
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 444, 2016 Ç.G. SereginREMARK ON WOLF'S CONDITION FOR BOUNDARYREGULARITY OF NAVIER{STOKES EQUATIONSAbstrat. We prove Wolf's regularity ondition up to the bound-ary for solutions to the Navier{Stokes equations satisfying non-slipboundary ondition.
§1. IntrodutionThe note is inspired by an interesting result by J. Wolf, see [9℄. It readsthe following. Let a pair u and p be a suitable weak solution to the Navier{Stokes system in the paraboli ylinder Q(z0; R) = B(x0; R)×℄t0−R2; t0[,where B(x0; R) is a ball of radius R entred at point x0 ∈ R

3. There existsa positive onstant " suh that if1R2 ∫Q(z0;R) |u(z)|3dz < "then u ∈ L∞(Q(z0; R=2)).At the �rst glane, the ondition and the result are independent ofpressure p. But it is wrong impression as one an see from an elementaryexample in whih R = 1, z0 = (0; 0),u(x; t) = (t)∇h(x); p(x; t) = −′(t)h(x) + 122(t)|∇h(x)|2;and h is a harmoni funtion. If there is no restrition on pressure, thenthe above assumption does not provide regularity. But of ourse there isan assumption on the pressure that is hidden in the de�nition of suitableweak solution. Let me reall it.De�nition 1.1. A suitable weak solution u and p to the lassial Navier{Stokes system in Q(z0; R) possess the following properties:u ∈ L2;∞(Q(z0; R)) ∩W 1;02 (Q(z0; R)); p ∈ L 32 (Q(z0; R));Key words and phrases: Navier{Stokes equations, suitable weak solutions, Wolf'sondition.The work has been supported in parts by RFBR 14-01-00306.124



REMARK ON WOLF'S CONDITION FOR BOUNDARY 125�tu+ u · ∇u−�u = −∇p; div u = 0in Q(z0; R) in the sense of distributions;for a.a. t ∈℄t0 −R2; t0[,
∫B(x0;R) '2(x; t)|u(x; t)|2dx+ 2 t

∫t0−R2 ∫B(x0;R) '2|∇u|2 dx ds
6

t
∫t0−R2 ∫B(x0;R) |u|2(�t'2 +�'2) + u · ∇'2(|u|2 + 2p) dx dsfor all ' ∈ C∞0 (B(x0; R)×℄t0 −R2; t0 +R2[).As we an see, p must have �nite L 32 -norm. The exponent 3=2 is onve-nient but not a unique hoie of a funtion lass for the pressure. It wouldinteresting to know how onstants in the Wolf's ondition depends on thepressure. For example, the lassial Ca�arelli{Kohn{Nirenberg ondition,see [1℄, tells that there are two universal positive onstants "1 and 1 suhthat if 1R2 ∫Q(z0;R) (|u(z)|3 + |p− [p℄B(x0;R)| 32 ) dz < "1then

|u(z)| 6
1Rfor all z = (x; t) ∈ Q(z0; R=2). The latter ondition is also invariantwith respet the natural Navier{Stokes saling u(x; t) → �u(�x; �2t) andp(x; t) → �2p(�x; �2t).Now, we would like to reformulate Wolf's ondition in the above saleinvariant style.Theorem 1.2. Let u and p be a suitable weak solution to the Navier{Stokes equations in Q(z0; R). Given M > 0, there exist positive numbers"? = "∗(M) and ∗ = ∗(M) suh that if two onditions1R2 ∫Q(z0;R) |u|3 dx dt < "∗(M)and 1R2 ∫Q(z0;R) |p− [p℄B(x0;R)| 32 dx dt < M



126 G. SEREGINhold, then u is H�older ontinuous is the losure of Q(z0; R=2). Moreover,supz∈Q(z0;R=2) |u(z)| 6
∗(M)R :Certainly, Theorem 1.2 implies Wolf's ondition if we let" = "∗(1 + 1R2 ∫Q(z0;R) |p− [p℄B(x0;R)| 32 dx dt):This type of theorems in the ase of interior regularity appeared in [6℄, forfurther developments, see, for example, [3, 8℄, and [2℄.In the note, we shall study boundary regularity that perhaps annot betreated by Wolf's method.

