
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 444, 2016 Ç.V. A. SolonnikovPROOF OF SCHAUDER ESTIMATES FOR PARABOLICINITIAL-BOUNDARY VALUE MODEL PROBLEMS VIAO. A. LADYZHENSKAYA'S FOURIER MULTIPLIERSTHEOREMAbstrat. The paper is onerned with estimates of the H�oldernorms of solutions of model paraboli initial-boundary value prob-lems in a half-spae. The proof is based on the theorem on theFourier multipliers in anisotropi H�older spaes due to O. A. La-dyzhenskaya and on K. K. Golovkin's theorem on equivalent normsin these spaes.
§1. Introdution and the salar ase.O. A. Ladyzhenskaya [1℄ has proved the following theorem on the Fouriermultipliers in the H�older spaes of funtions.Theorem 1. Let C�;�(Rn+1) be the spae with the norm

|u|C�;�(Rn+1) = 〈u〉(�;�)
Rn+1 + sup

Rn+1 |u(x; t)|; (1.1)where
〈u〉(�;�)

Rn+1 = sup(X;Y )∈Rn+1 |u(X)− u(Y )|��(X − Y ) ;�(X − Y )= n∑k=1 |xk − yk|+|t− � | ; X = (x; t); Y = (y; �); ; � ∈ (0; 1):(1.2)Consider the onvolution operatorv(x) = (m ∗ u) = ∫

Rn+1 m(x− y; t− �)u(y; �)dy d� (1.3)Key words and phrases: Fourier multipliers, Shauder estimates, paraboli problems.The work is supported by the RFBR grant 14-01-00306a.133



134 V. A. SOLONNIKOVwith m(x; t) = ∫

Rn+1 ei(�·x+�0t)m̃(�; �0)d�d�0 ≡ F−1m̃(�; �0);� = (�1; : : : ; �n) ∈ R
n: (1.4)Assume that

‖F−1M̃j‖L1(Rn+1) 6 �; (1.5)where j = {0;±1;±2; : : :},
M̃j = m̃(2j�1; ::; 2j=�0)�(�; �0); (1.6)and �(�; �0) = �((�(�; �0)), �(�; �0) = n∑k=1 |�k| + |�0| , � ∈ C∞0 (R+), � :[0;∞) → [0; 1℄, �(�) = 1 for � ∈ [1=2; 1℄, �(�) = 0 for � ∈ [0; 1=4℄ ∪ [4;∞).Then
〈v〉(�;�)

Rn+1 6 (n; ; �)�〈u〉(�;�)
Rn+1 : (1.7)This theorem has been used in [1, 2℄ for estimating the solution of theCauhy problem for generalized Stokes equations.The multipliers theorem in the H�older spaes with a homogeneous met-ris �(�) = |�| (i.e., with  = 1) is due to L. H�ormander [3℄.We estimate the L1-norm of Mj by the inequality

‖M‖L1(Rn+1) 6  ∞∫0 : : : ∞∫0 ‖�1(h1) : : :�n(hn)�0(h0)M̃‖L2(Rn+1) (1.8)dh1h3=21 : : : dh0h3=20 ≡ |||M̃|||(see [4℄ and Setion 3 of the present paper), where�k(hk)u(x; t) = u(x1; : : : ; xk + hk; : : : ; xn; t)− u(x; t);�0(h0)u(x; t) = u(x; t + h0) − u(x; t) and h0; h1; : : : are the inrementalsteps. Estimate (1.8) is an analog of the Sz�asz theorem onerning theuniform onvergene of the Fourier series [5℄. By (1.7) and (1.8),
〈v〉(�;�)

Rn+1 6  supj |||M̃j |||〈u〉(�;�)Rn+1 : (1.9)In partiular, supj |‖M̃j |‖ is �nite, if the multiplier m̃ is homogeneous,i.e., m̃(��; �1=�0) = m̃(�; �0); ∀� > 0;



PROOF OF SCHAUDER ESTIMATES 135and D�i1 ; : : :D�ik m̃(�; �0)�(�; �0) ∈ L2(Rn+1): (1.10)In the present paper, we use Theorem 1 for deriving the Shauder estimatesof solutions of 2b- paraboli model initial-boundary value problems in ahalf-spae. This simpli�es the arguments in the paper [6℄, where potential-theoreti methods for obtaining suh estimates are used. We work withthe \paraboli" anisotropi spaes, whih orresponds to  = 1=2b. Weassume that m̃ is a funtion of � ∈ Rn and s ∈ C holomorphi withrespet to s in the domain Res > −Æ|�|2b, Æ > 0. Moreover, to ensure(1.10), we replae �(�; �0) = n∑i=1 |�i| + |�0|1=2b by a more regular funtion�(�; �0) = (�20 + |�|4b)1=4b.To larify our arguments, we restrit ourselves in this setion with thesalar ase and onsider model problems of the form




L( ��x; ��t)u(x; t) = f(x; t); x ∈ R
n+; t ∈ (0;∞);Bq( ��x; ��t )u(x; t)|x3=0 = �q(x′; t); q = 1; : : : br;x′ = (x1; : : : ; xn−1) ∈ R

n−1;u|t=0 = u0(x); : : : �r−1�tr−1u∣∣∣t=0 = ur−1(x); x ∈ R
n+; (1.11)where L is a 2b-paraboli operator in the sense of Petrovskii of order rwith respet to t and of order 2br with respet to the spatial variables;the Bq are boundary operators of order �q + 2br with arbitrary integral�q suh that �q + 2br > 0. It is assumed that L(i�; s) and Bq(i�; s) arehomogeneous in the following sense:L(i��; s�2b) = �2brL(i�; s); Bq(i��; s�2b) = ��q+2brBq(i�; s); ∀� > 0;and, moreover, the omplementing ondition (Lopatinskii ondition) is sat-is�ed.We reall that, aording to the paraboliity ondition, the roots ofthe polynomial L(i�; s) with respet to s, pi(�), i = 1; : : : ; r, satisfy theinequality Repi 6 −Æ|�|2b; ∀� ∈ R

n; Æ > 0:It follows that for arbitrary �′ = (�1; : : : ; �n−1) ∈ Rn−1 and s ∈ C withRes > −Æ|�′|2b the polynomial L(i�′; s; i�) has br roots with respet to



