁÑ ÔÏÞËÁ ÉÚ ÄÉÁÇÒÁÍÍÙ (4.12), ÉÚ ËÏÔÏÒÏÊ �ÏÌÕÞÁÅÔÓÑ ÓÄ×É-ÇÁÍÉ ÔÏÞËÁ x∗ ∈ T jk .óÌÕÞÁÊ I: Tkb = Tk ÄÌÑ k = 1; : : : ; D− 1. ðÅÒÅÊÄÅÍ ÏÔ ÍÎÏÇÏÇÒÁÎÎÉ-ËÏ× T jk Ë ÉÈ pr‖eD -�ÒÏÅË�ÉÑÍP jk = pr‖eD T jk



62 ÷. ç. öõòá÷ìå÷{ �ÁÒÁÌÌÅÌÅ�É�ÅÄÁÍ, ÓÒÅÄÉ ËÏÔÏÒÙÈ P j0 { ÅÄÉÎÉÞÎÙÅ (D − 1)-ÍÅÒÎÙÅËÕÂÙ. éÚ (6.10) ÓÌÅÄÕÅÔ, ÞÔÏ �ÁÒÁÌÌÅÌÅ�É�ÅÄÙ P1; : : :, PD−1 É P jk ÓÏ-ÅÄÉÎÅÎÙ �Å�ØÀ Cx∗
�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ �ÒÉÌÏÖÅÎÎÙÈ ÄÒÕÇ Ë ÄÒÕÇÕ ËÕÂÏ×P0[l′0℄ ÉÚ ÒÁÚÂÉÅÎÉÑ S(D)(v)|P ′

−

= P ∪ C, Ô.Å.P0[l′0℄ ∩ P ′
− 6= ∅: (6.12)÷ÅËÔÏÒÙ l′0 ÉÚ (6.12) ÉÍÅÀÔ ×ÉÄl′0 = v′0 − lj1v′1 − : : :− lj(D−1)v′D−1 (6.13)Ó ËÏÜÆÉ�ÉÅÎÔÁÍÉ l0k = 0; 1; 2; : : :, �ÒÉ ÜÔÏÍ l01 + : : :+ l0(D−1) > 1.äÁÎÎÁÑ �Å�Ø Cx∗

ÏÄÎÏÚÎÁÞÎÏ ÚÁÄÁÅÔ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÓÄ×ÉÇÏ× ÎÁ×ÅËÔÏÒÙ v′0;−v′k1 ;−v′k2 ; : : : ; (6.14)�ÒÉ ÜÔÏÍ kj = 1; : : : ; D − 1 É v′1 = (1; : : : ; 0); : : :, v′D−1 = (0; : : : ; 1) {ÅÄÉÎÉÞÎÙÅ ×ÅËÔÏÒÙ ÒÁÚÍÅÒÎÏÓÔÉ D − 1. ðÕÓÔØ × �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ(6.14) ×ÅËÔÏÒ v′k ×ÓÔÒÅÞÁÅÔÓÑ k ÒÁÚ. �ÏÇÄÁ ÄÌÑ  = (1; : : : ; D−1) ÔÏÞËÁx′∗ = x′j() ∈ P ′
−; (6.15)ÇÄÅ x′∗ = pr‖eD x∗, ÉÍÅÅÔ �ÏÒÑÄÏËj() =m′ + (b1 − 1)m1 + : : :+ (bD−1 − D−1)mD−1;ÔÁË ËÁË × ÓÉÌÕ (4.4) ×Ù�ÏÌÎÑÅÔÓÑ ÒÁ×ÅÎÓÔ×Ï(m+ b1m1 + : : :+ bD−1mD−1) + (m0 − 1m1 − : : :− D−1mD−1)=m′ + (b1 − 1)m1 + : : :+ (bD−1 − D−1)mD−1:ïÂÏÚÎÁÞÉÍ m() = 1m1 + : : :+ D−1mD−1: ÷ÏÚÍÏÖÎÙ ÔÒÉ ÓÌÕÞÁÑ:m() < b1m1 + : : :+ bD−1mD−1;m() = b1m1 + : : :+ bD−1mD−1;m() > b1m1 + : : :+ bD−1mD−1: (6.16)÷ �ÅÒ×ÏÍ ÓÌÕÞÁÅ ÔÏÞËÁ x′∗ = x′j() ÉÚ (6.15) ÉÍÅÅÔ ÎÏÍÅÒ j() >m′ É�ÏÜÔÏÍÕ x∗ ÎÅ ×ÈÏÄÉÔ × ÏÒÂÉÔÕ Orb+new(0;m′).÷Ï ×ÔÏÒÏÍ ÓÌÕÞÁÅ (6.16) ÔÏÞËÁx′∗ = x′m′ ∈ P ′int
− (6.17){ ×ÎÕÔÒÅÎÎÑÑ ÔÏÞËÁ ÉÚ ÏÂÌÁÓÔÉ P ′

−. õ ÎÅÅ ÂÕÄÅÔ ÍÁËÓÉÍÁÌØÎÙÊ ÎÏÍÅÒj() =m′, ÚÁÄÁÀÝÉÊ ÇÒÁÎÉ�Õ ÄÌÑ ÔÏÞÅË ÉÚ ÏÒÂÉÔÙ Orb′new(0;m′), É �ÏÏ�ÒÅÄÅÌÅÎÉÀ ÔÏÞËÁ x∗ × ÎÅÅ ÎÅ ×ÈÏÄÉÔ.



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 63þÔÏÂÙ ÒÁÓÓÍÏÔÒÅÔØ ÔÒÅÔÉÊ ÓÌÕÞÁÊ ÉÚ (6.16), ×ÙÄÅÌÉÍ × �ÒÏÓÔÒÁÎ-ÓÔ×Å RD−1 ÂÅÓËÏÎÅÞÎÙÊ ÂÒÕÓ P, �ÁÒÁÌÌÅÌØÎÙÊ ×ÅËÔÏÒÕv′0 = (x1; : : : ; xD−1) = pr‖eD v0ÉÍÅÀÝÉÊ ÓÅÞÅÎÉÅT v′′1 ;:::;v′′D−1 = pr‖v′0 (pr‖eD T0) = pr‖v′0 TD−10 ; (6.18)ÇÄÅ TD−10 { ÅÄÉÎÉÞÎÙÊ (D−1)-ÍÅÒÎÙÊ ËÕÂ, Ô.Å. ÓÅÞÅÎÉÅ (6.18) Ñ×ÌÑÅÔÓÑÚÁÍËÎÕÔÙÍ (D − 2)-ÍÅÒÎÙÍ �ÁÒÁÌÌÅÌÅ�É�ÅÄÏÍT v′′1 ;:::;v′′D−1 = {�1v′′1 + : : :+ �D−1v′′D−1; 0 6 �k 6 1};ÎÁÔÑÎÕÔÙÍ ÎÁ �ÒÏÅË�ÉÉ ÅÄÉÎÉÞÎÙÈ ×ÅËÔÏÒÏ× v′′1 = pr‖v′0 v′1; : : :, v′′D−1 =pr‖v′0 v′D−1. âÒÕÓ P ×ËÌÀÞÁÅÔ × ÓÅÂÑS′(D)(v) = S(D)(v) ∪ P ′
− ⊂ P (6.19)×ÓÅ ÍÎÏÖÅÓÔ×Ï ÉÚ (5.13).ðÕÓÔØ ÔÏÞËÁ x′∗ = x′j() ∈ P ′

− (6.20)ÄÌÑ  = (1; : : : ; D−1), ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÍÕ ÔÒÅÔØÅÍÕ ÕÓÌÏ×ÉÀ ÉÚ (6.16).éÍÅÅÍ x′m′ = x′m + v′0 (6.21)Éx′

∗ = x′j() = x′m + (b1v′1 + : : :+ bD−1v′D−1)− (1v′1 + : : :+ D−1v′D−1) + v′0= x′m′ + (b1v′1 + : : :+ bD−1v′D−1)− (1v′1 + : : : + D−1v′D−1):(6.22)äÌÑ ÔÏÞÅË x = (x1; : : : ; xD−1) ∈ RD−1 Ï�ÒÅÄÅÌÉÍ ÕÒÏ×ÅÎØl(x) = m1x1 + : : :+mD−1xD−1:÷ ÓÉÌÕ ÒÁ×ÅÎÓÔ×Á (6.22) ÚÁ�ÉÓÙ×ÁÅÍl(x′

∗) = l(x′j())= l(x′m′) + l(b1v′1 + : : :+ bD−1v′D−1)− l(1v′1 + : : :+ D−1v′D−1)= l(x′m′) + (b1m1 + : : :+ bD−1mD−1)− (1m1 + : : :+ D−1mD−1):ðÏÓËÏÌØËÕ �Ï ÕÓÌÏ×ÉÀ ×Ù�ÏÌÎÑÅÔÓÑ ÔÒÅÔØÅ ÎÅÒÁ×ÅÎÓÔ×Ï ÉÚ (6.16), ÔÏl(x′∗) = l(x′j()) < l(x′m′) (6.23)



64 ÷. ç. öõòá÷ìå÷É, ÚÎÁÞÉÔ, ÔÏÞËÁ (6.20) ÌÅÖÉÔ ÎÉÖÅ ÇÉ�ÅÒ�ÌÏÓËÏÓÔÉm1x1 + : : :+mD−1xD−1 = l(x′m′); (6.24)�ÒÏÈÏÄÑÝÅÊ ÞÅÒÅÚ ÔÏÞËÕ x′m′ .éÓ�ÏÌØÚÕÑ ÒÁ×ÅÎÓÔ×Ï (6.22), �ÒÅÄÓÔÁ×ÉÍ ÔÏÞËÕ x′∗ = x′j() ÉÚ (6.20) ××ÉÄÅ ÒÁÚÎÏÓÔÉ x′j() = x′m′ −� (6.25)Ó ×ÅËÔÏÒÏÍ ÏÔËÌÏÎÅÎÉÑ� = (1v′1 + : : :+ D−1v′D−1)− (b1v′1 + : : :+ bD−1v′D−1)= (1 − b1; : : : ; D−1 − bD−1);ÉÍÅÀÝÉÍ �ÅÌÏÞÉÓÌÅÎÎÙÅ ËÏÏÒÄÉÎÁÔÙ. ÷ ÓÉÌÕ ÎÅÒÁ×ÅÎÓÔ×Á (6.23) ÕÒÏ-×ÅÎØ ×ÅËÔÏÒÁ � ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀl(�) > 0: (6.26)÷×ÅÄÅÍ ÆÕÎË�ÉÀ p(�), ÒÁ×ÎÕÀ −1 ÉÌÉ 0, ÅÓÌÉ ÈÏÔÑ ÂÙ Ä×Å ËÏÏÒÄÉ-ÎÁÔÙ ×ÅËÔÏÒÁ � ÉÍÅÀÔ ÒÁÚÎÙÅ ÚÎÁËÉ ÉÌÉ ÈÏÔÑ ÂÙ ÏÄÎÁ ËÏÏÒÄÉÎÁÔÁÎÕÌÅ×ÁÑ, É ÒÁ×ÎÕÀ 1 × ÏÓÔÁÌØÎÙÈ ÓÌÕÞÁÑÈ. ÷ ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÚÎÁÞÅÎÉÑp(�) ÒÁÚÂÅÒÅÍ ÔÒÉ ×ÏÚÍÏÖÎÙÈ ÓÌÕÞÁÑ. îÅ ÕÍÅÎØÛÁÑ ÏÂÝÎÏÓÔÉ, ÄÁ-ÌÅÅ ÂÕÄÅÍ ÓÌÅÄÉÔØ ÚÁ �ÅÒ×ÙÍÉ Ä×ÕÍÑ ËÏÏÒÄÉÎÁÔÁÍÉ (D − 1)-ÍÅÒÎÏÇÏ×ÅËÔÏÒÁ �, �ÒÉ ÎÅÏÂÈÏÄÉÍÏÓÔÉ �ÅÒÅÓÔÁ×ÌÑÑ ÉÈ ÍÅÓÔÁÍÉ.óÌÕÞÁÊ 1: p(�) < 0: (6.27)äÅÊÓÔ×ÕÑ �ÒÏÅË�ÉÅÊpr‖eD−1;:::;e3 : RD−1 −→ R2ÎÁ ÍÎÏÖÅÓÔ×Á ÉÚ (6.19), �ÅÒÅÊÄÅÍ Ë ÉÈ Ä×ÕÍÅÒÎÙÍ �ÒÏÅË�ÉÑÍS′(D;:::;3)(v) = S(D;:::;3)(v) ∪ P ′2
− ⊂ P2; (6.28)ÇÄÅ P2 = pr‖eD−1;:::;e3 P { ÂÅÓËÏÎÅÞÎÁÑ �ÏÌÏÓÁ, �ÒÏÈÏÄÑÝÁÑ ÞÅÒÅÚ ÔÏÞËÉ(1; 0) É (0; 1) �ÁÒÁÌÌÅÌØÎÏ ×ÅËÔÏÒÕ pr‖eD−1;:::;e3 v′0 = (x1; x2), Á P ′2

− =pr‖eD−1;:::;e3 P ′
− { ÛÅÓÔÉÕÇÏÌØÎÉË, ÒÁÚÂÉÔÙÊ ÎÁ Ä×Á �ÁÒÁÌÌÅÌÏÇÒÁÍÍÁ.÷ ÓÉÌÕ (6.17) ÔÏÞËÁ pr‖eD−1;:::;e3 x′m′ Ñ×ÌÑÅÔÓÑ ×ÎÕÔÒÅÎÎÅÊ ÄÌÑ �ÏÌÏÓÙP2. ðÕÓÔØ ÄÌÑ ÎÁÞÁÌÁ �=±(1;−1; : : :). �ÏÇÄÁ ÔÏÞËÁ pr‖eD−1;:::;e3 x′j()ÄÏÌÖÎÁ ×ÙÊÔÉ ÚÁ �ÒÅÄÅÌÙ �ÏÌÏÓÙ P2, ÞÔÏ �ÒÏÔÉ×ÏÒÅÞÉÔ ÕÓÌÏ×ÉÀ (6.20).ðÒÉ ÄÒÕÇÉÈ ×ÅËÔÏÒÁÈ ×ÉÄÁ � = (∗; ∗; : : :) Ó ÕÓÌÏ×ÉÅÍ (6.27) ÔÏÞËÁpr‖eD−1;:::;e3 x′j() ÔÅÍ ÂÏÌÅÅ ×ÙÈÏÄÉÔ ÉÚ �ÏÌÏÓÙ P2.



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 65óÌÕÞÁÊ 2: p(�) = 0: (6.29)�ÁËÏÊ ×ÅËÔÏÒ � ÎÅ ÍÏÖÅÔ ÎÕÌÅ×ÙÍ, Ô.Ë. ÉÎÁÞÅ ÂÕÄÅÔ ×Ù�ÏÌÎÑÔØÓÑÒÁ×ÅÎÓÔ×Ï ÉÚ (6.16). ïÔÓÀÄÁ É ÕÓÌÏ×ÉÑ (6.29) ÓÌÅÄÕÅÔ, ÞÔÏ ×ÅËÔÏÒ �ÉÍÅÅÔ ËÁË ÎÕÌÅ×ÙÅ, ÔÁË É ÎÅÎÕÌÅ×ÙÅ ËÏÏÒÄÉÎÁÔÙ, �ÒÉÞÅÍ ×ÔÏÒÙÅ ÏÄ-ÎÏÇÏ ÚÎÁËÁ. üÔÏÔ ÚÎÁË ÎÅ ÍÏÖÅÔ ÂÙÔØ ÏÔÒÉ�ÁÔÅÌØÎÙÍ. ÷ �ÒÏÔÉ×ÎÏÍÓÌÕÞÁÅ ÎÁÒÕÛÁÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï (6.26) É ÔÏÞËÁ x′j() �ÏÄÎÉÍÅÔÓÑ ×ÙÛÅÇÉ�ÅÒ�ÌÏÓËÏÓÔÉ (6.24).ðÏÜÔÏÍÕ ×ÅËÔÏÒ � ÉÍÅÅÔ ×ÉÄ � = (1; 0; : : :). ðÒÉ ÔÁËÏÍ � �ÒÏÅË-�ÉÑ pr‖eD−1;:::;e3 x′j() ÔÏÞËÉ (6.25) �Ï�ÁÄÁÅÔ × ËÒÁÊÎÀÀ ÌÅ×ÕÀ ×ÅÒÛÉÎÕpr‖eD−1;:::;e3 x′m′−m1 , ÇÄÅ x′m′−m1 = pr‖eD xm′−m1 , ÛÅÓÔÉÕÇÏÌØÎÉËÁ P ′2
−ÉÚ (6.28), Ô.Å. pr‖eD−1;:::;e3 x′j() =∈ P ′2 int

− (6.30)É, ÚÎÁÞÉÔ, xj() =∈ T ′int. åÓÌÉ ÖÅ �ÅÒ×ÁÑ ËÏÏÒÄÉÎÁÔÁ Õ ×ÅËÔÏÒÁ � ÂÕÄÅÔ> 1, ÔÏ �ÒÏÅË�ÉÑ pr‖eD−1;:::;e3 x′j() ×ÙÊÄÅÔ ÉÚ �ÏÌÏÓÙ P2 É ÓÎÏ×Á ÂÕÄÅÔ×Ù�ÏÌÎÑÔØÓÑ (6.30).óÌÕÞÁÊ 3: p(�) > 0: (6.31)éÚ ÉÓ�ÏÌØÚÏ×ÁÎÎÙÈ × ÓÌÕÞÁÅ 2 ÒÁÓÓÕÖÄÅÎÉÊ ÓÌÅÄÕÅÔ, ÞÔÏ ×ÅËÔÏÒ �Ó ÕÓÌÏ×ÉÅÍ (6.31) ÄÏÌÖÅÎ ÂÙÔØ ×ÉÄÁ � = (1; 1; : : :). �Å�ÅÒØ �ÒÏÅË-�ÉÑ pr‖eD−1;:::;e3 x′j() �Ï�ÁÄÁÅÔ × ËÒÁÊÎÀÀ ÌÅ×ÕÀ É ÎÉÖÎÀÀ ×ÅÒÛÉ-ÎÕ pr‖eD−1;:::;e3 x′m′−m1−m2 ÛÅÓÔÉÕÇÏÌØÎÉËÁ P ′2
− . ðÏÜÔÏÍÕ �ÒÉ ÕÓÌÏ×ÉÉ(6.31) ÔÁËÖÅ ÂÕÄÅÔ ×Ù�ÏÌÎÑÔØÓÑ Ó×ÏÊÓÔ×Ï (6.30).éÔÁË, ÄÌÑ ÓÌÕÞÁÑ Tkb = Tk, ÇÄÅ k = 1; : : : ; D−1, ÌÅÍÍÁ 6.3 ÄÏËÁÚÁÎÁ.óÌÕÞÁÊ II: Tkb =T0. �Å�ÅÒØ �Å�Ø Cx∗

