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§1. IntrodutionSuppose that we are given a bounded Lipshitz domain 
 ⊂ R

2 beingin addition onvex, e.g. a retangle, together with a funtion f : 
 → R,for whih we assume f ∈ L∞(
) : (1.1)For a de�nition of the various Lebesgue and Sobolev spaes used through-out this paper and their elementary properties the reader is referred, e.g.,to the textbook of Adams [2℄.The funtion f ats as an observed image and these reorded data mightbe defetive in various manners. As a matter of fat there exists a largevariety of di�erent tehniques used for the denoising of the observed imagebased on variational or PDE methods. Without being omplete we quote[1, 4, 5, 9, 13, 20, 21, 23, 24, 36,46, 47, 54, 55℄, and the referenes therein.Key words and phrases: image restoration, variational approah, higher orderdenoising. 47



48 M. BILDHAUER, M. FUCHS, J. WEICKERTThe most elementary approah in the variational setting is to disussthe �rst order quadrati variational problemI [u℄ := ∫
 (u− f)2 dx+ � ∫
 |∇u|2 dx → min in W 12 (
) ; (1.2)where the quality of data �tting is measured through the quantity ∫
 (u−f)2 dx and where � > 0 denotes a positive parameter being under ourdisposal. For a detailed analysis of (1.2) and related nonquadrati �rstorder variational approahes we refer e.g. to the monographs [5℄ and [23℄.Sine �rst order variational methods and their assoiated seond orderPDEs do not allow to preserve aÆne funtions, there have been manyproposals for higher order models and related PDEs as presented in [17,26, 35, 42, 48, 56℄. For instane, a natural extension of (1.2) is the seondorder denoising of f where the energy I from (1.2) is replaed by thefuntional J introdued below and where one looks at the problemJ [w℄ := ∫
 (w − f)2 dx+ � ∫
 |∇2w|2 dx → min in W 22 (
) ; (1.3)
∇2w := (����w)16�;�62 representing the Hessian matrix of w.In Setion 2 we will briey sketh the proof ofTheorem 1.1. Let (1.1) hold. Then problem (1.3) admits a unique solu-tion, whih in addition belongs to the spae W 4p;lo(
) for any �nite p.The Euler{Lagrange equation assoiated to (1.3) is of fourth order.One major goal of this paper is to analyse an alternative to (1.3) whoseEuler{Lagrange equations onsist of several lower order PDEs whih froma omputational point of view are more pleasant to handle. To be preisewe will analyse the problemE[u; v℄ → min in X :=W 12 (
)×W 12 (
;R2);E[u; v℄ := ∫
 (u− f)2 dx+ �1 ∫
 |∇u− v|2 dx+ �2 ∫
 |∇v|2 dx (1.4)and nonquadrati variants of it. The three terms in this energy are nameddata term, oupling term, and smoothness term, and we all models of thistype oupling models.



AN ALTERNATIVE APPROACH 49Sine 1990, related oupling models have been proposed for a numberof image analysis problems suh as shape from shading [39℄, stereo re-onstution [6℄, diret Lagrangian strain tensor omputation from imagesequenes [38℄, depth upsampling [27℄, and fous fusion [37℄. The afore-mentioned artiles, however, fous on modelling aspets and do not inves-tigate the analytial theory behind these models. In the ontext of im-age denoising, Chambolle and Lions [21℄ have proposed a oupling modelwith quadrati data term, L1 oupling term, and L1 smoothness term.They related it to an in�mal onvolution approah for the �ltered imageu = u1 + u2 where the �rst derivatives of u1 and the seond derivativesof u2 are penalized by orresponding smoothness terms. Setting v := ∇u2relates both models. A variant of the Chambolle{Lions model has beenstudied by Chan et al. [22℄, and disrete ounterparts are investigated bySetzer et al [49℄. In 2010, Bredies et al. [14℄ have introdued the onept oftotal generalized variation (TGV) for image denoising, using Radon mea-sures and funtions of bounded deformation. In the seond-order ase, thisresembles a oupling model with L1 oupling term and L1 smoothnessterm with a symmetrized derivative. For any order k, TGV models anbe related to an appropriately de�ned k-fold in�mal onvolution. Brediesand Valkonen [16℄ onsidered an L2 data term with TGV penalty of or-der 2 and established existene of solutions and stability w.r.t. the data.In the 1D setting, exat solutions for pieewise aÆne images are derivedby Papa�tsoros and Bredies [45℄. Bredies et al. [15℄ study also propertiesof solutions when the L2 data term is replaed by an L1 term. Burgeret al. [18℄ onsider an L1-like oupling (using the Radon norm of a �niteRadon measure) together with an Lp norm penalization in the ouplingvariable for p ∈ (1;∞). They ome up with well-posedness results, andthey show that the ase p = 2 is equivalent to a Huber variant of totalvariation (TV) regularization [47℄, for whih they obtain analyti solutionsin 1D. The ase p = ∞ is studied in another work of Burger et al. [19℄.They derive exat solutions for 1D data f being pieewise onstant orpieewise aÆne step funtions. Moreover, they show that their funtionalpromotes pieewise aÆne strutures in the reonstruted images, whih isomparable to TGV under spei� onditions.This disussion shows that deriving analytial results for oupling mod-els onstitutes a very ative urrent researh topi. Most results so farhave been obtained for spei� hoies of the data, oupling and smooth-ness term. The goal of the present paper is to aim at an analyti theory



50 M. BILDHAUER, M. FUCHS, J. WEICKERTfor oupling models that is of fairly general harater. While we start withanalysing the prototypial quadrati model (1.4), we will also generalizeour results to nonquadrati energies. First of all, however, we establish thefollowing results for the problem (1.4):Theorem 1.2. Suppose that �1 and �2 are positive parameters and let(1.1) hold. Then we have:i) The problem (1.4) admits a unique solution (u; v) ∈ X.ii) For any �nite p we have u ∈ W 2p;lo(
) and v ∈ W 3p;lo(
;R2),hene u ∈ C1;�(
) and v ∈ C2;�(
;R2) for all � ∈ (0; 1).iii) If v = ∇u, then u is an aÆne funtion.iv) Suppose that u ∈ W 22 (
). Then it holds
∫
 |∇u− v|2 dx 6 �−11 �2 ∫
 ∣∣∇2u∣∣2 dx−

∫
 |∇v|2 dx :v) We have the identities
∫
 v dx = ∫
 ∇u dx ; ∫
 u dx = ∫
 f dx and u = f − �1�(div v) on 
 :Remark 1.1. i) Apart from trivial ases the �eld v is not the gra-dient of the funtion u. However, aording to the �rst identity inv) of Theorem 1.2, we have that \v equals ∇u in the mean".ii) The third equation in Theorem 1.2 v) provides a nie formula forthe restored image u in terms of the data f .iii) Coming bak to the omments stated after Theorem 1.1 it is easyto see (ompare (3.12) and (3.13)) that the Euler{Lagrange systemfor problem (1.4) onsists of three seond order equations involvingu and the omponents of v.iv) We leave it to the reader to disuss iterated variants of problem(1.4) with results in the spirit of Theorem 1.2.Our paper is organized as follows: Setion 2 ontains the proof of The-orem 1.1. In Setion 3 we present the proof of Theorem 1.2 proeeding inseveral steps. Non-quadrati energies are the subjet of Setions 4 and 5.We investigate the questions of existene and uniqueness for energies ofe.g. power growth allowing di�erent exponents for the data term and theregularizing quantities. Here we also touh the TV-ase. Setion 6 on-tains the analysis of the regularity properties of minima for power growth



AN ALTERNATIVE APPROACH 51models. In Setion 7 we briey sketh some related variational problems.Disrete model formulations, omputational aspets, and numerial exper-iments will be addressed in another paper.
§2. Proof of Theorem 1.1Probably the proof of Theorem 1.1 is well known but for the reader'sonveniene we reall its basi idea formulated inLemma 2.1. There is a positive onstant C = C(
) suh that
(
‖w‖2 := ‖w‖L2(
); et. )