136 V. A. SOLONNIKOV� with positive and br with negative imaginary part. The omplementingondition means in partiular that the homogeneous problem (1.36) hasonly a trivial solution.It is proved in [6℄ that under some neessary ompatibility onditionsfor the data uj , �q, f , the solution of (1.11) satis�es oerive Shaudertype estimates
〈u〉(l+2br;l=2b+r)

R
n+T 6 (〈f〉(l;l=2b)

R
n+T + r−1∑k=0〈uk〉(2b(r−k)+l)R

n+ (1.12)+ br∑q=1〈�q〉(l−�q;l=2b−�q=2b)
R
n−1T );where l > max(0; �1; : : : ; �br), 〈u〉(l1;l1=2b)QT and 〈u〉(l)

R
n+ are priniple partsof the norms in Cl1;l1=2b(QT ), and Cl(Rn+), respetively, l and l1 are notintegers, Rn+T = Rn+ × (0; T ), R

n−1T = Rn−1 × (0; T ), Rn+ = {xn > 0},T 6 ∞,  is a onstant independent of T .Aording to K. K. Golovkin's results [7,8℄, the norm 〈u〉(l;l=2b)
R
n+;∞ ; Rn+;∞ =

Rn+ × R+, an be de�ned as
〈u〉(l;l=2b)

Rn+;∞ = n∑j=1 suph>0 sup
Rn+;∞ h−l|�pj (h)u(x; t)|+ suph0>0 sup

Rn+;∞ h−l=2b0 |�p0(h0)u(x; t)|
≡

n∑j=1〈u〉(l)xj ;Rn+;∞ + 〈u〉(l=2b)t;Rn+;∞ (1.13)with arbitrary p > l, p0 > l=2b (also for integral l), where�pj (h)u(x; t) = p∑k=0(−1)p−kCkpu(x+ kejh; t); ej = (Æjq)q=1;:::;n;�p0t (h0)u(x; t) = p0∑k=0(−1)p0−kCkp0u(x; t+ kh0)are �nite di�erenes of the funtion u with respet to xj and t. The abovesemi-norms are equivalent for arbitrary p > l and p0 > l=2b, respetively.Another semi-norm equivalent to (1.13) (and used more often) is
〈u〉(l;l=2b)

R
n+;∞ = ∑

|j|=[l℄〈Djxu〉(l−[l℄)x;Rn+;∞ + 〈D[l=2b℄t u〉(l=2b−[l=2b℄)t;Rn+;∞ :



PROOF OF SCHAUDER ESTIMATES 137Moreover, the inequalities
〈DjxDkt u〉(l−|j|−2bk;(l−|j|)=2b−k)

R
n+;∞ 6 〈u〉(l;l=2b)

R
n+;∞ ; |j|+ 2bk < l;and

〈DjxDkt u〉(�)xq;Rn+;∞ 6"〈u〉(l)xj;Rn+;∞ + (")( ∑j 6=q〈u〉(l)xj;Rn+;∞+ 〈u〉(l=2b)t;Rn+;∞); j < [l℄;
〈DjxDkt u〉(�=2b)t;Rn+;∞ 6 "0〈u〉(l=2b)t;Rn+;∞ + ("0) n∑q=1〈u〉(l)xq;Rn+;∞ ; k < [ l2b]; (1.14)hold with arbitrary "; "0 > 0; if � = l(1− |j|l − 2bkl ) > 0 (see for instane [9,Lemma 2℄). Finally, we mention \the inverse trae theorem" for the H�olderspaes. In priniple, results of this type are well known. However, for thesake of ompleteness we present the respetive result and the proof below.Proposition 1. If uk ∈ C2bm+l1−2bk(Rn), k = 0; : : :m, l1 < 2b, thenthere exists a funtion U(x; t) de�ned in Rn

∞ = {x ∈ Rn; t > 0} suh thatDkt U |t=0 = uk; k = 0; : : : ;m (1.15)and
〈U〉(2bm+l1;m+l1=2b)

Rn
∞

6  m∑k=0〈uk〉(2bm+l1−2bk)
Rn : (1.16)Proof. In the proof given below, the H�ormander multiplier theorem isapplied to the following Cauhy problem for U :





( ��t + (−1)b�b)m+1U(x; t) = 0; x ∈ R
n+1; t > 0;DktU |t=0 = uk; k = 0; : : : ;m; x ∈ R

n: (1.17)The Fourier transform with respet to x ∈ Rn onverts (1.17) into( ddt + |�|2b)m+1Ũ(�; t) = 0; dkdtk Ũ |t=0 = ũk; k = 0; : : : ;m; � ∈ R
n:(1.18)The general solution of the equation ( ddt + |�|2b)m+1Ũ = 0 has the formŨ(�; t) = (0 + 1t+ · · ·+ mtm)e−t|�|2b :



138 V. A. SOLONNIKOVThe onstants i are found from the initial onditions. After some alu-lations, we obtainŨ(�; t) = m∑k=0 1k! ũktk(1 + Pm−k(�2bt))e−�2bt;where Pj is a polynomial of degree j with onstant oeÆients andPm−k(0) = 0. HeneQ(�)Ũ ≡ Ṽ (�; t) = m∑k=0 ṽk(�)Ek(�; t); (1.19)where ṽk(�) = 1k! i�q2bk+1 : : : i�q2bm+[l1℄ ũk, Q(�) = i�q1 : : : i�q2bm+[l1℄ ,qi = 1; : : : ; n,Ek(�; t) = i�q1 : : : i�q2bk tk(1 + Pm−k(�2bt))e−|�|2bt:The funtion Ek is a C�(Rn)-multiplier for arbitrary t > 0, beauseEk(2j�; t) = Ek(�; 22bjt) andEk(�; 22bjt)�(|�|)is uniformly bounded together with its derivatives with respet to �j .Therefore,
〈V (·; t)〉(�)