ÉÚ (6.14) ÄÌÑ =(1; : : : ; D−1)ÂÕÄÅÔ �ÏÒÏÖÄÁÔØ ÔÏÞËÕx′∗ = x′j() ∈ P ′
− (6.32)�ÏÒÑÄËÁj() =m′+(b1−1)m1+ : : :+(bk−k−1)mk+ : : :+(bD−1−D−1)mD−1;(6.33)ÅÓÌÉ Ë×ÁÄÒÁÔ P j0 �ÒÉËÌÁÄÙ×ÁÅÔÓÑ Ë �ÏÓÌÅÄÎÅÍÕ (D − 1)-ÍÅÒÎÏÍÕ ËÕ-ÂÕ ÉÚ �Å�É Cx∗

�Ï (D − 2)-ÍÅÒÎÏÊ ÇÒÁÎÉ, ÏÒÔÏÇÏÎÁÌØÎÏÊ ×ÅËÔÏÒÕ v′k.ïÂÏÚÎÁÞÉÍm() = 1m1 + : : :+ (k − 1)mk + : : :+ D−1mD−1 (6.34)



66 ÷. ç. öõòá÷ìå÷× ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÔÅÍ, ËÁËÏÅ ÉÚ ÕÓÌÏ×ÉÊ × (6.33) ×Ù�ÏÌÎÑÅÔÓÑ. äÁÌÅÅÓÌÅÄÕÅÔ ÒÁÓÍÁÔÒÅÔØ ÔÒÉ ÓÌÕÞÁÑ (6.16) �Ï ÓÈÅÍÅ (6.17){(6.31), ÚÁÍÅÎÑÑÆÕÎË�ÉÀ m() ÎÁ ÍÏÄÉÆÉ�ÉÒÏ×ÁÎÎÕÀ (6.34).�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÌÑ ÓÌÕÞÁÑ Tkb = T0 ÌÅÍÍÁ 6.3 ÔÁËÖÅ ÄÏËÁÚÁÎÁ, ÞÔÏ×ÍÅÓÔÅ Ó �ÒÅÄÙÄÕÝÉÍ ÓÌÕÞÁÅÍ �ÏÌÎÏÓÔØ ÄÏËÁÚÙ×ÁÅÔ ÌÅÍÍÕ 6.3. �6.4. ïËÏÎÞÁÎÉÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ 3.2. ÷ ÔÅÏÒÅÍÅ 3.2 ÕÔ-×ÅÒÖÄÁÅÔÓÑ, ÞÔÏ {0; D}-�ÒÏÉÚ×ÏÄÎÁÑ Ú×ÅÚÄÁ v′ = v{0;D} ×ËÌÁÄÙ×ÁÅÔÓÑv′ em,→ TDL × ÔÏÒ TDL ÏÔÎÏÓÉÔÅÌØÎÏ ÓÄ×ÉÇÁ S × �ÒÅÄ�ÏÌÏÖÅÎÉÉ ×ÌÏÖÉÍÏ-ÓÔÉ v em,→ TDL ÉÓÈÏÄÎÏÊ �ÒÉ×ÅÄÅÎÎÏÊ Ú×ÅÚÄÙ v.ðÒÉ �ÅÒÅÈÏÄÅ ÎÁ ÑÚÙË �ÅÒÅËÌÁÄÙ×ÁÀÝÉÈÓÑ ÒÁÚ×ÅÒÔÏË T = T (v)ÔÏÒÁ TDL Ó ×ÅËÔÏÒÁÍÉ �ÅÒÅËÌÁÄÙ×ÁÎÉÑ v0, v1; : : :, vD ÉÚ Ú×ÅÚÄÙ v =
{v0; v1; : : : ; vD} �ÒÉ×ÅÄÅÎÎÏÅ ×ÙÛÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÏÚÎÁÞÁÅÔ ×ÌÏÖÉÍÏÓÔØT ′ em,→ TDL (6.35)�ÒÏÉÚ×ÏÄÎÏÊ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ T ′ = T ′(v), ÇÄÅ ÒÁÚ×ÅÒÔËÁ T ′(v) = T (v′)ÂÙÌÁ Ï�ÒÅÄÅÌÅÎÁ × (2.25), �ÒÉ ÕÓÌÏ×ÉÉ T em,→ TDL .ðÏ ËÒÉÔÅÒÉÀ 2) ÔÅÏÒÅÍÙ 2.2 ×ÌÏÖÉÍÏÓÔØ (6.35) ÒÁ×ÎÏÓÉÌØÎÁ ÕÓÌÏ-×ÉÀ T ′int ∩Orb+(0;m′) = ∅; (6.36)ÇÄÅ Orb+(0;m′) { ÏÒÂÉÔÁ (2.29) ÎÁÞÁÌØÎÏÊ ÔÏÞËÉ x0 = 0 �ÏÒÑÄËÁm′ =m+m0 ÉÚ (4.4). õÓÌÏ×ÉÅ ÖÅ (6.36) �ÏÓÒÅÄÓÔ×ÏÍ ÒÁÚÂÉÅÎÉÊ (4.5) É (4.17)Ó×ÏÄÉÔÓÑ Ë �ÒÏ×ÅÒËÅ ÒÁ×ÅÎÓÔ× (6.1), (6.5) É (6.8) ÉÚ ÌÅÍÍ 6.1{6.3, ÞÔÏ ÉÄÏËÁÚÙ×ÁÅÔ ÔÅÏÒÅÍÕ 3.2. �

§7. ÷ÏÚ×ÒÁÔÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ7.1. âÁÚÉÓÎÙÊ ÓÉÍ�ÌÅËÓ É ÅÇÏ ÓÉÍÍÅÔÒÉÉ. ÷ÏÚ×ÒÁÔÎÙÅ ÏÔÏÂÒÁ-ÖÅÎÉÑ { ÜÔÏ ÎÏÒÍÉÒÏ×ÁÎÎÙÅ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ (1.9). ïÓÎÏ×ÎÏÊ ÏÂÌÁ-ÓÔØÀ ÄÌÑ ÎÁÓ ÂÕÄÅÔ ÚÁÍËÎÕÔÙÊ D-ÍÅÒÎÙÊ ÓÉÍ�ÌÅËÓ △ = △D Ó ×ÅÒ-ÛÉÎÁÍÉ × ÔÏÞËÁÈ (0; : : : ; 0), (1; : : : ; 0); : : : ; (0; : : : ; 1) ÉÚ �ÒÏÓÔÒÁÎÓÔ×Á
RD. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ S△ ÇÒÕ��Õ ÅÇÏ ÁÆÆÉÎÎÙÈ ÓÉÍÍÅÔÒÉÊ. ïÎÁ ÓÏ-�ÒÑÖÅÎÁ Ó ÇÒÕ��ÏÊ ÍÅÔÒÉÞÅÓËÉÈ ÓÉÍÍÅÔÒÉÊ �ÒÁ×ÉÌØÎÏÇÏ ÓÉÍ�ÌÅËÓÁ
△′D ⊂ RD+1 Ó ×ÅÒÛÉÎÁÍÉ (1; 0; : : : ; 0), (0; 1; : : : ; 0); : : : ; (0; 0; : : : ; 1) ÉÚ
RD+1. þÔÏÂÙ Ñ×ÎÙÍ ÏÂÒÁÚÏÍ Ï�ÉÓÁÔØ ÕËÁÚÁÎÎÕÀ Ó×ÑÚØ, ÚÁÄÁÄÉÍ ×ÌÏ-ÖÅÎÉÅ em : RD ⊃ △D −→

∼ △′D ⊂ RD+1 : (7.1)x = (x1; : : : ; xD) 7→ x′ = (x′1; : : : ; x′D ; x′D+1);



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 67ÇÄÅ x′i = xi ÄÌÑ 1 6 i 6 D É x′D+1 = 1− x1 − · · · − xD.óÉÍÍÅÔÒÉÉ �ÒÁ×ÉÌØÎÏÇÏ ÓÉÍ�ÌÅËÓÁ� : △′D −→
∼ △′D (7.2)ÚÁÄÁÀÔÓÑ �ÅÒÅÓÔÁÎÏ×ËÁÍÉ ËÏÏÒÄÉÎÁÔ ÔÏÞÅËx′ → �x′ = (x′�(1); x′�(2); : : : ; x′�(D+1)); (7.3)ÇÄÅ � �ÒÉÎÁÄÌÅÖÁÔ ÇÒÕ��Å �ÅÒÅÓÔÎÏ×ÏË SD+1 ÉÚ D + 1 ÜÌÅÍÅÎÔÁ1; : : : ; D + 1. óÉÍÍÅÔÒÉÉ (7.2) ÂÕÄÕÔ ÉÚÏÍÅÔÒÉÑÍÉ �ÒÁ×ÉÌØÎÏÇÏ ÓÉÍ-�ÌÅËÓÁ △′D.òÁÓÓÍÏÔÒÉÍ ËÏÍÍÕÔÁÔÉ×ÎÕÀ ÄÉÁÇÒÁÍÍÕ

△D ∋ x em
−→ x′ ∈ △′D� ↓ ↓ �

△D ∋ �x pr
←− �x′ ∈ △′D (7.4)úÄÅÓØ pr ÏÂÏÚÎÁÞÁÅÔ �ÒÏÅË�ÉÀpr : RD+1 ∋ x′ → (x′1; : : : ; x′D) ∈ RD; (7.5)Á ÌÅ×ÁÑ ×ÅÒÔÉËÁÌØÎÁÑ ÓÔÒÅÌËÁ × ÄÉÁÇÒÁÍÍÅ (7.4) ÏÚÎÁÞÁÅÔ ÏÔÏÂÒÁÖÅ-ÎÉÅ, Ï�ÒÅÄÅÌÑÅÍÏÅ ÉÚ ÕÓÌÏ×ÉÑ ËÏÍÍÕÔÁÔÉ×ÎÏÓÔÉ ÄÉÁÇÒÁÍÍÙ ÒÁ×ÅÎÓÔ-×ÏÍ �x = pr(�x′); (7.6)ÇÄÅ � ∈ SD+1 É x′ = em(x). éÓ�ÏÌØÚÕÑ ÄÉÁÇÒÁÍÍÕ (7.4), ÍÏÖÅÍ ÏÔÏ-ÖÄÅÓÔ×ÉÔØ S△

−→
∼ SD+1 : s = s� −→

∼ � (7.7)ÇÒÕ��Õ ÁÆÆÉÎÎÙÈ ÓÉÍÍÅÔÒÉÊ S△ ÓÉÍ�ÌÅËÓÁ △D Ó ÇÒÕ��ÏÊ �ÅÒÅÓÔÎÏ-×ÏË SD+1.ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ ÇÒÕ��Á ÓÉÍÍÅÔÒÉÊ S△ ÉÍÅÅÔ �ÏÒÑÄÏË℄S△ = (D + 1)! (7.8)É ×ÓÅ ÓÉÍÍÅÔÒÉÉ s = s� ÉÚ S△ ÒÁÓ�ÁÄÁÀÔÓÑ ÎÁ Ä×Á ËÌÁÓÓÁ ÓÏÂÓÔ×ÅÎÎÙÈÉ ÎÅÓÏÂÓÔ×ÅÎÎÙÈ ÓÉÍÍÅÔÒÉÊ sign(s) = ±1 (7.9)× ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÚÎÁËÁ sign(�) = ±1 ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ �ÏÄÓÔÁÎÏ×ËÉ �ÉÚ SD+1.óÏÇÌÁÓÎÏ (7.6) É (7.1) × ËÏÏÒÄÉÎÁÔÁÈ (x1; : : : ; xD) ∈ △D ÏÔÎÏÓÉ-ÔÅÌØÎÏ ÄÅËÁÒÔÏ×Á ÂÁÚÉÓÁ e1 = (1; : : : ; 0); : : :, eD = (0; : : : ; 1) ÓÉÍÍÅÔÒÉÉs = s� ÉÚ S△ ÚÁ�ÉÓÙ×ÁÀÔÓÑ ÓÌÅÄÕÀÝÉÍ Ñ×ÎÙÍ ÏÂÒÁÚÏÍ:



68 ÷. ç. öõòá÷ìå÷s�(x1; : : : ; xD) = (�x1; : : : ; �xD); (7.10)ÇÄÅ �xi = { x�(i); ÅÓÌÉ �(i) 6 D;1− x1 − · · · − xD ; ÅÓÌÉ �(i) = D + 1: (7.11)7.2. òÁÚÂÉÅÎÉÑ ÂÁÚÉÓÎÏÇÏ ÓÉÍ�ÌÅËÓÁ. ÷ÙÄÅÌÉÍ × ÓÉÍ�ÌÅËÓÅ △ =
△D ÏÔËÒÙÔÙÅ ÏÂÌÁÓÔÉ

△klk ; △kll ⊂ △ (7.12)Ó �ÅÌÙÍÉ ÉÎÄÅËÓÁÍÉ 0 6 k < l 6 D. úÁÍÙËÁÎÉÑ ÏÂÌÁÓÔÅÊ △ klk , △ kllÒÁÚÂÉ×ÁÀÔ ÓÉÍ�ÌÅËÓ
△ = △ klk ∪△ kll (7.13)É �ÅÒÅÓÅËÁÀÔÓÑ △ klk ∩ △ kll = � kl �Ï ÍÅÄÉÁÎÎÏÊ ÇÉ�ÅÒ�ÌÏÓËÏÓÔÉ � kl,�ÒÏÈÏÄÑÝÅÊ ÞÅÒÅÚ ËÏÎ�Ù ×ÅËÔÏÒÏ× ekl = 12 (ek + el) É em ÄÌÑ ×ÓÅÈ0 6 m 6 D, m 6= k; l, ÇÄÅ e0 = (0; : : : ; 0). îÉÖÎÉÅ ÉÎÄÅËÓÙ × △klk É

△kll ÕËÁÚÙ×ÁÀÔ ÎÁ �ÒÉÎÁÄÌÅÖÎÏÓÔØ ×ÅÒÛÉÎ Ó ÎÏÍÅÒÁÍÉ k É l ÓÏÏÔ×ÅÔ-ÓÔ×ÅÎÎÏ △ klk É △ kll .�ÁËÉÍ ÏÂÒÁÚÏÍ, ÏÂÌÁÓÔÉ (7.12) �ÒÅÄÓÔÁ×ÌÑÀÔ ÓÏÂÏÀ ÏÔËÒÙÔÙÅ �Ï-ÌÕÓÉÍ�ÌÅËÓÙ, ÚÁÍÙËÁÎÉÅ ÏÂßÅÄÉÎÅÎÉÑ ËÏÔÏÒÙÈ
△ kl = △ klk ⊔△ kll (7.14)ÓÏ×�ÁÄÁÅÔ ÓÏ ×ÓÅÍ ÓÉÍ�ÌÅËÓÏÍ △ É �ÒÉ ÜÔÏÍ △ klk ∩△ kll = ∅.7.3. îÏÒÍÉÒÏ×ÁÎÎÙÅ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ Ú×ÅÚÄ. óÏÇÌÁÓÎÏ ÕÓÌÏ-×ÉÀ (1.4) ÉÚ ËÒÉÔÅÒÉÑ 1.1, ËÁÖÄÁÑ ÔÏÞËÁ x ∈ △ kl ÚÁÄÁÅÔ Ú×ÅÚÄÕ w =

{w0; w1; : : : ; wD} Ó ÌÕÞÁÍÉ wm = em − x; (7.15)×ÙÈÏÄÑÝÉÍÉ ÉÚ �ÅÎÔÒÁ x × ×ÅÒÛÉÎÙ ÓÉÍ�ÌÅËÓÁ△ Ó ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÍÉÎÏÍÅÒÁÍÉ 0; 1; : : : ; D.ðÒÉ ÔÁËÏÍ ×ÙÂÏÒÅ �ÅÎÔÒÁ ÓÕÝÅÓÔ×ÕÅÔ �ÒÏÉÚ×ÏÄÎÁÑ Ú×ÅÚÄÁw′ = {w′0; w′1; : : : ; w′D}: (7.16)åÓÌÉ x ∈ △ klk , ÔÏ ÌÕÞÉ × (7.16) ÉÍÅÀÔ ×ÉÄw′k = wk; w′l = wk + wl É w′m = wm ÄÌÑ m 6= k; l; (7.17)ÅÓÌÉ ÖÅ x ∈ △ kll , ÔÏ { ×ÉÄw′k = wk + wl; w′l = wl É w′m = wm ÄÌÑ m 6= k; l: (7.18)



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 69éÚ ÕÓÌÏ×ÉÑ x ∈ △ kl ×ÙÔÅËÁÅÔ, ÞÔÏ ×ÅËÔÏÒÙe′1 = w′1 − w′0; : : : ; e′D = v′D − v′0 (7.19)ÏÂÒÁÚÕÀÔ ÂÁÚÉÓ �ÒÏÓÔÒÁÎÓÔ×Á RD. ðÕÓÔØ A kl { ÍÁÔÒÉ�Á �ÅÒÅÈÏÄÁe′ = eA kl (7.20)ÏÔ ÂÁÚÉÓÁ {e1; : : : ; eD} Ë ÂÁÚÉÓÕ {e′1; : : : ; e′D} ÉÚ (7.19). ÷ ÒÁ×ÅÎÓÔ×Å (7.20)ÓÌÅ×Á ÕËÁÚÁÎÁ ÓÔÒÏËÁ e′ = (e′1 : : : e′D), Á Ó�ÒÁ×Á { �ÒÏÉÚ×ÅÄÅÎÉÅ ÓÔÒÏËÉe = (e1 : : : e2) ÎÁ D ×D-ÍÁÔÒÉ�Õ A kl. äÁÎÎÁÑ ÍÁÔÒÉ�Á ÉÍÅÅÔ Ä×Å Ó�Å-�ÉÁÌÉÚÁ�ÉÉ A kl = A klk ÉÌÉ A kll (7.21)× ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ �ÒÉÎÁÄÌÅÖÎÏÓÔÉ x ÏÂÌÁÓÔÉ △ klk ÉÌÉ △ kll :ÄÌÑ 1 6 k < l 6 D {
Aklk = 

1 0 −x1 0. . .0 1kk 1− xk 0. . .0 0lk 1− xl 0. . .0 0 −xD 1



; (7.22)
Akll = 

1 −x1 0 0. . .0 1− xk 0kl 0. . .0 1− xl 1ll 0. . .0 −xD 0 1



; (7.23)ÄÌÑ k = 0 É 1 6 l 6 D {A0l0 =  1 −x1 0. . .0 1− xl 0. . .0 −xD 1


; (7.24)



70 ÷. ç. öõòá÷ìå÷
A0ll =  1 + x1 x1 x1 x1x2 1 + x2 x2 x2. . .