‖∇w‖2 6 C [‖w‖2 + ‖∇2w‖2] (2.1)is true for any funtion w ∈W 22 (
).Proof of Lemma 2.1. If (2.1) is false, then there exists a sequene wk ∈W 22 (
) for whih
‖∇wk‖2 > k [‖wk‖2 + ‖∇2wk‖2] : (2.2)Passing to the normalized sequene w̃k := wk=‖∇wk‖2, we obtain from (2.2)1 = ‖∇w̃k‖2 > k [‖w̃k‖2 + ‖∇2w̃k‖2] ; (2.3)and (2.3) in partiular implies supk ‖w̃k‖W 22 (
) < ∞. Thus, we �nd w ∈W 22 (
) suh that w̃k + w in W 22 (
) (2.4)at least for a subsequene. By the Rellih{Kondrahov theorem (see, e.g.[2℄, p. 144, Theorem 6.2) the embedding W 22 (
) ,→ W 12 (
) is ompat, sothat by (2.4)∇w̃k → ∇w in L2(
;R2). But then (ompare (2.3)) ‖∇w‖2 =1, whereas the inequality stated in (2.3) learly implies the ontraditionw = 0. �If we apply Lemma 2.1 to a minimizing sequene of problem (1.3), weobtain boundedness of this sequene in the spaeW 22 (
). Thus, there existsa weak limit w of a subsequene, whih is learly J-minimizing. Uniquenessfollows from the strit onvexity of the funtional J [w℄. Finally, we quotee.g. [43℄ to see that w ∈W 4p;lo(
) for any p <∞.

�



52 M. BILDHAUER, M. FUCHS, J. WEICKERT
§3. Proof of Theorem 1.2From now on we assume that the assumptions of Theorem 1.2 hold(w.l.o.g.) for �1 = �2 = 1=2. We proeed in several steps, an alternativeapproah towards existene is presented in Setion 4.Step 1. UniquenessWe laim that there exists at most one E-minimizer (u; v) ∈ X for thefuntional E de�ned in (1.4). In fat, suppose that (u1; v1); (u2; v2) ∈ Xare E-minimizing. Then u1 6= u2 on a set with positive measure yields

∫
 (12u1 + 12u2 − f)2 dx < 12 ∫
 (u1 − f)2 dx+ 12 ∫
 (u2 − f)2 dxleading to the ontraditionE(12u1 + 12u2; 12v1 + 12v2) < 12E(u1; v1) + 12E(u2; v2) = infX E :For the same reason we obtain v1 = v2 a.e. sine otherwise
∫
 ∣∣∣∣

12(v1 + v2)−∇u∣∣∣∣2 dx < 12 ∫
 |v1 −∇u|2 dx+ 12 ∫
 |v2 −∇u|2 dx ;u := u1 = u2 :Step 2. Constrution of an appropriate E-minimizing sequeneFix an E-minimizing sequene (un; vn) from the spae X and onsiderfor " > 0 the perturbed energy E"(u; v) := E(u; v)+" ∫
 |v|2 dx, (u; v) ∈ X .For any n ∈ N we an �nd a suÆiently small number "(n) suh thatE"(n)(un; vn) 6 E(un; vn) + 1n : (3.1)Let us denote by (un; vn) ∈ X the unique solution of the problem E"(n) →min inX . Note that for the perturbed problem the existene of a minimizeris immediate. We laim that (un; vn) is an E-minimizing sequene: due tothe E"(n){minimality of (un; vn), inequality (3.1) implies for any n ∈ NE (un; vn) 6 E"(n) (un; vn) 6 E"(n) (un; vn) 6 E (un; vn) + 1n ;and sine limn→∞
E(un; vn) = infX E



AN ALTERNATIVE APPROACH 53it follows limn→∞
E (un; vn) = infX E :Step 3. Compatness of the minimizing sequene (un; vn).From E"n (un; vn) 6 E"n(0; 0) it followssupn ∫
 |un|2 dx < ∞ ; (3.2)supn ∫
 |∇vn|2 dx < ∞ ; (3.3)supn ∫
 |∇un − vn|2 dx < ∞ : (3.4)Moreover, we have E"n (un; vn) 6 E"n (un + t'; vn)for e.g. any ' ∈W 12 (
) with ompat support in 
 and all t ∈ R, hene0 = ddt |t=0E (un + t'; vn) = ∫
 2 (un − f)' dx + ∫
 (∇un − vn) · ∇' dx ;and in onlusion

∫
 ∇un · ∇' dx = −

∫
 div vn' dx− 2 ∫
 (un − f)' dx : (3.5)We apply (3.5) with the hoie ' := �2un with arbitrary � ∈ C∞0 (
),0 6 � 6 1. Using (3.2) and (3.3) on the r.h.s. of (3.5), an elementaryalulation yields
∫
 �2 |∇un|2 dx 6 onst(�) < ∞with onst(�) being independent of n. Thus,supn ∫
∗

|∇un|2 dx 6 (
∗) < ∞ (3.6)



54 M. BILDHAUER, M. FUCHS, J. WEICKERTfor any subdomain 
∗ with 
∗ ⊂ 
. If we put together (3.4) and (3.6) itfollows supn ∫
∗

|vn|2 dx 6 (
∗) < ∞ (3.7)for any 
∗ as above.We now laim that (3.3) and (3.7) imply the key estimate (to be estab-lished in Step 5) supn ∫
 |vn|2 dx < ∞ ; (3.8)whih means that supn ‖vn‖W 12 (
;R2) < ∞ (3.9)and therefore (see (3.2), (3.4) and (3.8))supn ‖un‖W 12 (
) < ∞ : (3.10)From (3.9) and (3.10) we dedue the existene of (u; v) ∈ X suh thatun + u in W 12 (
) ; vn + v in W 12 (
;R2) ;at least for a subsequene and by lower semiontinuity this yieldsE(u; v) 6 lim infn→∞
E(un; vn) ;and sine by Step 2 (un; vn) is an E-minimizing sequene, the E-minimalityof (u; v) follows.Step 4. Regularity of u and v.From the minimality of (u; v) we get0 = ddt ∣∣∣∣t=0E (u+ t'; v + t	)= 2 ∫
 (u− f)' dx+ ∫
 ∇v : ∇	dx+ ∫
 (∇u− v) · (∇'−	)dx (3.11)for any ' ∈ C∞0 (
), 	 ∈ C∞0 (
;R2). By (3.11) we learly have the equa-tions �v = v −∇u weakly on 
 ; (3.12)�u = div v + 2(u− f) weakly on 
 ; (3.13)and we an argue as follows (ompare, e.g., [43℄):



AN ALTERNATIVE APPROACH 55i) The r.h.s. of (3.12) is of lass L2(
;R2), and by standard potentialtheory we obtain v ∈ W 22;lo(
;R2). Hene, by Sobolev's embed-ding theorem we get
∇v ∈ Lplo (
;R2x2) for all p <∞ : (3.14)ii) Again by Sobolev's embedding theorem, u ∈W 12 (
) impliesu ∈ Lp(
) ∀ p <∞ : (3.15)iii) By (3.14) and (3.15) we see that the r.h.s. of (3.13) is of lassLplo(
) for all �nite p, hene applying potential theory one morewe obtain u ∈ W 2p;lo(
) for all p < ∞ : (3.16)iv) Finally, (3.14) and (3.16) yield that the r.h.s. of (3.12) is of lassW 1p;lo(
;R2) for all p < ∞ whih gives (potential theory)v ∈ W 3p;lo(
;R2) for all p < ∞ :Together with (3.16) the regularity of the minimizer is established.Remark 3.1. If f has a ertain degree of smoothness, then the statement(u; v) ∈W 2p;lo(
)×W 3p;lo(
;R2) an be improved.Step 5. Proof of estimate (3.8)We �x n ∈ N and write v in plae of vn. Let B := BR(x0) denote a disksuh that 2B := B2R(x0) has ompat losure in 
. Finally we onsider� ∈ C∞(R2); 0 6 � 6 1, � ≡ 0 on B, � ≡ 1 outside of 2B. Then �v is inW 12 (
;R2) vanishing on B, and from [43℄, Theorem 3.6.5, it follows (seealso Lemma 4.1)
‖�v‖L2(
) 6 (
) ‖∇ (�v)‖L2(
) : (3.17)We have

