
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 444, 2016 Ç.T. BarkerLOCAL BOUNDARY REGULARITY FOR THENAVIER{STOKES EQUATIONS IN NONENDPOINTBORDERLINE LORENTZ SPACESAbstrat. We prove loal regularity up to the at part of theboundary, for ertain lasses of distributional solutions that areL∞L3;q with q �nite. The orresponding result, for the interior ase,was proven reently by Wang and Zhang, see also work by Phu. Forloal regularity, up to the at part of the boundary, q = 3 was es-tablished by G.A Seregin. Our result an be viewed as an extensionof this to L3;q with q �nite. New sale-invariant bounds, re�nedpressure deay estimates near the boundary and development of aonvenient new �-regularity riterion are entral themes in providingthis extension.
§1. IntrodutionIn this paper we are going to prove loal regularity, up to the at part ofthe boundary, for ertain lasses of weak solutions to the three dimensionalNavier Stokes equations. The main assumption is the veloity �eld belongsto L∞L3;q with q �nite.In the loal theory, two ases are distinguished: interior ases and bound-ary ases. The �rst result, regarding loal interior regularity riteria forthe Navier{Stokes in terms of the veloity, was established by Serrin in [6℄.Later the following generalisation was proven by Struwe in [17℄.Theorem 1.1. Let v be a divergent free vetor �eld de�ned in the unitparaboli ylinder Q = B×℄− 1; 0[, where B is the unit ball in R

3 enteredat the origin. Suppose that v satis�es the three onditionsv ∈ L2;∞(Q) ∩W 1;02 (Q); (1.1)
∫Q (v:�t�− v ⊗ v : ∇� +∇v : ∇�)dz = 0 (1.2)Key words and phrases: Navier{Stokes equations, ritial spaes, loal boundaryregularity riteria, bakward uniqueness, Lorentz spae.15



16 T. BARKERfor all smooth solenodial funtions � that are ompatly supported in Qdenoted C∞0;0(Q), andv ∈ Ls;l(Q); 3=s+ 2=l = 1; s > 3: (1.3)Then v is loally bounded in Q.Before further omment, we give the required notation. Heneforth, \ : "de�nes the salar produt of vetors and \ : " the produt of tensors. If X isa Banah spae with norm ‖ · ‖X , then Ls(a; b;X), a < b, means the usualBanah spae of strongly measurableX-valued funtions f(t) on ℄a; b[ with�nite norm
‖f‖Ls(a;b;X) := 



b
∫a ‖f(t)‖sXdt 1s < +∞for s ∈ [1;∞[, and with the usual modi�ation if s = ∞. With this notationif QT = 
×℄0; T [ then Ls;l(QT ) := Ll(0; T ;Ls(
)):We de�ne the following Sobolev spae with the mixed norm:W 1;0m;n(QT ) = {v ∈ Lm;n(QT ) : ‖v‖Lm;n(QT ) + ‖∇v‖Lm;n(QT ) < ∞}:For s = 3 the following loal interior regularity result was proven in [3℄.Namely the following:Theorem 1.2. Suppose that a pair of funtions (u; p) satis�es the Navier{Stokes equations in Q(1) in the sense of distributions. In addition, assumethat u ∈ L2;∞(Q) ∩ L2(−1; 0;W 12 (B)); (1.4)and p ∈ L 32 (Q): (1.5)Suppose further that u ∈ L3;∞(Q) (1.6)for some q ∈℄3;∞[. Then the veloity funtion u is Holder ontinuouson �Q(1=2).