Rn 6  m∑k=0〈vk〉(�)Rn ; � = l1 − [l1℄; ∀t > 0;by the H�ormander theorem, whih implies
〈U(·; t)〉(2bm+l1)

Rn 6  m∑k=0〈uk〉(2b(m−k)+l1)
Rn ; ∀t > 0: (1.20)Now, we estimate the norm 〈U〉(m+l1=2b)t;Rn

∞

. We notie that e−�2bt is theFourier transform of the fundamental solution G0(x; t) of the equation( ��t + (−1)b�b)u = 0. As it was shown by O. A. Ladyzhenskaya in [10℄(see also [6℄), G0 is subjet to the inequalities
|DktDjxG0(x; t)| 6 t(−n−|j|)=2b−k exp(

− |x| 2b2b−1t 12b−1 ): (1.21)The expressions Ek(�; t) is the Fourier transfrom of the kernel G(x; t) sat-isfying similar inequalities.



PROOF OF SCHAUDER ESTIMATES 139We onsider the onvolution W (x; t) = ∫
Rn G(x− y; t)'(y) dy: Sine

∫

Rn G� (x− y; �)(yi1 − xi1 ) : : : (yiq − xiq ) dy = 0; q < 2b;we haveW (x; t+ h)−W (x; t) = t+h∫t G� (x− y; �)('(y) − T ['℄) dy;whereT ['℄='(x)+ n∑k1=1 �'(x)�xk1 (yk1−xk1)+12! n∑k1;k2=1 �2'(x)�xk1�xk2 (yk1−xk1)(yk2−xk2)+: : :+ 1[l1℄! n∑k1;k2;:::;k[l1℄=1 �[l1℄'(x)�xk1�xk2 : : : �xk[l1℄ (yk1 −xk1)(yk2 −xk2) : : : (yk[l1℄ −xk[l1℄):This implies that
|W (x; t+ h)−W (x; t)|6  t+h∫t ∫

Rn |x− y|l1d�dy(� + |x− y|2b)(n+2b)=2b 〈'〉(l1)Rn 6 hl1=2b〈'〉(l1)
Rn :(1.22)Sine ( ��t)mŨ an be represented as a linear ombination of |�|2b(m−k)ũkE′k,where E′k is a funtion of the same type as Ek, we use (1.22), and arriveat the estimate

〈U〉(m+l1=2b)t;Rn
∞

6  m∑i=0〈uk〉(2b(m−k)+l1)
Rn :Together with (1.20), this inequality proves (1.16). �Now, we return to the estimate of the onvolution integral (1.3).Proposition 2. If m̃(��; �2b�0) = m̃(�; �0) and (1.10) holds, then

〈v〉(l;l=2b)
Rn+1 6 〈u〉(l;l=2b)

Rn+1 (1.23)for arbitrary non-integral l. If m̃(��; �2b�0) = �−!m̃(�; �0); with ! > 1 and
|D�k1 : : :D�kdDk�0m̃| 6 �−!−d−2bk(�; �0); k = 0; 1, then

〈v〉(l+!;(l+!)=2b)
Rn+1 6 〈u〉(l;l=2b)

Rn+1 : (1.24)



140 V. A. SOLONNIKOVProof. We apply (1.9) (setting  = 1=2b) to �pj (h)v(x; t) with arbitrarily�xed h > 0 and p > l and assuming that � < l. This givesh−l+� suph1>0h−�1 sup
Rn+1 |�pj (h)�p1j (h1)v(x; t)|

6 (h−l+� n∑k=1 suph1>0h−�1 sup
Rn+1 |�pj (h)�p1k (h1)u(x; t)|+ h−l+� suph2>0h−�=2b2 | sup

Rn+1 |�pj (h)�p2t (h2)u(x; t)|); (1.25)where p1 > l, p2 > l=2b. It is lear that (1.25) impliesh−l sup
Rn+1 |�p+p1j (h)v(x; t)|

6 ( suph>0 h−l supRn+1 |�pj (h)u(x; t)|+ n∑k=1 suph1>0h−l1 sup
Rn+1 |�p1j (h1)u(x; t)|+ suph2>0h−l=2b2 sup

Rn+1 |�p2t (h2)u(x; t)|); (1.26)and, onsequently,
〈v〉(l)xj ;Rn+1 6 〈u〉(l;l=2b)

Rn+1 ; j = 1; : : : ; n:The inequality
〈v〉(l=2b)t;Rn+1 6 〈u〉(l;l=2b)

Rn+1is established in the same way, whih ompletes the proof of (1.23).To prove (1.24), we onsider the equations(ei�qh − 1)pṽ = (ei�qh − 1)pm̃(�; �0)ũ; p > l + !; q = 1; : : : ; n;(ei�0h0 − 1)p0 ṽ = (ei�0h0 − 1)p0m̃(�; �0)ũ; p0 > (l + !)=2b (1.27)and estimate the norms (1.8) of the multipliers
M̃j = �(�; �0)(ei2j�qh − 1)pm̃(2j�′; 22bj�0)and

M̃j0 = �(�; �0)(ei22bj�0h0 − 1)p0m̃(2j�′; 22bj�0):