∫
 |∇ (�v)|2 dx 6 ∫2B |v|2 dx+ ∫
 |∇v|2 dx :Hene, ‖∇ (�v)‖L2(
) 6 onst for a onstant independent of v on aountof (3.3) and (3.7). Therefore, (3.17) implies
∫
 �2 |v|2 dx 6 onst ;



56 M. BILDHAUER, M. FUCHS, J. WEICKERTwhere the onstant is independent of v, and by the hoie of � togetherwith (3.7) our laim (3.8) follows.Step 6. Proof of iii){v) of Theorem 1.2ad iii). Suppose that we have v = ∇u, whih in partiular implies u ∈W 22 (
). In (3.11) we observe that atually any ' ∈ W 12 (
) and all 	 ∈W 12 (
;R2) are admissible. The hoies 	 := ∇u and ' := 0 then yield
∇2u = 0, hene u(x) = � · x+ a for some � ∈ R

2, a ∈ R.ad iv). If u is in the spae W 22 (
), then the inequality E(u; v) 6E(u;∇u) turns into the desired estimate.ad v). We observe that for any funtion (or �eld) w it holds
∫
 |w − w
|2 dx = ∫
 |w|2 dx− L2(
) |w
|2 ; (3.18)where w
 := −
∫
 w dx. So, if for example ∫
 u dx 6= ∫
 f dx, then (3.18) wouldimply ∫
 (u− f − (u− f)
)2 dx < ∫
 (u− f)2 dx ;hene we obtain the ontradition E (u− (u− f)
 ; v) < E(u; v).For the same reason we get ∫
 v dx = ∫
 ∇u dx, sine otherwise we ouldreplae v by v − (v −∇u)
 and derease energy.Finally we use (3.12) to get�(div v) = div v −�u ;thus by (3.13) �(div v) = 2(u− f) :This ompletes the proof of Theorem 1.2. �

§4. Non-quadrati energiesAs before we onsider a bounded Lipshitz region 
 ⊂ R
2 being alsoonvex. For exponents p, q, s ∈ (1;∞) and positive parameters �1, �2 wereplae the energy E de�ned in (1.4) through the quantityF [u; v℄ := ∫
 |u− f |s dx+ �1 ∫
 |∇u− v|q dx+ �2 ∫
 |∇v|p dx (4.1)



AN ALTERNATIVE APPROACH 57with given funtion f ∈ L∞(
). The energy F is de�ned on the spaeY :=W 1q (
)×W 1p (
;R2)and �nite on the sublassỸ := {(u; v) ∈ Y : u ∈ Ls(
); v ∈ Lq(
;R2)} ;whih might oinide with Y depending on the values of p, q and s. Wehave:Theorem 4.1. Consider arbitrary exponents 1 < p, q, s < ∞ with therestrition q 6
2p2− p; if p < 2 :Then the problem F → min in Y = W 1q (
) × W 1p (
;R2) with F beingde�ned in (4.1) admits a unique solution (u0; v0) ∈ Y . It holds

∫
 |u0−f |�−2(u0−f) dx = 0 as well as ∫
 |∇u0−v0|q−2(∇u0−v0) dx = 0:Remark 4.1. As a matter of fat, the above existene result is valid formore general funtionals of the formY ∋ (u; v) 7→ ∫
 h1(u− f) dx+ ∫
 h2(∇u− v) dx+ ∫
 h3(∇v) dxwith stritly onvex densitiesh1 : R → [0;∞) ; h2 : R
2 → [0;∞) ; h3 : R

2×2 → [0;∞)for whih1 (|t|s − 1) 6 h1(t) 6 2 (|t|s + 1) ; t ∈ R ;3 (|�|q − 1) 6 h2(�) 6 4 (|�|q + 1) ; � ∈ R
2 ;5 (|M |p − 1) 6 h3(M) 6 6 (|M |p + 1) ; M ∈ R
2×2 ;with positive onstants i, i = 1, : : :, 6. Typial examples are densitiesof the form hi(Z) := �i(|Z|) with �i: [0;∞) → [0;∞) stritly inreasing,stritly onvex and of appropriate growth.Remark 4.2. We note that Theorem 4.1 extends to the limit ase p = 1,whih means that then Y has to be replaed by the spae W 1q (
) ×BV (
;R2). We refer to Setion 5 for a disussion of the \linear ase".



58 M. BILDHAUER, M. FUCHS, J. WEICKERTProof of Theorem 4.1. Assume that (u1; v1), (u2; v2) ∈ Y are F -mini-mizing. As in Setion 3, Step 1, u1 6= u2 on a set with positive measurewould implyE (12u1 + 12u2; 12v1 + 12v2) < 12E(u1; v1) + 12E(u2; v2) ;whih follows from the strit onvexity of u 7→
∫
 |u − f |s dx. But thenu1 = u2 and v1 = v2 is a onsequene of the strit onvexity of v 7→∫
 |v −∇u|q dx.Next we onsider a F -minimizing sequene (uk; vk) ∈ Y . From formula(4.1) it is immediate that supk ∫
 |uk|s dx < ∞ ; (4.2)supk ∫
 |∇uk − vk|q dx < ∞ ; (4.3)supk ∫
 |∇vk|p dx < ∞ : (4.4)Note that (4.3) in partiular impliessupk ∫
 |∇uk − vk| dx <∞ : (4.5)Let us assume for tehnial simpliity that 
 = BR(0). The adjustments ofthe following alulations for general onvex domains are left to the reader.For t ∈ [0; R℄ we have

∫Bt(0) ∇uk dx = ∫�Bt(0) uk(y)yt dH1(y) ;heneR∫0 ∣∣∣∣∣∣∣ ∫Bt(0) ∇uk dx∣∣∣∣∣∣∣ dt 6

R∫0 ∫�Bt(0) |uk| dH1 dt = ∫BR(0) |uk| dx 6 7 <∞



AN ALTERNATIVE APPROACH 59on aount of (4.2). Let fk: [0; R℄ → [0;∞), fk(t) := ∣∣∣∣∣
∫Bt(0) ∇uk dx∣∣∣∣∣. Fa-tou's lemma ombined with the previous estimate givesR∫0 lim infk→∞

fk(t) dt 6 7;thus lim infk→∞ fk(t) <∞ for L1-almost all t ∈ [0; R℄.Let us �x suh a radius t ∈ (0; R). Then a subsequene f̃k exists withthe property f̃k(t) 6 8 for a suitable positive onstant 8. If ũk; ṽk denotethe orresponding subsequenes of uk and vk respetively, it is shown thatfor any k ∈ N ∣∣∣∣∣∣∣

∫Bt(0) ∇ũk dx∣∣∣∣∣∣∣ 6 8 : (4.6)Combining (4.5) with (4.6) we �nd
∣∣∣∣∣∣∣

∫Bt(0) ṽk dx∣∣∣∣∣∣∣ 6 9 ; (4.7)and from (4.4) and (4.7) together with Poinar�es inequality it followssupk ‖ṽk‖W 1p (Bt(0)) < ∞ (4.8)for the partiular radius t.In order to proeed and to improve (4.8) to a global bound we reallthe following lemma whih we already used for obtaining (3.17).Lemma 4.1. Let G denote an open and onvex set in R
n with d :=diam(G) <∞. Consider a measurable subset S of G suh that Ln(S) > 0.Then for any funtion w ∈ W 1p (G), 1 6 p <∞, it holds

‖w − wS‖Lp(G) 6

(
Ln(B1)
Ln(S) )1− 1n dn ‖∇w‖Lp(G) ; (4.9)wS denoting the mean value of w on S.Proof. See [34℄, inequality (7.45). �



60 M. BILDHAUER, M. FUCHS, J. WEICKERTIn Lemma 4.1 we let G = BR(0), S = Bt(0), w = ṽk ∈ W 1p (G;R2) andobtain from (4.9) in ombination with (4.4)supk ∫BR(0) ∣∣∣∣∣∣ṽk −−

∫S ṽk dy∣∣∣∣∣∣p dx < ∞ ;hene by (4.7) (returning to the old notation)supk ‖ṽk‖Lp(
) < ∞ ;thus (reall (4.4)) supk ‖ṽk‖W 1p (
) < ∞ : (4.10)In ase p > 2 (4.10) implies (by Sobolev's theorem)supk ‖ṽk‖Lq(
) < ∞ (4.11)independent of the hoie of q. Thus, by (4.11) and (4.3) we getsupk ∫
 |∇ũk|q dx <∞ : (4.12)In ase p < 2 (4.12) follows in the same manner as a onsequene of ourassumption q 6
2p2−p and Sobolev's embedding theorem.Finally we laim supk ∫
 |ũk|q dx < ∞ ; (4.13)whih in ase s > q diretly follows from (4.2). In ase s < q we use (4.2)to get supk ∣∣∣∣∣∣

−

∫
 ũk dx∣∣∣∣∣∣ <∞ : (4.14)Sine (4.12) in ombination with Poinar�e s inequality impliessupk ∫
 ∣∣∣∣∣∣
ũk −−

∫
 ũk dy∣∣∣∣∣∣q dx < ∞ ; (4.15)we see that (4.13) is a onsequene of (4.14) and (4.15).



