
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 445, 2016 Ç.í. ÷. âÁÂÕÛËÉÎ, ÷. ÷. öÕËòïó� îïòí ðòïéú÷ïäîùè æõîëãéêó�åëìï÷á é ó÷ïêó�÷á æõîëãéê,ïðòåäåìñåíùå îáéìõþûéíéðòéâìéöåîéñíé é ëïüææéãéåî�áíéæõòøå÷ ÒÁÂÏÔÅ ÄÌÑ �ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ ÕÓÔÁÎÁ×ÌÉ×ÁÀÔÓÑ ÓÏÏÔÎÏÛÅ-ÎÉÑ ÍÅÖÄÕ ÉÎÔÅÇÒÁÌÁÍÉ ÏÔ ÎÏÒÍ �ÒÏÉÚ×ÏÄÎÙÈ ÆÕÎË�ÉÊ ÷. á. óÔÅËÌÏ-×Á É ÒÑÄÁÍÉ, ÓÏÓÔÁ×ÌÅÎÎÙÍÉ ÉÚ ËÏÜÆÆÉ�ÉÅÎÔÏ× æÕÒØÅ É ÎÁÉÌÕÞÛÉÈ�ÒÉÂÌÉÖÅÎÉÊ.
§1. ÷×ÅÄÅÎÉÅ1.1. ÷ ÄÁÌØÎÅÊÛÅÍ R, Z+, N ÓÕÔØ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÍÎÏÖÅÓÔ×Á ×ÅÝÅ-ÓÔ×ÅÎÎÙÈ, ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ �ÅÌÙÈ, ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ. úÁ�ÉÓØ k =a; b, ÇÄÅ a; b ∈ R, a 6 b, ÏÚÎÁÞÁÅÔ, ÞÔÏ k �ÒÏÂÅÇÁÅÔ ×ÓÅ �ÅÌÙÅ ÞÉÓÌÁ ÍÅÖ-ÄÕ a É b, ×ËÌÀÞÁÑ a É b, ÅÓÌÉ ÏÎÉ �ÅÌÙÅ. ÷ÓÅ ÆÕÎË�ÉÉ �ÒÅÄ�ÏÌÁÇÁÀÔÓÑ×ÅÝÅÓÔ×ÅÎÎÙÍÉ. æÕÎË�ÉÉ, ÉÍÅÀÝÉÅ × ÎÅËÏÔÏÒÏÊ ÔÏÞËÅ ÕÓÔÒÁÎÉÍÙÊÒÁÚÒÙ×, ÄÏÏ�ÒÅÄÅÌÑÀÔÓÑ × ÜÔÏÊ ÔÏÞËÅ �Ï ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ; × ÄÒÕÇÉÈÓÌÕÞÁÑÈ ÓÉÍ×ÏÌ 00 �ÏÎÉÍÁÅÔÓÑ ËÁË 0. óÕÍÍÁ b

∑a �ÒÉ b < a ÓÞÉÔÁÅÔÓÑÒÁ×ÎÏÊ ÎÕÌÀ. åÓÌÉ a ∈ R, ÔÏ [a℄ { �ÅÌÁÑ ÞÁÓÔØ ÞÉÓÌÁ a.þÅÒÅÚ C ÏÂÏÚÎÁÞÁÅÍ �ÒÏÓÔÒÁÎÓÔ×Ï ÎÅ�ÒÅÒÙ×ÎÙÈ 2�-�ÅÒÉÏÄÉÞÅÓËÉÈÆÕÎË�ÉÊ f : R → R Ó ÎÏÒÍÏÊ ‖f‖ = maxx∈R

|f(x)|. ðÒÉ 1 6 p <∞ ÞÅÒÅÚ LpÏÂÏÚÎÁÞÁÅÍ �ÒÏÓÔÒÁÎÓÔ×Ï ÉÚÍÅÒÉÍÙÈ 2�-�ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ f ,ÓÕÍÍÉÒÕÅÍÙÈ Ó p-ÏÊ ÓÔÅ�ÅÎØÀ ÎÁ �ÅÒÉÏÄÅ É ÎÏÒÍÏÊ
‖f‖p =  �

∫

−� |f |p1=p :þÅÒÅÚ Hn ÏÂÏÚÎÁÞÁÅÍ ÍÎÏÖÅÓÔ×Ï ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ �ÏÌÉÎÏÍÏ× �Ï-ÒÑÄËÁ ÎÅ ×ÙÛÅ n.ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÆÕÎË�ÉÉ óÔÅËÌÏ×Á, ËÏÜÆÆÉ�ÉÅÎÔÙ æÕÒØÅ, ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÅËÏÜÆÆÉ�ÉÅÎÔÙ æÕÒØÅ, ÎÁÉÌÕÞÛÅÅ �ÒÉÂÌÉÖÅÎÉÅ, ÒÁ×ÎÏÓÈÏÄÉÍÏÓÔØ ÉÎÔÅÇÒÁÌÏ× ÉÒÑÄÏ×. 5



6 í. ÷. âáâõûëéî, ÷. ÷. öõëðÕÓÔØ n ∈ Z+, 1 6 p < ∞, f ∈ Lp, ÔÏÇÄÁEn(f)p = infT∈Hn ‖f − T‖p{ ÎÁÉÌÕÞÛÅÅ �ÒÉÂÌÉÖÅÎÉÅ ÆÕÎË�ÉÉ f ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÍÉ �ÏÌÉÎÏ-ÍÁÍÉ �ÏÒÑÄËÁ ÎÅ ×ÙÛÅ n × �ÒÏÓÔÒÁÎÓÔ×Å Lp. åÓÌÉ f ∈ C, ÔÏEn(f) = infT∈Hn ‖f − T‖{ ÎÁÉÌÕÞÛÅÅ �ÒÉÂÌÉÖÅÎÉÅ ÆÕÎË�ÉÉ f ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÍÉ �ÏÌÉÎÏ-ÍÁÍÉ �ÏÒÑÄËÁ ÎÅ ×ÙÛÅ n × �ÒÏÓÔÒÁÎÓÔ×Å C.ðÕÓÔØ f ∈ L1. �ÏÇÄÁak(f) = 1� �
∫

−� f(t) os kt dt; bk(f) = 1� �
∫

−� f(t) sin kt dt{ ËÏÜÆÆÉ�ÉÅÎÔÙ æÕÒØÅ ÆÕÎË�ÉÉ f ; �ÒÉ k ∈ NAk(f; x) = ak(f) os kx+ bk(f) sin kx; A0(f; x) = a0(f)2 ;�k(f) =√a2k(f) + b2k(f):åÓÌÉ n ∈ Z+, f ∈ L1, ÔÏSn(f; x) = n
∑k=0Ak(f; x){ ÞÁÓÔÎÁÑ ÓÕÍÍÁ ÒÑÄÁ æÕÒØÅ �ÏÒÑÄËÁ n ÆÕÎË�ÉÉ f ,�n(f; x) = 1n+ 1 n
∑k=0Sk(f; x){ ÓÕÍÍÁ æÅÊÅÒÁ �ÏÒÑÄËÁ n ÆÕÎË�ÉÉ f . ðÒÉ n ∈ Z+, m ∈ N�n;m(f; x) = 1m n+m−1
∑k=n Sk(f; x){ ÓÕÍÍÁ ÷ÁÌÌÅ{ðÕÓÓÅÎÁ ÆÕÎË�ÉÉ f .þÅÒÅÚ � ÏÂÏÚÎÁÞÁÅÍ ÍÎÏÖÅÓÔ×Ï Þ£ÔÎÙÈ ÆÕÎË�ÉÊ f ∈ C ÔÁËÉÈ ÞÔÏak(f) > 0 �ÒÉ k ∈ Z+, ÞÅÒÅÚ � { ÍÎÏÖÅÓÔ×Ï ÎÅÞ£ÔÎÙÈ ÆÕÎË�ÉÊ f ∈ C,Õ ËÏÔÏÒÙÈ bk(f) > 0 �ÒÉ k ∈ N.



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 7ðÕÓÔØ r ∈ Z+, t ∈ R, f : R → R. �ÏÇÄÁÆrt (f; x) = r
∑k=0(−1)kCkr f (x+ rt2 − kt){ �ÅÎÔÒÁÌØÎÁÑ ËÏÎÅÞÎÁÑ ÒÁÚÎÏÓÔØ r-ÇÏ �ÏÒÑÄËÁ ÆÕÎË�ÉÉ f Ó ÛÁÇÏÍ t.ðÕÓÔØ 1 6 p < ∞, f ∈ Lp, h > 0. �ÏÇÄÁ!r(f; h)p = sup

|t|6h ‖Ært (f)‖p{ ÍÏÄÕÌØ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ �ÏÒÑÄËÁ r Ó ÛÁÇÏÍ h ÆÕÎË�ÉÉ f × �ÒÏÓÔÒÁÎ-ÓÔ×Å Lp.âÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {ak}∞k=0 �ÒÉÎÁÄÌÅÖÉÔËÌÁÓÓÕ B, ÅÓÌÉ ÎÁÊÄÕÔÓÑ ÔÁËÉÅ ÞÉÓÌÁ C1; C2; C3 ∈ R, ÞÔÏ ÄÌÑ ÌÀÂÏ-ÇÏ n ∈ Z+ É ×ÓÅÈ k > n C1 6 an 6 C2ak + C3:÷ ÞÁÓÔÎÏÓÔÉ, �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {ak} �ÒÉÎÁÄÌÅÖÉÔ ËÌÁÓÓÕ B, ÅÓÌÉÏÎÁ ÏÇÒÁÎÉÞÅÎÁ ÉÌÉ ak ↑ +∞.åÓÌÉ f ∈ L1, h > 0, r − 1 ∈ N, x ∈ R, ÔÏ �ÏÌÁÇÁÅÍSh;1(f; x) = 1h h=2
∫