PROOF OF SCHAUDER ESTIMATES 141We an show that these norms are ontrolled by h! and h!=2b0 , respe-tively. We have
|m̃(2j�; 22jb�0)||ei2j�qh − 1|p6 2−j!(|�0|+ |�|2b)−!=2b(2jh|�q |)! 6 h!;
|(D�k1 : : : D�kdDk�0m̃(2j�; 22bj�0))(ei2j�qh − 1)p|6 h! |�q |!(|�0|+ |�|2b)(!+d1)=2b ;
|(D�k1 : : : D�kdDk�0m̃(2j�; 22bj�0))D�q (ei2j�qh−1)p|6 h! |�q |!−1(|�0+|�|2b)(!+d1)=2b ;(1.28)where k = 0; 1, d1 = d+2kb. In the expression (1.8), we split eah integralwith respet to hk I into two parts: from 0 to 1 and from 1 to ∞, and inthe �rst integral we use the relation�k(hk)M̃j(�) = hk 1∫0 D�kM̃j(�1; : : : �k + shk; : : : �0) dsfor M̃j = m̃(2j�; 22jb�0)(ei2j�qh − 1)p�(�; �0): In this way, we estimate

|||M̃j ||| by the sum of the terms 1∫0 hk1dhk1h3=2k1 : : : 1∫0 hkmdhkmh3=2km ∞∫1 dhkm+1h3=2km+1: : : ∞∫1 ‖Dk1 : : : DkmM̃j‖L2(Rn+1) dhkn+1h3=2kn+1
6 ‖Dk1 : : : DkmM̃j‖L2(Rn+1); (1.29)

where kp 6= kq for p 6= q, ki = 0; 1; : : : ; n, Dk = ���k . In view of (1.28), eahterm is ontrolled by h!. Hene
〈�pq(h)v〉(l;l=2b)Rn+1 6 h!〈u〉(l;l=2b)

Rn+1 ; q = 1; : : : ; n;whih implies
〈v〉(l+!)xq ;Rn+1 6 〈u〉(l;l=2b)

Rn−1 ; q = 1; : : : ; n:The norm of M̃j0 = m̃(2j�; 22jb�0)(ei2bj�0h0 − 1)p0�(�; �0) is estimated inthe same way, and as a result we obtain 〈�p0t (h0)v〉(l;l=2b)Rn+1 6 h !2b0 〈u〉(l:l=2b)
Rn+1 .This ompletes the proof of (1.24) and of the proposition. �



142 V. A. SOLONNIKOVNow we proeed to the proof of the estimate (1.12), whih is the mainresult of the setion.Theorem 2. Assume thatf ∈ Cl;l=2b(Rn+;∞); uq ∈ C2b(r−q)+l(Rn+); �k ∈ C−�k+l;−�k=2b+l=2b(Rn−1
∞ )with a positive non-integer l > max(0; �1; : : : ; �br) and the ompatibilityonditions

( ��t)kBqu− �k�q�tk ∣∣t=0 = 0; k = 0; : : : ; [ l − �q2b ] (1.30)are satis�ed, where �ku�tk |t=0 are found from the initial onditions if k 6r − 1; and from �k−r�tk−r (Lu − f)|t=0 = 0 if r 6 k < r + l=2b. Then thesolution of (1.11) satis�es (1.12) with T = ∞.Proof. In view of Proposition 1 (with m = r+[l=2b℄, l1 = l−2b[l=2b℄), thetheorem is easily redued to the ase uk ≡ �ku�tk |t=0 = 0, k = 0; : : : ; r+[ l2b].By the de�nition of uk,r+[l=2b℄∑k=r 〈uk〉(2b(r−k)+l)R
n+ 6 ( r−1∑k=0〈uk〉(2b(r−k)+l)R

n+ + [l=2b℄∑k=0 〈�kf�tk ∣∣t=0〉(l−2bk)
R
n+ ):We extend uk into Rn with preservation of lass and onstrut the funtionU , as in Proposition 1. Sine �i�ti (LU − f)∣∣t=0 = 0 for i = 0; : : : ; [l=2b℄ and�j�tj (BqU−�q)∣∣t=0 = 0 for j = 0; : : : ; [l=2b−�q=2b℄, we obtain for v = u−Uthe initial-boundary value problem





L( ��x ; ��t)v = g(x; t); x ∈ R
n+; t > 0;�kv�tk ∣∣t=0 = 0; k = 0; ; ;m− 1; x ∈ R

n+;Bq( ��x; ��t)v = 	q(x′; t);x′ = (x1; : : : ; xn−1) ∈ R
n−1; t > 0; q = 1; : : : ;m; (1.31)where g = f −LU , 	q = �q −BqU |t=0 are funtions satisfying the ondi-tions

( ��t )kg∣∣t=0 = 0; k = 0; : : : ; [l=2b℄; ( ��t )j	q∣∣t=0 = 0;j = 0; : : : ; [l=2b− �q=2b℄; q = 1; : : : ; br:



PROOF OF SCHAUDER ESTIMATES 143We onstrut the solution of (1.31) in the form v = w + z, where w isa solution of the Cauhy problemL( ��x; ��t)w = g∗(x; t); x ∈ R
n; t > 0; (1.32)�kw�tk ∣∣t=0 = 0; k = 0; : : : ; r − 1; x ∈ R

n;and g∗ is the extension of g into Rn
∞ with preservation of lass, i.e., suhthat

〈g∗〉(l;l=2b)
Rn

∞

6 〈g〉(l;l=2b)
R
n+;∞ ;g∗(x; t) = 0 for t < 0. The funtion z is de�ned as a solution of





L( ��x ; ��t)z(x; t) = 0;x ∈ R
n+; t > 0; �kz�tk ∣∣t=0 = 0; k = 0; : : : ; r − 1; x ∈ R

n+;Bq( ��x; ��t)z = �q(x′; t);x′ = (x1; : : : ; xn−1) ∈ R
n−1; t > 0; q = 1; : : : ; br; (1.33)with �q = 	q −Bqw|xn=0:To estimate w(x; t); we perform the Fourier-Laplae transformation

Fw ≡ w̃(�; s) = ∞∫0 e−stdt ∫
Rn e−i�·xu(x; t) dxin (1.32) with Res = a > 0. Then (1.32) is onverted intow̃ = g̃∗L(i�; s) : (1.34)For a large lass of g∗, the funtion (1.34) is holomorphi with respet tos for Res > 0, hene w(x; t) vanishes for t 6 0. We set a = 0 in (1.34)and make use of Proposition 2. Sine L(�; i�0) satis�es the assumptions ofProposition 2 with ! = 2br, we obtain