AN ALTERNATIVE APPROACH 61With (4.12) and (4.13) it is shown thatsupk ‖ũk‖W 1q (
) <∞ ; (4.16)and from (4.10) and (4.16) the laim of Theorem 4.1 follows in a standardmanner. �We �nish this setion by presenting an alternative argument leading tothe ompatness of F -minimizing sequenes.Let m(
) := ∫
 � dx with 0 6= � ∈ C10 (
), 0 6 � 6 1, and de�neM(w) := 1m(
) ∫
 w� dxfor funtions or �elds w on 
 (mean value of w with weight �). It holdsLemma 4.2. There is a onstant  = (p;
; �) depending on p ∈ [1;∞),the domain 
 and the funtion � suh that
‖w −M(w)‖Lp(
) 6  ‖∇w‖Lp(
) (4.17)holds for any w ∈ W 1p (
).Proof of Lemma 4.2. If the statement is false, we an �nd a sequenewk ∈W 1p (
) suh that

‖wk −M(wk)‖Lp(
) > k ‖∇wk‖Lp(
) : (4.18)Let w̃k := wk −M (wk)
‖wk −M (wk)‖Lp(
) :We get from (4.18) 1 = ‖w̃k‖Lp(
) > k ‖∇w̃k‖Lp(
) ;whih in partiular impliessupk ‖w̃k‖W 1p (
) < ∞ (4.19)and

∇w̃k → 0 in Lp(
) : (4.20)Passing to a subsequene we dedue from (4.19) the existene of w̃ ∈ Lp(
)suh that w̃k → w̃ in Lp(
). Thus,
‖w̃‖Lp(
) = 1 ; M(w̃) = 0 : (4.21)



62 M. BILDHAUER, M. FUCHS, J. WEICKERTHowever, (4.20) yields ∇w̃ = 0, hene w̃ must be onstant ontraditing(4.21). �Remark 4.3. Inequality (4.17) extends to domains in R
n; n > 2.Appliation of Lemma 4.2. As in the proof of Theorem 4.1 we hoose anF -minimizing sequene (uk; vk) ∈ Y . In order to justify (4.10) (for thewhole sequene vk) we see that on aount of (4.17) it is enough to showthe validity of supk |M (vk)| < ∞ : (4.22)Realling (4.5) our laim (4.22) follows fromsupk |M (∇uk)| < ∞ : (4.23)But for (4.23) we just observeM(∇uk) = 1m(
) ∫
 ∇uk� dx = −

1m(
) ∫
 ∇�uk dx ;thus (4.23) is a onsequene of (4.2), and we end up with (4.10) and (4.16)for the sequene (uk; vk). �Remark 4.4. In Setion 7 we will apply a more re�ned variant of Lem-ma 4.2.
§5. Linear growth modelsThe tehniques used during the proof of Theorem 4.1 an be adjustedto the linear setting, more preisely:Theorem 5.1. Let 
 denote a bounded Lipshitz domain in R

2 being inaddition onvex. Suppose we are given f ∈ L∞(
), parameters �1, �2 > 0and exponents s ∈ (1;∞), q ∈ (1; 2℄. Then the problem
∫
 |u−f |s dx+�1∫
 |∇u−v|q dx+�2∫
 |∇v| → min in W 1q (
)×BV (
;R2)admits a unique solution.Remark 5.1. For a de�nition of the spae BV (
) onsisting of L1-funtions having �nite total variation we refer the reader to, e.g., [3℄ or [33℄.



AN ALTERNATIVE APPROACH 63Remark 5.2. The quantity ∫
 |∇v| (= total variation of the matrix-valuedmeasure ∇v) an be replaed by ,e.g.,
∫
 ("+ |∇v|2)1=2 or ∫
 �� (|∇v|) with � > 1and ��(t) := t∫0 s∫0 (1 + r)−� dr ds=  1�−1 t+ 1�−1 1�−2 (t+ 1)−�+2 − 1�−1 1�−2 ; � 6= 2 ;t− ln(1 + t) ; � = 2 :More generally, we an work with ∫
 � (|∇v|), where � : [0;∞) → [0;∞) isinreasing and onvex satisfying 1(t − 1) 6 �(t) 6 2(t + 1), t > 0, withpositive onstants 1; 2.Simultaneously we an disuss ∫
 	(|∇u− v|) dx in plae of

∫
 |∇u − v|qdx, provided that 	 : [0;∞) → [0;∞) is stritly inreasingand stritly onvex with the property 3(tq−1) 6 	(t) 6 4(tq+1), t > 0,with onstants 3; 4 > 0. Clearly the same omments onern the term∫
 |u− f |s dx.Proof of Theorem 5.1. We an follow exatly the lines of the proof ofTheorem 4.1 provided we have a BV -variant of Lemma 4.1, i.e. inequality(4.9) holds in ase w ∈ BV (G) with ‖∇w‖Lp(G) replaed by the totalvariation ∫G |∇w|.If we apply [33℄, Theorem 1.17, p.14, to approximate w ∈ BV (G)through a sequene wj ∈ C∞(G) ∩W 11 (G), whih meanslimj→∞

∫G |wj − w| dx = 0 ; limj→∞

∫G |∇wj | dx = ∫G |∇w| ;and quote Lemma 4.1 with p = 1 and for the funtions wj , then the BV -version of Lemma 4.1 follows. �Let us �nally look at \linear oupling".



64 M. BILDHAUER, M. FUCHS, J. WEICKERTTheorem 5.2. Consider 
, f , �1, �2 > 0 as in Theorem 5.1 and lets ∈ (1;∞).i) The problem
∫
 |u− f |s dx+ �1 ∫
 |v −∇u|+ �2 ∫
 |∇v| → minadmits at least one solution (u; v) ∈ BV (
) × BV (
;R2) with ubeing unique.ii) If ∫
 |v−∇u| is replaed by ∫
 � (|v −∇u|) with � : [0;∞) → [0;∞)stritly inreasing and stritly onvex satisfying in addition theestimate a(t− 1) 6 �(t) 6 A(t+ 1) ; t > 0 ;with onstants a;A > 0, then we obtain a unique minimizer (u; v)in the lass BV (
)×BV (
;R2).Remark 5.3. As stated in Remark 5.2, the quantities ∫
 |u − f |s dx and

∫
 |∇v| an be modi�ed in the usual way.
§6. Regularity results for non-quadrati energiesIn this setion we replae the energy F from (4.1) by its non-degeneratevariantK[u; v℄ := ∫
 |u− f |s dx+ �1 ∫
 (�1 + |∇u− v|2)q=2 dx+�2 ∫
 (�2 + |∇v|2)p=2 dx (6.1)with exponents s, q, p ∈ (1;∞) and parameters �1, �2, �1, �2 > 0.Theorem 6.1. (subquadrati ase) Assume that 1 < q < p 6 2 or 1 <q 6 p < 2. Let (u; v) ∈ Y := W 1q (
) ×W 1p (
;R2) denote the unique Kminimizer in the spae Y . Then it holds:i) The �eld v is ontinuously di�erentiable in 
, the �rst partialderivatives satisfying a loal H�older-ondition. Moreover, v is inthe spae W 22;lo(
;R2).