−1 + xl −1 + xl xl −1 + xl. . .xD xD 1 + xD



: (7.25)÷ ËÏÏÒÄÉÎÁÔÁÈ ÆÏÒÍÕÌÁ �ÅÒÅÈÏÄÁ (7.20) �ÒÉÍÅÔ ×ÉÄ



x′1...x′D 
 = A kl x1...xD 

 : (7.26)úÄÅÓØ, ÞÔÏÂÙ ÎÅ ÕÓÌÏÖÎÑÔØ ÏÂÏÚÎÁÞÅÎÉÑ, ÏÂÒÁÔÎÙÅ ÍÁÔÒÉ�Ù (A kl)−1ÄÌÑ A kl ÏÂÏÚÎÁÞÉÌÉ ÞÅÒÅÚ A kl. ó �ÏÍÏÝØÀ ÏÂÒÁÔÎÙÈ ÍÁÔÒÉ� A kl ÍÏÖ-ÎÏ ÄÌÑ �ÒÏÉÚ×ÏÄÎÏÊ Ú×ÅÚÄÙ w′ ÉÚ (7.16) Ï�ÒÅÄÅÌÉÔØ ÎÏÒÍÉÒÏ×ÁÎÎÕÀÚ×ÅÚÄÕ w′ = {w′0;w′1; : : : ;w′D} (7.27) �ÅÎÔÒÏÍ x′ = (x′1; : : : ; x′D), ×ÙÞÉÓÌÑÅÍÙÍ �Ï ÆÏÒÍÕÌÅ



x′1...x′D 
 = A kl −w′01...

−w′0D 
 ; (7.28)ÇÄÅ × �ÒÁ×ÏÍ ÓÔÏÌÂ�Å ÉÓ�ÏÌØÚÏ×ÁÎÙ ËÏÏÒÄÉÎÁÔÙ ×ÅËÔÏÒÁw′0 = (w′01; : : : ; w′0D)ÉÚ �ÒÏÉÚ×ÏÄÎÏÊ Ú×ÅÚÄÙ w′ = {w′0; w′1; : : : ; w′D}, Ï�ÒÅÄÅÌÎÎÏÊ × (7.16).åÓÌÉ ×ÅËÔÏÒ w′0 ÓÏÈÒÁÎÑÅÔÓÑ ÎÅÉÚÍÅÎÎÙÍ w′0 = w0, ÔÏ × ÆÏÒÍÕÌÅ (7.26)×ÙÂÉÒÁÅÔÓÑ �ÅÎÔÒ x = (x1; : : : ; xD) = −w0 = −w′0 �ÅÒ×ÏÎÁÞÁÌØÎÏÊÚ×ÅÚÄÙ w. îÏÒÍÉÒÏ×ÁÎÎÁÑ Ú×ÅÚÄÁ w′, ËÁË É w, ÉÍÅÅÔ ÌÕÞÉw′m = em − x′ (7.29)ÄÌÑ 0 6 m 6 D, ×ÙÈÏÄÑÝÉÍÉ ÔÅ�ÅÒØ ÕÖÅ ÉÚ ÎÏ×ÏÇÏ �ÅÎÔÒÁ x′ × ×ÅÒÛÉ-ÎÙ ÓÉÍ�ÌÅËÓÁ △. ï�ÒÅÄÅÌÅÎÉÅ (7.27) Ú×ÅÚÄÙ w′ ËÏÒÒÅËÔÎÏ, �ÏÓËÏÌØËÕ�Ï Ï�ÒÅÄÅÌÅÎÉÀ (1.4) ÔÏÞËÁ x′ �ÒÉÎÁÄÌÅÖÉÔ ×ÎÕÔÒÅÎÎÅÊ ÏÂÌÁÓÔÉ △intÔÒÅÕÇÏÌØÎÉËÁ △.÷ Ñ×ÎÏÍ ×ÉÄÅ ËÏÏÒÄÉÎÁÔÙ (x′1; : : : ; x′D) = Ækl(x1; : : : ; xD) �ÅÎÔÒÁ x′ÎÏÒÍÉÒÏ×ÁÎÎÏÊ Ú×ÅÚÄÙ w′ ÉÚ (7.27) ×ÙÞÉÓÌÑÀÔÓÑ ÞÅÒÅÚ ÄÒÏÂÎÏ-ÌÉÎÅÊ-ÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ:



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 71ÄÌÑ 1 6 k < l 6 D {Æklk (x1; : : : ; xD) = ( x11−xl ; : : : ; xk−xl1−xl ; : : : ; xD1−xl );Ækll (x1; : : : ; xD) = ( x11−xk ; : : : ; xl−xk1−xk ; : : : ; xD1−xk ); (7.30)ÇÄÅ ÜÌÅÍÅÎÔÙ xk−xl1−xl É xl−xk1−xk ÓÔÏÑÔ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÎÁ k É l ÍÅÓÔÁÈ;ÄÌÑ k = 0 É 1 6 l 6 D {Æ0l0 (x1; : : : ; xD) = ( x11−xl ; : : : ; xD1−xl );Æ0ll (x1; : : : ; xD) = ( x1x1+···+xD ; : : : ; x1+···+2xl+···+xD−1x1+···+xD ; : : : ; xDx1+···+xD );(7.31)ÇÄÅ × �ÏÓÌÅÄÎÅÍ ÓÌÕÞÁÅ ÓÒÅÄÎÉÊ ÜÌÅÍÅÎÔ ÓÔÏÉÔ ÎÁ l ÍÅÓÔÅ.ðÒÅÏÂÒÁÚÏ×ÁÎÉÑ (7.30), (7.31) �ÒÅÄÓÔÁ×ÌÑÀÔ ÓÏÂÏÀ ÍÎÏÇÏÍÅÒÎÙÊÁÎÁÌÏÇ ÏÄÎÏÍÅÒÎÙÈ [8℄, [9℄ É Ä×ÕÍÅÒÎÙÈ ×ÏÚ×ÒÁÔÎÙÈ ÏÔÏÂÒÁÖÅÎÉÊ [11℄.7.4. ÷ÏÚ×ÒÁÔÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ. äÒÏÂÎÏ-ÌÉÎÅÊÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ(7.30), (7.31) ÚÁÄÁÀÔ
△

Ækl
−→ △ : x 7→ x′ = Ækl(x) (7.32)(D+1)D2 ÏÔÏÂÒÁÖÅÎÉÊ Ækl, ÎÕÍÅÒÕÅÍÙÈ ÉÎÄÅËÓÁÍÉ 0 6 k < l 6 D:Ækl(x) = { Æklk (x); ÅÓÌÉ x ∈ △klk ;Ækll (x); ÅÓÌÉ x ∈ △kll ; (7.33)ÇÄÅ △klk É △kll { ÏÔËÒÙÔÙÅ ÏÂÌÁÓÔÉ ÉÚ ÂÁÚÉÓÎÏÇÏ ÓÉÍ�ÌÅËÓÁ △, Ï�ÒÅÄÅ-ÌÅÎÎÙÅ × (7.12). �ÁËÉÍ ÏÂÒÁÚÏÍ, ÏÂÌÁÓÔØÀ Ï�ÒÅÄÅÌÅÎÉÑ ÏÔÏÂÒÁÖÅÎÉÑÆkl Ñ×ÌÑÅÔÓÑ ÏÔËÒÙÔÁÑ Ä×ÕÓ×ÑÚÎÁÑ ÏÂÌÁÓÔØ△kl ⊂ △ ÉÚ (7.14) É, ÚÎÁÞÉÔ,Ækl Ï�ÒÅÄÅÌÅÎÙ �ÏÞÔÉ ×ÓÀÄÕ × ÓÉÍ�ÌÅËÓÅ △, ÉÓËÌÀÞÁÑ ÅÇÏ ÇÒÁÎÉ�Ù ÉÍÅÄÉÁÎÎÕÀ ÇÉ�ÅÒ�ÌÏÓËÏÓÔØ � kl, Ï�ÒÅÄÅÌÅÎÎÕÀ × (7.13).

§8. äÒÏÂÎÏ-ÌÉÎÅÊÎÙÅ É �ÒÏÅËÔÉ×ÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ8.1. íÁÔÒÉ�Ù ×ÏÚ×ÒÁÔÎÙÈ ÏÔÏÂÒÁÖÅÎÉÊ. îÁ ÑÚÙËÅ (D+1; D+1)-ÍÁÔÒÉ� M =  a11 : : : a1;D+1: : :aD+1;1 : : : aD+1;D+1 ÄÒÏÂÎÏ-ÌÉÎÅÊÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ (7.30), (7.31) ÕÄÏÂÎÏ �ÅÒÅ�ÉÓÁÔØ ×Ó×ÅÒÎÕÔÏÍ ×ÉÄÅM〈x〉 = ( �1(M;x)�D+1(M;x) ; : : : ; �D(M;x)�D+1(M;x)); (8.1)



72 ÷. ç. öõòá÷ìå÷ÇÄÅ �i(M;x) = ai1x1 + : : :+ aiDxD + ai;D+1 (8.2){ ÌÉÎÅÊÎÙÅ ÆÏÒÍÙ. ÷ ÄÁÎÎÏÍ ÓÌÕÞÁÅ { ÎÅÏÄÎÏÒÏÄÎÙÅ ÆÏÒÍÙ, �ÏÓËÏÌØ-ËÕ ÍÙ ÚÄÅÓØ ÎÅÑ×ÎÏ ÉÓ�ÏÌØÚÕÅÍ Ó�Å�ÉÁÌÉÚÁ�ÉÀ xD+1 = 1, ËÏÔÏÒÁÑ ÂÕ-ÄÅÔ ÏÂßÑÓÎÅÎÁ ÄÁÌÅÅ × �. 4.5. ðÏÓÌÅÄÎÀÀ ÆÏÒÍÕ �(M;x) = �D+1(M;x)ÉÚ (8.2) ÎÁÚÏ×ÅÍ ÆÁËÔÏÒÏÍ-Á×ÔÏÍÏÒÆÎÏÓÔÉ ÏÔÏÂÒÁÖÅÎÉÑ x 7→M〈x〉.÷ ÍÁÔÒÉÞÎÏÊ ÆÏÒÍÅ (8.1) ÕÄÏÂÎÏ �ÒÅÄÓÔÁ×ÌÑÅÔÓÑ ÁÓÓÏ�ÉÁÔÉ×ÎÏÅÓ×ÏÊÓÔ×Ï ÔÁËÉÈ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊM1〈M2〈x〉〉 = (M1 ·M2)〈x〉; (8.3)ÇÄÅ ÞÅÒÅÚ M1 ·M2 ÏÂÏÚÎÁÞÁÅÔÓÑ �ÒÏÉÚ×ÅÄÅÎÉÅ ÍÁÔÒÉ� M1 É M2.ðÏÓËÏÌØËÕ ED+1〈x〉 = x ÄÌÑ ÅÄÉÎÉÞÎÏÊ ÍÁÔÒÉ�Ù ED+1 �ÏÒÑÄËÁD+1, ÔÏ ÉÚ Ó×ÏÊÓÔ×Á (8.3) ÓÌÅÄÕÅÔ, ÞÔÏ ÄÌÑ x 7→ x′ = M〈x〉 ÏÂÒÁÔÎÙÍÏÔÏÂÒÁÖÅÎÉÅÍ ÂÕÄÅÔ x′ 7→ x =M−1〈x′〉: (8.4)óÏÇÌÁÓÎÏ Ï�ÒÅÄÅÌÅÎÉÀ (8.1), ÄÒÏÂÎÏ-ÌÉÎÅÊÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ(7.30), (7.31) ÉÍÅÀÔ ÓÌÅÄÕÀÝÉÅ ÍÁÔÒÉ�Ù:ÄÌÑ 0 < k < l 6 D {Æ̂klk = E 0 0 0 0 00 1kk 0 −1kl 0 00 0 E 0 0 00 0lk 0 1ll 0 00 0 0 0 E 00 0 0 −1 0 1


;

Æ̂kll = E 0 0 0 0 00 1kk 0 0kl 0 00 0 E 0 0 00 −1lk 0 1ll 0 00 0 0 0 E 00 −1 0 0 0 1


; (8.5)

ÄÌÑ k = 0 É 1 6 l 6 D {Æ̂0l0 = E 0 0 00 1ll 0 00 0 E 00 −1 0 1 ; Æ̂0ll = E 0 0 01 2ll 1 −10 0 E 01 1 1 0  ; (8.6)



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 73ÇÄÅ 1 = (11 : : : 1) ÏÂÏÚÎÁÞÁÀÔ ÅÄÉÎÉÞÎÙÅ ÓÔÒÏËÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈÄÌÉÎ. ÷ÓÅ ÍÁÔÒÉ�Ù (8.5), (8.6) ÉÍÅÀÔ �ÅÌÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ É ÅÄÉÎÉÞ-ÎÙÊ Ï�ÒÅÄÅÌÉÔÅÌØ É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÏÎÉ �ÒÉÎÁÄÌÅÖÁÔ ÇÒÕ��Å ÕÎÉÍÏ-ÄÕÌÑÒÎÙÈ ÍÁÔÒÉ� GLD+1(Z).8.2. ïÂÒÁÔÎÙÅ ×ÏÚ×ÒÁÔÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ. ïÔÏÂÒÁÖÅÎÉÑ Ækl Ñ×ÌÑ-ÀÔÓÑ Ä×ÁÖÄÙ ÎÁËÒÙ×ÁÀÝÉÍÉ ÓÉÍ�ÌÅËÓ △, Á ÉÈ Ó�Å�ÉÁÌÉÚÁ�ÉÉ Ækl∗ ÚÁ-ÄÁÀÔ ÕÖÅ ÂÉÅË�ÉÉÆklk : △klk −→
∼ △int; Ækll : △kll −→

∼ △int: (8.7)ðÏÜÔÏÍÕ ÄÌÑ ÎÉÈ ÓÕÝÅÓÔ×ÕÀÔ ÏÂÒÁÔÎÙÅ ×ÏÚ×ÒÁÔÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ�klk : △int −→
∼ △klk ; �kll : △int −→

∼ △kll : (8.8)íÁÔÒÉ�ÁÍÉ ÄÌÑ ÏÔÏÂÒÁÖÅÎÉÊ (8.8) ÂÕÄÕÔ ÏÂÒÁÔÎÙÅ ÍÁÔÒÉ�Ù ÄÌÑÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ×ÏÚ×ÒÁÔÎÙÈ ÏÔÏÂÒÁÖÅÎÉÊ (8.5), (8.6):ÄÌÑ 0 < k < l 6 D {�̂klk = E 0 0 0 0 00 1kk 0 1kl 0 00 0 E 0 0 00 0lk 0 1ll 0 00 0 0 0 E 00 0 0 1 0 1


;

�̂kll = E 0 0 0 0 00 1kk 0 0kl 0 00 0 E 0 0 00 1lk 0 1ll 0 00 0 0 0 E 00 1 0 0 0 1


; (8.9)

ÄÌÑ k = 0 É 1 6 l 6 D {�̂0l0 = E 0 0 00 1ll 0 00 0 E 00 1 0 1 ; �̂0ll =  E 0 0 0
−1 0ll −1 10 0 E 0
−1 −1 −1 2 : (8.10)ëÁË ÕÖÅ ÏÔÍÅÞÁÌÏÓØ, ×ÓÅ ×ÏÚ×ÒÁÔÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ Ækl∗ ÉÍÅÀÔ ÕÎÉ-ÍÏÄÕÌÑÒÎÙÅ ÍÁÔÒÉ�Ù (8.5), (8.6). ðÏÜÔÏÍÕ ÍÁÔÒÉ�Ù (8.9), (8.10) ÏÂÒÁÔ-ÎÙÈ ÏÔÏÂÒÁÖÅÎÉÊ �kl∗ ÓÎÏ×Á ÂÕÄÕÔ ÕÎÉÍÏÄÕÌÑÒÎÙÍÉ Ó ÅÄÉÎÉÞÎÙÍ Ï�ÒÅ-ÄÅÌÉÔÅÌÅÍ.