−h=2 f(x+ t) dt;Sh;r(f; x) = Sh;1 (Sh;r−1(f); x) :æÕÎË�ÉÑ Sh;r(f) ÎÁÚÙ×ÁÅÔÓÑ ÆÕÎË�ÉÅÊ óÔÅËÌÏ×Á ÆÕÎË�ÉÉ f �ÏÒÑÄËÁ rÓ ÛÁÇÏÍ h.1.2. ïÓÔÁÎÏ×ÉÍÓÑ ËÒÁÔËÏ (ÎÅ �ÒÅÔÅÎÄÕÑ ÎÁ �ÏÌÎÏÔÕ) ÎÁ Ï�ÉÓÁÎÉÉ ÚÁ-ÄÁÞ, ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ × ÓÔÁÔØÅ. ðÒÉ ÕÓÔÁÎÏ×ÌÅÎÉÉ ÒÁÚÌÉÞÎÏÇÏ ÒÏÄÁÏ�ÅÎÏË ÎÅÒÅÄËÏ �ÒÉÈÏÄÉÔÓÑ �ÒÉÂÅÇÁÔØ ÎÁ ÆÉÎÁÌØÎÏÍ ÜÔÁ�Å Ë Ï�ÅÎ-ËÁÍ, ÓÏÄÅÒÖÁÝÉÍ ÎÏÒÍÙ �ÒÏÉÚ×ÏÄÎÙÈ Á��ÒÏËÓÉÍÉÒÕÀÝÉÈ ÁÇÒÅÇÁÔÏ×.÷ ÞÁÓÔÎÏÓÔÉ, ÎÁ ÜÔÏÍ �ÕÔÉ ÂÙÌÉ �ÏÌÕÞÅÎÙ Ï�ÅÎËÉ ÄÌÑ ÎÁÉÌÕÞÛÉÈ �ÒÉ-ÂÌÉÖÅÎÉÊ �ÏÓÒÅÄÓÔ×ÏÍ ÍÏÄÕÌÅÊ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ ÒÁÚÌÉÞÎÙÈ �ÏÒÑÄËÏ×(ÓÍ. [1, Ó. 167{170℄), Á ÔÁËÖÅ ÕÓÔÁÎÏ×ÌÅÎÙ Ï�ÅÎËÉ ÄÌÑ ∞
∑k=1 �k(f) ÞÅÒÅÚÎÏÒÍÙ × L2 ÒÁÚÎÏÓÔÉ �ÏÒÑÄËÁ r Ó ËÏÎÓÔÁÎÔÁÍÉ ÌÕÞÛÉÍÉ, ÞÅÍ ÒÁÎÅÅÉÚ×ÅÓÔÎÙÅ (ÓÍ. [1, Ó. 253℄). äÌÑ �ÒÏÉÚ×ÏÄÎÙÈ �ÏÌÉÎÏÍÏ× ÎÁÉÌÕÞÛÅÇÏ



8 í. ÷. âáâõûëéî, ÷. ÷. öõë�ÒÉÂÌÉÖÅÎÉÑ × [1, Ó. 176{179℄ ÜÔÁ ÚÁÄÁÞÁ ÒÁÓÓÍÁÔÒÉ×ÁÌÁÓØ ËÁË ÓÁÍÏ-ÓÔÏÑÔÅÌØÎÁÑ. ÷ ÎÁÓÔÏÑÝÅÊ ÒÁÂÏÔÅ ÁÎÁÌÏÇÉÞÎÙÅ ×Ï�ÒÏÓÙ ÒÁÓÓÍÁÔÒÉ×Á-ÀÔÓÑ �ÒÉÍÅÎÉÔÅÌØÎÏ Ë ÆÕÎË�ÉÑÍ óÔÅËÌÏ×Á.ïÔ�ÒÁ×ÎÙÍ ÍÏÍÅÎÔÏÍ Ñ×ÉÌÓÑ ÒÅÚÕÌØÔÁÔ á. é. ðÌÅÓÓÎÅÒÁ. á. î. ëÏÌ-ÍÏÇÏÒÏ× É ç. á. óÅÌÉ×ÅÒÓÔÏ×, Ó ÏÄÎÏÊ ÓÔÏÒÏÎÙ, É á. é. ðÌÅÓÓÎÅÒ,Ó ÄÒÕÇÏÊ, ÕÓÔÁÎÏ×ÉÌÉ, ÞÔÏ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ ∞
∑k=2 �2k(f) ln k ÄÏÓÔÁÔÏÞÎÁÄÌÑ ÔÏÇÏ, ÞÔÏÂÙ ÒÑÄ æÕÒØÅ ÆÕÎË�ÉÉ f ÓÈÏÄÉÌÓÑ Ë ÎÅÊ �ÏÞÔÉ ×ÓÀÄÕ.ëÒÏÍÅ ÔÏÇÏ, ðÌÅÓÓÎÅÒ ÕÓÔÁÎÏ×ÉÌ, ÞÔÏ ÄÌÑ f ∈ L2 ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ

∞
∑k=2 �2k(f) ln k É ÉÎÔÅÇÒÁÌÁ 2�

∫0 ∥

∥Æ1t (f)∥∥22t dtÒÁ×ÎÏÓÉÌØÎÁ. ðÏÓÌÅÄÎÉÊ ÒÅÚÕÌØÔÁÔ ðÌÅÓÓÎÅÒÁ ÍÏÖÅÔ ÂÙÔØ �ÅÒÅ�ÉÓÁÎ× ÓÌÅÄÕÀÝÅÍ ×ÉÄÅ: ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ ∞
∑k=2 �2k(f) ln k ÒÁ×ÎÏÓÉÌØÎÁ ÓÈÏÄÉ-ÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ 2�

∫0 ∥∥S′t;1(f)∥∥22 t dt:ð. ì. õÌØÑÎÏ× × ÒÁÂÏÔÁÈ [2{4℄, ÓÍ. ÔÁËÖÅ [5, Ó. 342℄, ÒÁÚ×ÉÌ Õ�ÏÍÑÎÕÔÙÊÒÅÚÕÌØÔÁÔ ðÌÅÓÓÎÅÒÁ × ÎÁ�ÒÁ×ÌÅÎÉÉ, ËÏÇÄÁ ÓÈÏÄÉÍÏÓÔØ ÉÎÔÅÇÒÁÌÁ2�
∫0 ‖Ært (f)‖22 �(t) dtÜË×É×ÁÌÅÎÔÎÁ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÁ

∞
∑k=1 �2k(f)�(k):õËÁÖÅÍ ÔÁËÖÅ ÎÁ ÒÁÂÏÔÙ í. ë. ðÏÔÁ�Ï×Á [6,7℄ É �ÉÔÉÒÕÅÍÕÀ × ÎÉÈ É× ÒÁÂÏÔÁÈ õÌØÑÎÏ×Á ÌÉÔÅÒÁÔÕÒÕ.



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 9ó. â. óÔÅÞËÉÎ ÕÓÔÁÎÏ×ÉÌ × [8℄, ÞÔÏ ÄÌÑ f ∈ L2 ÒÑÄÙ
∞
∑k=2 �2k(f) ln k; ∞

∑k=1 1kE2k(f)2;
∞
∑k=1 1k!21 (f; 1k)2 ; ∞

∑k=1 1k!22 (f; 1k)2ÓÈÏÄÑÔÓÑ ÉÌÉ ÒÁÓÈÏÄÑÔÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ.÷ ÄÁÎÎÏÊ ÒÁÂÏÔÅ ÍÙ ÒÁÚ×É×ÁÅÍ ÁÎÁÌÏÇÉÞÎÕÀ ÔÅÍÁÔÉËÕ �ÒÉÍÅÎÉ-ÔÅÌØÎÏ Ë �ÒÏÉÚ×ÏÄÎÙÍ ÆÕÎË�ÉÉ óÔÅËÌÏ×Á ÄÌÑ �ÒÏÓÔÒÁÎÓÔ×Á L2, Á ÔÁË-ÖÅ ÄÌÑ ÆÕÎË�ÉÊ ËÌÁÓÓÏ× � É �.1.3. îÁÍ �ÏÎÁÄÏÂÑÔÓÑ ÓÌÅÄÕÀÝÉÅ ÉÚ×ÅÓÔÎÙÅ ÒÅÚÕÌØÔÁÔÙ.ìÅÍÍÁ A (ÎÅÒÁ×ÅÎÓÔ×Ï þÅÂÙÛÅ×Á, ÓÍ., ÎÁ�ÒÉÍÅÒ, [9, Ó. 58{59℄). ðÕÓÔØÆÕÎË�ÉÉ f É g ÚÁÄÁÎÙ ÎÁ ÏÔÒÅÚËÅ [a; b℄, �ÒÉÞ£Í f ×ÏÚÒÁÓÔÁÅÔ, Á gÕÂÙ×ÁÅÔ. �ÏÇÄÁ b
∫a fg 6

1b− a b
∫a f b

∫a g: (1)ìÅÍÍÁ B (ÓÍ., ÎÁ�ÒÉÍÅÒ, [9, Ó. 59℄). åÓÌÉ ÆÕÎË�ÉÉ f É g ÚÁÄÁÎÙ ÎÁÏÔÒÅÚËÅ [a; b℄, �ÒÉÞ£Í f ×ÏÚÒÁÓÔÁÅÔ ÎÁ [a; (a + b)=2℄ É ÓÉÍÍÅÔÒÉÞÎÁÏÔÎÏÓÉÔÅÌØÎÏ ÔÏÞËÉ (a+b)=2, Ô.Å. f(a+b−x) = f(x), Á g Ä×ÁÖÄÙ ÄÉÆ-ÆÅÒÅÎ�ÉÒÕÅÍÁ ÎÁ [a; b℄ É g′′(x) > 0, ÔÏ ÉÍÅÅÔ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï (1).�ÅÏÒÅÍÁ A (â. ìÅ×É, ÓÍ., ÎÁ�ÒÉÍÅÒ, [10, Ó. 202℄). ðÕÓÔØ �ÒÉ k ∈ NÆÕÎË�ÉÉ {fk} ÉÚÍÅÒÉÍÙ ÎÁ ÍÎÏÖÅÓÔ×Å E, fk(x) > 0, fk(x) 6 fk+1(x)ÄÌÑ ×ÓÅÈ k. ðÕÓÔØ, ÄÁÌÅÅ, fk(x) → f(x) �ÒÉ ×ÓÅÈ x ∈ E. �ÏÇÄÁ Ó�ÒÁ-×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï limk→∞

∫E fk = ∫E f:�ÅÏÒÅÍÁ B (ò. ðÜÌÉ, ÓÍ., ÎÁ�ÒÉÍÅÒ, [5, Ó. 277℄). åÓÌÉ ÆÕÎË�ÉÑ f ÎÅ-�ÒÅÒÙ×ÎÁ É Å£ ËÏÜÆÆÉ�ÉÅÎÔÙ æÕÒØÅ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙ, ÔÏ Å£ ÒÑÄ æÕ-ÒØÅ ÓÈÏÄÉÔÓÑ ÒÁ×ÎÏÍÅÒÎÏ.