AN ALTERNATIVE APPROACH 65ii) If we impose the restrition s 6
q2−q , then we have the orrespond-ing results for the funtion u.Remark 6.1. Probably Theorem 6.1 extends to the degenerate situationfor whih �1 = 0 or �2 = 0. The reader is referred to the papers of, e.g.,Tolksdorf [53℄ and Di Benedetto [25℄ on degenerate ellipti systems andequations.Remark 6.2. As usual we an replae the p-part (q-part) of the funtionalK by any non-degenerate p-ellipti (q-ellipti) density. For the quantity∫
 |u− f |s dx we have even more exibility.Remark 6.3. The reader being interested in a version of Theorem 6.1 forp > 2 should onsult the paper [8℄ for the neessary adjustments.Remark 6.4. If 1 < � < 2 and if in (6.1) the quantity ∫
 (�2+ |∇v|2)p=2 dxis replaed by ∫
 ��(|∇v|) with �� from Remark 5.2, we expet regularityresults in the spirit of Theorem 6.1, provided the oupling term is also oflinear growth and s 6 2. We refer to [10℄ and [11℄.Proof of Theorem 6.1. We �rst will investigate the regularity of v. Thebasi idea goes bak to the work of Frehse and Seregin outlined in paper[29℄, in whih they study a model for plastiity with logarithmi hardening.An appliation of this tehnique in the ontext of the denoising of imageshas been presented in [9℄.For notational simpliity we let �1 = �2 = �1 = �2 = 1 and abbreviateG: R

2 → R, G(�) := (1 + |�|2)q=2, H : R
2×2 → R, H(M) := (1 + |M |2)p=2.From K[u; v℄ 6 K[u;w℄ for all w ∈ W 1p (
;R2) it follows that v is theminimizer of the funtionalK̃ : W 1p (
;R2) ∋ w 7→

∫
 G(w −∇u) dx+ ∫
 H(∇w) dx ;(u; v) denoting the unique K-minimizer in the spae Y , whose existene isguaranteed by Theorem 4.1 and Remark 4.1.The next alulations have to be justi�ed by introduing the quadratiregularization (0 < Æ < 1)K̃Æ : W 12 (
;R2) ∋ w 7→ K̃(w) + Æ2 ∫
 |∇w|2 dx ;



66 M. BILDHAUER, M. FUCHS, J. WEICKERTwhih means that in the following we atually work with the unique K̃Æ-minimizers vÆ being suÆiently regular, e.g., of lass W 22;lo(
;R2). More-over, the sequene {vÆ} has nie onvergene properties, whih enablesus to transfer uniform estimates obtained for the sequene {vÆ} to thelimit funtion v. The details of this routine approximation proedure areoutlined in [9, 29℄ and an also be found in various plaes in the mono-graphs [32℄ and [7℄.Dropping the index Æ, the K̃-minimizing property of v(= vÆ) yields0 = ∫
 DH(∇v) : ∇	dx+ ∫
 DG(v −∇u) ·	dx (6.2)for 	 ∈ C∞0 (
;R2). If we replae 	 by �i	, i = 1, 2 and then hoose	 = �2(�iv − �i) for some �i ∈ R
2, we obtain from (6.2)

∫
 D2H (∇v) (�i∇v;∇ [�2 (�iv − �i)]) dx= ∫
 DG (v −∇u) · �i (�2 [�iv − �i℄) dx : (6.3)Here � is a funtion from C10 (
) suh that 0 6 � 6 1, � = 1 on Br(x0),spt � ⊂ B2r(x0), |∇�| 6 =r for a given disk B2r(x0) ⋐ 
 with r 6 1. Inequation (6.3) and in what follows we will always take the sum w.r.t. indiesrepeated twie. Let us introdue the quantity� := (D2H (∇v) (�i∇v; �i∇v)) 12 : (6.4)From (6.3) we dedue (Tr(x0) := B2r(x0)− Br(x0))
∫B2r(x0) �2�2 dx 6 1r ∫Tr(x0) ∣∣D2H(∇v)∣∣ ∣∣∇2v∣∣ |∇v − �| dx+∫ B2r(x0) |DG(v −∇u)| ∣∣�i (�2 [�iv − �i℄)∣∣ dx] : (6.5)
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∣∣D2H(∇v)∣∣ ∣∣∇2v∣∣ 6  (1 + |∇v|2) p−22 |∇2v|=  [(1 + |∇v|2) p−22 |∇2v|2] 12 (1 + |∇v|2) p−24 6 � ;where we have used the de�nition of � (.f.(6.4)) as well as the fat thatp 6 2. Therefore (6.5) yields

∫B2r(x0) �2�2 dx 6 1r ∫Tr(x0) � |∇v − �| dx+ S ;S := ∫B2r(x0) |DG(v −∇u)| ∣∣�i (�2 [�iv − �i℄)∣∣ dx : (6.6)Let us look at the �rst term on the r.h.s. of (6.6):1r ∫Tr(x0) � |∇u− �| dx 6
1r  ∫Tr(x0) �2 dx 12 


∫Tr(x0) |∇v − �|2 dx 12by H�older's inequality and if we de�ne � := ∫−Tr(x0)∇v dx, we get after anappliation of the Sobolev{Poinar�e inequality1r ∫Tr(x0) � |∇u− �| dx 6

r  ∫Tr(x0) �2 dx 12 ∫T2r(x0) ∣∣∇2v∣∣ dx :Observe that (see (6.4))
∣∣∇2v∣∣ 6 �' ; ' := (1 + |∇v|2) 2−p4 ; (6.7)hene the previous estimates in ombination with (6.6) show

∫B2r(x0) �2�2 dx 6
r  ∫Tr(x0) �2 dx 12 ∫Tr(x0) �' dx+ S : (6.8)



68 M. BILDHAUER, M. FUCHS, J. WEICKERTWith the exeption of the term S, inequality (6.8) orresponds to thestarting inequality (4.22) in [29℄ (after using the lower bound ∫Br(x0) �2 dxon the l.h.s. of (6.8)).So let us have a loser look at S de�ned in (6.6). From the de�nition ofG it follows
|DG (v −∇u)| 6  [1 + |v|q−1 + |∇u|q−1] ; (6.9)and aording to (6.9) we seeS 6  ∫B2r(x0) ∣∣�i (�2 [�iv − �i℄)∣∣ dx+ ∫B2r(x0) |v|q−1 ∣∣�i (�2 [�iv − �i℄)∣∣ dx+ ∫B2r(x0) |∇u|q−1 ∣∣�i (�2 [�iv − �i℄)∣∣ dx =:  [T1 + T2 + T3℄ : (6.10)Clearly T1 6  ∫B2r(x0) �|∇�||∇v − �| dx+ ∫B2r(x0) �2 ∣∣∇2v∣∣ dx

6 1r ∫Tr(x0) |∇v − �| dx+ ∫B2r(x0) �2 ∣∣∇2v∣∣ dx
6  ∫Tr(x0) ∣∣∇2v∣∣ dx+ ∫B2r(x0) �2 ∣∣∇2v∣∣ dxby Poinar�e s inequality. In the �rst integral on the r.h.s. we use (6.7), tothe seond one we apply Young's inequality with the result (0 < " < 1)

∫B2r(x0) �2|∇2v| dx 6 " ∫B2r(x0) �2�2 dx+ (") ∫B2r(x0) '2 dx :Therefore we getT1 6 " ∫B2r(x0) �2�2 dx+ (") ∫B2r(x0) '2 dx+  ∫Tr(x0) �' dx : (6.11)



AN ALTERNATIVE APPROACH 69Inserting (6.11) into (6.10) and returning to (6.8) it follows after hoosing" small enough:
∫B2r(x0) �2�2 dx 6

r  ∫Tr(x0) �2 dx+ r2 12 ∫Tr(x0) �' dx+  ∫B2r(x0) '2 dx+  [T2 + T3℄ : (6.12)As it will be shown later it holds (1 + |∇v|2)p=4 ∈ W 12;lo(
) (uniformlyw.r.t. the hidden approximation parameter), thus
∇v ∈ Ltlo (
;R2×2) for all t < ∞ (6.13)(again uniformly in Æ). We use this information during the estimate of T2:T2 6  ∫B2r(x0) |v|q−1�2 ∣∣∇2v∣∣ dx+ ∫B2r(x0) |v|q−1|∇�| |∇v − �| dx=:  [U1 + U2℄ : (6.14)Realling the de�nition of �, it follows from (6.13)

|�| 6 (")r−"for any number " > 0. This gives:U2 6 1r ∫Tr(x0) |v|q−1|∇v| dx + (") 1r1+" ∫Tr(x0) |v|q−1 dx :Combining (6.13) with Sobolev's embedding theorem, we obtainv ∈ L∞lo (
;R2)(uniformly) and another appliation of (6.13) together with H�older's in-equality implies the following statement by seleting " > 0 suÆientlysmall:if we hoose a number � ∈ (0; 1) and if from now on we work on disksB2r(x0) ompatly ontained in a subregion 
′ ⋐ 
, then it holdsU2 6 (�;
′)r� : (6.15)