74 ÷. ç. öõòá÷ìå÷þÅÒÅÚ ÄÒÏÂÎÏ-ÌÉÎÅÊÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ ÏÂÒÁÔÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ �kl∗ÚÁ�ÉÛÕÔÓÑ × ÓÌÅÄÕÀÝÅÍ ×ÉÄÅ:ÄÌÑ 1 6 k < l 6 D {�klk (x1; : : : ; xD) = ( x1xl+1 ; : : : ; xk+xlxl+1 ; : : : ; xDxl+1);�kll (x1; : : : ; xD) = ( x1xk+1 ; : : : ; xk+xlxk+1 ; : : : ; xDxk+1); (8.11)ÇÄÅ ÜÌÅÍÅÎÔÙ xk+xlxl+1 É xk+xlxk+1 ÓÔÏÑÔ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÎÁ k É l ÍÅÓÔÁÈ;ÄÌÑ k = 0 É 1 6 l 6 D {�0l0 (x1; : : : ; xD) = ( x1xl+1 ; : : : ; xDxl+1);�0ll (x1; : : : ; xD) = ( x1s+2 ; : : : ; s−xl+1s+2 ; : : : ; xDs+2); (8.12)ÇÄÅ × �ÏÓÌÅÄÎÅÍ ÓÌÕÞÁÅ ÓÒÅÄÎÉÊ ÜÌÅÍÅÎÔ s−xl+1s+2 ÓÔÏÉÔ ÎÁ l ÍÅÓÔÅ És = x1 + : : :+ xD.8.3. íÁÔÒÉ�Ù ÓÉÍÍÅÔÒÉÊ ÂÁÚÉÓÎÏÇÏ ÓÉÍ�ÌÅËÓÁ. óÉÍÍÅÔÒÉÉ s =s� ÉÚ ÇÒÕ��Ù S△ ÂÁÚÉÓÎÏÇÏ ÓÉÍ�ÌÅËÓÁ △ =△D, Ï�ÒÅÄÅÌÑÅÍÙÅ ÆÏÒÍÕ-ÌÏÊ (7.10), ÔÁËÖÅ ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ × ÍÁÔÒÉÞÎÏÊ ÆÏÒÍÅ (8.1). äÌÑÎÉÈ (D + 1; D + 1)-ÍÁÔÒÉ�ÁÍÉ ÂÕÄÕÔŝ = ŝ� =  : : :0 : : : 1i;�(i) : : : 0 0i;D+1: : :
−1 : : : −1 : : : −1 1j;D+1: : :0 : : : : : : : : : 0 1D+1;D+1



: (8.13)úÄÅÓØ i-ÓÔÒÏËÁ ÓÏÓÔÏÉÔ ÉÚ 0, ËÒÏÍÅ ÜÌÅÍÅÎÔÁ 1 = 1i;�(i) ÎÁ �(i) ÍÅÓÔÅ× ÓÌÕÞÁÅ �(i) 6 D. åÓÌÉ �(j) = D + 1, ÔÏ ÓÔÒÏËÁ Ó ÎÏÍÅÒÏÍ j 6 D�ÒÉÎÉÍÁÅÔ ÉÎÏÊ ×ÉÄ (−1; : : : ;−1; 1). ðÏÓÌÅÄÎÑÑ (D+1)-ÓÔÒÏËÁ ÄÌÑ ×ÓÅÈ� ∈ SD+1 ÉÍÅÅÔ ×ÉÄ (0; : : : ; 0; 1).íÁÔÒÉ�Ù (8.13) ÓÉÍÍÅÔÒÉÊ ÓÉÍ�ÌÅËÓÁ △D ÏÔÌÉÞÁÀÔÓÑ ÏÔ ÍÁÔÒÉ�×ÏÚ×ÒÁÔÎÙÈ ÏÔÏÂÒÁÖÅÎÉÊ (8.5), (8.6) ÎÉÖÎÅÊ ÓÔÒÏËÏÊ (0; : : : ; 0; 1). éÈÏ�ÒÅÄÅÌÉÔÅÌÉ ×ÙÞÉÓÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÅdet(ŝ�) = sign(�); (8.14)ÇÄÅ Ó�ÒÁ×Á ÕËÁÚÁÎ ÚÎÁË sign(�) = ±1 ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ �ÏÄÓÔÁÎÏ×ËÉ �ÉÚ SD+1. ðÏÜÔÏÍÕ ×ÓÅ ÍÁÔÒÉ�Ù ÓÉÍÍÅÔÒÉÊ (8.13) �ÒÉÎÁÄÌÅÖÁÔ ÇÒÕ��ÅÕÎÉÍÏÄÕÌÑÒÎÙÈ ÍÁÔÒÉ� GLD+1(Z).



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 75ëÒÏÍÅ ÓÁÍÉÈ ÍÁÔÒÉ� (8.13) ÎÁÍ �ÏÔÒÅÂÕÀÔÓÑ ÅÝÅ ÉÈ ÏÄÎÏÒÏÄÎÙÅÞÁÓÔÉ { ×ÅÒÈÎÉÅ ÌÅ×ÙÅ (D ×D)-ÂÌÏËÉ:�s = �s� =  : : :0 : : : 1i;�(i) : : : 0i;D: : :
−1 : : : −1 : : : −1j;D: : : 


: (8.15)íÁÔÒÉ�Ù (8.15) �ÏÒÏÖÄÁÀÔ ÇÒÕ��Õ S �△ ÁÆÆÉÎÎÙÈ (ÏÄÎÏÒÏÄÎÙÈ) ÓÉÍ-ÍÅÔÒÉÊ �ÅÎÔÒÉÒÏ×ÁÎÎÏÇÏ ÓÉÍ�ÌÅËÓÁ �△ = �△D, �ÏÌÕÞÁÀÝÅÇÏÓÑ ÓÄ×ÉÇÏÍÂÁÚÉÓÎÏÇÏ ÓÉÍ�ÌÅËÓÁ △ = △D ÎÁ ×ÅËÔÏÒ (− 1D+1 ; : : : ;− 1D+1). óÌÅÄÏ×Á-ÔÅÌØÎÏ, ÓÉÍ�ÌÅËÓ �△ ÉÍÅÅÔ �ÅÎÔÒ × ÎÁÞÁÌÅ ËÏÏÒÄÉÎÁÔ (0; : : : ; 0) { ÎÅ�Ï-Ä×ÉÖÎÏÊ ÔÏÞËÅ ×ÓÅÈ ÓÉÍÍÅÔÒÉÊ (8.15).8.4. ðÏÌÕÇÒÕ��Á D. ï�ÒÅÄÅÌÉÍ �ÏÌÕÇÒÕ��Õ DÆ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ ÂÁ-ÚÉÓÎÏÇÏ ÓÉÍ�ÌÅËÓÁ △, �ÏÒÏÖÄÅÎÎÕÀ ×ÓÅÍÉ ×ÏÚ×ÒÁÔÎÙÍÉ ÏÔÏÂÒÁÖÅÎÉ-ÑÍÉ Ækl, ÇÄÅ 0 6 k < l 6 D, Á ÔÁËÖÅ Ï�ÒÅÄÅÌÉÍ ÒÁÓÛÉÒÅÎÎÕÀ �ÏÌÕ-ÇÒÕ��Õ D, ÄÏÂÁ×ÌÑÑ Ë DÆ ×ÓÅ ÓÉÍÍÅÔÒÉÉ ÓÉÍ�ÌÅËÓÁ s ∈ S△. ëÁÖÄÏÅ�ÒÅÏÂÒÁÚÏ×ÁÎÉÅ Æ ∈ D ÉÍÅÅÔ Ó×ÏÀ ÏÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑ △(Æ) ⊂ △.ðÕÓÔØ Æ ÉÍÅÅÔ ÒÁÚÌÏÖÅÎÉÅ Æ = : : : Ækl : : : s : : : É x { ÌÀÂÁÑ ÔÏÞËÁ ÉÚÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ △(Æ). �ÏÇÄÁ ×ÙÂÒÁÎÎÁÑ ÔÏÞËÁ x ÏÄÎÏÚÎÁÞÎÏ ÚÁ-ÄÁÅÔ Ó�Å�ÉÁÌÉÚÁ�ÉÀ Æ∗ = Æ∗(x) = : : : Ækl∗ : : : s : : : (8.16)�ÒÅÏÂÒÁÚÏ×ÁÎÉÑ Æ, ÇÄÅ ÄÌÑ ËÁÖÄÏÇÏ ÓÏÍÎÏÖÉÔÅÌÑ Ækl, ×ÈÏÄÑÝÅÇÏ × ÒÁÚ-ÌÏÖÅÎÉÅ (8.16), ÕËÁÚÁÎ ÎÉÖÎÉÊ ÉÎÄÅËÓ ∗ = k ÉÌÉ l. ðÏÓËÏÌØËÕ ÉÎÄÅËÓÍÏÖÅÔ �ÒÉÎÉÍÁÔØ ÌÀÂÏÅ ÉÚ Ä×ÕÈ ÕËÁÚÁÎÎÙÈ ÚÎÁÞÅÎÉÊ, ÔÏ ÆÉËÓÉÒÏ×ÁÎ-ÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ Æ ÍÏÖÅÔ �ÏÒÏÖÄÁÔØ 2p ÒÁÚÌÉÞÎÙÈ Ó�Å�ÉÁÌÉÚÁ�ÉÊÆ∗, ÇÄÅ p { ËÏÌÉÞÅÓÔ×Ï ÓÏÍÎÏÖÉÔÅÌÅÊ ×ÉÄÁ Ækl ÉÚ ÒÁÚÌÏÖÅÎÉÑ (8.16). ìÀ-ÂÁÑ ÉÚ ÔÁËÉÈ ÒÅÁÌÉÚÁ�ÉÊ Æ∗ ÂÕÄÅÔ, × ÏÂÝÅÍ ÓÌÕÞÁÅ, ÉÍÅÔØ ÕÖÅ ÄÒÕÇÕÀÍ�ÅÎØÛÕÀ ÏÂÌÁÓÔØ Ï�ÒÅÄÅÌÅÎÉÑ △(Æ∗)  △(Æ) �Ï ÓÒÁ×ÎÅÎÉÀ Ó ÏÂÌÁÓÔØÀÏ�ÒÅÄÅÌÅÎÉÑ △(Æ) ÉÓÈÏÄÎÏÇÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ Æ.ðÕÓÔØ, ÎÁ�ÒÉÍÅÒ, Ó�Å�ÉÁÌÉÚÁ�ÉÑ (8.16) ÉÍÅÅÔ ×ÉÄ Æ∗ = Æk2l2l2 Æk1l1k1 . �Ï-ÇÄÁ �ÒÉÎÁÄÌÅÖÎÏÓÔØ ÔÏÞËÉ x ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ ÄÁÎÎÏÊ ÒÅÁÌÉÚÁ�ÉÉ

△(Æ∗) ÏÚÎÁÞÁÅÔ, ÞÔÏ Ï�ÒÅÄÅÌÅÎÙ ÓÌÅÄÕÀÝÉÅ ÔÏÞËÉ:x1 = Æk1l1k1 (x); x2 = Æk2l2l2 (x1);



76 ÷. ç. öõòá÷ìå÷Ô.Å. x ∈ △(Æk1l1k1 ) =△k1l1k1 É x1 ∈ △(Æk2l2l2 ) = △k2l2l2 , ÇÄÅ ÏÂÌÁÓÔÉ△kl
∗ ÂÙÌÉÏ�ÒÅÄÅÌÅÎÙ × (7.12). ó �ÏÍÏÝØÀ ÍÁÔÒÉ� (8.9), (8.10) ÏÂÒÁÔÎÙÈ ÏÔÏÂÒÁ-ÖÅÎÉÊ �klk ÉÚ (8.8) É ÄÒÏÂÎÏ-ÌÉÎÅÊÎÙÈ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ (8.1) ÏÂÌÁÓÔØÏ�ÒÅÄÅÌÅÎÉÑ Ó�Å�ÉÁÌÉÚÁ�ÉÉ Æ∗ ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × Ñ×ÎÏÍ ×ÉÄÅ

△(Æ∗) = △(Æk2l2l2 Æk1l1k1 ) = �̂k1l1k1 〈�̂k2l2l2 〈△int〉〉: (8.17)ðÏ ÁÎÁÌÏÇÉÉ Ó (8.17), × ÏÂÝÅÍ ÓÌÕÞÁÅ Ó�Å�ÉÁÌÉÚÁ�ÉÉ (8.16) ÏÂÌÁÓÔØÏ�ÒÅÄÅÌÅÎÉÑ △(Æ∗) ÍÏÖÅÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÁ × ×ÉÄÅ
△(Æ∗) = : : : 〈ŝ −1〈: : : �̂kl∗ 〈: : : 〈△int〉〉〉〉; (8.18)ÇÄÅ ŝ { ÍÁÔÒÉ�Ù (8.13) ÓÉÍÍÅÔÒÉÊ s ÔÒÅÕÇÏÌØÎÉËÁ △.8.5. ó×ÑÚØ ÍÅÖÄÕ ÄÒÏÂÎÏ-ÌÉÎÅÊÎÙÍÉ É �ÒÏÅËÔÉ×ÎÙÍÉ �ÒÅ-ÏÂÒÁÚÏ×ÁÎÉÑÍÉ. ðÕÓÔØ

PD = {� · x̂; x̂ ∈ RD+1 \ {0}; � ∈ R×}{ Ä×ÕÍÅÒÎÏÅ �ÒÏÅËÔÉ×ÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï ÎÁÄ �ÏÌÅÍ ×ÅÝÅÓÔ×ÅÎÎÙÈ ÞÉ-ÓÅÌ R. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ ÏÎÏ ÓÏÓÔÏÉÔ ÉÚ ËÌÁÓÓÏ× ËÏÌÌÉÎÅÁÒÎÙÈ ×ÅËÔÏÒÏ×x̃ = {� · x̂; � ∈ R×}: (8.19)úÄÅÓØ ÞÅÒÅÚ R× = R\{0} ÏÂÏÚÎÁÞÅÎÁ ËÏÍÍÕÔÁÔÉ×ÎÁÑ ÇÒÕ��Á ÎÅÎÕÌÅ×ÙÈ×ÅÝÅÓÔ×ÅÎÎÙÈ ÞÉÓÅÌ.ìÀÂÁÑ ÍÁÔÒÉ�ÁM ÉÚ ÌÉÎÅÊÎÏÊ ÇÒÕ��Ù GLD+1(R) ÚÁÄÁÅÔ �ÒÏÅËÔÉ×-ÎÏÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ M : x̃ 7→ x̃M (8.20)�ÒÏÓÔÒÁÎÓÔ×Á PD, ÇÄÅx̃M =Mx̃ = {� ·Mx̂; � ∈ R; � 6= 0}ÉMx̂ ÏÂÏÚÎÁÞÁÅÔ �ÒÏÉÚ×ÅÄÅÎÉÅ (D+1; D+1)-ÍÁÔÒÉ�ÙM ÎÁ ÍÁÔÒÉ�Õ-ÓÔÏÌÂÅ� x̂ = 


x1...xD+1 . ðÒÏÅËÔÉ×ÎÁÑ ÇÒÕ��Á �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ �ÏÌÕ-ÞÁÅÔÓÑ ÉÚ ÇÒÕ��Ù GLD+1(R) ÅÅ ÆÁËÔÏÒÉÚÁ�ÉÅÊPGLD+1(R) = GLD+1(R)=R×:



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 77äÒÏÂÎÏ-ÌÉÎÅÊÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ (8.1) É �ÒÏÅËÔÉ×ÎÙÅ �ÒÅÏÂÒÁÚÏ-×ÁÎÉÑ (8.20) �ÒÏÓÔÒÁÎÓÔ×Á PD Ó×ÑÚÁÎÙ ÍÅÖÄÕ ÓÏÂÏÀ ÓÌÅÄÕÀÝÅÊ ËÏÍ-ÍÕÔÁÔÉ×ÎÏÊ ÄÉÁÇÒÁÍÍÏÊ
RD ∋ x M〈〉

−→ xM ∈ RD
↓∼ ↓∼

PD ∋ x̃ M
−→ x̃M ∈ PD; (8.21)ÇÄÅ ÏÂÏÚÎÁÞÉÌÉ xM =M〈x〉, Á ×ÅÒÔÉËÁÌØÎÙÅ ÓÔÒÅÌËÉ ÏÂÏÚÎÁÞÁÀÔ ÏÔÏ-ÂÒÁÖÅÎÉÅ
∼: x 7→ x̃;ËÏÔÏÒÏÅ �ÅÒÅ×ÏÄÉÔ ÔÏÞËÕ x = (x1; : : : ; xD) × ËÌÁÓÓ x̃ ÉÚ (8.19), ÓÏÄÅÒ-ÖÁÝÉÊ ÜÌÅÍÅÎÔ x̂, �ÒÅÄÓÔÁ×ÌÅÎÎÙÊ × ×ÉÄÅ ÓÔÏÌÂ�Áx̂ = ( x1 ) =  x1...xD1 

 : (8.22)8.6. éÒÒÁ�ÉÏÎÁÌØÎÙÅ ÔÏÞËÉ. áÎÁÌÏÇÉÞÎÏ Ï�ÒÅÄÅÌÅÎÉÀ (2.21) ÄÌÑ×ÅËÔÏÒÏ×, ÔÏÞËÕ x = (x1; : : : ; xD) ÉÚ RD ÎÁÚÏ×ÅÍ ÉÒÒÁ�ÉÏÎÁÌØÎÏÊ, ÅÓÌÉÞÉÓÌÁ 1; x1; : : : ; xD ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙ ÎÁÄ ËÏÌØ�ÏÍ Z: (8.23)ìÅÍÍÁ 8.1. åÓÌÉ ÔÏÞËÁ x = (x1; : : : ; xD) ÉÒÒÁ�ÉÏÎÁÌØÎÁ (8.23) É ÍÁ-ÔÒÉ�Á M �ÒÉÎÁÄÌÅÖÉÔ �ÅÌÏÞÉÓÌÅÎÎÏÊ ÕÎÉÍÏÄÕÌÑÒÎÏÊ ÇÒÕ��ÅGLD+1(Z), ÔÏ1) ÄÌÑ ÔÏÞËÉ x Ï�ÒÅÄÅÌÅÎ ÅÅ ÏÂÒÁÚ M〈x〉 ÏÔÎÏÓÉÔÅÌØÎÏ ÄÒÏÂÎÏ-ÌÉÎÅÊÎÏÇÏ ÏÔÏÂÒÁÖÅÎÉÑ (8.1); É2) ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÔÏÞËÁ x′ = M〈x〉 ÓÎÏ×Á ÂÕÄÅÔ ÉÒÒÁ�ÉÏÎÁÌØ-ÎÏÊ.äÏËÁÚÁÔÅÌØÓÔ×Ï. 1. éÓ�ÏÌØÚÕÑ ÄÌÑ x′ = (x′1; : : : ; x′D) = M〈x〉 ÚÁ�ÉÓØ(8.1), ÉÍÅÅÍ x′1 = �1(M;x)�(M;x) ; : : : ; x′D = �D(M;x)�(M;x) (8.24)ÓÏ ÚÎÁÍÅÎÁÔÅÌÅÍ�(M;x) = �D+1(M;x) = aD+1;1x1+ : : :+ aD+1;DxD + aD+1;D+1; (8.25)