〈w〉(2br+l;r+l=2b)
Rn

∞

6 〈g∗〉(l;l=2b)
Rn

∞

6 〈g〉(l;l=2b)
R
n+;∞

6 (〈f〉(l;l=2b)
R
n+;∞ + r−1∑k=0〈uk〉(2b(r−k)+l)R

n+ ) (1.35)



144 V. A. SOLONNIKOVWe pass to the estimate of z. The Fourier-Laplae transform with re-spet to (x′; t) onverts (1.33) into




L(i�′; s; ddxn )z̃(�′; s; xn) = 0; xn > 0;Bq(i�′; s; ddxn )z̃|xn=0 = �̃q(i�′; s); q = 1; : : : ; br; z → 0xn→∞
; (1.36)The solution of Problem (1.36) is given by the formulaz̃(�′; s; xn) = 12�i br∑q;k=1 bqk(�′; s) ∫+ M+br−q(�′; s; �)M+(�′; s; �) ei�xnd��̃k (1.37)

≡
br∑k=1 m̃k(�′; s; xn)�̃k�′; s)(see [11℄), where + is the ontour enlosing all the roots �+j of L(i�′; s; i�)with positive imaginary part,M+(�′; s; �) = �brj=1(� − �+j (�′; s)) = br∑k=0 ak(�′; s)� br−kand M+p (�′; s; �) = p∑k=0 ak(�′; s)�p−k: We introdue the br × br matrix

B(�′; s) whih entries bqk are oeÆients in the deompositionB′q(�′; s; �) = br∑k=1 bqk(�′; s)�k−1 ≡ Bq(i�′; s; i�)(mod M+);where B′q are the remainders arising from the division of Bq(i�′; s; i�) byM+. Finally, bqk are the elements of B−1. Aording to the omplementingondition, the polynomials Bq(i�′; s; i�) should be linearly independentmodulo the polynomialM+(�′; s; �), i.e., detB 6= 0 for arbitrary �′ ∈ R
n−1and s ∈ C suh that Res > −Æ|�′|2b.The roots �+j (�′; s) are homogeneous: �+j (��′; �2bs) = ��+j (�′; s) and1(|s|+ |�|2b)1=2b 6 Im�+j (�′; s) 6 |�+j (�; s)| 6 2(|s|+ |�|2b)1=2b:Hene the ontour + an be hosen in suh a way that121(|s|+ |�|2b)1=2b 6 Im� 6 |� | 6

322(|s|+ |�|2b)1=2b



PROOF OF SCHAUDER ESTIMATES 145for � ∈ +: Sine bqk(��′; �2bs) = ��q+2br−k+1bqk(�′; s) (and if k − 1 >�q + 2br, then bqk = 0), we have
| detB| > (|s|+ |�′|2b) br∑q=1(�q+2br−(q−1))=2b (1.38)with br∑q=1(�q + 2br − (q − 1)) > 0. It follows thatbjk(��′; �2bs) = �−�k−2br+(j−1)bjk(�′; s)
|bjk(�′; s)| 6 (|s|+ |�′|2b)(−�k−2br+(j−1))=2b:Moreover, we haveapj(��′; �2bs) = �papj(�′; s); |apj(�′; s)| 6 (|s|+ |�|2b)p=2b;m̃k(��′; �2bs; xn) = �−�k−2brm̃k(�′; s; �xn); (1.39)
|m̃k(�′; s; xn)| 6 (|s|+ |�′|2b)(−�k−2br)=2b:The oeÆients ak(�′; s) of M+ depend on symmetri funtions of theroots �+j and are smooth funtions of �′ and s (see [12℄); the funtions bqkare smooth as well. Hene

|Dj�Dj0s m̃qk(�′; s; xn)| 6 (|s|+ |�|2b)(−2br−�k−2bj0−|j|)=2b; (1.40)and for arbitrary xn > 0.Sine the funtions (1.37) are analyti in s for Res > 0, the orrespond-ing funtions z(x; t) vanish for t < 0. We set a = 0 and notie that the mul-tipliers m̃k satisfy the assumptions of Proposition 2 with !k = 2br+�k > 0.Therefore,
〈z(·; xn)〉(2br+l;r+l=2b)

R
n−1
∞

6  br∑k=1〈�k〉(l−�k;l=2b−�k=2b)R
n−1
∞

; ∀xn > 0: (1.41)It remains to estimate N0 ≡ 〈D2br+[l℄xn z〉(l−℄l℄)xn;Rn+;∞ . We use the equationLz = 0 and the interpolation inequalities. In view of the above equation,N0 does not exeed the linear ombination of the normsN(j; k) ≡ 〈DjxDkt z〉(l−[l℄)xn;Rn+;∞ ;where |j| + 2bk = 2br + [l℄, jn < 2br + [l℄. In turn, every suh norm isontrolled by "N0 + (") supxn>0〈zq(·; xn)〉(2br+l;r+l=2b)R
n−1
∞

;



146 V. A. SOLONNIKOVin view of (1.14). Taking " suÆiently small and making use of (1.41), aftersimple alulations we arrive at
〈z〉(2br+l;r+l=2b)

R
n+;∞ 6  br∑k=1〈�k〉(l−�k;l=2b−�k=2b)R

n−1
∞

: (1.42)The estimate (1.12) with T = ∞ follows from this inequality and from(1.35) and (1.16). �Remark. Sine w̃ and z̃ given by (1.34) and (1.37) are holomorphi fun-tions of s for Re s > 0, the inequality (1.12) holds for arbitrary T 6 ∞(see details in [13℄).
§2. Model problems for paraboli systems.We pass to a short disussion of model problems for systems whih areparaboli in the sense of I. G. Petrovskii [14℄. We write these systems inthe form