70 M. BILDHAUER, M. FUCHS, J. WEICKERTAt the same time (reall (6.7) and use Young's inequality)U1 6  ∫B2r(x0) |v|q−1�2�' dx
6 " ∫B2r(x0) �2�2 dx+ (") ∫B2r(x0) |v|2q−2'2 dx
6 " ∫B2r(x0) �2�2 dx+ (";
′; �)r2� (6.16)

for any � ∈ (0; 1) again by (6.13). We insert (6.15) and (6.16) into (6.14),return to (6.12), hoose " small enough and apply (6.13) to the term∫B2r(x0) '2 dx on the r.h.s. of (6.12) with the result
∫B2r(x0) �2�2 dx 6 1r  ∫Tr(x0) �2 dx+ r2 12 ∫Tr(x0) �' dx+  (�;
′) r� +  T3; � ∈ (0; 1) : (6.17)The estimate for T3 is similar to the disussion of T2 and uses the assump-tion q < 2: we splitT3 6  ∫B2r(x0) |∇u|q−1 ∣∣∇2v∣∣ �2 dx+ 1r ∫Tr(x0) |∇u|q−1

|∇v − �| dx=:  [V1 + 1r V2]and hoose s ∈ (2; q=(q − 1)). Let g := |∇u|q−1|∇v|. Then we have (usingthe previous estimate for |�|)



AN ALTERNATIVE APPROACH 711r V2 6 (")1r ∫Tr(x0) g dx+ 1r"+1 ∫Tr(x0) |∇u|q−1 dx
6 (") ∫Tr(x0) g2 dx 12 + 1r"  ∫Tr(x0) |∇u|2q−2 dx 12

by H�older's inequality. For the same reason and by the hoie of s
‖g‖L2(Tr(x0)) 6  r� ‖g‖Ls(Tr(x0))with suitable positive exponent �. At the same time

∫Tr(x0) gs dx = ∫Tr(x0) |∇u|s(q−1)|∇v|s dx ;and if we reall ∇u ∈ Lq(
;R2), s(q − 1) < q and (6.13) it follows


∫Tr(x0) g2 dx 12

6 r� : (6.18)Looking at the remaining term 1r" ( ∫Tr(x0) |∇u|2q−2 dx)1=2 and observing2q − 2 < q, we see that for " small enough this item an also be boundedthrough a positive power of r, hene by (6.18)1r V2 6 (
′)r� (6.19)after dereasing � (if neessary). For V1 we haveV1 6  ∫B2r(x0) �2�'|∇u|q−1 dx
6 " ∫B2r(x0) �2�2 dx + (") ∫B2r(x0) '2|∇u|2q−2 dx :



72 M. BILDHAUER, M. FUCHS, J. WEICKERTFor suÆiently small " the �rst term on the r.h.s. an be absorbed into thel.h.s. of (6.17), to the seond integral we apply (6.13) and reall 2q−2 < qto gain a positive radius power. Combining these estimates with (6.18) andgoing bak to (6.17) it is shown:there exists � ∈ (0; 1) suh that for any 
′ ⋐ 
 and any disk B2r(x0) ⊂
′, r 6 1, it holds (uniformly in Æ)
∫Br(x0) �2 dx 6

r  ∫Tr(x0) �2 dx+ r2 12 ∫Tr(x0) �' dx+ (
′)r� : (6.20)Before proeeding we want to verify (6.13) (for the approximation againdropping the index Æ). The idea is to bound � in L2lo(
) uniformly,i.e. through quantities being under our ontrol during the approximation.To this purpose we return to (6.3) and hoose � = 0. Note that thefollowing alulations are valid for any exponents 1 < q 6 p 6 2. We get
∫
 D2H (∇v) (�i∇v; �i∇v) �2 dx= −2 ∫
 D2H(∇v) (�i∇v;∇� ⊗ �iv) � dx+ ∫
 DG(v −∇u) · �i (�2�iv) dx (6.21)with � as before. Using the Cauhy{Shwarz inequality in the formD2H(X)(Y; Z) 6 D2H(X)(Y; Y )1=2D2H(X)(Z;Z) 12and applying Young's inequality we dedue from (6.21)

∫B2r(x0) �2�2 dx 6  1r2 ∫Tr(x0) ∣∣D2H(∇v)∣∣ |∇v|2 dx+∫ B2r(x0) |DG(v −∇u)| ∣∣�i (�2�iv)∣∣ dx] : (6.22)



AN ALTERNATIVE APPROACH 73By the de�nition of H it is immediate that
∫Tr(x0) ∣∣D2H(∇v)∣∣ |∇v|2 dx 6 ∫
 |∇v|p dx+ 1 (6.23)(the r.h.s. of (6.23) being uniformly bounded for the approximation vÆ!).We have by the de�nition of G

∫B2r(x0) |DG(v −∇u)| ∣∣�i (�2�iv)∣∣ dx
6  ∫B2r(x0) ∣∣�i (�2�iv)∣∣ dx+ ∫B2r(x0) |v|q−1 ∣∣�i (�2�iv)∣∣ dx+∫ B2r(x0)|∇u|q−1 ∣∣�i (�2�iv)∣∣ dx]=:  [W1 +W2 +W3℄ ;where W1 6  ∫B2r(x0) |∇�| |∇v| dx+ ∫B2r(x0) ∣∣∇2v∣∣ �2 dx :The �rst integral is ontrolled, for the seond one we use (6.7) and Young'sinequality to get
∫B2r(x0) ∣∣∇2v∣∣ �2 dx 6 " ∫B2r(x0) �2�2 dx+ (") ∫B2r(x0) �2'2 dx :The "-term is absorbed in the l.h.s. of (6.22), for the (")term we observe

∫B2r(x0) �2'2 dx 6 ∫
 |∇v|2−p dx+ 1by the de�nition of '. Therefore (6.22) together with (6.23) yields
∫B2r(x0) �2�2 dx 6 (
′) +  [W2 +W3℄ : (6.24)



74 M. BILDHAUER, M. FUCHS, J. WEICKERTWe haveW2 6  ∫B2r(x0) |v|q−1|∇v||∇�|� dx+ ∫B2r(x0) �2 ∣∣∇2v∣∣ |v|q−1 dx
6 (
′)∫
 |∇v|p dx 1p 


∫
 |v|(q−1) pp−1 dx1− 1p+  ∫B2r(x0) �2�'|v|q−1 dx :From q 6 p it follows (q − 1) pp−1 6 p, hene we an bound the inte-gral involving |v|(q−1) pp−1 . Splitting the integral involving � in the usualmanner leads to the quantity ∫
 '2|v|2q−2 dx with integrand being of order

|∇v|2−p|v|2q−2. But we have (w.l.o.g. p < 2)
∫
 |∇v|2−p |v|2q−2 dx 6 ∫
 |∇v|p dx+ ∫
 |v| p2p−2 (2q−2) dxwith exponent p2p−2 (2q − 2) 6 p, hene (6.24) an be replaed by

∫B2r(x0) �2�2 dx 6 (
′) + W3 : (6.25)In the same manner as for W1 and W2 we getW3 6  ∫B2r(x0)�|∇�||∇u|q−1|∇v| dx+ ∫B2r(x0)�2 |∇u|q−1 ∣∣∇2v∣∣ dx
6 (
′)∫
 |∇v|p dx+∫
 |∇u| pp−1 (q−1) dx+  ∫B2r(x0)�2 |∇u|q−1

|∇2v| dx ;



AN ALTERNATIVE APPROACH 75the �rst two terms being bounded on aount of pp−1 (q − 1) 6 q. Finallyit holds
∫B2r(x0) �2|∇u|q−1|∇2v| dx