78 ÷. ç. öõòá÷ìå÷ÒÁ×ÎÏÍÕ ÆÁËÔÏÒÕ-Á×ÔÏÍÏÒÆÎÏÓÔÉ (8.2) ÏÔÏÂÒÁÖÅÎÉÑ x 7→ M〈x〉. ðÏ-ÓËÏÌØËÕ x = (x1; : : : ; xD) { ÉÒÒÁ�ÉÏÎÁÌØÎÁÑ ÔÏÞËÁ É ÍÁÔÒÉ�Á M ÉÍÅ-ÅÔ �ÅÌÏÞÉÓÌÅÎÎÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ aij , ÔÏ �(M;x) 6= 0 �Ï Ï�ÒÅÄÅÌÅÎÉÀ(8.23), Ô.Ë. ËÏÜÆÆÉ�ÉÅÎÔÙ × (8.25) ÎÅ ÍÏÇÕÔ ×ÓÅ ÂÙÔØ ÒÁ×ÎÙÍÉ ÎÕÌÀ.�ÁËÉÍ ÏÂÒÁÚÏÍ, ÔÏÞËÁ x′ =M〈x〉 ÓÕÝÅÓÔ×ÕÅÔ.2. �ÁË ËÁË ÆÁËÔÏÒ-Á×ÔÏÍÏÒÆÎÏÓÔÉ �(M;x) 6= 0, ÔÏ ÕÓÌÏ×ÉÅ ÌÉÎÅÊÎÏÎÅÚÁ×ÉÓÉÍÏÓÔÉ x′1; : : :, x′D , 1 ÎÁÄ Z ÒÁÓÛÉÒÅÎÉÑ ÞÉÓÅÌ ÉÚ (8.24) ÒÁ×ÎÏ-ÓÉÌØÎÏ ÌÉÎÅÊÎÏÊ ÎÅÚÁ×ÉÓÉÍÏÓÔÉ ÄÒÕÇÏÊ ÓÏ×ÏËÕ�ÎÏÓÔÉ ÞÉÓÅÌ�1(M;x); : : : ; �D(M;x); �(M;x);Á ÜÔÏ ×ÙÔÅËÁÅÔ ÉÚ ÒÁ×ÅÎÓÔ× (8.2) É ÌÉÎÅÊÎÏÊ ÎÅÚÁ×ÉÓÉÍÏÓÔÉ ÓÔÒÏË ÕÍÁÔÒÉ�Ù M ∈ GLD+1(Z). �

§9. ðÅÒÉÏÄÉÞÅÓËÉÅ ÔÏÞËÉ9.1. îÅ�ÏÄ×ÉÖÎÙÅ ÔÏÞËÉ É ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ.�ÅÏÒÅÍÁ 9.1. 1. ðÕÓÔØ x Ñ×ÌÑÅÔÓÑ ÎÅ�ÏÄ×ÉÖÎÏÊ ÔÏÞËÏÊ ÎÅËÏÔÏÒÏÇÏÏÔÏÂÒÁÖÅÎÉÑ Æ ÉÚ �ÏÌÕÇÒÕ��Ù D Ó ÏÂÌÁÓÔØÀ Ï�ÒÅÄÅÌÅÎÉÑ △(Æ), Ô.Å.×Ù�ÏÌÎÑÀÔÓÑ ÕÓÌÏ×ÉÑ x ∈ △(Æ) (9.1)É Æx = x: (9.2)�ÏÇÄÁ ÉÍÅÅÔ ÍÅÓÔÏ ÍÁÔÒÉÞÎÏÅ ÒÁ×ÅÎÓÔ×ÏMx̂ = �x̂ (9.3)ÄÌÑ x̂ = ( x1 ) Ó ×ÅÝÅÓÔ×ÅÎÎÙÍ ÓÏÂÓÔ×ÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ � 6= 0. úÄÅÓØM =MÆ∗ =Ms · · ·M2M1 (9.4){ ÍÁÔÒÉ�Á Ó�Å�ÉÁÌÉÚÁ�ÉÉ Æ∗ = Æ∗(x) ÏÔÏÂÒÁÖÅÎÉÑ Æ, Ï�ÒÅÄÅÌÑÅÍÏÊÔÏÞËÏÊ x.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ (9.1) É Ï�ÒÅÄÅÌÅÎÉÊ (7.32), (7.33), (8.1) ÓÌÅÄÕÅÔÒÁ×ÅÎÓÔ×Ï M〈x〉 = x; (9.5)ÉÚ ËÏÔÏÒÏÇÏ ×ÙÔÅËÁÅÔ ÍÁÔÒÉÞÎÏÅ ÒÁ×ÅÎÓÔ×Ï (9.3) Ó ÓÏÂÓÔ×ÅÎÎÙÍ ÞÉ-ÓÌÏÍ � = �(M;x), ÒÁ×ÎÙÍ ÆÁËÔÏÒÕ-Á×ÔÏÍÏÒÆÎÏÓÔÉ (8.25) ÏÔÏÂÒÁÖÅ-ÎÉÑ x 7→ M〈x〉. ÷ ÓÉÌÕ ÕÓÌÏ×ÉÑ (9.1) ÉÍÅÅÍ �(M;x) 6= 0, ÞÔÏ ×ÍÅÓÔÅ ÓÒÁ×ÅÎÓÔ×ÏÍ (8.25) ÄÏËÁÚÙ×ÅÔ ÔÅÏÒÅÍÕ. �



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 79ðÕÓÔØ x = (x1; : : : ; xD) { �ÒÏÉÚ×ÏÌØÎÁÑ ÔÏÞËÁ Ó ËÏÏÒÄÉÎÁÔÁÍÉ ÉÚ R.ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ Fx = Q(x1; : : : ; xD) (9.6)ÒÁÓÛÉÒÅÎÉÅ �ÏÌÑ ÒÁ�ÉÏÎÁÌØÎÙÈ ÞÉÓÅÌ Q ÄÏÂÁ×ÌÅÎÉÅÍ Ë ÎÅÍÕ ÞÉÓÅÌx1; : : : ; xD. äÁÎÎÏÅ ÒÁÓÛÉÒÅÎÉÅ ÓÏÓÔÏÉÔ ÉÚ ×ÓÅÈ ÞÉÓÅÌ ×ÉÄÁ f(x1;:::;xD)g(x1;:::;xD) ,ÇÄÅ f É g Ñ×ÌÑÀÔÓÑ ÍÎÏÇÏÞÌÅÎÁÍÉ ÏÔ D �ÅÒÅÍÅÎÎÙÈ Ó ËÏÜÆÆÉ�ÉÅÎÔÁÍÉÉÚ �ÏÌÑ Q. íÎÏÖÅÓÔ×Ï (9.6) ÔÁËÖÅ ÂÕÄÅÔ �ÏÌÅÍ. ï�ÒÅÄÅÌÉÍ ÓÔÅ�ÅÎØ(ÎÁÄ Q) ÔÏÞËÉ x ÒÁ×ÅÎÓÔ×ÏÍdeg(x) = degFx; (9.7)ÇÄÅ Ó�ÒÁ×Á × (9.7) ÕËÁÚÁÎÁ ÓÔÅ�ÅÎØ degFx = [Fx : Q℄ �ÏÌÑ Fx, ÒÁÓÓÍÁ-ÔÒÉ×ÁÅÍÏÇÏ ËÁË ×ÅËÔÏÒÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï ÎÁ �ÏÌÅÍ Q. åÓÌÉ deg(x) = 1,ÔÏ, ÏÞÅ×ÉÄÎÏ, ÔÏÞËÁ x ÉÍÅÅÔ ËÏÏÒÄÉÎÁÔÙ ÉÚ Q.�ÅÏÒÅÍÁ 9.2. ðÕÓÔØ ÔÏÞËÁ x ÂÕÄÅÔ ÉÒÒÁ�ÉÏÎÁÌØÎÏÊ (8.23). åÓÌÉ ÏÎÁ�ÒÉ ÜÔÏÍ Ñ×ÌÑÅÔÓÑ ÎÅ�ÏÄ×ÉÖÎÏÊ ÔÏÞËÏÊ ÎÅËÏÔÏÒÏÇÏ ÏÔÏÂÒÁÖÅÎÉÑÆ ÉÚ �ÏÌÕÇÒÕ��Ù D, ÔÏ ÅÅ ÓÔÅ�ÅÎØdeg(x) = D + 1: (9.8)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏ ÔÅÏÒÅÍÅ 9.1 ÉÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×ÏM 


x1...xD1 
 = � x1...xD1 

 ; (9.9)ÇÄÅ M { ÍÁÔÒÉ�Á ÉÚ ÕÎÉÍÏÄÕÌÑÒÎÏÊ ÇÒÕ��Ù GLD+1(Z), x1; : : : ; xD {ËÏÏÒÄÉÎÁÔÙ ÔÏÞËÉ x = (x1; : : : ; xD) É � 6= 0.éÚ Ï�ÒÅÄÅÌÅÎÉÑ (8.23) ÉÒÒÁ�ÉÏÎÁÌØÎÏÊ ÔÏÞËÉ ÓÌÅÄÕÅÔ x 6= (0; : : : ; 0),�ÏÜÔÏÍÕ � ÉÚ (9.9) Ñ×ÌÑÅÔÓÑ ËÏÒÎÅÍ ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÏÇÏ ÕÒÁ×ÎÅÎÉÑCharM (�) = det(�ED+1 −M) = 0 (9.10)ÓÔÅ�ÅÎÉD+1 Ó �ÅÌÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ, Á ÉÚ ÒÁ×ÅÎÓÔ×Á (9.10) ÓÌÅÄÕÅÔ,ÞÔÏ x1; : : : ; xD �ÒÉÎÁÄÌÅÖÁÔ �ÏÌÀ Q(�) ÓÔÅ�ÅÎÉdegQ(�) 6 D + 1: (9.11)ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÉÚ ÒÁ×ÅÎÓÔ×Á (9.9) ÄÌÑ �ÏÌÑ Fx ÉÚ (9.6) ×ÙÔÅËÁÅÔ×ËÌÀÞÅÎÉÅ Fx ⊆ Q(�): (9.12)



80 ÷. ç. öõòá÷ìå÷äÁÌÅÅ, �ÏÓËÏÌØËÕ ÔÏÞËÁ x ÉÒÒÁ�ÉÏÎÁÌØÎÁÑ (8.23), ÔÏ × ÓÉÌÕ Ï�ÒÅÄÅÌÅ-ÎÉÑ (9.7) ÂÕÄÅÔ ×Ù�ÏÌÎÑÔØÓÑ ÎÅÒÁ×ÅÎÓÔ×ÏdegFx > D + 1: (9.13)�Å�ÅÒØ, ÓÏ�ÏÓÔÁ×ÌÑÑ (9.11) É (9.12), (9.13), ×Ù×ÏÄÉÍ ÎÕÖÎÏÅ ÒÁ×ÅÎ-ÓÔ×Ï (9.8). �

§10. ðÒÅÏÂÒÁÚÏ×ÁÎÉÑ É ÎÏÒÍÉÒÏ×ÁÎÉÑ Ú×ÅÚÄÙ10.1. ïÂÝÉÊ ÓÌÕÞÁÊ. ðÕÓÔØ ÄÁÎÏ ÎÅËÏÔÏÒÏÅ ÏÔÏÂÒÁÖÅÎÉÅ Æ ÉÚ �ÏÌÕ-ÇÒÕ��Ù D É ÔÏÞËÁ x ÉÚ ÏÂÌÁÓÔÉ Ï�ÒÅÄÅÌÅÎÉÑ △(Æ) ÏÔÏÂÒÁÖÅÎÉÑ Æ.äÁÌÅÅ ÂÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ Ó�Å�ÉÁÌÉÚÁ�ÉÑ Æ∗, ÚÁÄÁ×ÁÅÍÁÑ ÔÏÞ-ËÏÊ x, ÉÍÅÅÔ ×ÉÄ Æ∗ = Æp · · · Æ2Æ1; (10.1)ÇÄÅ Æi = Ækili∗ { �ÒÏÉÚ×ÏÌØÎÙÅ ×ÏÚ×ÒÁÔÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ (7.30), (7.31).÷ ÏÔÌÉÞÉÅ ÏÔ ÒÁÓÓÍÏÔÒÅÎÎÏÇÏ ÒÁÎÅÅ ÓÌÕÞÁÑ (9.4) ÉÚ ÔÅÏÒÅÍÙ 9.1, ÏÔÏ-ÂÒÁÖÅÎÉÅ (10.1) ÕÖÅ ÎÅ ÓÏÄÅÒÖÉÔ ÓÉÍÍÅÔÒÉÊ Æi = si ÉÚ ÇÒÕ��Ù S△.òÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÕÀ ÄÉÁÇÒÁÍÍÕw Æ1−→ w(1) Æ2−→ : : : Æp
−→ w(p)

↓ id ↓ A(1) ↓ A(p)v �1−→ v(1) �2−→ : : : �p
−→ v(p) (10.2)úÄÅÓØ ÉÓ�ÏÌØÚÏ×ÁÌÉ ÏÂÏÚÎÁÞÅÎÉÑ:w = w(0) { ÎÁÞÁÌØÎÁÑ Ú×ÅÚÄÁ Ó �ÅÎÔÒÏÍ × ÔÏÞËÅ x = x(0);w(1) = Æ1w(0) { Ú×ÅÚÄÁ Ó �ÅÎÔÒÏÍ × x(1) = Æ1x(0); É Ô.Ä., : : :;w(p) = Æpw(p−1) { Ú×ÅÚÄÁ Ó �ÅÎÔÒÏÍ × x(p) = Æpx(p−1).ëÒÁÔËÏ �Å�ÏÞËÕ �ÒÅÏÂÒÁÚÏ×ÁÎÉÊ ÉÚ ×ÅÒÈÎÅÊ ÓÔÒÏËÉ ÄÉÁÇÒÁÍÍÙ(10.2) ÍÏÖÅÍ ÚÁ�ÉÓÁÔØ × ×ÉÄÅ ËÏÍ�ÏÚÉ�ÉÉw(p) = Æp(: : : (Æ2(Æ1v))) = Æ∗w; x(p) = Æp(: : : (Æ2(Æ1x))) = Æ∗x (10.3)ÉÚ p ×ÏÚ×ÒÁÔÎÙÈ ÏÔÏÂÒÁÖÅÎÉÊ Æ∗. �ÁË Ï�ÒÅÄÅÌÅÎÎÙÅ w(i) ÄÌÑi = 1; : : : ; p ÂÕÄÕÔ, ÓÏÇÌÁÓÎÏ Ï�ÒÅÄÅÌÅÎÉÀ (7.27), ÎÏÒÍÉÒÏ×ÁÎÎÙÍÉ Ú×ÅÚ-ÄÁÍÉ.îÉÖÎÑÑ ÓÔÒÏËÁ ÄÉÁÇÒÁÍÍÙ (10.2) ÓÏÄÅÒÖÉÔ ÏÂÙÞÎÙÅ (ÓÍ. Ï�ÒÅÄÅ-ÌÅÎÉÅ 1.2) ÉÌÉ ÄÉÎÁÍÉÞÅÓËÉÅ Ú×ÅÚÄÙ v(i) ÄÌÑ i = 1; : : : ; p, ÇÄÅv = v(0) = w;



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 81v(1) = v(0)�1 { �ÒÏÉÚ×ÏÄÎÁÑ Ú×ÅÚÄÁ ÏÔÎÏÓÉÔÅÌØÎÏ ÄÉÆÆÅÒÅÎ�ÉÒÏ×Á-ÎÉÑ �1 = {k1; l1}, ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÏÇÏ Ó ÏÔÏÂÒÁÖÅÎÉÅÍ Æ1 = Æk1l1∗ ; É Ô.Ä.,: : :;v(p) = v(p−1)�p { �ÒÏÉÚ×ÏÄÎÁÑ Ú×ÅÚÄÁ ÏÔÎÏÓÉÔÅÌØÎÏ �p = {kp; lp},ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÏÇÏ Ó Æp = Ækplp∗ .óÌÅÄÏ×ÁÔÅÌØÎÏ, ÉÍÅÅÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅv(p) = ((v�1 )�2 : : :)�p = v� (10.4)Ú×ÅÚÄÙ v(p) ÞÅÒÅÚ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÊ� = �1�2 : : : �p;ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÕÀ Ó ÏÔÏÂÒÁÖÅÎÉÅÍ Æ∗ ÉÚ (10.1).�Å�ÅÒØ Ï�ÉÛÅÍ ×ÅÒÔÉËÁÌØÎÙÅ ÓÔÒÅÌËÉ ÉÚ ÄÉÁÇÒÁÍÍÙ (10.2). ðÅÒ×ÁÑÓÔÒÅÌËÁ ÏÂÏÚÎÁÞÅÔ ÔÏÖÄÅÓÔ×ÅÎÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ id, Ô.Å.v = idw = w:äÁÌÅÅA(1) = Ak1l1
∗ (x(0)) { ÍÁÔÒÉ�Á (7.22)-(7.25), ÚÁ×ÉÓÑÝÁÑ ÏÔ ÎÁÞÁÌØÎÏÊÔÏÞËÉ x = x(0);A(2) = Ak1l1
∗ (x(0))Ak2l2

∗ (x(1)) { ÍÁÔÒÉ�Á, ÕÖÅ ÚÁ×ÉÓÑÝÁÑ ÏÔ Ä×ÕÈ ÔÏ-ÞÅË x = x(0) É x(1); É Ô.Ä., : : :;�ÏÓÌÅÄÎÑÑ ÍÁÔÒÉ�ÁA(p) = Ak1l1
∗ (x(0))Ak2l2