LOCAL BOUNDARY REGULARITY 17Here we de�ne:B(x0; R) = {x ∈ R
3 : |x− x0| < R};B(�) = B(0; �); B = B(1);Q(z0; R) = B(x0; R)×℄t0 −R2; t0[; z0 = (x0; t0);Q(�) = Q(0; �):Theorem 1.2 is was proven in [3℄ by ad absurdum. A suitable resaling andlimiting proedure is performed and gives a nontrivial solution to Navier{Stokes equations in R

3×℄ − ∞; 0[. Then ontradition is then obtainedby proving a Liouville type theorem involving bakward uniqueness for aertain lass of paraboli operators. Subsequently, a version of Theorem 1.2was proven up to the at part of the boundary in [24℄. This was also donenear the urved part of the boundary in [18℄. In the ontext of Lorentzspaes, the interior result is proven in [27℄. Namely the assumptions andstatement proved are the same as in Theorem 1.2 exept (1.6) is replaed byu ∈ L∞(−1; 0;L3;q(B)) (1.7)with q �nite. Reently, a version is proven in [19℄ but with the additionalrestrition that p ∈ L2(−1; 0;L1(B)): (1.8)We will �rst present a di�erent proof to [27℄ of Theorem 1.2 under theassumption that u ∈ L∞(−1; 0;L3;q(B)): The ontradition argument hasthe same spirit as that used in [3, 19℄ and [27℄. The di�erene is the de-velopment of new estimates of ertain sale invariant quantities assoiatedwith the pressure and veloity, these may be of independent interest. Ourreasons for �rst presenting a di�erent proof of the known interior resultare two fold. Firstly the estimates of sale invariant quantities used in ourversion, mostly arry over (with some adjustment) to the ase involvingthe at part of the boundary. Seondly, the interior result is an importantprerequisite for proving the boundary ase.Now, we an state our main goal of proving loal regularity up to atpart of the boundary for nonendpoint Lorentz spaes.Theorem 1.3. Let a pair of funtions v and p have the following di�er-entiability properties:v ∈ L2;∞(Q+(2)) ∩W 1;02 (Q+(2)); p ∈ L 32 (Q+(2)): (1.9)



18 T. BARKERSuppose that v and p satis�es the Navier{Stokes equations�tv + div v ⊗ v −�v = −∇p; div v = 0 (1.10)in Q+(2) in the sense of distributions along with the boundary onditionv(x; t) = 0; x ∈ �(2) and − 4 < t < 0: (1.11)Assume, in addition, that there exists 3 6 q <∞ suh thatv ∈ L∞(−4; 0;L3;q(B+(2)): (1.12)Then v is Holder ontinuous in the losure of the set Q+(1=2):We explain some notation. Setting x′ = (x1; x2) ∈ R
2, we introdue thefollowing de�nitions:B+(x0; R) = {x ∈ B(x0; R) : x = (x′; x3); x3 > x03};B(�) = B(0; �); B = B(1) B+(�) = B+(0; �); B+ = B+(1);�(x0; R) = {x ∈ B(x0; R) : x3 = x30}; �(�) = �(0; �); � = �(1);Q+(z0; R) = B+(x0; R)×℄t0 −R2; t0[;Q+(�) = Q+(0; �); Q+ = Q+(1):Before ommenting further let us de�ne the Lorentz spaes. For a measur-able funtion f : 
 → R de�ne:df;
(�) := |{x ∈ 
 : |f(x)| > �}|: (1.13)Given a measurable subset 
 ⊂ R

n, the Lorentz spae Lp;q(
) (with p ∈℄0;∞[, q ∈℄0;∞℄) is the set of all measurable funtions g on 
 suh thatthe quasinorm ‖g‖Lp;q(
) is �nite. Here:
‖g‖Lp;q(
) := (p ∞

∫0 �qdg;
(�) qp d�� )
1q ; (1.14)

‖g‖Lp;∞(
) := sup�>0�dg;
(�) 1p : (1.15)It is well known that for q ∈℄0;∞[; q1 ∈℄0;∞℄ and q2 ∈℄0;∞℄ with q1 < q2we have the embedding Lp;q1 ,→ Lp;q2 and the inlusion is known to bestrit. Roughly speaking, the seond index of Lorentz spaes gives informa-tion regarding nature of logarithmi bumps. For example, using dereasingrearrangements, it an be veri�ed that for any 1 > � > 0; q > 3 we have
|x|−1| log(|x|−1)|−��|x|<1(x) ∈ L3;q(R3) if and only if q > 1� : (1.16)