6 " ∫B2r(x0) �2�2 dx+ (") ∫B2r(x0) �2'2 |∇u|(q−1)2 dxwith '2 |∇u|(q−1)2
6 (|∇v|2−p + 1) |∇u|(q−1)2
6  [|∇u|(q−1)2 + |∇v|p + |∇u|2(q−1) p2(p−1) ] :Sine the funtions on the r.h.s. are integrable, inequality (6.25) learlyimplies

∫
′

�2 dx 6 (
′) (6.26)uniformly for the approximation sequene. We have�2 = D2H(∇v) (�i∇v; �i∇v) >  (1 + |∇v|2) p−22 ∣∣∇2v∣∣2 >  |∇'|2for the funtion ' := (1 + |∇v|2)p=4. Clearly ' ∈ L2(
) (uniformly forthe approximation) and the previous estimate together with (6.26) shows
|∇'| ∈ L2lo(
) (uniformly). But then ' ∈ Ltlo(
) for any �nite t bySobolev's theorem and (6.13) follows.Let us return to (6.20). In order to apply Lemma 4.1 of [29℄ (withH := �, h := ') we �rst let � := �=2 and hoose an exponent � ∈ (0; �).Then (6.20) implies

∫Br(x0) �2 dx 6 1r r2� + ∫Tr(x0) �2 dx ·

∫Tr(x0) �' dx+ r2� ; (6.20')and it is easy to hek that with (6.20') the estimate (A3.6) in [29℄ has tobe replaed by
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∫Br(x0) �2 dx 6  √log2 2Rr ∫Tr(x0) �2 dx+ r�√log2 2Rr 

+ r� ;where R is some �xed radius, r 6 R, and B2R(x0) ⊂ 
′ ⋐ 
.But sine we assume � < �, the above inequality learly implies (A3.6)from [29℄ and as outlined there we obtain
∫Br(x0) �2 dx 6 K(t) |ln r|−t (6.27)for any exponent t > 1, any disk B2r(x0) ⊂ 
′ ⋐ 
 with a loal onstantdepending on 
′ and t.Let � := DH(∇v). We have�i� : �i� = D2H(∇v) (�i∇v; �i�)

6
(D2H (∇v) (�i∇v; �i∇v)) 12 (D2H (∇v) (�i�; �i�)) 12 6 � |∇�| ;where we have used the boundedness of ∣∣D2H(∇v)∣∣ due to p 6 2. Hene(6.27) holds with � replaed by |∇�| and a lemma of Frehse [28℄ impliesthe ontinuity of � with modulus of ontinuity being uniform for the ap-proximation.Next we observe that DH : R

2×2 → R
2×2 is a C1-di�eomorphism, thusthe ontinuity of ∇v and thereby v ∈ C1(
;R2) is a onsequene of ∇v =(DH)−1(�).Having established the loal boundedness of ∇v, we return to (6.20)and use the hole-�lling tehnique to prove ∫Br(x0) �2 dx 6 onst r loally,hene ∇� satis�es a Morrey ondition whih means that � and thereby

∇v is loally H�older-ontinuous. Note that the loal boundedness of ∇vtogether with, e.g., (6.26) immediately gives v ∈W 22;lo(
;R2).Let us now look at the funtion u: from K[u; v℄ 6 K[u + t�; v℄, � ∈C10 (
), we dedue ∫
 DG (∇u− v) · ∇� dx = ∫
 g� dxwith suitable funtion g. LetA (x; �) := DG (� − v(x)) :



AN ALTERNATIVE APPROACH 77Sine the x-dependene of A is suÆiently nie we an quote, e.g., [41℄,Chapter 4, Setion 3, or [25℄ to get u ∈ C1(
) with loally H�older-ontinuous �rst derivatives.However, in both referenes the solution u of the problem
∫
 A (x;∇u) · ∇� dx = ∫
 �g dx ; � ∈ C10 (
) ; (6.28)is assumed to be loally bounded. Therefore we prefer to sketh the regu-larity of u losely following the lines of the proof of part i) of Theorem 6.1and to make lear how the assumption s 6 q=(2− q) omes into play.As a matter of fat the following alulations have to be arried out fora quadrati regularization in whih the funtionalW 12 (
) ∋ w 7→

Æ2 ∫
 |∇w|2 dx+K[w; v℄is onsidered with unique minimizer uÆ. We laim
∇u ∈ Ltlo (
;R2) for all t < ∞ (6.29)(uniformly w.r.t. Æ).Clearly (6.29) implies the loal boundedness of u as required in thereferenes [41℄ and [25℄. (6.29) orresponds to (6.13) and analogous to theprevious arguments it will be dedued from
(1 + |∇u|2)q=4 ∈W 12;lo(
) : (6.30)For proving (6.30), we replae � in (6.28) by �i(�2�iu) with�∈C10 (B2r(x0)),0 6 � 6 1, � = 1 on Br(x0), |∇�| 6 =r for a disk B2r(x0) ⋐ 
, r 6 1. Itfollows

∫B2r(x0) �i {DG (∇u− v)} · ∇ (�2�iu) dx = −

∫ B2r(x0)g�i (�2�iu) dx :(6.31)Observing�i {DG (∇u− v)} = D2G (∇u− v) (�i∇u− �iv; · )= D2G (∇u− v) (�i∇u; · )−D2G (∇u− v) (�iv; · ) ;
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∫B2r(x0) D2G (∇u− v) (�i∇u; �i∇u) �2 dx= −2∫ B2r(x0)D2G (∇u− v) (�i∇u�;∇��iu) dx+ ∫B2r(x0) D2G (∇u− v) (�iv; �i∇u) �2 dx+ ∫B2r(x0) 2D2G (∇u− v) (�iv;∇� � �iu) dx

−

∫B2r(x0) g �i (�2�iu) dx =: T1 + T2 + T3 + T4 : (6.32)Consider a subdomain 
′ ⋐ 
 and reall v ∈ C1 (
′;R2). Suppose furtherthat B2r(x0) ⊂ 
′. In what follows we denote by \" loal onstants,i.e. onstants depending additionally on 
′ but being independent of thehidden approximation parameter Æ. It holds on aount of q 6 2 (withvarying value of  in eah line)
|T2| 6  ∫B2r(x0) �2 ∣∣∇2u∣∣ dx ; (6.33)
|T3| 6  ∫B2r(x0) � |∇�| |∇u| dx : (6.34)In T1 we apply the Cauhy{Shwarz inequality to the bilinear formD2G (∇u− v) and then use Young's inequality to get from (6.32){(6.34)

∫B2r(x0) �2D2G (∇u− v) (�i∇u; �i∇u) dx
6 1r + ∫B2r(x0) �2 ∣∣∇2u∣∣ dx+ |T4| : (6.35)



AN ALTERNATIVE APPROACH 79On the left-hand side of (6.35) we observe |∇u− v| 6 + |∇u|, heneD2G (∇u− v) (�i∇u; �i∇u) > (1 + |∇u− v|2) q−22 ∣∣∇2u∣∣2
> (1 + |∇u|2) q−22 ∣∣∇2u∣∣2 :Estimating

∫B2r(x0) �2 ∣∣∇2u∣∣ dx 6 " ∫B2r(x0) �2 (1 + |∇u|2) q−22 ∣∣∇2u∣∣2 dx+ (") ∫B2r(x0) �2 (1 + |∇u|2) 2−q2 dxwe see that after suitable hoie of " it follows from (6.35)
∫B2r(x0) �2 (1 + |∇u|2) q−22 ∣∣∇2u∣∣2 dx 6  [1r + |T4|] : (6.36)Let us remark that in (6.36) the onstant  also depends on ‖∇u‖Lq(
).From the de�nition of g we infer |g| 6  |u− f |s−1, thus (reall f ∈ L∞(
))

|T4| 6  ∫B2r(x0) |u− f |s−1 ∣∣�i (�2�iu)∣∣ dx
6  ∫B2r(x0) ∣∣�i (�2�iu)∣∣ dx+ ∫B2r(x0) |u|s−1 ∣∣�i (�2�iu)∣∣ dx ;and the �rst term in [: : : ℄ is easily handled. Thus, it remains to disussT5 := ∫B2r(x0) |u|s−1 � |∇�| |∇u| dx ;T6 := ∫B2r(x0) |u|s−1 �2 ∣∣∇2u∣∣ dx :
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6 (r)1 + ∫B2r(x0) |u|q s−1q−1 dx :Realling ∫
 |u|s dx 6  it follows

∫B2r(x0) |u|q s−1q−1 dx 6  (6.37)in the ase q > s sine then qq−1 6 ss−1 . Now let q < s. Realling q ∈ (1; 2)we obtain (6.37) provided q s−1q−1 6
2q2−q . But this inequality follows fromour hypothesis s 6

q2−q .Finally we estimateT6 6 " ∫B2r(x0) �2 (1 + |∇u|2) q−22 ∣∣∇2u∣∣2 dx+ (") ∫B2r(x0) �2 (1 + |∇u|2) 2−q2
|u|2s−2 dx ;the �rst item on the right-hand side being absorbed in the left-hand sideof (6.36). For the seond term we observe

∫B2r(x0) |∇u|2−q |u|2s−2 dx
6   ∫B2r(x0) |∇u|q dx+ ∫B2r(x0) |u|(2s−2) q2q−2 dx 6 on aount of (6.37).