L( ��x; ��t )u(x; t) = f(x; t) = (f1; : : : ; fm)T ; (2.1)where L is a m × m matrix, whih elements lkj( ��x ; ��t ) are di�erentialoperators of order 2brj with respet to xi and of the order rj with respetto t. They satisfy the homogeneity onditionlkj(i��; �2bs) = �2brj lkj(i�; s):The polynomial L(i�; s) = detL(i�; s) is assumed to satisfy the sameparaboliity ondition as in Setion 1. Moreover, we assume thatlkj(i�; s) = Ækjsrk + l′kj(i�; s);where l′kj do not ontain srj . In other words, the system (2.1) has the form�rkuk�trk + k∑j=1 l′kj( ��x; ��t)uj = fk(x; t); k = 1; : : : ;m;where l′kjuj do not ontain higher order derivatives �rjuj�trj . From the para-boliity ondition it follows that for arbitrary �′ ∈ Rn−1 and s ∈ C suhthat Res > −Æ|�′|2b (2.2)the polynomial L(i�′; s; i�) has br roots �+i (�′; s) and br roots �−k (�′; s)with positive and negative imaginary part, respetively, where r = m∑i=1 ri.



PROOF OF SCHAUDER ESTIMATES 147The Cauhy problem and the model initial-boundary value problem ina half-spae for system (2.1) are stated as follows:




L
( ��x; ��t)u(x; t) = f(x; t); x ∈ R

n; t > 0;�juk�tj |t=0 = 'kj(x); x ∈ R
n; k = 1; 2; : : : ;m; j = 0; : : : ; rk − 1;(2.3)





L
( ��x; ��t)u(x; t) = f(x; t); x ∈ R

n+; t > 0;�juk�tj |t=0 = 'kj(x); x ∈ R
n+; k = 1; 2; : : : ;m; j = 0; : : : ; rk − 1;

B
( ��x; ��t)u|xn=0 = �(x′; t); x′ ∈ R

n−1; t > 0: (2.4)The elements of the matrix B = (Bqj( ��x′
; ��t ))q=1;:::;br;j=1;:::;n are dif-ferential operators of order 2brj + �q ; we assume that 2brj +�q > 0. Theyare also homogeneous:Bqj(i��′; �2bs) = ��q+2brjBqj(i�′; s);and the following omplementing ondition is satis�ed: the rows of the ma-trix B(i�′; i�; s)L̂(i�′; i�; s) where L̂ = (detL)L−1 is the o-fator matrix of

L are linearly independent modulo the polynomialM+(�′; s; �) = �brj=1(�−�+j (�′; s)) for arbitrary �′ ∈ Rn−1 and s ∈ C satisfying (2.2). The equiva-lent formulation of this ondition is as follows: let A = BL̂(modM+) bethe (br×m)-matrix the elements Aqj(�; s; �)= br∑m=1 a(m)qj (�′; s)�m−1 of whihare the remainders resulting from the division of the elements of BL̂ byM+. Then the rank of the matrix
A = 



a(1)11 : : : a(br)11 a(1)12 : : : a(br)12 : : : a(1)1m : : : a(br)1ma(1)21 : : : a(br)21 a(1)22 : : : a(br)22 : : : a(1)2m : : : a(br)2m: : : : : : : : : : : : : : : : : : : : : : : : : : : : : :: : : : : : : : : : : : : : : : : : : : : : : : : : : : : :a(1)br1 : : : a(br)br1 a(1)br2 : : : a(br)br2 : : : a(1)br1 : : : a(br)brm

is equal to br for arbitrary �′ ∈ Rn−1 and s ∈ C satisfying (2.2).We proeed with an analog of Theorem 2.



148 V. A. SOLONNIKOVTheorem 3. Assume that fj ∈ Cl;l=2b(Rn+;∞),'jk ∈ C2b(rj−k)+l;rj−k+l=2b(Rn+); �q ∈ Cl−�q ;l=2b−�q=2b(Rn−1
∞ );wherej = 1; : : : ;m; k = 0; : : : ; rj−1; q = 1; : : : ; br; l > max(0; �1; : : : ; �br):Let the ompatibility onditions

( ��t )p( m∑j=1Bqjuj − �q)∣∣∣t=0 = 0; p = 0; : : : ; [ l− �q2b ]be satis�ed, where �k�tk uj |t=0 = 'jk(x) are found from the initial onditionsif k < rj , and from
( ��t)p( m∑j=1 lijuj − fi)∣∣∣t=0 = 0; p = 0; : : : ; [l=2b℄;if k = rj ; : : : ; rj + [l=2b℄. Then the solution of (2.4) satis�es the inequalitym∑i=1〈ui〉(2bri+l;ri+l=2b)R

n+;∞
6 ( m∑i=1〈fi〉(l;l=2b)R

n+;∞ + m∑i=1 bri−1∑k=0 〈'ik〉(2b(ri−k)+l;ri−k+l=2b)R
n++ br∑q=1〈�q〉(l−�q ;(l−�q)=2b)

R
n−1+;∞ ): (2.5)

Sketh of the proof. As in Theorem 2, we redue (2.4) to a similarproblem with 'jk = 0 by onstruting auxiliary funtions Ui suh that( ��t)kUi|t=0 = 'ik(x), k = 0; : : : ; ri + [ l2b ℄, andm∑i=1〈Ui〉(2bri+l;r+l=2b)R
n+;∞ 6 ( m∑i=1 ri−1∑k=0 〈'ik〉(2b(ri−k)+l)R

n+ + [ l2b ℄∑k=0〈�kf�tk ∣∣t=0〉(l−2bk)
R
n+ ):



PROOF OF SCHAUDER ESTIMATES 149For v = u−U , we obtain the problem




L
( ��x; ��t)v = g = f − LU ;

( ��t)kvi|t=0 = 0; i = 1; : : : ;m; k = 0; : : : ; ri − 1;
B

( ��x; ��t)v|xn=0 = 	(x′; t) = �− BU |xn=0: (2.6)The funtions gi, 	q satisfy additional onditions
( ��t)kgi|t=0 = 0; i = 1; : : : ;m; k = 0; : : : ; [l=2b℄;