∗ (x(1)) · · ·Akplp
∗ (x(p−1)) (10.5)Ï�ÒÅÄÅÌÑÅÔÓÑ ×ÓÅÍÉ �ÒÅÄÙÄÕÝÉÍÉ ÔÏÞËÁÍÉ x(0); x(1); : : : ; x(p−1).�ÁËÉÍ ÏÂÒÁÚÏÍ, �Ï Ï�ÒÅÄÅÌÅÎÉÀ ÍÁÔÒÉ�Ù A(i) Ï�ÒÅÄÅÌÑÀÔ ÁÆÆÉÎ-ÎÙÅ ÉÚÏÍÏÒÆÉÚÍÙ A(i) : w(i) −→

∼ v(i) (10.6)Ú×ÅÚÄ w(i) É v(i) ÉÚ ×ÅÒÈÎÅÊ É ÎÉÖÎÅÊ ÓÔÒÏË ÄÉÁÇÒÁÍÍÙ (10.2) ÄÌÑ ×ÓÅÈi = 1; : : : ; p.ìÅÍÍÁ 10.1. äÉÁÇÒÁÍÍÁ (10.2) Ñ×ÌÑÅÔÓÑ ËÏÍÍÕÔÁÔÉ×ÎÏÊ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ëÏÍÍÕÔÁÔÉ×ÎÏÓÔØ �ÅÒ×ÏÇÏ ÌÅ×ÏÇÏ ÂÌÏËÁ ÄÉÁÇÒÁÍ-ÍÙ (10.2) ÓÌÅÄÕÅÔ ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ ÍÁÔÒÉ� (7.22)-(7.25).þÔÏÂÙ ÄÏËÁÚÁÔØ ËÏÍÍÕÔÁÔÉ×ÎÏÓÔØ �ÅÒ×ÙÈ Ä×ÕÈ ÌÅ×ÙÈ ÂÌÏËÏ× ÄÉÁ-ÇÒÁÍÍÙ (10.2), ÒÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÕÀ ËÏÍÍÕÔÁÔÉ×ÎÕÀ ÌÏËÁÌØÎÕÀ



82 ÷. ç. öõòá÷ìå÷ÄÉÁÇÒÁÍÍÕ w(1) �2−→ w(2) A2←− w(2)
↓ A1 ↓ A1 ւ A1A2v(1) �2−→ v(2) (10.7)ÇÄÅ w(2) = w(1)�2 { ÎÅÎÏÒÍÉÒÏ×ÁÎÎÁÑ Ú×ÅÚÄÁ É Ai ÄÌÑ i = 1; 2 { ÁÆÆÉÎ-ÎÙÅ ÏÔÏÂÒÁÖÅÎÉÑ Ó ÍÁÔÒÉ�ÁÍÉ Akili

∗ (x(i−1)).ëÏÍÍÕÔÁÔÉ×ÎÏÓÔØ ÌÅ×ÏÇÏ ÂÌÏËÁ ÄÉÁÇÒÁÍÍÙ (10.7) ÓÌÅÄÕÅÔ ÉÚ ÁÆ-ÆÉÎÎÏÓÔÉ ÏÔÏÂÒÁÖÅÎÉÑ A1 É ÔÏÇÏ ÆÁËÔÁ, ÞÔÏ �2-ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑÚ×ÅÚÄ w(1) É v(1) Ó×ÏÄÉÔÓÑ Ë ÓÌÏÖÅÎÉÀ A1-ÜË×É×ÁÌÅÎÔÎÙÈ �ÁÒ ×ÅËÔÏÒÏ×w(1)k2 , w(1)l2 ∈ w(1) É v(1)k2 , v(1)l2 ∈ v(1).ëÏÍÍÕÔÁÔÉ×ÎÏÓÔØ ÖÅ �ÒÁ×ÏÇÏ ÂÌÏËÁ ÄÉÁÇÒÁÍÍÙ (10.7) ×ÙÔÅËÁÅÔ ÉÚÁÆÆÉÎÎÏÓÔÉ ÏÔÏÂÒÁÖÅÎÉÑ A2, ËÏÔÏÒÁÑ ÓÎÏ×Á ÓÌÅÄÕÅÔ ÉÚ Ï�ÒÅÄÅÌÅÎÉÑÍÁÔÒÉ� (7.22)-(7.25), É Ï�ÒÅÄÅÌÅÎÉÑ ÎÁËÌÏÎÎÏÊ ÓÔÒÅÌËÉ ËÁË ËÏÍ�ÏÚÉ-�ÉÉ ÏÔÏÂÒÁÖÅÎÉÊ A2 É A1 × ÕËÁÚÁÎÎÏÍ �ÏÒÑÄËÅ.�Å�ÅÒØ ËÏÍÍÕÔÁÔÉ×ÎÏÓÔØ ×ÔÏÒÏÇÏ ÂÌÏËÁ ÄÉÁÇÒÁÍÍÙ (10.2) ×Ù×ÏÄÉÍÉÚ ËÏÍÍÕÔÁÔÉ×ÎÏÓÔÉ ÄÉÁÇÒÁÍÍÙ (10.7).óÌÅÄÕÀÝÉÅ ÂÌÏËÉ ÄÉÁÇÒÁÍÍÙ (10.2) ÒÁÓÓÍÁÔÒÉ×ÁÀÔÓÑ �Ï ÔÏÊ ÖÅÓÁÍÏÊ ÓÈÅÍÅ. �10.2. ðÅÒÉÏÄÉÞÅÓËÉÊ ÓÌÕÞÁÊ. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÎÁÊÄÅÔÓÑ ÔÁËÏÅp > 0, ÄÌÑ ËÏÔÏÒÏÇÏ ÎÏÒÍÉÒÏ×ÁÎÎÁÑ Ú×ÅÚÄÁ w(p) ÉÚ ÄÉÁÇÒÁÍÍÙ (10.2)ÂÕÄÅÔ ÓÉÍÍÅÔÒÉÞÎÏÊ w(p) = �sw (10.8)ÉÓÈÏÄÎÏÊ Ú×ÅÚÄÅ w = w(0) ÏÔÎÏÓÉÔÅÌØÎÏ ÎÅËÏÔÏÒÏÇÏ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ�s ÉÚ ÇÒÕ��Ù S �△ ÁÆÆÉÎÎÙÈ ÏÄÎÏÒÏÄÎÙÈ ÓÉÍÍÅÔÒÉÊ (8.15) ÂÁÚÉÓÎÏÇÏÓÉÍ�ÌÅËÓÁ �△. ÷ ÜÔÏÍ ÓÌÕÞÁÅ ÂÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ Ú×ÅÚÄÁ w �ÅÒÉÏÄÉÞÎÁÏÔÎÏÓÉÔÅÌØÎÏ ÏÔÏÂÒÁÖÅÎÉÑ Æ ÉÚ (10.1), Á Ú×ÅÚÄÁ v = w �ÅÒÉÏÄÉÞÎÁ ÏÔ-ÎÏÓÉÔÅÌØÎÏ ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑ � ÉÚ (10.4). åÓÌÉ p > 0 { ÍÉÎÉÍÁÌØÎÏÅÞÉÓÌÏ Ó ÕÓÌÏ×ÉÅÍ (10.8), ÔÏ p ÂÕÄÅÔ �ÅÒÉÏÄÏÍ Ú×ÅÚÄÙ v = w.úÁÍÅÔÉÍ, ÞÔÏ ÏÄÎÏÒÏÄÎÙÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ �s ÉÚ (8.15) ÄÅÊÓÔ×ÕÀÔÎÁ ×ÅËÔÏÒÙ Ú×ÅÚÄÙ w, Á �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ s ÉÚ ÇÒÕ��Ù S△ ÁÆÆÉÎÎÙÈÎÅÏÄÎÏÒÏÄÎÙÈ ÓÉÍÍÅÔÒÉÊ (8.13) ÄÅÊÓÔ×ÕÀÔ ÎÁ ÔÏÞËÉ ÓÉÍ�ÌÅËÓÁ △. ÷ÆÏÒÍÕÌÅ (10.8) Ú×ÅÚÄÁ w, ÒÁÓÓÍÁÔÒÉ×ÁÅÔÓÑ ËÁË ÓÏ×ÏËÕ�ÎÏÓÔØ D + 1×ÅËÔÏÒÏ× w0, w1; : : : ; wD.ðÏÓËÏÌØËÕ v(p) = A(p)w(p) (10.9)



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 83�Ï ÆÏÒÍÕÌÅ (10.6), ÔÏ Ó �ÏÍÏÝØÀ ÒÁ×ÅÎÓÔ×Á (10.8) �ÏÌÕÞÁÅÍv(p) = A(p)w(p) = A(p)�sw: (10.10)ðÏÜÔÏÍÕ, �ÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÒÁ×ÅÎÓÔ×Ï w = v, ÍÏÖÅÍ ÚÁ�ÉÓÁÔØv(p) = Av; (10.11)ÇÄÅ ÍÁÔÒÉ�Á A = A(p)�s Ï�ÒÅÄÅÌÑÅÔ ÁÆÆÉÎÎÏÅ ÏÄÎÏÒÏÄÎÏÅ ÏÔÏÂÒÁÖÅ-ÎÉÅ Ú×ÅÚÄ A(p)s : v 7→ v(p). òÁ×ÅÎÓÔ×Ï (10.11) ÏÚÎÁÞÁÅÔ, ÞÔÏ �ÒÏÉÚ×ÏÄÎÁÑÚ×ÅÚÄÁ v(p) ÉÚ ÄÉÁÇÒÁÍÍÙ (10.2) ÁÆÆÉÎÎÏ ÉÚÏÍÏÒÆÎÁ ÎÁÞÁÌØÎÏÊ Ú×ÅÚÄÅv. ðÏ ÜÔÏÊ �ÒÉÞÉÎÅ ÎÁÚÏ×ÅÍ A ËÁÌÉÂÒÏ×ÏÞÎÏÊ ÍÁÔÒÉ�ÅÊ �ÅÒÉÏÄÉÞÅ-ÓËÏÊ Ú×ÅÚÄÙ v.äÁÌÅÅ ÍÙ ÈÏÔÉÍ ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÒÁ×ÅÎÓÔ×ÏÍ (10.11) ÎÅÓËÏÌØËÏ ÒÁÚ.ó ÜÔÏÊ �ÅÌØÀ ÒÁÓÓÍÏÔÒÉÍ ÂÅÓËÏÎÅÞÎÕÀ �ÅÒÉÏÄÉÞÅÓËÕÀ ËÏÍÂÉÎÉÒÏ×ÁÎ-ÎÕÀ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ � = {�0; �1; : : :} (10.12)Ó �ÅÒÉÏÄÏÍ p, ÇÄÅ�1 = �1; �2 = �2; : : : ; �p = �p�s; �p+1 = �1; : : : (10.13)ó �ÏÍÏÝØÀ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ (10.12) Ï�ÒÅÄÅÌÉÍ ÄÌÑ Ú×ÅÚÄÙ v �ÏÉÎÄÕË�ÉÉ Ú×ÅÚÄÙ v(i) ÄÌÑ i = 0; 1; 2; : : :, �ÏÌÁÇÁÑv(i) = (v(i−1))�i ÄÌÑ n > 1; (10.14)ÇÄÅ v(0) = v É v′�i = �s(v′�p ) ÄÌÑ i = p; 2p; 3p; : : : þÔÏÂÙ ÎÅ ××ÏÄÉÔØ ÎÏ×Ï-ÇÏ ÔÅÒÍÉÎÁ, ÂÕÄÅÍ ÔÁË Ï�ÒÅÄÅÌÅÎÎÙÅ Ú×ÅÚÄÙ v(i) �ÒÏÄÏÌÖÁÔØ ÎÁÚÙ×ÁÔØ�ÒÏÉÚ×ÏÄÎÙÍÉ ÄÌÑ Ú×ÅÚÄÙ v.�ÅÏÒÅÍÁ 10.1. ðÕÓÔØ Ú×ÅÚÄÁ v �ÅÒÉÏÄÉÞÎÁ ÏÔÎÏÓÉÔÅÌØÎÏ ÄÉÆÆÅÒÅÎ-�ÉÒÏ×ÁÎÉÑ � ÉÚ (10.4) Ó �ÅÒÉÏÄÏÍ p, É �ÕÓÔØ A { ÅÅ ËÁÌÉÂÒÏ×ÏÞÎÁÑÍÁÔÒÉ�Á, Ï�ÒÅÄÅÌÅÎÁÁÑ × (10.11). �ÏÇÄÁ ÄÌÑ ×ÓÅÈ i = 0; 1; 2; : : : Ó�ÒÁ-×ÅÄÌÉ×Á ÆÏÒÍÕÌÁ v(i) = Aav(b); (10.15)ÅÓÌÉ i = at+ b, ÇÄÅ a = 0; 1; 2; : : : É b = 0; : : : ; p− 1.äÏËÁÚÁÔÅÌØÓÔ×Ï. æÏÒÍÕÌÁ (10.15) ×Ù�ÏÌÎÑÅÔÓÑ ÄÌÑ i = 0; 1; : : : ; p−1�Ï Ï�ÒÅÄÅÌÅÎÉÀ (10.14), Á ÄÌÑ i = p { �Ï ÆÏÒÍÕÌÅ (10.11).äÁÌÅÅ ÒÁÓÓÕÖÄÁÅÍ �Ï ÉÎÄÕË�ÉÉ. ðÕÓÔØ ÆÏÒÍÕÌÁ (10.15) ×Ù�ÏÌÎÑÅÔ-ÓÑ ÄÌÑ j < i+ 1. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ (10.14) É �Ï ÆÏÒÍÕÌÅ (10.15) ÉÍÅÅÍv(i+1) = (v(i))�i+1 = (Aav(b))�i+1 : (10.16)



84 ÷. ç. öõòá÷ìå÷éÓ�ÏÌØÚÕÑ, ÄÏËÁÚÁÎÎÕÀ × [4℄, ÆÏÒÍÕÌÕ ËÏÍÍÕÔÉÒÏ×ÁÎÉÑ(Aw)& = A(w&) (10.17)ÁÆÆÉÎÎÙÈ ÏÔÏÂÒÁÖÅÎÉÊA É ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÊ & , ÉÚ (10.16) �ÏÌÕÞÉÍv(i+1) = Aa(v(b))�i+1 : (10.18)óÎÁÞÁÌÁ �ÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ b 6 p− 2. �ÏÇÄÁ i+ 1 = at+ (b+ 1), ÇÄÅb+1 6 p−1. ðÏÜÔÏÍÕ (v(b))�i+1 = v(b+1), É ÉÚ ÒÁ×ÅÎÓÔ×Á (10.18) ÓÌÅÄÕÅÔv(i+1) = Aav(b+1) (10.19){ ÆÏÒÍÕÌÁ (10.15) ÄÌÑ i+ 1.ðÕÓÔØ ÔÅ�ÅÒØ b = p − 1 É, ÚÎÁÞÉÔ, (v(b))�i+1 = v(p). ðÏÜÔÏÍÕ × ÓÉÌÕÆÏÒÍÕÌÙ (10.11) ÍÏÖÅÍ ÚÁ�ÉÓÁÔØ (v(b))�i+1 = Av. ïÔÓÀÄÁ É ÒÁ×ÅÎÓÔ×Á(10.18) ×Ù×ÏÄÉÍ v(i+1) = Aa+1v: (10.20)÷ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÏÍ ÓÌÕÞÁÅ ÂÕÄÅÔ ×Ù�ÏÌÎÑÔØÓÑ ÒÁ×ÅÎÓÔ×Ï i+ 1 = (a+1)p É, ÚÎÁÞÉÔ, ÓÏÇÌÁÓÎÏ (10.20) ÆÏÒÍÕÌÁ (10.15) ÂÕÄÅÔ Ó�ÒÁ×ÅÄÌÉ×Á ÉÄÌÑ �ÏÒÑÄËÁ i+ 1, ËÏÇÄÁ i = ap+ (p− 1). �

§11. ðÒÉÂÌÉÖÅÎÉÑ ÎÁ ÔÏÒÅ11.1. çÅÎÅÒÁ�ÉÉ ×ËÌÁÄÙ×ÁÀÝÉÈÓÑ ÒÁÚ×ÅÒÔÏË. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ(3.1) É ÔÅÏÒÅÍÅ 3.1 �ÒÏÉÚ×ÏÄÎÙÅ Ú×ÅÚÄÙ v(i) ÉÚ (10.14) ×ËÌÁÄÙ×ÁÀÔÓÑv(i) em,→ TD (11.1)× ÔÏÒ TD = RD=ZD. ðÏ ÓÏÇÌÁÛÅÎÉÀ (2.25) ÜÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ �ÏÒÏÖÄÁ-ÅÍÙÅ ÉÍÉ ÒÁÚ×ÅÒÔËÉ ÔÏÒÁ ÉÌÉ ÉÎÁÞÅ { �ÁÒÁÌÌÅÌÏÜÄÒÙ {T (i) = T (v(i)) (11.2)×ËÌÁÄÙ×ÁÀÔÓÑ × ÔÏÒ T (i) em,→ TD: (11.3)éÚ �ÏÓÔÒÏÅÎÉÑ (10.14) �ÒÏÉÚ×ÏÄÎÏÊ Ú×ÅÚÄÙ v(i) = {v(i)0 ; v(i)1 ; : : : ; v(i)D }ÓÌÅÄÕÅÔ, ÞÔÏ ÅÅ ×ÅËÔÏÒÙ �ÅÒÅËÌÁÄÙ×ÁÎÉÑ v(i)k ÉÍÅÀÔ ×ÉÄv(i)k ≡ m(i)k � mod ZD (11.4)ÄÌÑ k = 0; 1; : : : ; D Ó ÎÅËÏÔÏÒÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ m(i)k = 1; 2; 3; : : :,ËÏÔÏÒÙÅ ÎÁÚÏ×ÅÍ �ÏÒÑÄËÁÍÉ ÌÕÞÅÊ v(i)k Ú×ÅÚÄÙ v(i). úÄÅÓØ � ∈ RD {