10 í. ÷. âáâõûëéî, ÷. ÷. öõë
§2. ï ÎÅËÏÔÏÒÙÈ ÓÏÏÔÎÏÛÅÎÉÑÈ ÍÅÖÄÕ ÒÑÄÁÍÉ,ÓÏÓÔÁ×ÌÅÎÎÙÍÉ ÉÚ ËÏÜÆÆÉ�ÉÅÎÔÏ× æÕÒØÅ, ÉÉÎÔÅÇÒÁÌÁÍÉ ÏÔ ÎÏÒÍ × L2 �ÒÏÉÚ×ÏÄÎÙÈ ÆÕÎË�ÉÊóÔÅËÌÏ×ÁõÓÔÁÎÁ×ÌÉ×ÁÅÍÁÑ ÎÉÖÅ ÔÅÏÒÅÍÁ 1 ÒÁÚ×É×ÁÅÔ Õ�ÏÍÑÎÕÔÙÊ ÒÁÎÅÅ ÒÅ-ÚÕÌØÔÁÔ ðÌÅÓÓÎÅÒÁ × ÒÑÄÅ ÎÅÔÒÁÄÉ�ÉÏÎÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÊ. ðÒÉ ÜÔÏÍ�ÒÅÄÛÅÓÔ×ÕÀÝÉÅ ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÏÓÎÏ×ÎÏÊ ÔÅÏÒÅÍÙ ×Ó�ÏÍÏÇÁÔÅÌØÎÙÅÒÅÚÕÌØÔÁÔÙ ÕÓÔÁÎÁ×ÌÉ×ÁÀÔÓÑ × ÂÏÌØÛÅÊ ÏÂÝÎÏÓÔÉ, ÞÅÍ ÜÔÏ ÉÓ�ÏÌØ-ÚÕÅÔÓÑ, �ÏÓËÏÌØËÕ ÏÎÉ �ÒÅÄÓÔÁ×ÌÑÀÔ Ï�ÒÅÄÅÌ£ÎÎÙÊ ÓÁÍÏÓÔÏÑÔÅÌØÎÙÊÉÎÔÅÒÅÓ É ÍÏÇÕÔ ÂÙÔØ �ÒÉÍÅÎÅÎÙ × ÁÎÁÌÏÇÉÞÎÙÈ ÓÉÔÕÁ�ÉÑÈ.�ÅÏÒÅÍÁ 1. ðÕÓÔØ f ∈ L1, f� ∈ L1; �k ∈ R, Ak(f�) = �kAk(f) �ÒÉk ∈ N; r ∈ N, m ∈ N, m 6 r, S(m)r;t (f�) ∈ L2 �ÒÉ ×ÓÅÈ t ∈ (0; 2�℄.ðÕÓÔØ, ÄÁÌÅÅ, ÎÁ (0; 2�℄ ÆÕÎË�ÉÑ ' Ä×ÁÖÄÙ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁ, '(t) >0, '′′(t) > 0. �ÏÇÄÁ2�

∫0 ∥∥∥S(m)r;t (f�)∥∥∥22 t2r'(t) dt
6 22r� ∞

∑k=1 �2k(f)�2kk2(r−m)  2�=k
∫0 (sin kt2 )2r '(t) dt+ Cr2r22r 2�

∫2�=k '(t) dt :åÓÌÉ × ÕÓÌÏ×ÉÑÈ ÔÅÏÒÅÍÙ ÄÏ�ÏÌÎÉÔÅÌØÎÏ �ÏÔÒÅÂÏ×ÁÔØ '′(t) 6 0, ÔÏ2�
∫0 ∥∥∥S(m)r;t (f�)∥∥∥22 t2r'(t) dt

> 22r� ∞
∑k=1 �2k(f)�2kk2(r−m)  �=k

∫0 (sin kt2 )2r '(t) dt+ Cr2r22r 2�
∫�=k '(t) dt :ìÅÍÍÁ 1. ðÕÓÔØ �ÒÉ t ∈ (0; 2�℄ ÆÕÎË�ÉÑ ' Ä×ÁÖÄÙ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁ,'′′(t) > 0; g ∈ C, g ×ÏÚÒÁÓÔÁÅÔ ÎÁ [0; �℄, g(t) = g(2� − t) �ÒÉ t ∈ [0; �℄,k ∈ N. �ÏÇÄÁ2�

∫0 g(kt)'(t) dt 6

2�=k
∫0 g(kt)'(t) dt+ 12� 2�

∫0 g(t) dt 2�
∫2�=k '(t) dt:



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 11äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÏÉÚ×ÏÄÑ ÚÁÍÅÎÕ �ÅÒÅÍÅÎÎÏÊ, �ÏÌÕÞÁÅÍ2�
∫0 g(kt)'(t) dt = 1k 2�k

∫0 g(t)'( tk) dt= 1k 2�
∫0 g(t)'( tk) dt+ 1k k−1

∑m=1 2�(m+1)
∫2�m g(t)'( tk) dt:ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÌÅÍÍÕ B, ÎÁÈÏÄÉÍ �ÒÉ m = 1; k − 12�(m+1)

∫2�m g(t)'( tk) dt 6
12� 2�
∫0 g(t) dt · 2�(m+1)

∫2�m '( tk) dt:óÌÅÄÏ×ÁÔÅÌØÎÏ,2�
∫0 g(kt)'(t) dt

6
1k 2�
∫0 g(t)'( tk) dt+ 1k k−1

∑m=1 12� 2�
∫0 g(t) dt · 2�(m+1)

∫2�m '( tk) dt= 2�=k
∫0 g(kt)'(t) dt+ 12� 2�

∫0 g(t) dt · 1k 2�k
∫2� '( tk) dt= 2�=k

∫0 g(kt)'(t) dt+ 12� 2�
∫0 g(t) dt · 2�

∫2�=k '(t) dt: �ìÅÍÍÁ 2. ðÕÓÔØ �ÒÉ t ∈ (0; 2�℄ ÆÕÎË�ÉÑ ' Ä×ÁÖÄÙ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁ,'′(t) 6 0, '′′(t) > 0; g ∈ C, g ×ÏÚÒÁÓÔÁÅÔ ÎÁ [0; �℄, g(t) = g(2�− t) ÄÌÑt ∈ [0; �℄. �ÏÇÄÁ �ÒÉ k ∈ N2�
∫0 g(kt)'(t) dt >

�=k
∫0 g(kt)'(t) dt+ 12� 2�

∫0 g(t) dt 2�
∫�=k '(t) dt:



12 í. ÷. âáâõûëéî, ÷. ÷. öõëäÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÏÉÚ×ÏÄÑ ÚÁÍÅÎÕ �ÅÒÅÍÅÎÎÏÊ, �ÏÌÕÞÁÅÍ2�
∫0 g(kt)'(t)dt = 1k 2�k

∫0 g(t)'( tk) dt= 1k �
∫0 g(t)'( tk) dt+ 1k k−1

∑m=1 2�m+�
∫2�m−�g(t)'( tk) dt+ 1k 2�k

∫2�k−�g(t)'( tk) dt:ðÒÉÍÅÎÑÑ ÌÅÍÍÕ B, �ÏÌÕÞÁÅÍ �ÒÉ m = 1; k − 12�m+�
∫2�m−� g(t)'( tk) dt >

12� 2�
∫0 g(t) dt · 2�m+�

∫2�m−� '( tk) dt:ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÌÅÍÍÕ A, ÎÁÈÏÄÉÍ2�k
∫2�k−� g(t)'( tk) dt >

1� �
∫0 g(t) dt · 2�k

∫2�k−� '( tk) dt= 12� 2�
∫0 g(t) dt 2�k

∫2�k−� '( tk) dt:�ÁËÉÍ ÏÂÒÁÚÏÍ,2�
∫0 g(kt)'(t) dt

>
1k �
∫0 g(t)'( tk) dt+ 1k k−1

∑m=1 12� 2�
∫0 g(t) dt · 2�m+�

∫2�m−� '( tk) dt+ 12�k 2�
∫0 g(t) dt 2�k

∫2�k−� '( tk) dt= �=k
∫0 g(kt)'(t) dt+ 12� 2�

∫0 g(t) dt 2�
∫�=k '(t) dt: �



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 13ìÅÍÍÁ 3. ðÕÓÔØ r ∈ N, �ÒÉ t ∈ (0; 2�℄ ÆÕÎË�ÉÑ ' Ä×ÁÖÄÙ ÄÉÆÆÅÒÅÎ-�ÉÒÕÅÍÁ, '(t) > 0, '′′(t) > 0; �k > 0 �ÒÉ k ∈ N. �ÏÇÄÁ2�
∫0 ( ∞

∑k=1�k sin2r kt2 )'(t) dt
6

∞
∑k=1�k 2�=k

∫0 (sin kt2 )2r '(t) dt+ Cr2r22r 2�
∫2�=k '(t) dt :åÓÌÉ × ÕÓÌÏ×ÉÑÈ ÌÅÍÍÙ ÄÏ�ÏÌÎÉÔÅÌØÎÏ �ÏÔÒÅÂÏ×ÁÔØ '′(t) 6 0, ÔÏ2�

∫0 ( ∞
∑k=1�k sin2r kt2 )'(t) dt

>

∞
∑k=1�k �=k

∫0 (sin kt2 )2r '(t) dt+ Cr2r22r 2�
∫�=k '(t) dt :äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉÍÅÎÑÑ ÔÅÏÒÅÍÕ A, ÎÁÈÏÄÉÍ2�

∫0 ( ∞
∑k=1�k sin2r kt2 )'(t) dt = ∞

∑k=1�k 2�
∫0 (sin kt2 )2r '(t) dt:ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÌÅÍÍÕ 1 �ÒÉ g(t) = sin2r(t=2), �ÏÌÕÞÁÅÍ2�

∫0 ( ∞
∑k=1�k sin2r kt2 )'(t) dt

6

∞
∑k=1�k 2�=k

∫0 (sin kt2 )2r '(t) dt + 12� 2�
∫0 sin2r t2 dt 2�

∫2�=k '(t) dt :