LOCAL BOUNDARY REGULARITY 19In this way Theorem 1.3 gives a strengthening of the previous result ob-tained in [24℄. It should be stressed that, at the time of writing, the questionof interior regularity is open for the ritial norm L3;∞(B) that ontains
|x|−1. We mention that interior regularity results, that have a smallnessondition on L∞(L3;∞) norm, have been obtained in [7, 9℄ and [16℄, forexample.Now we an expliitly desribe the hallenges presented by the bound-ary, in order to motivate the method used. The proof also proeeds byontradition and uses the proof of a Liouville type theorem via bakwarduniqueness. The major di�erenes lie in the treatment of the pressure. Un-like the interior ase, if we sale and blow up the Navier{Stokes equations atsingular boundary points we do not know if we an obtain a limiting pres-sure for the boundary ase that lies in the spae L∞(−∞; 0;L 32 ; q2 (R3+)).Unfortunately, we annot even show that there is a reasonable global normof the limiting pressure whih is �nite. In our investigation, we were onlyable to demonstrate that the limiting pressure has the same integrability,on ompat spae-time subsets of R

3+×℄−∞; 0[, as for the original pressure.This reates major diÆulties with the epsilon regularity used in the theinterior regularity result in Lorentz spaes, presented in [19℄. This riterianeeds the limiting pressure to have more loal integrability in time thanthat assumed for the original pressure in Theorem 1.3. Our investigationis in the same spirit as that of [24℄. The main di�erenes are that we haveto strengthen Lemmas on the deay of the pressure (Proposition 2.5, 2.6 ofthat paper), together with the development of a onvenient epsilon regular-ity riteria for interior regularity of suitable weak solutions. Both of thesepoints use the sale invariant estimates used in our version of the proof ofthe orresponding interior result. The epsilon regularity riteria may be ofindependent interest, as it provides a strengthening to the statement givenin [12℄ and [15℄.
§2. Loal interior regularity in nonendpoint borderlineLorentz spaesHere is the expliit statement, whih we provide a proof of. An alterna-tive proof an be found in [27℄.Theorem 2.1. Suppose that a pair of funtions (u; p) satis�es the Navier{Stokes equations in Q(1) in the sense of distributions. In addition, assume



20 T. BARKERthat u ∈ L2;∞(Q) ∩ L2(−1; 0;W 12 (B)); (2.1)and p ∈ L 32 (Q): (2.2)Suppose further that u ∈ L∞(−1; 0;L3;q(B)) (2.3)for some q ∈℄3;∞[. Then the veloity funtion u is Holder ontinuous on�Q(1=2).We briey reap the de�nition of a suitable weak solution to the Navier{Stokes equations given by Lin in [15℄. Here it is.De�nition 2.2. Let ! be an open set in R
3. We say that a pair v andp are a suitable weak solution to the Navier{Stokes equations on the set!×℄ − T1; T [ if they satisfy the Navier Stokes equations in the sense ofdistributions. Moreover they are required to satisfy the following onditions.v ∈ L2;∞(!×℄T1; T [) ∩ L2(−T1; T ;W 12 (!)); (2.4)p ∈ L 32 (!×℄− T1; T [): (2.5)For a.a t ∈℄−T1; T [ and for all non negative ut-o� funtions � ∈ C∞0 (R4)vanishing in a neighbourhood of the paraboli boundary�′Q = ! × {t = −T1} ∪ �! × [−T1; T ℄;v and p satisfy the loal energy inequality