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 85×ÅËÔÏÒ ÓÄ×ÉÇÁ S = S� ÔÏÒÁ T2 ÉÚ (2.9) É �ÏÒÑÄËÉ m(i)k ×ÙÞÉÓÌÑÀÔÓÑ �Ï�ÒÁ×ÉÌÕ (1.9). óÕÍÍÕ ÄÁÎÎÙÈ ËÏÜÆÆÉ�ÉÅÎÔÏ×m(i) = m(i)0 +m(i)1 + : : :+m(i)D (11.5)ÎÁÚÏ×ÅÍ �ÏÒÑÄËÏÍ �ÒÏÉÚ×ÏÄÎÏÊ Ú×ÅÚÄÙ v(i). ó ÎÉÍ Ó×ÑÖÅÍ ËÏÎÅÞÎÙÅÏÒÂÉÔÙOrb′(0;m(i))= {xj=Sj(0) ≡ j� mod ZD; j=1; 2; : : : ;m(i)−1}:(11.6)11.2. òÁÄÉÕÓÙ ÁÆÆÉÎÎÏ �ÒÅÏÂÒÁÚÏ×ÁÎÎÙÈ ÍÎÏÖÅÓÔ×. òÁÓÓÍÏ-ÔÒÉÍ ÓÌÅÄÕÀÝÉÅ ÏÂÝÉÅ ÚÁÄÁÞÉ: Ï�ÅÎÉÔØ Ó×ÅÒÈÕ ÒÁÄÉÕÓÙ ÍÎÏÖÅÓÔ× ATÉ A1A2T × ÔÅÒÍÉÎÁÈ ÎÅ×ÙÒÏÖÄÅÎÎÙÈ D ×D-ÍÁÔÒÉ� A É A1, A2. ëÁËÏÂÙÞÎÏ, ÒÁÄÉÕÓ %(T ) ÍÎÏÖÅÓÔ×Á T ⊂ RD ÒÁ×ÅÎ ÍÉÎÉÍÁÌØÎÏÍÕ ÉÚ ÒÁ-ÄÉÕÓÏ× ÏËÒÕÖÎÏÓÔÅÊ, ÓÏÄÅÒÖÁÝÉÈ × ÓÅÂÅ ÕËÁÚÁÎÎÏÅ ÍÎÏÖÅÓÔ×Ï.îÁÞÎÅÍ Ó ÒÁ×ÅÎÓÔ×Á maxx6=0 |Ax|2|x|2 = maxx6=0 A∗[x℄
|x|2 : (11.7)úÄÅÓØ |x| = (x21 + : : : + x2D)1=2 { ÄÌÉÎÁ ×ÅËÔÏÒÁ x = (x1; : : : ; xD) ÉA∗[x℄ = xtA∗x { �ÏÌÏÖÉÔÅÌØÎÏ Ï�ÒÅÄÅÌÅÎÎÁÑ Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ ÓÓÉÍÍÅÔÒÉÞÎÏÊ ÍÁÔÒÉ�ÅÊ A∗ = At ·A, ÇÄÅ At ÏÂÏÚÎÁÞÁÅÔ ÔÒÁÎÓ�ÏÎÉÒÏ-×ÁÎÎÕÀ ÍÁÔÒÉ�Õ ÄÌÑ A.ðÒÏÉ×ÏÄÑ �ÏÄÈÏÄÑÝÕÀ ÚÁÍÅÎÕ x = Oy Ó ÍÁÔÒÉ�ÅÊ O ÉÚ ÏÒÔÏÇÏÎÁÌØ-ÎÏÊ ÇÒÕ��Ù OD(R), �ÒÉ×ÅÄÅÍ Ë×ÁÄÒÁÔÉÞÎÕÀ ÆÏÒÍÕ A∗[x℄ Ë ÇÌÁ×ÎÙÍÏÓÑÍ ÉÌÉ ÓÕÍÍÅ Ë×ÁÄÒÁÔÏ×A∗[x℄ = A∗[Oy℄ = B[y℄ = �1y21 + : : :+ �Dy2D: (11.8)íÁÔÒÉ�Á A∗ �ÏÄÏÂÎÁ ÄÉÁÇÏÎÁÌØÎÏÊ ÍÁÔÒÉ�ÅB =  �1 0 00 . . . 00 0 �D 
 ;�ÏÜÔÏÍÕ ËÏÜÆÆÉ�ÉÅÎÔÙ �1 > 0; : : :, �D > 0 ÂÕÄÕÔ ÓÏÂÓÔ×ÅÎÎÙÍÉ ÚÎÁ-ÞÅÎÉÑÍÉ ÍÁÔÒÉ�Ù A∗. áÒÉÆÍÅÔÉÞÅÓËÉÅ ÚÎÁÞÅÎÉÑ Ë×ÁÄÒÁÔÎÙÈ ËÏÒÎÅÊ�1=21 > 0; : : :, �1=2D > 0 ÎÁÚÙ×ÁÀÔÓÑ ÓÉÎÇÕÌÑÒÎÙÍÉ ÞÉÓÌÁÍÉ ÍÁÔÒÉ�Ù A,Á ÎÁÉÂÏÌØÛÉÊ ÉÚ ÎÉÈ

‖A‖ = max{�1=21 ; : : : ; �1=2D } (11.9)Ï�ÒÅÄÅÌÑÅÔ Ó�ÅËÔÒÁÌØÎÕÀ ÎÏÒÍÕ ‖A‖ ÍÁÔÒÉ�Ù A.



86 ÷. ç. öõòá÷ìå÷ó ÅÅ �ÏÍÏÝØÀ, �ÏÄÓÔÁ×ÌÑÑ (11.8) × (11.7), �ÏÌÕÞÁÅÍ ÆÏÒÍÕÌÕmaxx 6=0 |Ax||x| = ‖A‖;ÉÚ ËÏÔÏÒÏÊ �ÏÌÕÞÁÅÍ ÎÕÖÎÕÀ Ï�ÅÎËÕ ÄÌÑ ÒÁÄÉÕÓÁ%(AT ) 6 ‖A‖%(T ): (11.10)äÁÌÅÅ �ÏÓÔÕ�ÁÅÍ ÁÎÁÌÏÇÉÞÎÏ:maxx 6=0 |A1A2x|
|x| = maxx6=0 |A1A2x|

|A2x| |A2x|
|x| 6 maxy 6=0 |A1y|

|y| maxx6=0 |A2x|
|x| ;ÇÄÅ �ÒÏÉÚ×ÅÌÉ ÚÁÍÅÎÕ y = A2x. ïÔÓÀÄÁ ×Ù×ÏÄÉÍ Ï�ÅÎËÕmaxx6=0 |A1A2x|

|x| 6 ‖A1‖ · ‖A2‖;É �ÏÜÔÏÍÕ ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï%(A1A2T ) 6 ‖A1‖ · ‖A2‖ %(T ): (11.11)11.3. òÁÄÉÕÓÙ É �ÌÏÝÁÄÉ �ÒÏÉÚ×ÏÄÎÙÈ �ÁÒÁÌÌÅÌÏÜÄÒÏ×. ðÒÉ-ÍÅÎÉÍ ÄÏËÁÚÁÎÎÕÀ ÆÏÒÍÕÌÕ (11.11) Ë Ï�ÅÎËÅ ÍÅÔÒÉÞÅÓËÉÈ ÈÁÒÁËÔÅÒÉ-ÓÔÉË �ÒÏÉÚ×ÏÄÎÙÈ �ÁÒÁÌÌÅÌÏÜÄÒÏ× T (i) = T (v(i)) ÉÚ (11.2).óÎÁÞÁÌÁ ÎÁÊÄÅÍ ÒÁÄÉÕÓ ÉÓÈÏÄÎÏÇÏ �ÁÒÁÌÌÅÌÏÜÄÒÁ T (v).ìÅÍÍÁ 11.1. åÓÌÉ �ÁÒÁÌÌÅÌÏÜÄÒ T (v) �ÏÒÏÖÄÁÅÔÓÑ Ú×ÅÚÄÏÊv = {v0; v1; : : : ; vD};ÔÏ ÅÇÏ ÒÁÄÉÕÓ %(T (v)) ×ÙÞÉÓÌÑÅÔÓÑ �Ï ÆÏÒÍÕÌÅ%(T (v)) = 12 max"0;"1;:::;"D |"0v0 + "1v1 + : : :+ "DvD |: (11.12)úÄÅÓØ ×ÅÒÔÉËÁÌØÎÙÅ ÓËÏÂËÉ ÏÂÏÚÎÁÞÁÀÔ ÄÌÉÎÕ ×ÅËÔÏÒÁ É ÍÁËÓÉÍÕÍ ×(11.12) ×ÙÞÉÓÌÑÅÔÓÑ �Ï ×ÓÅÍ ÎÁÂÏÒÁÍ {"0; "1; : : : ; "D}, ÔÁËÉÍ ÞÔÏ "i =
±1, �ÒÉ ÜÔÏÍ ËÏÌÉÞÅÓÔ×Ï ÏÔÒÉ�ÁÔÅÌØÎÙÈ "i ÍÅÎÑÅÔÓÑ × ÉÎÔÅÒ×ÁÌÅ[1; : : : ; D+12 ℄.äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ Ï�ÒÅÄÅÌÅÎÉÑ (2.8) ÓÌÅÄÕÅÔ, ÞÔÏ �ÁÒÁÌÌÅÌÏÜÄÒT (v) ÉÍÅÅÔ ×ÅÒÛÉÎÙ vk1 + : : :+ vki ; (11.13)ÇÄÅ 0 6 k1 < : : : < ki 6 D É 1 6 i 6 D. ðÏÜÔÏÍÕ ÅÇÏ �ÅÎÔÒÏÍ ÂÕÄÅÔ(T (v)) = 12(v0 + v1 + : : :+ vD): (11.14)



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 87òÁÄÉÕÓ ÖÅ �ÁÒÁÌÌÅÌÏÜÄÒÁ %(T (v)) ÒÁ×ÅÎ ÍÁËÓÉÍÁÌØÎÏÊ ÄÌÉÎÅ ×ÅËÔÏ-ÒÏ× ×ÉÄÁ w − (T (v)), ÇÄÅ w �ÒÏÂÅÇÁÅÔ ×ÓÅ ×ÅÒÛÉÎÙ (11.13). ïÔÓÀÄÁ×Ù×ÏÄÉÍ ÆÏÒÍÕÌÕ (11.12). �íÎÏÇÏÇÒÁÎÎÉË T (i) Ñ×ÌÑÅÔÓÑ ÒÁÚ×ÅÒÔËÏÊ ÔÏÒÁ TDL(i) = RD=L(i) ÄÌÑÒÅÛÅÔËÉ L(i) = Z[l(i)1 ; : : : ; l(i)D ℄ (11.15)Ó ÂÁÚÉÓÏÍ l(i)k = v(i)k − v(i)0 ÄÌÑ k = 1; : : : ; D, ÇÄÅ v(i)k { ÌÕÞÉ Ú×ÅÚÄÙ v(i)ÉÚ (11.1). ðÏÜÔÏÍÕ ÏÂßÅÍ s(T (i)) ÍÎÏÇÏÇÒÁÎÎÉËÁ T (i) ÒÁ×ÎÁs(T (i)) = ∣∣∣∣∣det l(i)11 : : : l(i)1D: : :l(i)D1 : : : l(i)DD 


∣∣∣∣∣ (11.16)�ÌÏÝÁÄÉ ÆÕÎÄÁÍÅÎÔÁÌØÎÏÊ ÏÂÌÁÓÔÉ ÒÅÛÅÔËÉ (11.15), ÇÄÅ l(i)kl { ËÏÏÒÄÉ-ÎÁÔÙ ÂÁÚÉÓÎÙÈ ×ÅËÔÏÒÏ× l(i)k ÄÌÑ k = 1; : : : ; D.ìÅÍÍÁ 11.2. 1. äÌÑ ÒÁÄÉÕÓÁ %(T (i)) ÍÎÏÇÏÇÒÁÎÎÉËÁ T (i) ×Ù�ÏÌÎÑÅÔÓÑÓÌÅÄÕÀÝÁÑ Ï�ÅÎËÁ %(T (i)) 6 ‖A‖a%(T (b)); (11.17)ÅÓÌÉ i = ap + b, ÇÄÅ a = 0; 1; 2; : : : É b = 0; : : : ; p − 1. úÄÅÓØ ‖A‖ {Ó�ÅËÔÒÁÌØÎÁÑ ÎÏÒÍÁ (11.9) ËÁÌÉÂÒÏ×ÏÞÎÏÊ ÍÁÔÒÉ�Ù A Ú×ÅÚÄÙ v ÉÚ(10.11) É ÒÁÄÉÕÓÙ %(T (b)) ×ÙÞÉÓÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÅ (11.12).2. ïÂßÅÍ s(T (i)) ÍÎÏÇÏÇÒÁÎÎÉËÁ T (i) ÎÁÈÏÄÉÔÓÑ �Ï ÆÏÒÍÕÌÅs(T (i)) = |detA|as(T (b)); (11.18)ÇÄÅ detA ÏÂÏÚÎÁÞÁÅÔ Ï�ÒÅÄÅÌÉÔÅÌØ ÍÁÔÒÉ�Ù A, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÊÎÅÒÁ×ÅÎÓÔ×ÁÍ 0 < |detA| < 1; (11.19)É �ÌÏÝÁÄÉ s(T (b)) ÎÁÈÏÄÑÔÓÑ �Ï ÆÏÒÍÕÌÅ (11.16).äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏ ÔÅÏÒÅÍÅ 10.1 Ú×ÅÚÄÙ v(i) É v(b) Ó×ÑÚÁÎÙ ÒÁ×ÅÎ-ÓÔ×ÏÍ v(i) = Aav(b) É, ÚÎÁÞÉÔ, �ÏÒÏÖÄÁÅÍÙÅ ÉÍÉ ÍÎÏÇÏÇÒÁÎÎÉËÉ T (i) =T (v(i)) É T (b) = T (v(b)) ÁÆÆÉÎÎÏ �ÏÄÏÂÎÙT (v(i)) = AaT (v(b)): (11.20)ïÔÓÀÄÁ É (11.11) ÓÌÅÄÕÅÔ ÎÅÒÁ×ÅÎÓÔ×Ï (11.17). æÏÒÍÕÌÁ (11.18) ×ÙÔÅ-ËÁÅÔ ÉÚ �ÏÄÏÂÉÑ (11.20) É ÒÁ×ÅÎÓÔ×Á (11.16).



88 ÷. ç. öõòá÷ìå÷äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÖÅ ÎÅÒÁ×ÅÎÓÔ× (11.19) ÄÏÓÔÁÔÏÞÎÏ ÚÁÍÅÔÉÔØ,ÞÔÏ �Ï �ÏÓÔÒÏÅÎÉÀ (10.5), (10.11) ËÁÌÉÂÒÏ×ÏÞÎÏÊ ÍÁÔÒÉ�Ù A ÏÎÁ ÓÏ-ÓÔÏÉÔ ÉÚ ÓÏÍÎÏÖÉÔÅÌÅÊ Akl
∗ , ÉÍÅÀÝÉÈ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ Ï�ÒÅÄÅÌÉÔÅÌÉdetAklk = 1− xl; detAkll = 1− xk ; detA0l0 = 1− xl; (11.21)É detA0ll = x1 + : : :+ xD: (11.22)æÏÒÍÕÌÙ (11.21) ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ×ÙÔÅËÁÀÔ ÉÚ Ñ×ÎÏÇÏ ×ÉÄÁ (7.22){(7.24) ÍÁÔÒÉ� Aklk , Akll É A0l0 . þÔÏÂÙ �ÏÌÕÞÉÔØ ÆÏÒÍÕÌÕ (11.22), ÎÕÖÎÏ×ÏÓ�ÏÌØÚÏ×ÁÔØÓÑ ÒÁ×ÅÎÓÔ×ÏÍ (7.25) É × ÍÁÔÒÉ�Å A0ll ×ÓÅ ÅÅ ÓÔÒÏËÉ �ÒÉ-ÂÁ×ÉÔØ Ë l-ÏÊ ÓÔÒÏËÅ. éÚ (11.21) É (11.22) ÓÌÅÄÕÅÔ, ÞÔÏ × ÌÀÂÏÍ ÓÌÕÞÁÅÉÍÅÀÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Á 0 < |detAkl

∗ | < 1; (11.23)�ÏÓËÏÌØËÕ ÔÏÞËÁ x = (x1; : : : ; xD) �ÒÉÎÁÄÌÅÖÉÔ ×ÎÕÔÒÅÎÎÅÊ ÏÂÌÁÓÔÉÂÁÚÉÓÎÏÇÏ ÓÉÍ�ÌÅËÓÁ △ = △D, ÞÔÏ ÒÁ×ÎÏÓÉÌØÎÏ ÕÓÌÏ×ÉÑÍx1 > 0; : : : ; xD > 0; x1 + : : :+ xD < 1: (11.24)�Å�ÅÒØ ÎÅÒÁ×ÅÎÓÔ×Á (11.19) ÓÌÅÄÕÀÔ ÉÚ (11.23). �11.4. ðÏÒÑÄËÏ×ÙÅ ÍÁÔÒÉ�Ù. óÏÓÔÁ×ÉÍ ÉÚ �ÏÒÑÄËÏ× ÌÕÞÅÊ (11.4)Ú×ÅÚÄÙ v ÍÁÔÒÉ�Õ-ÓÔÏÌÂÅ�m =m(v) =  m0m1...mD 
 (11.25)É ×ÙÑÓÎÉÍ, ËÁË ÏÎÁ ÍÅÎÑÅÔÓÑ �ÏÄ ÄÅÊÓÔ×ÉÅÍ ÓÉÍÍÅÔÒÉÊ ÂÁÚÉÓÎÏÇÏ ÓÉÍ-�ÌÅËÓÁ △ =△D É ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÊ v� ÎÁ Ú×ÅÚÄÕ v.äÌÑ ÜÔÏÇÏ �ÏÓÔÁ×ÉÍ × ÓÏÏÔ×ÅÔÓÔ×ÉÅ ÌÀÂÏÊ �ÅÒÅÓÔÁÎÏ×ËÅ � ÜÌÅÍÅÎ-ÔÏ× 0; 1; : : : ; D ÅÅ �ÅÒÅÓÔÁÎÏ×ÏÞÎÕÀ ÍÁÔÒÉ�ÕS� =  : : : 10;�(0) : : :: : : 11;�(1) : : :...: : : 1D;�(D) : : :  ; (11.26)Ó ÅÄÉÎÉ�ÁÍÉ 1 = 1i;�(i) ÎÁ (i; �(i))-ÍÅÓÔÁÈ. åÓÌÉ ÚÁÍÅÎÉÔØ 0 ÎÁ D + 1,ÔÏ �ÏÌÕÞÉÍ �ÅÒÅÓÔÁÎÏ×ËÕ (7.2), Ï�ÒÅÄÅÌÑÀÝÕÀ ÓÉÍÍÅÔÒÉÀ ÂÁÚÉÓÎÏÇÏÓÉÍ�ÌÅËÓÁ s = s� ÉÚ ÇÒÕ��Ù S△.