14 í. ÷. âáâõûëéî, ÷. ÷. öõëáÎÁÌÏÇÉÞÎÏ, �ÒÉÍÅÎÑÑ ÌÅÍÍÕ 2, ÉÍÅÅÍ2�
∫0 ( ∞

∑k=1�k sin2r kt2 )'(t) dt
>

∞
∑k=1�k �=k

∫0 (sin kt2 )2r '(t) dt + 12� 2�
∫0 sin2r t2 dt 2�

∫�=k '(t) dt :ïÓÔÁ£ÔÓÑ ÚÁÍÅÔÉÔØ, ÞÔÏ 12� 2�
∫0 sin2r t2 dt = Cr2r22r : �äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1. ðÒÉÍÅÎÑÑ ÒÁ×ÅÎÓÔ×Ï ðÁÒÓÅ×ÁÌÑ, ÎÁÈÏ-ÄÉÍ

∥

∥

∥S(m)r;t (f�)∥∥∥22 t2r = � ∞
∑k=1 �2k(f)�2kk2m( 2kt sin kt2 )2r t2r= 22r� ∞

∑k=1 �2k(f)�2kk2(r−m) sin2r kt2 :ðÏÌÁÇÁÑ × ÌÅÍÍÅ 3 �k = 22r��2k(f)�2kk2(r−m) ;ÚÁËÌÀÞÁÅÍ Ï Ó�ÒÁ×ÅÄÌÉ×ÏÓÔÉ ÔÅÏÒÅÍÙ 1. �óÌÅÄÓÔ×ÉÅ 1. ðÕÓÔØ f ∈ L1, f� ∈ L1; �k ∈ R, Ak(f�) = �kAk(f) �ÒÉk ∈ N; r ∈ N, m ∈ N, m 6 r, S(m)r;t (f�) ∈ L2 �ÒÉ ×ÓÅÈ t ∈ (0; 2�℄. �ÏÇÄÁÒÑÄ
∞
∑k=3 �2k(f)�2kk2(r−m) ln ln kÉ ÉÎÔÅÇÒÁÌ 2�

∫0 ∥∥∥S(m)r;t (f�)∥∥∥22 t2r−1ln 2�et dtÓÈÏÄÑÔÓÑ ÉÌÉ ÒÁÓÈÏÄÑÔÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ.



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 15óÌÅÄÓÔ×ÉÅ 2. ðÕÓÔØ p > 0. �ÏÇÄÁ �ÒÉ ×Ù�ÏÌÎÅÎÉÉ ÕÓÌÏ×ÉÊ ÓÌÅÄ-ÓÔ×ÉÑ 1 ÒÑÄ
∞
∑k=2 �2k(f)�2kk2(r−m) lnp kÉ ÉÎÔÅÇÒÁÌ 2�

∫0 ∥∥∥S(m)r;t (f�)∥∥∥22 t2r−1 lnp−1 2�et dtÓÈÏÄÑÔÓÑ ÉÌÉ ÒÁÓÈÏÄÑÔÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ.äÏËÁÚÁÔÅÌØÓÔ×Ï ÓÌÅÄÓÔ×ÉÊ 1 É 2. ðÏÌÏÖÉÍ'(t) = 1t lnp−1 2�et�ÒÉ p > 0, t ∈ (0; 2�℄. îÅÔÒÕÄÎÏ ÕÂÅÄÉÔØÓÑ, ÞÔÏ'′(t) = − 1t2 (p+ ln 2�t ) lnp−2 2�et ;'′′(t) = 1t3 (2 ln2 2�t + (3p+ 1) ln 2�t + p2 + 1) lnp−3 2�et :ïÔÓÀÄÁ É ÉÚ Ï�ÒÅÄÅÌÅÎÉÑ ÆÕÎË�ÉÉ ' ÓÌÅÄÕÅÔ, ÞÔÏ '(t) > 0, '′(t) 6 0,'′′(t) > 0 �ÒÉ t ∈ (0; 2�℄.ðÕÓÔØ k ∈ N. ðÒÉ p = 0 ÉÍÅÅÍ2�
∫2�=k '(t) dt = 2�

∫2�=k dtt ln 2�et = ln(ln k + 1);2�
∫�=k '(t) dt = 2�

∫�=k dtt ln 2�et = ln(ln 2k + 1):



16 í. ÷. âáâõûëéî, ÷. ÷. öõëðÒÉ p > 0 2�
∫2�=k '(t) dt = 2�

∫2�=k 1t lnp−1 2�et dt = 1p (lnp ke− 1) ;2�
∫�=k '(t) dt = 2�

∫�=k 1t lnp−1 2�et dt = 1p (lnp 2ke− 1) :äÁÌÅÅ, �ÒÉ p > 0 �ÏÌÕÞÁÅÍ2�=k
∫0 (sin kt2 )2r 1t lnp−1 2�et dt = �

∫0 sin2r tt lnp−1 �ket dt;�=k
∫0 (sin kt2 )2r 1t lnp−1 2�et dt = �=2

∫0 sin2r tt lnp−1 �ket dt:ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÔÅÏÒÅÍÕ 1 É ÕÓÔÁÎÏ×ÌÅÎÎÙÅ ÓÏÏÔÎÏÛÅÎÉÑ, �Ï-ÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ. �óÌÅÄÓÔ×ÉÅ 3. ðÏÌÁÇÁÑ p = 1, �k = 1 �ÒÉ k ∈ N, r = m = 1 ×ÓÌÅÄÓÔ×ÉÉ 2 É ÓÞÉÔÁÑ f ∈ L2, ÍÙ �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ
∞
∑k=2 �2k(f) ln k ÜË×É×ÁÌÅÎÔÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�

∫0 ∥

∥S′1;t(f)∥∥22 t dt = 2�
∫0 ∥

∥Æ1t (f)∥∥22t dt;ÞÔÏ ÓÏ×�ÁÄÁÅÔ Ó Õ�ÏÍÑÎÕÔÙÍ ×Ï ××ÅÄÅÎÉÉ ÒÅÚÕÌØÔÁÔÏÍ ðÌÅÓÓÎÅÒÁ.úÁÍÅÞÁÎÉÅ 1. ðÕÓÔØ p > 1, f { ÉÚÍÅÒÉÍÁÑ ÎÅÏÔÒÉ�ÁÔÅÌØÎÁÑ 2�-�ÅÒÉÏÄÉÞÅÓËÁÑ ÆÕÎË�ÉÑ. �ÏÇÄÁ ÉÚ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�
∫0 f(t)tp dtÓÌÅÄÕÅÔ ÓÈÏÄÉÍÏÓÔØ
∞
∫0 f(t)tp dt:



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 17äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ ÓÈÏÄÉÔÓÑ 2�
∫0 f(t)=tp dt. �ÏÇÄÁ ÓÈÏÄÉÔÓÑ É ÉÎ-ÔÅÇÒÁÌ 2�

∫0 f(t) dt. éÍÅÅÍ
∞
∫2� f(t)tp dt = ∞

∑k=1 2�(k+1)
∫2�k f(t)tp dt

6

∞
∑k=1 1(2�k)p 2�(k+1)

∫2�k f(t) dt = 1(2�)p 2�
∫0 f(t) dt ∞

∑k=1 1kp :�ÁË ËÁË p > 1, ÔÏ ÓÕÍÍÁ �ÏÌÕÞÅÎÎÏÇÏ ÒÑÄÁ ËÏÎÅÞÎÁ. óÌÅÄÏ×ÁÔÅÌØÎÏ,ÓÈÏÄÉÍÏÓÔØ ÉÎÔÅÇÒÁÌÁ 2�
∫0 f(t)=tp dt ×ÌÅÞ£Ô ÅÇÏ ÓÈÏÄÉÍÏÓÔØ ÎÁ �ÒÏÍÅ-ÖÕÔËÅ [0;+∞). �õÓÔÁÎÏ×ÉÍ ÁÎÁÌÏÇ ÔÅÏÒÅÍÙ 1, ËÏÇÄÁ ÉÎÔÅÇÒÁÌ ÂÅÒ£ÔÓÑ �Ï �ÒÏÍÅÖÕÔ-ËÕ [0;+∞).ìÅÍÍÁ 4. ðÕÓÔØ �k > 0 �ÒÉ k ∈ N, r ∈ N, 0 < � < 2r. �ÏÇÄÁÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ ∞

∑k=1 k��k ÒÁ×ÎÏÓÉÌØÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�
∫0 ( ∞

∑k=1�k sin2r kt2 ) 1t�+1 dtÉ Ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï
∞
∫0 ( ∞

∑k=1�k sin2r kt2 ) 1t�+1 dt = 12� ∞
∫0 sin2r tt�+1 dt ∞

∑k=1 k��k:äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÔÅÏÒÅÍÕ A, ÉÍÅÅÍ
∞
∫0 ( ∞

∑k=1�k sin2r kt2 ) 1t�+1 dt = ∞
∑k=1�k ∞

∫0 (sin kt2 )2r 1t�+1 dt= ∞
∑k=1�k (k2)� ∞

∫0 sin2r tt�+1 dt = 12� ∞
∫0 sin2r tt�+1 dt ∞

∑k=1 k�ak:



18 í. ÷. âáâõûëéî, ÷. ÷. öõë�ÁËÉÍ ÏÂÒÁÚÏÍ, ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ ∞
∑k=1 k�ak ÜË×É×ÁÌÅÎÔÎÁ ÓÈÏÄÉÍÏÓÔÉÉÎÔÅÇÒÁÌÁ

∞
∫0 ( ∞

∑k=1�k sin2r kt2 ) 1t�+1 dt:ïÓÔÁ£ÔÓÑ �ÒÉÎÑÔØ ×Ï ×ÎÉÍÁÎÉÅ ÚÁÍÅÞÁÎÉÅ 1. ��ÅÏÒÅÍÁ 2. ðÕÓÔØ f ∈ L1, f� ∈ L1; �k ∈ R, Ak(f�) = �kAk(f) �ÒÉk ∈ N; r ∈ N, m ∈ N, m 6 r, S(m)r;t (f�) ∈ L2 �ÒÉ ×ÓÅÈ t ∈ (0; 2�℄,0 < � < 2r. �ÏÇÄÁ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ
∞
∑k=1 �2k(f)�2kk�−2(r−m)ÒÁ×ÎÏÓÉÌØÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�

∫0 ∥∥∥S(m)r;t (f�)∥∥∥22 t2r−�−1 dtÉ Ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï
∞
∫0 ∥∥∥S(m)r;t (f�)∥∥∥22 t2r−�−1 dt = 22r−�� ∞

∫0 sin2r tt�+1 dt ∞
∑k=1 �2k(f)�2kk�−2(r−m):äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÓÉÌÕ ÒÁ×ÅÎÓÔ×Á ðÁÒÓÅ×ÁÌÑ

∥

∥

∥S(m)r;t (f�)∥∥∥22 t2r = 22r� ∞
∑k=1 �2k(f)�2kk2(r−m) sin2r kt2 :ðÏÌÁÇÁÑ × ÌÅÍÍÅ 4 �k = 22r��2k(f)�2kk2(r−m) ;�ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ. �

§3. òÑÄÙ æÕÒØÅ Ó ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ�ÅÏÒÅÍÁ 3. ðÕÓÔØ f ∈ L1, f� ∈ L1; �k ∈ R, ak(f�) = �kak(f) �ÒÉk ∈ N; r ∈ N, m ∈ N, m 6 r, S(2m)2r;t (f�) ∈ � �ÒÉ ×ÓÅÈ t ∈ (0; 2�℄; ÎÁ



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 19�ÒÏÍÅÖÕÔËÅ (0; 2�℄ ÆÕÎË�ÉÑ ' Ä×ÁÖÄÙ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁ, '(t) > 0,'′′(t) > 0. �ÏÇÄÁ2�
∫0 ∥∥∥S(2m)2r;t (f�)∥∥∥ t2r'(t) dt

6 22r ∞
∑k=1 ak(f)�kk2(r−m)  2�=k

∫0 (sin kt2 )2r '(t) dt+ Cr2r22r 2�
∫2�=k '(t) dt :åÓÌÉ × ÕÓÌÏ×ÉÑÈ ÔÅÏÒÅÍÙ ÄÏ�ÏÌÎÉÔÅÌØÎÏ �ÏÔÒÅÂÏ×ÁÔØ '′(t) 6 0,ÔÏ2�

∫0 ∥∥∥S(2m)2r;t (f�)∥∥∥ t2r'(t) dt
> 22r ∞

∑k=1 ak(f)�kk2(r−m)  �=k
∫0 (sin kt2 )2r '(t) dt+ Cr2r22r 2�

∫�=k '(t) dt :äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÔÅÏÒÅÍÕ B, ÎÁÈÏÄÉÍ
∥

∥

∥
S(2m)2r;t (f�)∥∥∥ t2r = 22r ∞

∑k=1 ak(f)�kk2(r−m) sin2r kt2 :ðÏÌÁÇÁÑ × ÌÅÍÍÅ 3 �k = 22r ak(f)�kk2(r−m) ;�ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÙÅ ÓÏÏÔÎÏÛÅÎÉÑ. �óÌÅÄÓÔ×ÉÅ 4. ðÕÓÔØ f ∈ L1, f� ∈ �; �k ∈ R, ak(f�) = �kak(f) �ÒÉk ∈ N; r ∈ N, m ∈ N, m 6 r. �ÏÇÄÁ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ
∞
∑k=3 ak(f)�kk2(r−m) ln ln kÒÁ×ÎÏÓÉÌØÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�

∫0 ∥

∥

∥S(2m)2r;t (f�)∥∥∥ t2r−1ln 2�et dt:



20 í. ÷. âáâõûëéî, ÷. ÷. öõëóÌÅÄÓÔ×ÉÅ 5. ðÕÓÔØ p > 0. �ÏÇÄÁ �ÒÉ ×Ù�ÏÌÎÅÎÉÉ ÕÓÌÏ×ÉÊ ÓÌÅÄ-ÓÔ×ÉÑ 4 ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ
∞
∑k=2 ak(f)�kk2(r−m) lnp kÒÁ×ÎÏÓÉÌØÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�

∫0 ∥∥∥S(2m)2r;t (f�)∥∥∥ t2r−1 lnp−1 2�et dt:äÏËÁÚÁÔÅÌØÓÔ×Ï ÓÌÅÄÓÔ×ÉÊ 4 É 5 ÏÓÎÏ×ÁÎÏ ÎÁ ÔÅÏÒÅÍÅ 3, �ÒÉ ÜÔÏÍÏÎÏ ÁÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÁÔÅÌØÓÔ×Õ ÓÌÅÄÓÔ×ÉÊ 1 É 2.�ÅÏÒÅÍÁ 4. ðÕÓÔØ f ∈ L1, f� ∈ �; �k ∈ R, ak(f�) = �kak(f) �ÒÉk ∈ N; r ∈ N, m ∈ N, m 6 r, 0 < � < 2r. �ÏÇÄÁ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ
∞
∑k=1 ak(f)�kk�−2(r−m)ÒÁ×ÎÏÓÉÌØÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�
∫0 ∥∥∥S(2m)2r;t (f�)∥∥∥ t2r−�−1 dtÉ Ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï

∞
∫0 ∥∥∥S(2m)2r;t (f�)∥∥∥ t2r−�−1 dt = 22r−� ∞

∫0 sin2r tt�+1 dt ∞
∑k=1 ak(f)�kk�−2(r−m):äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÓÉÌÕ ÔÅÏÒÅÍÙ B

∥

∥

∥S(2m)2r;t (f�)∥∥∥ t2r = 22r ∞
∑k=1 ak(f)�kk2(r−m) sin2r kt2 :ðÏÌÁÇÁÑ �k = 22r ak(f)�kk2(r−m)× ÌÅÍÍÅ 4, �ÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ. �ðÒÉ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÓÌÅÄÕÀÝÉÈ Ä×ÕÈ ÔÅÏÒÅÍ ÂÕÄÕÔ ÉÓ�ÏÌØÚÏ×ÁÎÙÞÉÓÌÏ×ÙÅ ÓÏÏÔÎÏÛÅÎÉÑ (ÌÅÍÍÙ 5 É 6), ËÏÔÏÒÙÅ �ÏÌÕÞÁÀÔÓÑ ÓÔÁÎÄÁÒÔ-ÎÙÍ ÏÂÒÁÚÏÍ, ÏÓÎÏ×ÁÎÎÙÍ ÎÁ �ÒÅÏÂÒÁÚÏ×ÁÎÉÑ áÂÅÌÑ.



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 21ìÅÍÍÁ 5. ðÕÓÔØ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {ak} ÏÇÒÁÎÉÞÅÎÁ ÓÎÉÚÕ, bk ↓ 0,ÒÑÄ ∞
∑k=1(ak+1− ak)bk ÓÈÏÄÉÔÓÑ. �ÏÇÄÁ ÓÈÏÄÉÔÓÑ ÒÑÄ ∞

∑k=1 ak(bk−1− bk) É
∞
∑k=1 ak(bk−1 − bk) = a1b0 + ∞

∑k=1(ak+1 − ak)bk: (2)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ ak > M �ÒÉ ×ÓÅÈ k ∈ N. ðÏÌÏÖÉÍ k =ak −M , ÔÏÇÄÁ k > 0 �ÒÉ k ∈ N. ðÒÉ n ∈ N ÉÍÅÅÍn
∑k=1(k+1 − k)bk = n+1bn − 1b0 + n

∑k=1 k(bk−1 − bk): (3)óÌÅÄÏ×ÁÔÅÌØÎÏ,n
∑k=1 k(bk−1− bk)=1b0−n+1bn+ n

∑k=1(k+1− k)bk61b0+ n
∑k=1(k+1− k)bk:�ÁË ËÁË ÒÑÄ ∞

∑k=1(ak+1 − ak)bk ÓÈÏÄÉÔÓÑ É
∞
∑k=1(ak+1 − ak)bk = ∞

∑k=1(k+1 − k)bk;ÔÏ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÓÕÍÍ n
∑k=1 k(bk−1− bk) ÏÇÒÁÎÉÞÅÎÁ Ó×ÅÒÈÕ. ëÒÏ-ÍÅ ÔÏÇÏ, ÜÔÁ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ×ÏÚÒÁÓÔÁÅÔ, ÉÂÏ bk ↓ 0 É k > 0. �ÁËÉÍÏÂÒÁÚÏÍ, ÒÑÄ ∞

∑k=1 k(bk−1−bk) ÓÈÏÄÉÔÓÑ. ïÔÓÀÄÁ É ÉÚ (3) ×ÙÔÅËÁÅÔ, ÞÔÏÓÕÝÅÓÔ×ÕÅÔ ËÏÎÅÞÎÙÊ �ÒÅÄÅÌ limn→∞
n+1bn = L. ðÒÉ ÜÔÏÍ L > 0, ÔÁËËÁË n+1bn > 0.ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ L > 0. �ÏÇÄÁ ÎÁÊÄ£ÔÓÑ ÞÉÓÌÏ m, ÔÁËÏÅ ÞÔÏ �ÒÉn > m ÂÕÄÅÔ n+1bn > L=2 ÉÌÉ n+1 > L=(2bn). óÌÅÄÏ×ÁÔÅÌØÎÏ, �ÒÉ×ÓÅÈ n > m

∞
∑k=n+1 k(bk−1 − bk) >

∞
∑k=n+1 L2 bk−1 − bkbk−1

>
L2bn ∞

∑k=n+1(bk−1 − bk) = L2bn bn = L2 :



22 í. ÷. âáâõûëéî, ÷. ÷. öõëðÏÌÕÞÅÎÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï �ÒÏÔÉ×ÏÒÅÞÉÔ ÔÏÍÕ, ÞÔÏ ÒÑÄ ∞
∑k=1 k(bk−1− bk)ÓÈÏÄÉÔÓÑ, ÚÎÁÞÉÔ, L = 0.õÓÔÒÅÍÌÑÑ n Ë +∞ × (3), �ÏÌÕÞÁÅÍ