( ��t)k	q|t=0 = 0; q = 1; : : : ; br; k = 0; : : : ; [(l − �q)=2b℄:As in Theorem 2, (2.6) is redued to the Cauhy problem




L( ��x ; ��t )w = g∗(x; t); x ∈ R
n;( ��t )kwi|t=0 = 0; i = 1; : : : ;m; k = 0; : : : ; ri − 1; (2.7)where g∗ is the extension of g, and to the initial-boundary value problem





L( ��x; ��t )z = 0; x ∈ R
n;( ��t )kzi|t=0 = 0; i = 1; : : : ;m; k = 0; : : : ; ri − 1;

B( ��x; ��t )z|xn=0 = �(x′; t) = 	̃− Bw|xn=0: (2.8)Using the Fourier{Laplae transform, solution of (2.7) is obtained inthe form w̃ = L̂(i�; s)g̃∗L(i�; s) ;and it is easy to show (as in Theorem 2), thatm∑i=1〈wi〉(2bri+l;ri+l=2b)Rn
∞

6  m∑i=1〈g∗i 〉(l;l=2b)Rn
∞

6  m∑i=1〈gi〉(l;l=2b)R
n+;∞ : (2.9)



150 V. A. SOLONNIKOVWe proeed with problem (2.8). Making the Fourier transform withrespet to x′ and the Laplae transform in t, we redue (2.8) to




L(i�′; s; ddxn )z̃ = 0; xn > 0;
B(i�′; s; ddxn )z̃|xn=0 = �̃(�′; s); z̃ → 0xn→∞

: (2.10)The expliit formula for the solution of this problem isz̃j(�′; s; xn) = br∑k=1 12�i m∑p=1 L̂jp(i�′; s; ddxn )
∫+ Npk(�′; s; �) ei�xnM+(�′; s; �)d��̃k(�′; s)
≡

br∑k=1 m̃jk(�′; s; xn)�̃k(�′; s) (2.11)
(see [6℄), where j = 1; : : : ;m, + is the ontour enlosing all the roots �+j ;Npk = br∑h=1 a(pk)h M+br−h(�′; s; �), and a(pk)h are elements of the matrix
A

−1=


a(11)1 : : : a(11)br a(12)1 : : : a(12)br : : : a(1m)1 : : : a(1m)bra(21)1 : : : a(21)br a(22)1 : : : a(22)br : : : a(2m)1 : : : a(2m)br: : : : : : : : : : : : : : : : : : : : : : : : : : : : : :: : : : : : : : : : : : : : : : : : : : : : : : : : : : : :a(br1)1 : : : a(br1)br a(br2)1 : : : a(br2)br : : : a(brm)1 : : : a(brm)br : 


T :(2.12)whi is the right inverse to A. The existene of A
−1 follows from theomplementing ondition but in general A−1 is not unique. Sine12�i ∫+ � j−1M+br−hM+ d� = Æjh;



PROOF OF SCHAUDER ESTIMATES 151we have (as in the salar ase)m∑j=1Bqj(i�′; s; ddxn )z̃j(�′; s; xn)|xn=0= m∑p=1 br∑k=1 12�i ∫+ Aqp(�′; s; �)Npk(�′; s; �)e�xnM+ d� |xn=0�̃k(�′; s)= br∑i=1 m∑j=1 a(i)qj a(jk)i �̃k(�′; s) = (AA
−1�̃(�′; s))q = �̃q(�′; s):Now we turn to the onstrution of A−1: Let Ai be distint matries oforder br omposed of olumns of A and let detAi = �i(�′; s). Sinea(i)qj (��′; �2bs) = ��q+2br−i+1a(i)qj (�′; s); (2.13)the determinant �i is homogeneous: �i(��′; �2bs) = �k(i)�i(�′; s). Let

κ(i) be integers suh that κ(i)k(i) = K is independent of i. In view of theomplementing ondition, the expressionD(�′; s) = ∑i �κ(i)i (�′; s)�κ(i)i (�′; s)is subjet to
|D(�′; s)| > (|s|+ |�′|2b)K=b > 0for arbitrary non-zero (�′; s) satisfying (2.2). The right inverse matrix A−1an be de�ned by

A
−1 = ∑i �κ(i)−1i (�′; s)�iκ(i)(�′; s)D(�′; s) Bi(�′; s); (2.14)where Bi is the matrix of dimensions brm × br onsisting of purely zerorows and rows of the o-fator matrix Âi in suh a way that

ABi = �iIbr(Ibr is the identity matrix of order br). Clearly, A−1 an be written in theform (2.12). From (2.13) and (2.14) it follows thata(jk)i (��′; �2bs) = �−�q−2br+i−1a(jk)i (�′; s);and m̃jk(��′; �2bs; xn) = �−�k−2brj m̃jk(�′; s; �xn):



152 V. A. SOLONNIKOVWe also need to show that the funtions m̃jk are holomorphi withrespet to s in the domain de�ned by (2.2). These funtions solve theproblem (2.10) with �̃q = Æqk: We �x arbitrary s0 satisfying (2.2) and asmall neighborhood U of s0. The matrix
A

−1 = ∑i �κ(i)−1i (�′; s)�κ(i)i (�′; s0)D(�′; s; s0) Bi(�′; s)with D(�′; s; s0) = ∑i �κ(i)i (�′; s)�κ(i)i (�′; s0)is a right inverse of A(�′; s), provided that s ∈ U is lose to s0. It is aholomorphi funtion of s ∈ U , and so are m̃qj , beause of uniqueness ofthe solution of (2.10).We set a = 0 and make use of Proposition 2. Sine 2brj + �k > 0, wehave
〈zj〉(2brj+l;rj+l=2b)

R
n−1
∞

6  brj∑k=1〈�k〉(l−�k;(l−�k)=2b)R
n−1
∞

:for arbitrary xn > 0. Now, using the equation Lz = 0 and the interpolationinequality (1.14), we prove (as in Setion 1) thatm∑j=1〈zj〉(2brj+l;rj+l=2b)R
n+;∞ 6  br∑k=1〈�k〉(l−�k ;(l−�k)=2b)R

n−1
∞This ompletes the proof of Theorem 3.