∫! �(x; t)|v(x; t)|2dx+ 2 ∫!×℄−T1;t[ �|∇v|2dxdt′
6

∫!×℄−T1;t[ [|v|2(�t�+��) + v:∇�(|v|2 + 2p)℄dxdt′ : (2.6)Let us proeed with a Lemma. The analogous Lemma (Lemma 4.1)was stated and proven in [19℄. As the proof of this statement is essentiallyunhanged we omit it.Lemma 2.3. Suppose that the pair of funtions (u; p) satisfy the hypothe-sis of Theorem 2.1. Then (u; p) forms a suitable weak solution to Navier{Stokes equations in Q(5=6) with a generalized energy inequality and fur-thermore u ∈ L4(Q). Moreover the inequality
‖u( · ; t)‖L3;q(B(3=4)) 6 ‖u‖L∞(−(3=4)2;0;L3;q(B(3=4)); (2.7)



LOCAL BOUNDARY REGULARITY 21holds for all t ∈ [−(3=4)2; 0℄, and the funtiont → ∫B(3=4) u(x; t)w(x) dxis ontinuous on [−(3=4)2; 0℄ for any w ∈ L 32 ; qq−1 (B(3=4)):Next, we reap the resaling prodeure for the proof of Theorem 2.1 usedby Esauriza, Seregin, Sverak in [3℄. Suppose the onditions for (u; p) ofTheorem 2.1 hold. Then by the previous Lemma (u; p) form a suitable weaksolution to the Navier{Stokes equations in Q(5=6) and for t ∈ [−(3=4)2; 0℄we have u( · ; t) ∈ L3;q(B(3=4)): (2.8)The resaling proedure arises from assuming Theorem 2.1 is false. Thus,u has no representative that is Holder ontinuous on �Q(1=2). This im-plies that there exists a singular point z0 ∈ �Q(1=2) suh that there is noparaboli neighbourhood of Oz0 of z0 where u has a Holder ontinuousrepresentative on Oz0 ∩Q. By Lemma 3.3 of [22℄, there exists a universalonstant 0 > 0 and a sequene of numbers Rk ∈℄0; 1[ suh that Rk → 0as k → +∞ andA(z0; Rk;u) = supt0−R2k6s6t0 1Rk ∫B(x0;Rk) |u(x; s)|2dx > 0 (2.9)for any k = 1; 2; : : :.For eah 
 = !×℄a; b[, where ! ⋐ R
3 and −∞ < a < b 6 0, we hoosea large k0 = k0(
) > 1 suh that for all k > k0 we have for (x; t) ∈ 
:x0 +Rkx ∈ B(2=3);and t0 +R2kt ∈℄− (2=3)2; 0[:Given suh an 
 we perform the Navier{Stokes saling as follows:uk(x; t) := Rku(x0 +Rkx; t0 +R2kt); (2.10)pk(x; t) := R2kp(x0 +Rkx; t0 +R2kt): (2.11)As done in [19℄ we may deompose the pressurep = ~p+ h; (2.12)where h is harmoni in B, and ~p := RiRj [(u1uj)�B ℄: It is lear thatpk = ~pk + hk: (2.13)



22 T. BARKERHere,~pk(x; t) := R2k ~p(x0 +Rkx; t0 +R2kt); hk(x; t) := R2k~h(x0 +Rkx; t0+R2kt)for any (x; t) ∈ 
 and k > k0(
): Now under the hypothesis of Theo-rem 2.1, Lemma 2.3 gives that (u; p) is a suitable weak solution to theNavier Stokes equations in Q(5=6). It is not diÆult to see that this im-plies (uk; pk) is a suitable weak solution to the Navier Stokes equationsin 
.Now de�ne the relevant following sale invariant funtional (0 < r < 1)A(z0; r;u) := supt0−r26t6t0 r−1 ∫B(x0;r) |u(x; t)|2 dx; (2.14)B(z0; r;u) := r−1 ∫Q(z0;r) |∇u(x; t)|2 dx dt; (2.15)C∞(z0; r;u) := r−2 t0
∫t0−r2 ‖u‖3L3;∞(B(x0;r)) dt; (2.16)D∞(z0; r; p) := r−2 t0
∫t0−r2 ‖p‖ 32L 32 ;∞(B(x0;r)) dt: (2.17)Now let us state a new estimate, whih may be of independent interest,that we use heavily in Theorem 2.1 and Theorem 1.3. The proof of this isontained in the Appendix.Lemma 2.4. Let (u; p) be a suitable weak solution in Q(z0; 1). Then for0 < r < 1 the following holds ( is some universal onstant):A(z0; r=2;u) +B(z0; r=2;u) 6 (C∞(z0; r;u) 43 + C∞(z0; r;u) 23+D∞(z0; r; p) 43 ): (2.18)Now, let us make more expliit the role that this estimate plays bymeans of a Proposition.Proposition 2.5. The resaled veloity and pressure the following uniformestimates for k > k0(
):