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 89äÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÑÍ ÖÅ Æklk É Ækll ÉÚ (7.33) Ó �ÒÏÉÚ×ÏÌØÎÙÍÉ ÉÎ-ÄÅËÓÁÍÉ 0 6 k < l 6 D �ÏÓÔÁ×ÉÍ × ÓÏÏÔ×ÅÔÓÔ×ÉÅ ÍÁÔÒÉ�ÙDklk = E +Elk; Dkll = E +Ekl; (11.27)ÇÄÅ E = ED+1 { ÅÄÉÎÉÞÎÁÑ ÍÁÔÒÉ�Á �ÏÒÑÄËÁ D + 1, Á ÍÁÔÒÉ�Ù EijÉÍÅÀÔ ÎÕÌÅ×ÙÅ ÜÌÅÍÅÎÔÙ, ËÒÏÍÅ 1 = 1ij ÎÁ (i; j)-ÍÅÓÔÅ.íÁÔÒÉ�ÙM ÉÚ (11.26) É (11.27) ÉÍÅÀÔ �ÅÌÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ É Ï�ÒÅ-ÄÅÌÉÔÅÌÉ detM = ±1, �ÏÜÔÏÍÕ ÏÎÉ �ÒÉÎÁÄÌÅÖÁÔ ÇÒÕ��Å ÕÎÉÍÏÄÕÌÑÒ-ÎÙÈ ÍÁÔÒÉ� GLD+1(Z).äÁÎÎÙÅ ÍÁÔÒÉ�Ù �ÏÚ×ÏÌÑÀÔ ×ÙÞÉÓÌÑÔØ �ÏÒÑÄËÉ ÌÕÞÅÊ m�0 , m�1 ; : : :,m�D �ÒÅÏÂÒÁÚÏ×ÁÎÎÏÊ Ú×ÅÚÄÙ v� = (v�0 ; v�1 ; : : : ; v�D):m� =m(v�) =M�(v)m: (11.28)úÄÅÓØ, ÓÏÇÌÁÓÎÏ Ï�ÒÅÄÅÌÅÎÉÀ �ÒÏÉÚ×ÏÄÎÏÊ (1.9), ÉÍÅÅÍM�(v) = Dk1k2
∗ ; (11.29)ÅÓÌÉ � = {k1; k2} { ÄÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÅ, ÇÄÅ × ËÁÞÅÓÔ×Å Ó�Å�ÉÁÌÉÚÁ�ÉÉ

∗ ×ÙÂÉÒÁÅÔÓÑ k1 ÉÌÉ k2 × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ÔÏÇÏ, ËÁËÏÅ ÉÚ ÕÓÌÏ×ÉÊ (1.9)×Ù�ÏÌÎÑÅÔÓÑ; É M�(v) =M� = S� (11.30)× ÓÌÕÞÁÅ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ ÓÉÍÍÅÔÒÉÉ � = s = s� Ú×ÅÚÄÙ v, ÇÄÅ S� {ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÍÁÔÒÉ�Á ÉÚ (11.26).ìÅÍÍÁ 11.3. ðÕÓÔØ v { �ÅÒÉÏÄÉÞÅÓËÁÑ Ú×ÅÚÄÁ v(p) = Av �ÅÒÉÏÄÁ p > 0Ó ËÁÌÉÂÒÏ×ÏÞÎÏÊ ÍÁÔÒÉ�ÅÊ A = A(t)�s ÉÚ (10.11), É �ÕÓÔØ ÅÅ �ÒÏÉÚ×ÏÄ-ÎÙÅ Ú×ÅÚÄÙ v(i) ÄÌÑ i = 0; 1; 2; : : : Ï�ÒÅÄÅÌÅÎÙ �Ï ÆÏÒÍÕÌÅ (10.14). �ÏÇÄÁÅÓÌÉ i = ap+ b, ÇÄÅ a = 0; 1; 2; : : : É b = 0; : : : ; p− 1, ÔÏm(i) =m(v(i)) =Mam(b): (11.31)úÄÅÓØ M = SM (t) (11.32)Ó ÍÁÔÒÉ�ÅÊ S ÉÚ (11.26), ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ ÏÂÒÁÔÎÏÊ ÓÉÍÍÅÔÒÉÉ ÄÌÑ�s, É M (t) = Dkplp
∗ (v(p−1)) · · ·Dk2l2

∗ (v(1))Dk1l1
∗ (v(0)); (11.33)ÇÄÅ Õ �ÏÒÑÄËÏ×ÙÈ ÍÁÔÒÉ� Dkj lj

∗ (v(j−1)) = Dkj lj
∗ ÉÚ (11.29) Ó�Å�ÉÁÌÉÚÁ-�ÉÉ ∗ Ï�ÒÅÄÅÌÑÀÔÓÑ �ÒÏÉÚ×ÏÄÎÏÊ Ú×ÅÚÄÏÊ v(j−1).



90 ÷. ç. öõòá÷ìå÷äÏËÁÚÁÔÅÌØÓÔ×Ï ×ÙÔÅËÁÅÔ ÉÚ ÔÅÏÒÅÍÙ 10.1 É Ï�ÒÅÄÅÌÅÎÉÑ (10.11)ËÁÌÉÂÒÏ×ÏÞÎÏÊ ÍÁÔÒÉ�ÅÊ A, ÅÓÌÉ ÕÞÅÓÔØ, ÞÔÏ �ÒÉ �ÅÒÅÈÏÄÅ Ó ×ÅÒÈÎÅÊÎÁ ÎÉÖÎÀÀ ÓÔÒÏËÕ × ÄÉÁÇÒÁÍÍÅ (10.2) ÍÅÎÑÅÔÓÑ �ÏÒÑÄÏË �ÒÅÏÂÒÁÚÏ-×ÁÎÉÊ. �îÁÚÏ×ÅÍM �ÏÒÑÄËÏ×ÏÊ ÍÁÔÒÉ�ÅÊ �ÅÒÉÏÄÉÞÅÓËÏÊ Ú×ÅÚÄÙ v, ÏÔ×ÅÞÁ-ÀÝÅÊ ËÁÌÉÂÒÏ×ÏÞÎÏÊ ÍÁÔÒÉ�Å A.11.5. ïÓÎÏ×ÎÁÑ ÔÅÏÒÅÍÁ. ÷ÁÖÎÏÓÔØ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ Ï�ÒÅÄÅÌÅÎ-ÎÙÈ ÒÁÎÅÅ × (11.2) �ÒÏÉÚ×ÏÄÎÙÈ �ÁÒÁÌÌÅÌÏÜÄÒÏ× T (i) = T (v(i)) ÄÌÑi = 0; 1; 2; : : : ÏÂßÑÓÎÑÅÔÓÑ ÔÅÍ, ÞÔÏ ÞÅÒÅÚ ÉÈ ÇÅÏÍÅÔÒÉÀ ÈÁÒÁËÔÅÒÉ-ÚÕÀÔÓÑ Á��ÒÏËÓÉÍÁ�ÉÏÎÎÙÅ Ó×ÏÊÓÔ×Á ÔÏÞÅË ÉÚ ÂÅÓËÏÎÅÞÎÏÊ ÏÒÂÉÔÙOrb�(0) = {xj = Sj(0) ≡ j� mod ZD; j = 0; 1; 2; : : :}; (11.34)�ÏÒÏÖÄÁÅÍÏÊ ÓÄ×ÉÇÏÍ S = S� ÔÏÒÁ TD = RD=ZD ÉÚ (2.13).ïÇÒÁÎÉÞÅÎÎÙÅ �ÁÒÁÌÌÅÌÏÜÄÒÁÍÉ T (i) ÏÂÌÁÓÔÉ ÎÁ ÔÏÒÅ TD ×ÙÄÅÌÑÀÔÉÚ ÏÒÂÉÔÙ (11.34) ÎÅËÏÔÏÒÕÀ �ÏÄ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÔÏÞÅË {xj′}∞j′=1,ÎÁÉÌÕÞÛÉÍ ÏÂÒÁÚÏÍ �ÒÉÂÌÉÖÁÀÝÉÈÓÑ Ë 0 ∈ TD .�ÅÏÒÅÍÁ 11.1. ðÕÓÔØ v { �ÅÒÉÏÄÉÞÅÓËÁÑ Ú×ÅÚÄÁ �ÅÒÉÏÄÁ p > 0 Ó ËÁÌÉ-ÂÒÏ×ÏÞÎÏÊ ÍÁÔÒÉ�ÅÊ A ÉÚ (10.11), É �ÕÓÔØ ÅÅ �ÒÏÉÚ×ÏÄÎÙÅ Ú×ÅÚÄÙ v(i)ÄÌÑ i = 0; 1; 2; : : : Ï�ÒÅÄÅÌÅÎÙ �Ï ÆÏÒÍÕÌÅ (10.14). �ÏÇÄÁ Ó�ÒÁ×ÅÄÌÉ×ÙÓÌÅÄÕÀÝÉÅ ÕÔ×ÅÒÖÄÅÎÉÑ.1. îÉ ÏÄÎÁ ÉÚ ÔÏÞÅË xj ≡ j� mod ZD ÏÒÂÉÔÙ (11.34) ÎÅ �Ï�ÁÄÁÅÔxj =∈ T (i) ÄÌÑ j = 1; 2; : : : ;m(i) − 1 (11.35)× �ÁÒÁÌÌÅÌÏÜÄÒ T (i) ÉÚ (11.2), ÇÄÅ m(i) { �ÏÒÑÄÏË (11.5) Ú×ÅÚÄÙ v(i), ÒÁ×-ÎÙÊ ÓÕÍÍÅ ËÏÜÆÆÉ�ÉÅÎÔÏ× ÍÁÔÒÉ�Ù-ÓÔÏÌÂÅ�Á m(i) ÉÚ (11.31). ðÅÒ×ÏÊ�Ï�Á×ÛÅÊ × ÏÂÌÁÓÔØ T (i) Ñ×ÌÑÅÔÓÑ ÔÏÞËÁxj ∈ T (i) ÄÌÑ j = m(i): (11.36)2. äÌÑ ÒÁÄÉÕÓÁ %(T (i)) �ÁÒÁÌÌÅÌÏÜÄÒÁ T (i) Ó ÎÏÍÅÒÏÍ i = ap+ b, ÇÄÅa = 0; 1; 2; : : : É b = 0; : : : ; p− 1, ×Ù�ÏÌÎÑÅÔÓÑ ÓÌÅÄÕÀÝÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï%(T (i)) 6 ‖A‖a%(T (b)); (11.37)Á ÄÌÑ ÎÁÞÁÌØÎÙÈ ÎÏÍÅÒÏ× b ÒÁÄÉÕÓÙ %(T (b)) × (11.37) ×ÙÞÉÓÌÑÀÔÓÑ �ÏÆÏÒÍÕÌÅ (11.12). úÄÅÓØ ‖A‖ ÏÂÏÚÎÁÞÁÅÔ Ó�ÅËÔÒÁÌØÎÕÀ ÎÏÒÍÕ (11.9)ËÁÌÉÂÒÏ×ÏÞÎÏÊ ÍÁÔÒÉ�ÅÊ A.3. ïÂßÅÍ s(T (i)) �ÁÒÁÌÌÅÌÏÜÄÒÁ T (i) ÎÁÈÏÄÉÔÓÑ �Ï ÆÏÒÍÕÌÅs(T (i)) = |detA|as(T (b)); (11.38)



äéææåòåîãéòï÷áîéå éîäõãéòï÷áîîùè òáúâéåîéê �ïòá 91ÇÄÅ detA ÏÂÏÚÎÁÞÁÅÔ Ï�ÒÅÄÅÌÉÔÅÌØ ÍÁÔÒÉ�Ù A, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÉÊÎÅÒÁ×ÅÎÓÔ×ÁÍ 0 < |detA| < 1; É ÏÂßÅÍÙ s(T (b)) ÄÌÑ ÎÁÞÁÌØÎÙÈ ÎÏÍÅ-ÒÏÍ b = 0; : : : ; p− 1 ×ÙÞÉÓÌÑÀÔÓÑ �Ï ÆÏÒÍÕÌÅ (11.16).äÏËÁÚÁÔÅÌØÓÔ×Ï. õÔ×ÅÒÖÄÅÎÉÅ 1 ÓÌÅÄÕÅÔ ÉÚ ÔÅÏÒÅÍ 2.2 É 3.1, Á ÕÔ×ÅÒ-ÖÄÅÎÉÑ 2 É 3 ÄÏËÁÚÁÎÙ × ÌÅÍÍÅ 11.2. �ìÉÔÅÒÁÔÕÒÁ1. á. ñ. èÉÎÞÉÎ, ãÅ�ÎÙÅ ÄÒÏÂÉ. 4-ÏÅ ÉÚÄ. í., 1978.2. M. Furukado, Sh. Ito, A. Saito, J. Tamura, Sh. Yasutomi, A new multidimensionalslow ontinued fration algorithm and stepped surfae. | Exper. Math. 23 (2014),No. 4, 390{410.3. ÷. ç.öÕÒÁ×ÌÅ×, ä×ÕÍÅÒÎÙÅ �ÒÉÂÌÉÖÅÎÉÑ ÍÅÔÏÄÏÍ ÄÅÌÑÝÉÈÓÑ ÔÏÒÉÞÅÓËÉÈ ÒÁÚ-ÂÉÅÎÉÊ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé, 440 (2015), 81{98.4. ÷. ç. öÕÒÁ×ÌÅ×, äÅÌÑÝÉÅÓÑ ÒÁÚÂÉÅÎÉÑ ÔÏÒÁ É ÍÎÏÖÅÓÔ×Á ÏÇÒÁÎÉÞÅÎÎÏÇÏÏÓÔÁÔËÁ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé, 440 (2015), 99{122.5. G. Rauzy, Nombres alge′briques et substitutions. | Bull. So. Math. Frane, 110(1982), 147{178.6. ÷. ç.öÕÒÁ×ÌÅ×, òÁÚÂÉÅÎÉÑ òÏÚÉ É ÍÎÏÖÅÓÔ×Á ÏÇÒÁÎÉÞÅÎÎÏÇÏ ÏÓÔÁÔËÁ. | úÁ�.ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé, 322 (2005), 83{106.7. ÷. ç. öÕÒÁ×ÌÅ×, íÎÏÖÅÓÔ×Á ÏÇÒÁÎÉÞÅÎÎÏÇÏ ÏÓÔÁÔËÁ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ.ðïíé, (2016) (× ÎÁÓÔ. ÓÂ.)8. Z. Coelho, A. Lopes, L. F. Da Roha, Absolutely ontinuous invariant measuresfor a lass of aÆne interval exhange maps. | Pro. Amer. Math. So. 123, No. 1(1995), 3533{3542.9. V. G. Zhuravlev, A. V. Shutov, Derivaties of irle rotations and similarity of orbits.| Max-Plank Inst. Math., Preprint Series 62 (2004), 1{11.10. ÷. ç. öÕÒÁ×ÌÅ×, äÉÆÆÅÒÅÎ�ÉÒÏ×ÁÎÉÅ ÉÎÄÕ�ÉÒÏ×ÁÎÎÙÈ ÒÁÚÂÉÅÎÉÊ ÍÎÏÇÏÍÅÒÎÙÈÔÏÒÏ×. | áÌÇÅÂÒÁ É ÁÎÁÌÉÚ (2015), 1{28 (× �ÅÞÁÔÉ).11. ÷. ç. öÕÒÁ×ÌÅ×, ä×ÕÍÅÒÎÙÅ �ÒÉÂÌÉÖÅÎÉÑ ËÕÂÉÞÅÓËÉÈ ÉÒÒÁ�ÉÏÎÁÌØÎÏÓÔÅÊ. |(2015) (× �ÅÞÁÔÉ).12. E. Heke, �Uber analytishe Funktionen und die Verteilung von Zahlen mod Eins.| Math. Sem. Hamburg Univ., 1 (1921), 54-76.13. S. Ferenzi, Bounded Remaider Sets. | Ata Arithm. 61, No. 4 (1992), 319{326.14. S. Grepstad, N. Lev, Sets of bounded disrepany for multi-dimensional irrationalrotation. | Geom. Funt. Analysis, 25, No.1 (2014), 87{133.15. G. Rauzy, Ensembles �a restes born�es. | S�emin. th�eor. nombres Bordeaux (1984),exp. 24.16. ÷. ç. öÕÒÁ×ÌÅ×, íÎÏÇÏÇÒÁÎÎÉËÉ ÏÇÒÁÎÉÞÅÎÎÏÇÏ ÏÓÔÁÔËÁ. | íÁÔÅÍÁÔÉËÁ ÉÉÎÆÏÒÍÁÔÉËÁ, 1, óÏ×Ò. �ÒÏÂÌ. ÍÁÔÅÍ., 16, íÁÔ. ÉÎ-Ô òáî, í., 2012, 82{102.17. ÷. ç. öÕÒÁ×ÌÅ×, ðÅÒÅËÌÁÄÙ×ÁÀÝÉÅÓÑ ÔÏÒÉÞÅÓËÉÅ ÒÁÚ×ÅÒÔËÉ É ÍÎÏÖÅÓÔ×ÁÏÇÒÁÎÉÞÅÎÎÏÇÏ ÏÓÔÁÔËÁ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé, 392 (2011), 95{145.
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