∞
∑k=1 k(bk−1 − bk) = 1b0 + ∞

∑k=1(k+1 − k)bk:ïÓÔÁ£ÔÓÑ ÚÁÍÅÔÉÔØ, ÞÔÏ
∞
∑k=1(k+1 − k)bk = ∞

∑k=1(ak+1 − ak)bkÉ
∞
∑k=1 k(bk−1 − bk) = ∞

∑k=1 ak(bk−1 − bk)−Mb0: �ìÅÍÍÁ 6. ðÕÓÔØ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {ak} �ÒÉÎÁÄÌÅÖÉÔ ËÌÁÓÓÕ B,bk ↓ 0, ÒÑÄ ∞
∑k=1 ak(bk−1 − bk) ÓÈÏÄÉÔÓÑ. �ÏÇÄÁ ÓÈÏÄÉÔÓÑ ÒÑÄ ∞

∑k=1(ak+1 −ak)bk É Ó�ÒÁ×ÅÄÌÉ×Ï ÒÁ×ÅÎÓÔ×Ï (2).äÏËÁÚÁÔÅÌØÓÔ×Ï. �ÁË ËÁË �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {ak} �ÒÉÎÁÄÌÅÖÉÔËÌÁÓÓÕ B, ÔÏ ÎÁÊÄÕÔÓÑ ÞÉÓÌÁ C1; C2; C3 ∈ R ÔÁËÉÅ, ÞÔÏ �ÒÉ ×ÓÅÈ n ∈ Z+É k > n+ 1 C1 6 an+1 6 C2ak + C3:ðÏÜÔÏÍÕC1bn 6 an+1bn = ∞
∑k=n+1 an+1(bk−1 − bk)

6

∞
∑k=n+1(C2ak + C3)(bk−1 − bk) = C2 ∞

∑k=n+1 ak(bk−1 − bk) + C3bn:�ÁË ËÁË ÒÑÄ ∞
∑k=1 ak(bk−1 − bk) ÓÈÏÄÉÔÓÑ É bn → 0, ÔÏ an+1bn → 0.ïÓÔÁ£ÔÓÑ �ÅÒÅÊÔÉ Ë �ÒÅÄÅÌÕ × ÒÁ×ÅÎÓÔ×Ån

∑k=1(ak+1 − ak)bk = an+1bn − a1b0 + n
∑k=1 ak(bk−1 − bk): �



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 23úÁÍÅÞÁÎÉÅ 2. ðÕÓÔØ n ∈ Z+, f ∈ �. �ÏÇÄÁ
‖f − Sn(f)‖ 6

(43 + 2√3� )E[(n+1)=2℄(f):äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉ n = 0 ÕÔ×ÅÒÖÄÅÎÉÅ ÏÞÅ×ÉÄÎÏ. ðÕÓÔØ n = 2k−1ÉÌÉ n = 2k, ÇÄÅ k ∈ N. �ÏÇÄÁ, �ÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÔÅÏÒÅÍÕ B, ÉÍÅÅÍ
‖f − S2k(f)‖ 6 ‖f − S2k−1(f)‖ 6 ‖f − �k;k(f)‖ 6 (1 + ‖�k;k‖)Ek(f):ïÓÔÁ£ÔÓÑ ÚÁÍÅÔÉÔØ, ÞÔÏ ‖�k;k‖ = 13 + 2√3� (ÓÍ. [11, Ó. 120℄). ��ÅÏÒÅÍÁ 5. ðÕÓÔØ n ∈ Z+, f ∈ L1, f� ∈ �; �k 6= 0, ak(f�) = �kak(f)�ÒÉ k ∈ N; �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {�k=�k} ÏÇÒÁÎÉÞÅÎÁ ÓÎÉÚÕ, ÒÑÄ

∞
∑k=1(∣∣∣∣�2k+1�2k+1 − �2k�2k ∣∣∣∣+ ∣∣∣∣�2k�2k − �2k−1�2k−1 ∣∣∣∣)Ek(f�) (4)ÓÈÏÄÉÔÓÑ. �ÏÇÄÁ ÓÈÏÄÉÔÓÑ ÒÑÄ ∞

∑k=1�kak(f) É Ó�ÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï
∣

∣

∣

∣

∣

∞
∑k=n+1 �kak(f)∣∣∣∣∣ 6

(43 + 2√3� )

(∣

∣

∣

∣

�n+1�n+1 ∣∣∣∣E[(n+1)=2℄(f�)+ ∞
∑k=[n=2℄+1(∣∣∣∣�2k+1�2k+1 − �2k�2k ∣∣∣∣+ ∣∣∣∣�2k�2k − �2k−1�2k−1 ∣∣∣∣)Ek(f�) :



24 í. ÷. âáâõûëéî, ÷. ÷. öõëäÏËÁÚÁÔÅÌØÓÔ×Ï. ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÚÁÍÅÞÁÎÉÅ 2, ÎÁÈÏÄÉÍ
∞
∑k=n+1 ∣∣∣∣�k+1�k+1 − �k�k ∣∣∣∣ ‖f� − Sk(f�)‖

6

∞
∑k=2[n=2℄+1 ∣∣∣∣�k+1�k+1 − �k�k ∣∣∣∣ ‖f� − Sk(f�)‖= ∞

∑m=[n=2℄+1(∣∣∣∣�2m+1�2m+1 − �2m�2m ∣∣∣∣ ‖f� − S2m(f�)‖+ ∣∣∣
∣

�2m�2m − �2m−1�2m−1 ∣∣∣∣ ‖f� − S2m−1(f�)‖)
6

(43+ 2√3� ) ∞
∑m=[n=2℄+1(∣∣∣∣�2m+1�2m+1 − �2m�2m ∣∣∣∣+∣∣∣∣�2m�2m − �2m−1�2m−1 ∣∣∣∣)Em(f�):ïÔÓÀÄÁ, ÉÓ�ÏÌØÚÕÑ ÔÅÏÒÅÍÕ B, �ÏÌÕÞÁÅÍ, ÞÔÏ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ (4)×ÌÅÞ£Ô ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ

∞
∑k=n+1(�k+1�k+1 − �k�k) ‖f� − Sk(f�)‖= ∞

∑k=n+1(�k+1�k+1 − �k�k) ∞
∑m=k+1�mam(f):ðÏÌÁÇÁÑ ak = �k+n=�k+n É bk = ∞

∑m=k+n+1�mam(f) × ÌÅÍÍÅ 5, �ÏÌÕÞÁÅÍ,ÞÔÏ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ (4) ×ÌÅÞ£Ô ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ ∞
∑k=1�kak(f) É �ÒÉÜÔÏÍ

∣

∣

∣

∣

∣

∞
∑k=n+1 �kak(f)∣∣∣∣∣= ∣∣∣∣

∣

�n+1�n+1 ‖f� − Sn(f�)‖+ ∞
∑k=n+1(�k+1�k+1 − �k�k) ‖f� − Sk(f�)‖∣∣∣∣

∣

6

∣

∣

∣

∣

�n+1�n+1 ∣∣∣∣ ‖f� − Sn(f�)‖+ ∞
∑k=n+1 ∣∣∣∣�k+1�k+1 − �k�k ∣∣∣∣ ‖f� − Sk(f�)‖

6

(43 + 2√3� )

(∣

∣

∣

∣

�n+1�n+1 ∣∣∣∣E[(n+1)=2℄(f�)
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∑k=[n=2℄+1(∣∣∣∣�2k+1�2k+1 − �2k�2k ∣∣∣∣+ ∣∣∣∣�2k�2k − �2k−1�2k−1 ∣∣∣∣)Ek(f�) : ��ÅÏÒÅÍÁ 6. ðÕÓÔØ n ∈ Z+, f ∈ L1, f� ∈ �; �k 6= 0, ak(f�) = �kak(f)�ÒÉ k ∈ N. ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ ÞÉÓÅÌ {�k=�k} ×ÏÚ-ÒÁÓÔÁÅÔ. �ÏÇÄÁ ÉÚ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÁ ∞

∑k=1 �kak(f) ÓÌÅÄÕÅÔ ÓÈÏÄÉÍÏÓÔØÒÑÄÁ
∞
∑k=1(�k+1�k+1 − �k�k)Ek(f�)É Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÎÅÒÁ×ÅÎÓÔ×Á

∞
∑k=n+1(�k+1�k+1 − �k�k)Ek(f�) 6

∞
∑k=n+1 �kak(f):äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÁÇÁÑ ak = �k+n=�k+n É bk = ∞

∑m=k+n+1 �mam(f)× ÌÅÍÍÅ 6 É �ÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÔÅÏÒÅÍÕ B, �ÏÌÕÞÁÅÍ, ÞÔÏ ÉÚ ÓÈÏ-ÄÉÍÏÓÔÉ ÒÑÄÁ ∞
∑k=1�kak(f) ×ÙÔÅËÁÅÔ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ

∞
∑k=1(�k+1�k+1 − �k�k) ‖f� − Sk(f�)‖É �ÒÉ ÜÔÏÍ

∞
∑k=n+1�kak(f)= �n+1�n+1 ‖f�−Sn(f�)‖+ ∞

∑k=n+1(�k+1�k+1 − �k�k) ‖f� − Sk(f�)‖ :óÌÅÄÏ×ÁÔÅÌØÎÏ,
∞
∑k=n+1(�k+1�k+1 − �k�k)Ek(f�)

6

∞
∑k=n+1(�k+1�k+1 − �k�k) ‖f� − Sk(f�)‖ 6

∞
∑k=n+1 �kak(f): �



26 í. ÷. âáâõûëéî, ÷. ÷. öõëóÌÅÄÓÔ×ÉÅ 6. ðÕÓÔØ f ∈ L1, f� ∈ �; �k 6= 0, ak(f�) = �kak(f) �ÒÉk ∈ N; r ∈ N, p > 0. �ÏÇÄÁ ÓÏÏÔÎÏÛÅÎÉÑ
∞
∑k=2 ak(f)�k lnp k < ∞; ∞

∑k=2 lnp−1 kk Ek(f�) < ∞;2�
∫0 ∥

∥

∥S(2r)2r;t (f�)∥∥∥ t2r−1 lnp−1 2�et dt < ∞ÜË×É×ÁÌÅÎÔÎÙ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÁÇÁÑ �k = �k lnp k �ÒÉ k ∈ N × ÔÅÏÒÅÍÁÈ 5 É 6,�ÏÌÕÞÁÅÍ, ÞÔÏ ÒÑÄÙ
∞
∑k=2 lnp−1 kk Ek(f�) É ∞