§3. Proof of inequality (1.8).We prove (1.8) for funtions de�ned in Rn. Sine
R
n = ⋃k1;:::knR(k);where ki = 0;±1;±2; : : : ,R(k) = {x ∈ R

n : 2ki−1
6 |xi| < 2ki}; i = 1; ::; nand |R(k)| = mesR(k) = 2n�ni=1(2ki − 2ki−1) = �ni=12ki , we have∫

Rn |M| dx= ∑k1;:::;kn ∫R(k) |M(x)| dx6
∑k1;:::;kn 2 12 (k1+:::kn)( ∫R(k) |M|2dx)1=2:



PROOF OF SCHAUDER ESTIMATES 153If 2ki−1 6 |xi| < 2ki , then |xi|=2ki+1 ∈ [1=4; 1=2) and | sin(�xi=2ki+1)| ∈[1=√2; 1). It follows that1 6 2n sin2 �x12k1+1 : : : sin2 �xn2kn+1for x ∈ R(k) and in view of the Pareval formula
∫R(k) |M|2 dx 6 2n ∫

Rn |M(x)|2�ni=1 sin2 �xi2ki+1 dx= �n ∫

Rn |�1( �2k1 ) : : :�n( �2kn )M̃(�)|2d�:This implies
∫

Rn |M(x)|dx 6 �n=2 ∑k1;:::;kn 2 12 (k1+:::kn)sup0<t1<�=2k1 : : : sup0<tn<�=2kn ‖�1(t1) : : :�n(tn)M̃‖Rn
6 (n) ∞∑k;:::;kn=−∞

�=2k1−1∫�=2k1 dh1h3=21 : : :�=2kn−1∫�=2kn sup0<ti<hi ‖�1(t1) : : :�n(tn)M̃‖Rn dhnh3=2n= 1(n) ∞∫0 dh1h3=21 : : : ∞∫0 sup0<t1<h1 : : : sup0<tn<hn ‖�1(t1) : : :�n(tn)M̃‖Rn dhnh3=2n
≡ 1(n)J0; (3.1)where ‖ · ‖Rn denotes the norm in L2(Rn).It remains to prove that the last integral is ontrolled by |||M̃|||. Forn = 1 this is shown in [7℄ in the following way. Let u = M̃. From theidentityu(� + h)− u(�) = (u(� + h)− u(� + �)) + (u(� + �)− u(�));it follows that
|u(� + h)− u(�)| 6

1h h∫0 (|u(� + h)− u(� + �)|+ |u(� + �)− u(�)|)d�;
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‖�(h)u‖ 6

1h h∫0 (‖�(h− �)u‖+ ‖�(�)u‖)d� 6
2h h∫0 ‖�(�)u‖d�; (3.2)where ‖ · ‖ is the norm in L2(R). Using (3.2) we obtain the estimatesuph=2<�<h ‖�(�)u‖ 6 suph=2<�<h 2� �∫0 ‖��u‖d�

6
4h h∫0 ‖��u‖d� = 4 1∫0 ‖�(h�)u‖d�;whih implies

∞∫0 suph=2<�<h ‖�(�)u‖ dhh3=2 6 4 1∫0 �1=2d� ∞∫0 ‖�(h1)u‖ dh1h3=21 :Hene
∞∫0 sup0<�<h ‖�(�)u‖ dhh3=2 6

∞∫0 sup0<�<h=2 ‖�(�)u‖ dhh3=2+ ∞∫0 suph=2<�<h ‖�(�)u‖ dhh3=2
6

1√2 ∞∫0 sup0<�<h ‖�(�)u‖ dhh3=2 +  ∞∫0 ‖�(h)u‖ dhh3=2 ; (3.3)
and

∞∫0 sup0<�<h ‖�(�)u‖ dhh3=2 6
√2√2− 1 ∞∫0 ‖�(h)u‖ dhh3=2 = √2√2− 1 |||M̃|||: (3.4)



PROOF OF SCHAUDER ESTIMATES 155In the ase n = 2, we start with the inequality similar to (3.3):J0 6 J1 + J2 + J3 + J4, whereJ0 = ∞∫0 ∞∫0 sup06�16h1 sup06�26h2 ‖�1(�1)�2(�2)u‖R2 dh1dh2h3=21 h3=22 ;J1 = ∞∫0 ∞∫0 sup06�16h1=2 sup06�26h2=2 ‖�1(�1)�2(�2)u‖R2 dh1dh2h3=21 h3=22 ;J2 = ∞∫0 ∞∫0 sup06�16h1=2 suph2=26�26h2 ‖�1(�1)�2(�2)u‖R2 dh1dh2h3=21 h3=22J3 = ∞∫0 ∞∫0 suph1=26�16h1 sup06�26h2=2 ‖�1(�1)�2(�2)u‖R2 dh1dh2h3=21 h3=22J4 = ∞∫0 ∞∫0 suph1=26�16h1 suph2=26�26h2 ‖�1(�1)�2(�2)u‖R2 dh1dh2h3=21 h3=22 :It is lear that J1 = 2−1J0, J4 6 1|||M̃|||;J2 6 2 ∞∫0 ∞∫0 sup06�16h1 ‖�1(�1)�2(h2)u‖R2 dh1dh2h3=21 h3=22 ≡ J20;J3 6 2 ∞∫0 ∞∫0 sup06�26h2 ‖�1(h1)�2(�2)u‖R2 dh1dh2h3=21 h3=22 ≡ J30:The integrals J20 and J30 an be estimated by |||M||| in the same way as
∞∫0 sup0<�<h ‖�(�)u‖ dhh3=2in the one-dimensional ase. Hene J06J0=2+3|||M̃||| and J0623|||M̃|||.Following the same sheme we an prove that J0 6 |||M̃||| for arbitraryn.
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