§2. Boundary RegularityWe shall study regularity up to a at part of the boundary only. The fol-lowing notation will be used in what follows: B+(x0; R) := {x = (x′; x3) ∈
R
3 : x ∈ B(x0; R); x03 < x3}, B+(r) := B+(0; r), B+ := B+(1).De�nition 2.1. A suitable weak solution u and p to the lassial Navier{Stokes system in Q+(z0; R) = B+(x0; R)×℄t0−R2; t0[ possess the followingproperties:u ∈ L2;∞(Q+(z0; R)) ∩W 1;02 (Q+(z0; R)); p ∈ L 32 (Q+(z0; R));�tu+ u · ∇u−�u = −∇p; div u = 0in Q+(z0; R) in the sense of distributions;u(x′; 0; t) = 0for all |x′ − x′0| < R and t ∈℄t0 − R2; t0[, where x′ = (x1; x2);for a.a. t ∈℄t0 −R2; t0[,

∫B+(x0;R) '2(x; t)|u(x; t)|2 dx+ 2 t
∫t0−R2 ∫B+(x0;R) '2|∇u|2 dx ds

6

t
∫t0−R2 ∫B+(x0;R) |u|2(�t'2 +�'2) + u · ∇'2(|u|2 + 2p) dx dsfor all ' ∈ C∞0 (B(x0; R)×℄t0 −R2; t0 +R2[).



REMARK ON WOLF'S CONDITION FOR BOUNDARY 127Our aim is to show the following.Theorem 2.2. Let u and p be a suitable weak solution to the Navier{Stokes equations in Q+(z0; R). Given M > 0, there exist positive numbers"? = "∗(M) and ∗ = ∗(M) suh that if two onditions1R2 ∫Q+(z0;R) |u|3 dx dt < "∗(M)and 1R2 ∫Q+(z0;R) |p− [p℄B+(x0;R)| 32 dx dt < Mhold, then u is H�older ontinuous in the losure of Q+(z0; R=2). Moreover,supz∈Q+(z0;R=2) |u(z)| 6
∗(M)R :We start with the proof of the following auxiliary statement.Proposition 2.3. Let u and p be a suitable weak solution to the Navier{Stokes equations in Q+ := Q+(0; 1). Given M > 0, there exist positivenumbers " = "(M) and  = (M) suh that if two onditions

∫Q+ |u|3 dx dt < "(M)and
∫Q+ |p− [p℄B+ | 32 dx dt < Mhold, then z = 0 is a regular point of u and therefore u is H�older ontinuousin the losure of a paraboli viinity of z = 0. Moreover,

|u(0)| 6 (M):



128 G. SEREGINProof. From the loal energy inequality with a suitable hoie of the ut-o� funtion ', it follows that
|u|22;Q+(r) := sup

−r2<t<0 ∫B+(r) |u(x; t)|2 dx+ ∫Q+(r) |∇u|2 dx dt
6 (r)[( ∫Q+ |u|3 dz) 23 + ∫Q+ |u|3 dz+ (

∫Q+ |u|3 dz) 13 (

∫Q+ |p− [p℄B+ | 32 dz) 23 ]

6 (r) d(";M)for any r ∈℄0; 1[, where Q+(r) := Q+(0; r) andd(";M) := " 23 + "+ " 13M:Using standard multipliative inequalities, one an show
‖u · ∇u‖ 98 ; 32 ;Q+( 56 ) 6 |u|22;Q+( 56 ) 6  d(";M): (2.1)Next, as in paper [5℄, let us pik up a domain 
 with smooth boundarysuh that B+(4=5) ⊂ 
 ⊂ B+(5=6) and onsider the following initialboundary value problem�tv1 −�v1 +∇q1 = −u · ∇u; div v1 = 0 (2.2)in Q0 = 
×℄− (5=6)2; 0[ and v1 = 0 (2.3)on �′Q0 = (
×{t = −(5=6)2})∪(�
× [−(5=6)2; 0℄). For solutions to (2.2),(2.3), the following estimate is valid:

‖�tv1‖ 98 ; 32 ;Q0 + ‖∇2v1‖ 98 ; 32 ;Q0 + ‖∇q1‖ 98 ; 32 ;Q0 6 ‖u · ∇u‖ 98 ; 32 ;Q0 : (2.4)Letting v2 = u− v1 and q2 = p− q1, we observe that the above introduedfuntions satisfy the following relations�tv2 −�v2 +∇q2 = 0; div v2 = 0in B+(4=5)×℄− (4=5)2; 0[, andv2(x′; 0; t) = 0



REMARK ON WOLF'S CONDITION FOR BOUNDARY 129for |x′| < 4=5 and t ∈℄ − (4=5)2; 0[. Aording to [4℄ and [7℄, q2 obeys theestimate
‖∇q2‖9; 32 ;Q+(3=4) 6 (‖∇v2‖ 32 ;Q+(4=5) + ‖v2‖ 32 ;Q+(4=5)+ ‖q2 − [q2℄B+(4=5)‖ 32 ;Q+(4=5)) 6 (‖∇u‖ 32 ;Q+(4=5) + ‖u‖ 32 ;Q+(4=5)+ ‖p− [p℄B+(4=5)‖ 32 ;Q+(4=5) + ‖∇v1‖ 32 ;Q+(4=5) + ‖v1‖ 32 ;Q+(4=5)+ ‖q1 − [q1℄B+(4=5)‖ 32 ;Q+(4=5)):Assuming 0 < " < 1, we �nd elementary bounds:

‖∇u‖ 32 ;Q+(4=5) + ‖u‖ 32 ;Q+(4=5) 6 |u|2;Q+ 6 (M);
‖p− [p℄B+(4=5)‖ 32 ;Q+(4=5) 6 ‖p− [p℄B+‖ 32 ;Q+ 6 M:Next, from (2.1), (2.4), and the ellipti embedding, it follows that:

‖∇v1‖ 32 ;Q+(4=5) + ‖v1‖ 32 ;Q+(4=5) 6 ‖∇2v1‖ 98 ; 32 ;Q0 6 (M)and
‖q1 − [q1℄B+(4=5)‖ 32 ;Q+(4=5)) 6 ‖∇q1‖ 98 ; 32 ;Q+(4=5) 6 (M):So, �nally, we �nd

‖∇q2‖9; 32 ;Q+(3=4) 6 (M): (2.5)It is worthy to notie that the right hand side is independent of ".We then have for 0 < r < 2=3I"(r) := 1r2 ∫Q+(r) (|u|3 + |p− [p℄B+(r)| 32 ) dz
6  1r2("+ ∫Q+(r) (|q1 − [q1℄B+(r)| 32 + |q2 − [q2℄B+(r)| 32 ) dz):By Poinare inequality,1r2 ∫Q+(r) |q1 − [q1℄B+(r)| 32 dz 6  1r 32 0

∫

−r2 (

∫B+(r) |∇q1| 98 dx)
43 dt

6  1r 32 ‖∇q1‖ 3298 ; 32 ;Q0 6  1r 32 d(";M):



130 G. SEREGINFor the seond part of the pressure, we have the same arguments plusestimate (2.5)1r2 ∫Q+(r) |q2 − [q2℄B+(r)| 32 dz 6 r2 0
∫

−r2 (

∫B+(r) |∇q2|9 dx)
16 dt

6 r2‖∇q2‖9; 32 ;Q+(3=4) 6 (M)r2:So, we �nd I"(r) 6 ( 1r2 "+ 1r 32 d(";M)) + (M)r2 (2.6)for any 0 < " < 1 and for any 0 < r < 2=3.Let us state the following ondition of loal boundary regularity provedin [5℄.Proposition 2.4. Let w and � be a suitable weak solution to the Navier{Stokes system in Q+(R). There exist two universal positive onstants "0and 0 suh that if1R2 ∫Q+(R) (|w|3 + |� − [�℄B+(R)| 32 ) dz < "0;then the funtion z 7→ w(z) is H�older ontinuous in the losure of Q+(R=2)and supz∈Q+(R=2) |w(z)| 6
0R :Let us selet a positive number r = r(M) < 1=2 suh that(M)r2 < "02 :Then we an pik up " = "(M) suh that( 1r(M)2 "+ 1r(M) 32 d(";M)) < "02 :From Proposition 2.4 and from (2.6), it follows that the funtion z 7→ u(z)is H�older ontinuous in the losure of Q+(r(M)=2) and

|u(0)| 6 (M) = 20=r(M):
�The saled version of Proposition 2.3 is as follows.



REMARK ON WOLF'S CONDITION FOR BOUNDARY 131Proposition 2.5. Let u and p be a suitable weak solution to the Navier{Stokes equations in Q+(R). Given M > 0, there exist positive numbers" = "(M) and  = (M) suh that if two onditions1R2 ∫Q+(R) |u|3 dx dt < "(M)and 1R2 ∫Q+(R) |p− [p℄B+(R)| 32 dx dt < Mhold, then z = 0 is a regular point of u and therefore u is H�older ontinuousin the losure of a paraboli viinity of z = 0. Moreover,
|u(0)| 6

(M)R :Now, we wish to show the following.Proposition 2.6. Let u and p be a suitable weak solution to the Navier{Stokes equations in Q+. Given M > 0, there exist positive numbers "1 ="1(M) and 1 = 1(M) suh that if two onditions
∫Q+ |u|3 dx dt < "1(M)and

∫Q+ |p− [p℄B+ | 32 dx dt < Mhold, then u is H�older ontinuous in the losure of Q+(1=2). Moreover,supQ+(1=2) |u(z)| 6 1(M):Proof. For z0 = (x0; t0) ∈ Q+(1=2), we have1(1=2)2 ∫Q+(z0;1=2) |u|3 dz 6 4 ∫Q+ |u|3 dz < 4"1(M)and 1(1=2)2 ∫Q+(z0;1=2) |p− [p℄B+(x0)| 32 dz 6 4 ∫Q+ |p− [p℄B+ | 32 dz 6 4M:
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