∑k=2 ak(f)�k lnp kÓÈÏÄÑÔÓÑ ÉÌÉ ÒÁÓÈÏÄÑÔÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ. ðÏ ÓÌÅÄÓÔ×ÉÀ 5 ÓÈÏÄÉÍÏÓÔØ�ÏÓÌÅÄÎÅÇÏ ÒÁ×ÎÏÓÉÌØÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�
∫0 ∥∥∥S(2r)2r;t (f�)∥∥∥ t2r−1 lnp−1 2�et dt: �óÌÅÄÓÔ×ÉÅ 7. ðÕÓÔØ f ∈ L1, f� ∈ �; �k 6= 0, ak(f�) = �kak(f) �ÒÉk ∈ N; r ∈ N. �ÏÇÄÁ ÓÏÏÔÎÏÛÅÎÉÑ

∞
∑k=3 ak(f)�k ln ln k < ∞; ∞

∑k=2 1k ln kEk(f�) <∞;2�
∫0 ∥∥∥S(2r)2r;t (f�)∥∥∥ t2r−1ln 2�et dt < ∞ÜË×É×ÁÌÅÎÔÎÙ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÁÇÁÑ �1 = �2 = 0, �k = �k ln ln k �ÒÉ k > 3 ×ÔÅÏÒÅÍÁÈ 5 É 6, �ÏÌÕÞÁÅÍ, ÞÔÏ ÒÑÄÙ

∞
∑k=2 1k ln kEk(f�) É ∞

∑k=3 ak(f)�k ln ln k



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 27ÓÈÏÄÑÔÓÑ ÉÌÉ ÒÁÓÈÏÄÑÔÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ. ðÒÉÎÉÍÁÑ ×Ï ×ÎÉÍÁÎÉÅ ÓÌÅÄ-ÓÔ×ÉÅ 4, ÎÁÈÏÄÉÍ, ÞÔÏ ÓÈÏÄÉÍÏÓÔØ �ÏÓÌÅÄÎÅÇÏ ÒÑÄÁ ÜË×É×ÁÌÅÎÔÎÁ ÓÈÏ-ÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ 2�
∫0 ∥

∥

∥S(2r)2r;t (f�)∥∥∥ t2r−1ln 2�et dt: �óÌÅÄÓÔ×ÉÅ 8. ðÕÓÔØ f ∈ L1, f� ∈ �; �k 6= 0, ak(f�) = �kak(f) �ÒÉk ∈ N; r ∈ N, m ∈ N, m 6 r, 2(r −m) < � < 2r. �ÏÇÄÁ ÓÏÏÔÎÏÛÅÎÉÑ
∞
∑k=1 ak(f)�kk�−2(r−m) < ∞; ∞

∑k=1 k�−2(r−m)−1Ek(f�) <∞;2�
∫0 ∥∥∥S(2m)2r;t (f�)∥∥∥ t2r−�−1 dt < ∞ÜË×É×ÁÌÅÎÔÎÙ.äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÁÇÁÑ �k = �kk�−2(r−m) �ÒÉ k ∈ N × ÔÅÏÒÅÍÁÈ 5É 6, �ÏÌÕÞÁÅÍ, ÞÔÏ ÒÑÄÙ

∞
∑k=1 k�−2(r−m)−1Ek(f�) É ∞

∑k=1 ak(f)�kk�−2(r−m)ÓÈÏÄÑÔÓÑ ÉÌÉ ÒÁÓÈÏÄÑÔÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ. ðÏ ÔÅÏÒÅÍÅ 4 ÓÈÏÄÉÍÏÓÔØ �Ï-ÓÌÅÄÎÅÇÏ ÒÑÄÁ ÒÁ×ÎÏÓÉÌØÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�
∫0 ∥∥∥S(2m)2r;t (f�)∥∥∥ t2r−�−1 dt: �óÌÅÄÓÔ×ÉÅ 9. ðÕÓÔØ f ∈ �, f� ∈ �, s ∈ R, ak(f�) = bk(f)ks �ÒÉ k ∈ N,p > 0, r ∈ N. �ÏÇÄÁ ÓÏÏÔÎÏÛÅÎÉÑ

∞
∑k=2 bk(f)ks lnp k <∞; ∞

∑k=2 lnp−1 kk Ek(f�) < ∞;2�
∫0 ∥

∥

∥S(2r)2r;t (f�)∥∥∥ t2r−1 lnp−1 2�et dt < ∞ÜË×É×ÁÌÅÎÔÎÙ.



28 í. ÷. âáâõûëéî, ÷. ÷. öõëóÌÅÄÓÔ×ÉÅ 10. ðÕÓÔØ f ∈ �, f� ∈ �, s ∈ R, ak(f�) = bk(f)ks �ÒÉk ∈ N, r ∈ N. �ÏÇÄÁ ÓÏÏÔÎÏÛÅÎÉÑ
∞
∑k=3 bk(f)ks ln ln k <∞; ∞

∑k=2 1k ln kEk(f�) < ∞;2�
∫0 ∥∥∥S(2r)2r;t (f�)∥∥∥ t2r−1ln 2�et <∞ÜË×É×ÁÌÅÎÔÎÙ.óÌÅÄÓÔ×ÉÅ 11. ðÕÓÔØ f ∈ �, f� ∈ �, s ∈ R, ak(f�) = bk(f)ks �ÒÉk ∈ N, r ∈ N, m ∈ N, m 6 r, 2(r −m) < � < 2r. �ÏÇÄÁ ÓÏÏÔÎÏÛÅÎÉÑ

∞
∑k=1 bk(f)ks+�−2(r−m) < ∞; ∞

∑k=1 k�−2(r−m)−1Ek(f�) <∞;2�
∫0 ∥∥∥S(2m)2r;t (f�)∥∥∥ t2r−�−1 dt < ∞ÜË×É×ÁÌÅÎÔÎÙ.äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÓÌÅÄÓÔ×ÉÊ 9, 10 É 11 ÄÏÓÔÁÔÏÞÎÏ ×ÏÓ�ÏÌØÚÏ×ÁÔØ-ÓÑ ÓÌÅÄÓÔ×ÉÑÍÉ 6, 7 É 8 ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, �ÏÌÁÇÁÑ × ÎÉÈ × ËÁÞÅÓÔ×Å ÆÕÎË-�ÉÉ f ÆÕÎË�ÉÀ g(x) = ∞

∑k=1 bk(f) os kx;É �k = ks �ÒÉ k ∈ N.÷ Ó×ÑÚÉ Ó ÒÅÚÕÌØÔÁÔÁÍÉ, ÉÚÌÏÖÅÎÎÙÍÉ × ÄÁÎÎÏÍ �ÁÒÁÇÒÁÆÅ, ÓÍ. ÒÁ-ÂÏÔÙ [12, 13℄.
§4. ï ÎÅËÏÔÏÒÙÈ ÓÏÏÔÎÏÛÅÎÉÑÈ ÍÅÖÄÕ ÒÑÄÁÍÉ,ÓÏÓÔÁ×ÌÅÎÎÙÍÉ ÉÚ ÎÁÉÌÕÞÛÉÈ �ÒÉÂÌÉÖÅÎÉÊ, ÉÉÎÔÅÇÒÁÌÁÍÉ ÏÔ ÎÏÒÍ × L2 �ÒÏÉÚ×ÏÄÎÙÈ ÆÕÎË�ÉÊóÔÅËÌÏ×ÁìÅÍÍÁ 7. ðÕÓÔØ n ∈ Z+, f ∈ L1, f� ∈ L2; �k 6= 0, Ak(f�) = �kAk(f)�ÒÉ k ∈ N. �ÏÇÄÁ ÅÓÌÉ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {(�k=�k)2} ÏÇÒÁÎÉÞÅÎÁ



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 29ÓÎÉÚÕ, ÔÏ ÉÚ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÁ
∞
∑k=1((�k+1�k+1)2

−
(�k�k)2)E2k(f�)2 (5)ÓÌÅÄÕÅÔ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ

∞
∑k=1 �2k�2k(f) (6)É Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÒÁ×ÅÎÓÔ×Á� ∞

∑k=n+1�2k�2k(f)= (�n+1�n+1)2E2n(f�)2 + ∞
∑k=n+1((�k+1�k+1)2

−
(�k�k)2)E2k(f�)2: (7)åÓÌÉ ÖÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {(�k=�k)2} �ÒÉÎÁÄÌÅÖÉÔ ËÌÁÓÓÕ B, ÔÏÉÚ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÁ (6) ÓÌÅÄÕÅÔ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ (5) É ÒÁ×ÅÎÓÔ×Ï (7).äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÏÖÉÍak = (�k+n�k+n)2 ; bk = E2k+n(f�)2:åÓÌÉ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {(�k=�k)2} ÏÇÒÁÎÉÞÅÎÁ ÓÎÉÚÕ, ÔÏ �Ï ÌÅÍÍÅ 5ÉÚ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÁ

∞
∑k=1(ak+1 − ak)bk = ∞

∑k=n+1((�k+1�k+1)2
−
(�k�k)2)E2k(f�)2×ÙÔÅËÁÅÔ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ

∞
∑k=1 ak(bk−1 − bk) = ∞

∑k=1(�k+n�k+n)2 ��2k+n�2k+n(f) = � ∞
∑k=n+1 �2k�2k(f)É Ó�ÒÁ×ÅÄÌÉ×ÏÓÔØ ÒÁ×ÅÎÓÔ×Á (7).åÓÌÉ ÖÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {(�k=�k)2} �ÒÉÎÁÄÌÅÖÉÔ ËÌÁÓÓÕ B, ÔÏÉÚ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÁ (6) ÓÌÅÄÕÅÔ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ (5) É ÒÁ×ÅÎÓÔ×Ï (7) ×ÓÉÌÕ ÌÅÍÍÙ 6. �



30 í. ÷. âáâõûëéî, ÷. ÷. öõë�ÅÏÒÅÍÁ 7. ðÕÓÔØ f ∈ L1, f� ∈ L2; �k 6= 0, Ak(f�) = �kAk(f) �ÒÉk ∈ N; r ∈ N, p > 0. �ÏÇÄÁ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ
∞
∑k=2 lnp−1 kk E2k(f�)2ÒÁ×ÎÏÓÉÌØÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�

∫0 ∥∥∥S(r)r;t (f�)∥∥∥22 t2r−1 lnp−1 2�et dt:åÓÌÉ m ∈ N, m 6 r, 2(r −m) < � < 2r, ÔÏ ÓÈÏÄÉÍÏÓÔØ ÒÑÄÁ
∞
∑k=1 k�−2(r−m)−1E2k(f�)2ÒÁ×ÎÏÓÉÌØÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�
∫0 ∥