AN ALTERNATIVE APPROACH 81Altogether (6.36) yields
∫Br(x0) (1 + |∇u|2) q−22 ∣∣∇2u∣∣2 dx 6 (r)(uniformly in Æ), and (6.30) follows. This proves (6.29).With this information we return to (6.31) replaing �iu through �iu−ai,where ai := ∫−Tr(x0)�iu dx. Then with the arguments used during the proofof i) of Theorem 6.1 we �nd u ∈ C1;�(
) and thereby u ∈W 22;lo(
). Thisompletes the proof of Theorem 6.1. �

§7. Related variational problemsAs in the previous setions let 
 ⊂ R
2 denote a bounded Lipshitzdomain being in addition onvex.i) Vetor ase.As a matter of fat all our results remain valid, if the funtions u, f :
 → R are replaed by vetor �elds u, f : 
 → R

m for some m > 1 and ifmatrix-valued mappings v: 
 → R
m×m are onsidered.ii) Models involving the symmetri gradient of v.Roughly speaking it turns out that all our statements on existene,uniqueness and regularity of minimizers remain unhanged, if the Jaobianmatrix ∇v = (�ivj)16i;j62 is replaed by its symmetri part"(v) := 12 (∇v + (∇v)T) = 12 (�ivj + �jvi)16i;j62 :Let us look for example at the funtional F from (4.1) but now with"(v) in plae of ∇v. Reall that in (4.1) p > 1 is required. Then Korn'sinequality (ompare [44℄) impliesW 1p (
;R2) = {w ∈ Lp(
;R2) : "(w) ∈ Lp (
;R2×2)} ;where on the r.h.s. "(w) is de�ned in the distributional sense. More pre-isely it holds

‖w‖W 1p (
) 6  [‖w‖Lp(
) + ‖"(w)‖Lp(
)] ; (7.1)whih means that for a minimizing sequene (uk; vk) we have to bound
‖vk‖Lp(
) (at least for a subsequene) in order to dedue from (7.1) theboundedness of ‖vk‖W 1p (
).



82 M. BILDHAUER, M. FUCHS, J. WEICKERTReall that during the proof of Theorem 4.1 we derived supk ‖vk‖Lp(
) <
∞ from Lemma 4.1 and now we need a version of Lemma 4.1 with the sym-metri gradient on the r.h.s. Unfortunately this result is rather tehnialand origins in the paper [44℄, the details even overing the linear ase havebeen presented in [31℄ and [30℄.Fix a funtion � ∈ C∞0 (
) suh that0 6 � 6 1 and m(
) := ∫
 �(x) dx > 0 : (7.2)For w : 
 → R

2 we let!ij := !ij(w) ; !ij := 12 (�jwi − �iwj) ; i; j = 1; 2 ; (7.3)and de�ne
Riw(x) := 1m(
) ∫
 wi(y)�(y) dy+ 2∑j=1 ∫
 !ij(y)�(y) (xj − yj) dy ;i = 1; 2 : (7.4)Lemma 7.1. Let 1 6 p < ∞ and onsider w ∈ W 1p (
;R2). Then the�eld Rw de�ned in (7.4) is a rigid motion, i.e. "(Rw) = 0 and it holds( =  (
; �; p) ∈ (0;∞))

‖w −Rw‖Lp(
) 6  ‖"(w)‖Lp(
) : (7.5)Remark 7.1. Clearly Lemma 7.1 holds in any dimension n, i.e. for �eldsw: R
n ⊃ 
 → R

n.Theorem 7.1. The statements of Theorem 4.1 remain valid, if in thefuntional F from (4.1) the Jaobian matrix ∇v of v is replaed by "(v).Proof of Theorem 7.1. We adopt the notation from the proof of Theo-rem 4.1 observing that (4.4) has to be replaed bysupk ∫
 |"(vk)|p dx < ∞ : (4.4')Let us drop the index k for the moment. We have by (7.5)
‖v‖Lp(
) 6  [‖"(v)‖Lp(
) + ‖Rv‖Lp(
)] : (7.6)



AN ALTERNATIVE APPROACH 83Moreover, it holds after an integration by parts
Riv(x) = 1m(
) ∫
 vi(y)�(y) dy+ 2∑j=1 12 ∫
 ((vj(y) ��yi {�(y) (xj − yj)}

−vi(y) ��yj {�(y) (xj − yj)})dy] : (7.7)The reader should note that the r.h.s. of (7.7) makes sense even for �eldsv ∈ L1(
;R2), in partiular we an de�ne R∇u via the r.h.s. of (7.7) withv being replaed by ∇u ∈ Lq(
;R2).Next observe that
‖Rv‖Lp(
) 6 ‖R∇u‖Lp(
) + ‖Rv −R∇u‖Lp(
) (7.8)and

Ri
∇u(x) = 1m(
) − ∫
 u(y) ��yi �(y) dy+ 2∑j=1 12 ∫
 (

− u(y) �2�yj�yi {�(y)(xj − yj)}+u(y) �2�yi�yj {�(y) (xj − yj)} dy)]= −
1m(
) ∫
 u(y) ��yi �(y) dy ;hene a bound for R∇u follows from (4.2), more preisely we get from theabove equation the inequality

|R∇uk (x)| 6  ∫
 |uk| dy ; x ∈ 
 ; (7.9)and (4.2) even yields supk ‖R∇uk‖L∞(
) <∞ :
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∣∣Rivk (x) −Ri

∇uk (x)∣∣ 6  ∫
 |vk −∇uk| dy ; x ∈ 
 ;thus by (4.5) supk ‖Rvk −R∇uk‖L∞(
) < ∞ : (7.10)From (7.8) - (7.10) it followssupk ‖Rvk‖Lp(
) <∞ ;thus on aount of (7.6) we arrive atsupk ‖vk‖Lp(
) < ∞ : (7.11)Inserting (7.11) and (4.4') into (7.1) we arrive at (4.10) now being validfor the whole sequene (vk).The rest of the proof of Theorem 7.1 follows exatly the lines of theproof of Theorem 4.1. �Let us now turn to the linear ase studied in Setion 5 again replaing
∇v by "(v). The orret lass is the spae BD(
) introdued in the papers[51, 52℄ and [50℄ onsisting of �elds v ∈ L1(
;R2) whose distributionalsymmetri gradient "(v) is a matrix valued Radon measure. A short surveyof the properties of suh �elds v with bounded deformation is presented inAppendix A.3 of [32℄.Theorem 7.2. If in Theorem 5.1 and 5.2 the quantity ∫
 |∇v| is replaedby ∫
 |"(v)|, then the onlusions of these theorems remain valid providedthe funtionals are onsidered on the spaes W 1q (
)×BD(
) and BV (
)×BD(
), respetively.For the proof of Theorem 7.2 we need a BD-Version of Lemma 7.1,whih has been established in [31℄ and [30℄.Lemma 7.2. With the notation introdued in (7.2) and (7.3) de�ne Rivaording to (7.7). Then for v ∈ BD(
) it holds

‖v −Rv‖L1(
) 6 (
; �) ∫
 |"(v)| : (7.12)
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