∥

∥
S(m)r;t (f�)∥∥∥22 t2r−�−1 dt:äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÌÁÇÁÑ �1 = �2 = 0, �2k = �2k ln ln k �ÒÉ k > 3 ×ÌÅÍÍÅ 7, �ÏÌÕÞÁÅÍ, ÞÔÏ ÒÑÄÙ

∞
∑k=2 1k ln kE2k(f�)2 É ∞

∑k=3 �2k(f)�2k ln ln kÓÈÏÄÑÔÓÑ ÉÌÉ ÒÁÓÈÏÄÑÔÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ. ÷ ÓÉÌÕ ÓÌÅÄÓÔ×ÉÑ 1 ÓÈÏÄÉÍÏÓÔØ�ÏÓÌÅÄÎÅÇÏ ÒÑÄÁ ÜË×É×ÁÌÅÎÔÎÁ ÓÈÏÄÉÍÏÓÔÉ ÉÎÔÅÇÒÁÌÁ2�
∫0 ∥

∥

∥S(r)r;t (f�)∥∥∥22 t2r−1ln 2�et dt:åÓÌÉ p > 0, ÔÏ, �ÏÌÁÇÁÑ �2k = �2k lnp k �ÒÉ k ∈ N × ÌÅÍÍÅ 7, �ÏÌÕÞÁÅÍ,ÞÔÏ ÒÑÄ
∞
∑k=2 lnp−1 kk E2k(f�)2ÓÈÏÄÉÔÓÑ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÓÈÏÄÉÔÓÑ ÒÑÄ

∞
∑k=2 �2k(f)�2k lnp k;



òïó� îïòí ðòïéú÷ïäîùè æõîëãéê ó�åëìï÷á 31ËÏÔÏÒÙÊ �Ï ÓÌÅÄÓÔ×ÉÀ 2 ÓÈÏÄÉÔÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ Ó ÉÎÔÅÇÒÁÌÏÍ2�
∫0 ∥∥∥S(r)r;t (f�)∥∥∥22 t2r−1 lnp−1 2�et dt:ðÏÌÁÇÁÑ �2k = �2kk�−2(r−m) �ÒÉ k ∈ N × ÌÅÍÍÅ 7, �ÏÌÕÞÁÅÍ, ÞÔÏ ÒÑÄÙ

∞
∑k=1 k�−2(r−m)−1E2k(f�)2 É ∞

∑k=1 �2k(f)�2kk�−2(r−m)ÓÈÏÄÑÔÓÑ ÉÌÉ ÒÁÓÈÏÄÑÔÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ. ðÏ ÔÅÏÒÅÍÅ 2 �ÏÓÌÅÄÎÉÊ ÒÑÄÓÈÏÄÉÔÓÑ ÏÄÎÏ×ÒÅÍÅÎÎÏ Ó ÉÎÔÅÇÒÁÌÏÍ2�
∫0 ∥∥∥S(m)r;t (f�)∥∥∥22 t2r−�−1 dt: �÷ÁÖÎÙÍ ÞÁÓÔÎÙÍ ÓÌÕÞÁÅÍ ÔÅÏÒÅÍÙ 7 Ñ×ÌÑÅÔÓÑ ÔÏÔ, ËÏÇÄÁ �k = ks.ìÉÔÅÒÁÔÕÒÁ1. ÷. ÷. öÕË, á��ÒÏËÓÉÍÁ�ÉÑ �ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ. ì., 1982.2. ð. ì. õÌØÑÎÏ×, ï ÎÅËÏÔÏÒÙÈ ÜË×É×ÁÌÅÎÔÎÙÈ ÕÓÌÏ×ÉÑÈ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÏ× ÉÉÎÔÅÇÒÁÌÏ×. | õíî 8, No. 6(58) (1953), 133{141.3. ð. ì. õÌØÑÎÏ×, ï ÍÏÄÕÌÑÈ ÎÅ�ÒÅÒÙ×ÎÏÓÔÉ É ËÏÜÆÆÉ�ÉÅÎÔÁÈ æÕÒØÅ. | ÷ÅÓÔÎ.íÏÓË. ÕÎ-ÔÁ. íÁÔÅÍ. íÅÈÁÎ. No. 1 (1995), 37{52.4. ð. ì. õÌØÑÎÏ×, ïÂ ÜË×É×ÁÌÅÎÔÎÙÈ ÕÓÌÏ×ÉÑÈ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÏ× É ÉÎÔÅÇÒÁÌÏ×ÄÌÑ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÏÊ ÓÉÓÔÅÍÙ. | äÏËÌ. òáî 343, No. 4 (1995), 458{462.5. î. ë. âÁÒÉ, �ÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÅ ÒÑÄ. í., 1961.6. í. ë. ðÏÔÁ�Ï×, ë ×Ï�ÒÏÓÕ ÏÂ ÜË×É×ÁÌÅÎÔÎÏÓÔÉ ÕÓÌÏ×ÉÊ ÓÈÏÄÉÍÏÓÔÉ ÒÑÄÏ×æÕÒØÅ. | íÁÔ. ÓÂ. 68(110), No. 1 (1965), 111{127.7. í. ë. ðÏÔÁ�Ï×, ï ×ÌÏÖÅÎÉÉ É ÓÏ×�ÁÄÅÎÉÉ ÎÅËÏÔÏÒÙÈ ËÌÁÓÓÏ× ÆÕÎË�ÉÊ. |éÚ×. áî óóóò. óÅÒ. ÍÁÔ. 33, No. 4 (1969), 840{860.8. ó. â. óÔÅÞËÉÎ, ï ÔÅÏÒÅÍÅ ëÏÌÍÏÇÏÒÏ×Á{óÅÌÉ×ÅÒÓÔÏ×Á. | éÚ×. áî óóóò.óÅÒ. ÍÁÔ. 17, No. 6 (1953), 499{512.9. ÷. ÷. öÕË, ç. é. îÁÔÁÎÓÏÎ �ÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÅ ÒÑÄÙ æÕÒØÅ É ÜÌÅÍÅÎÔÙ ÔÅ-ÏÒÉÉ Á��ÒÏËÓÉÍÁ�ÉÉ. ì., 1983.10. â. ú. ÷ÕÌÉÈ, ëÒÁÔËÉÊ ËÕÒÓ ÔÅÏÒÉÉ ÆÕÎË�ÉÊ ×ÅÝÅÓÔ×ÅÎÎÏÊ �ÅÒÅÍÅÎÎÏÊ. í.,1973.11. ÷. ë. äÚÑÄÙË, ÷×ÅÄÅÎÉÅ × ÔÅÏÒÉÀ ÒÁ×ÎÏÍÅÒÎÏÇÏ �ÒÉÂÌÉÖÅÎÉÑ ÆÕÎË�ÉÊ �ÏÌÉ-ÎÏÍÁÍÉ. í., 1977.12. ÷. ÷. öÕË, ïÂ ÏÄÎÏÍ ÍÅÔÏÄÅ ÓÕÍÍÉÒÏ×ÁÎÉÑ ÒÑÄÏ× æÕÒØÅ. òÑÄÙ æÕÒØÅ Ó �ÏÌÏ-ÖÉÔÅÌØÎÙÍÉ ËÏÜÆÆÉ�ÉÅÎÔÁÍÉ. | ÷ ËÎ.: éÓÓÌÅÄÏ×ÁÎÉÑ �Ï ÎÅËÏÔÏÒÙÍ �ÒÏÂÌÅ-ÍÁÍ ËÏÎÓÔÒÕËÔÉ×ÎÏÊ ÔÅÏÒÉÉ ÆÕÎË�ÉÊ. óÂ. ÎÁÕÞÎ. ÔÒÕÄÏ× ìÅÎÉÎÇÒ. ÍÅÈ. ÉÎ-ÔÁ.50 (1965), 73{92.



32 í. ÷. âáâõûëéî, ÷. ÷. öõë13. ÷. ÷. öÕË, ï �ÒÉÂÌÉÖÅÎÉÉ 2�-�ÅÒÉÏÄÉÞÅÓËÏÊ ÆÕÎË�ÉÉ ÌÉÎÅÊÎÙÍ Ï�ÅÒÁÔÏ-ÒÏÍ. | ÷ ËÎ.: éÓÓÌÅÄÏ×ÁÎÉÑ �Ï ÎÅËÏÔÏÒÙÍ �ÒÏÂÌÅÍÁÍ ËÏÎÓÔÒÕËÔÉ×ÎÏÊ ÔÅÏÒÉÉÆÕÎË�ÉÊ. óÂ. ÎÁÕÞÎ. ÔÒÕÄÏ× ìÅÎÉÎÇÒ. ÍÅÈ. ÉÎ-ÔÁ. 50 (1965), 93{115.Babushkin M. V., Zhuk V. V. Growth of norms in L2 of derivatives ofSteklov funtions and properties of funtions de�ned by best approxima-tions and Fourier oeÆients.In the paper, for periodi funtions, a onnetion between integrals ofnorms in L2 of derivatives of Steklov funtions and series onstruted fromFourier oeÆients and the best approximations in L2 is established, andthe question on their simultaneous onvergene or divergene is onsidered.Similar investigations are arried out for even and odd periodi funtions.ðÏÓÔÕ�ÉÌÏ 31 ÍÁÒÔÁ 2016 Ç.ó.-ðÅÔÅÒÂÕÒÇÓËÉÊÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔ,õÎÉ×ÅÒÓÉÔÅÔÓËÉÊ �Ò. 28, ðÅÔÒÏÄ×ÏÒÅ�,198504 óÁÎËÔ-ðÅÔÅÒÂÕÒÇ, òÏÓÓÉÑE-mail : maxbabushkin�gmail.omó.-ðÅÔÅÒÂÕÒÇÓËÉÊÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊ ÕÎÉ×ÅÒÓÉÔÅÔ,õÎÉ×ÅÒÓÉÔÅÔÓËÉÊ �Ò. 28, ðÅÔÒÏÄ×ÏÒÅ�,198504 óÁÎËÔ-ðÅÔÅÒÂÕÒÇ, òÏÓÓÉÑE-mail : zhuk�math.spbu.ru