‖pk‖L 32 (a;b;L 32 ; q2 (!) 6 C(
)[‖p‖L 32 (Q) + ‖u‖2L∞(−1;0;L3;q(B)℄; (2.19)



LOCAL BOUNDARY REGULARITY 23b
∫a sup! |hk(x; t)| 32 dt 6 CRk(‖p‖ 32L32 (Q) + ‖u‖3L∞(−1;0;L3;q(B))); (2.20)

‖uk( · ; t)‖L3;q(!) 6 ‖u‖L∞(−1;0;L3;q(B)) (2.21)and
‖uk‖L∞(a;b;L2(!)+‖∇uk‖L2(a;b;L2(!) 6 C(
; ‖p‖L 32 (Q); ‖u‖L∞(−1;0;L3;q(B)))(2.22)for all suÆiently large k depending only on 
.Proof. It is lear (2.21) follows from Lemma 2.3 along with the easilyseen property that u0 ∈ L3;q(
) and u0;�(x) = �u0(�x) implies

‖u0;�‖L3;q(
=�) = ‖u0‖L3;q(
):Suh spaes are alled ritial spaes for the Navier{Stokes equations.Clearly, (2.22) follows from Lemma 2.4 having established (2.19){(2.21).Hene, we fous only on proving (2.19){(2.20). Note that we use the no-tation from (2.12){(2.13). Lemma 2.3 and inverse Navier{Stokes salinggives us the following for t ∈℄a; b[:
‖ ~pk( · ; t)‖L 32 ; q2 (!) 6 ‖~p( · ; t0 +R2kt)‖L 32 ; q2 (B( 23 )) 6 C‖u‖2L∞(−1;0;L3;q(B)):(2.23)Here, we used the well known fat that Calderon Zygmund singular integraloperators are bounded linear operators on Lp;q with p ∈℄1;∞[ and q ∈℄0;∞℄. Using (2.23) we see it is suÆient to only prove (2.20). Sine h is aharmoni funtion in B for a.a t ∈℄− 1; 0[, we have

‖h‖L32 (−1;0;L∞(B( 34 )) 6 C‖h‖L 32 (−1;0;L1(B)) 6 C(‖~p‖L1; 32 (Q) + ‖p‖L32 (Q))(2.24)
6C(‖~p‖L 32 (−1;0;L 32 ; q2 (B))+‖p‖L32 (Q))≤(‖p‖L 32 (Q) + ‖u‖2L∞(−1;0;L3;q(B))):(2.25)In the above, we used what is known as O'Neil's inequality. Namely if0 < p; q; r 6 ∞, 0 < s1; s2 6 ∞, 1p + 1q = 1r and 1s1 + 1s2 = 1s then:

‖fg‖Lr;s(
) 6 C(p; q; s1; s2)‖f‖Lp;s1(
)‖g‖Lq;s2(
): (2.26)



24 T. BARKERUsing (2.24), one infersb
∫a sup! |hk(x; t)| 32 dt 6 Rk 0

∫

−(3=4)2 sup! |h(x0 +Rkx; s)| 32 ds
6 Rk‖h‖ 32L32 (−1;0;L∞(B( 34 )) 6 CRk(‖p‖ 32L 32 (Q) + ‖u‖3L∞(−1;0;L3;q(B)): (2.27)The remaining part of the proof of Theorem 2.1 is proven in more or lessan idential way to the method in [19℄. �

§3. Loal regularity near the boundary in nonendpointborderline Lorentz spaesDe�ne the mixed Sobolev spae:W 2;1m;n(QT ) = {v ∈ Lm;n(QT ) : ‖v‖Lm;n(QT )+ ‖∇v‖Lm;n(QT ) + ‖∇2v‖Lm;n(QT ) + ‖�tv‖Lm;n(QT ) <∞}:First we show that the assumptions of Theorem 1.3 immediately give spa-tial smoothing and a loal energy inequality.Proposition 3.1. Suppose (v; p) satisfy the hypotheses of Theorem 1.3.Then for � ∈℄0; 1[ we havev ∈ L4(Q+(2)) ∩W 2;198 ; 32 (Q+(2�)) ∩W 2;143 (Q+(2�)); (3.1)p ∈ W 1;098 ; 32 (Q+(2�)) ∩W 1;043 (Q+(2�)): (3.2)In addition, the inequality
‖v( · ; t)‖L3;q(B+(2�) 6 ‖v‖L∞(−4;0;L3;q(B+(2)) (3.3)holds for all t ∈℄− (2�)2; 0[, and the funtiont → ∫B(2�) v(x; t)w(x) dxis ontinuous on [−(2�)2; 0℄ for any w ∈ L 32 ; qq−1 (B+(2�)).Moreover, for a.a t ∈℄ − 1; 0[ and for all non negative funtions � ∈C∞0 (R4), vanishing in a neighbourhood of the paraboli boundary �′Q(2)



LOCAL BOUNDARY REGULARITY 25of Q(2), v and p satisfy the inequality
∫B+(2) �(x; t)|v(x; t)|2 dx+ 2 ∫B+(2)×℄−2;t[ �|∇v|2 dx dt′

6

∫B+(2)×℄−2;t[ [|v|2(�t�+��) + v:∇�(|v|2 + 2p)℄dxdt′ : (3.4)Proof. First we remark that (3.4) and (3.3) is a onsequene of (3.1)-(3.2),together with arguments used in the previous setion on the interior ase,so we fous on only proving (3.1)-(3.2). We proeed in a slightly di�erentway to [24℄. Indeed we instead use the results regarding loal boundaryregularity for the Stokes system developed by Seregin in [25℄. Under theassumptions of Theorem 1.3 we learly have thatv ∈ W 1;098 ; 32 (Q+(2)) ∩W 1;043 (Q+(2)); (3.5)p ∈ L 98 ; 32 (Q+(2)) ∩ L 43 (Q+(2)): (3.6)Clearly from Sobolev embedding we have v ∈ L6;2(Q+(2)). By a wellknown haraterisation of Lorentz spaes:L4(B+(2)) = (L3;q(B+(2)); L6(B+(2))) 12 ;4: (3.7)The proof of this and notation used in (3.7) an be found in [1℄, for example.By well known properties of interpolation spaes ( see, for example, setion3.5 of [1℄):
‖v( · ; t)‖L4(B+(2)) 6 C‖v( · ; t)‖ 12L3;q(B+(2))‖v( · ; t)‖ 12L6(B+(2)):Thus,

‖v‖L4(Q+(2)) 6 C‖v‖ 12L∞(−4;0;L3;q(B+(2))‖v‖ 12W 1;02 (Q+(2)): (3.8)By Holder's inequality we obtain
‖v:∇v‖L 43 (Q+(2)) 6 C‖v‖ 12L∞(−4;0;L3;q(B+(2))‖v‖ 32W 1;02 (Q+(2)): (3.9)It is well known that the assumption v ∈ W 1;02 (Q+(2)) ∩ L2;∞(Q+(2))implies: v:∇v ∈ L 98 ; 32 (Q+(2)): (3.10)From here (3.5){(3.6) ombined with (3.9){(3.10) are enough to obtain thehigher regularity. This is seen from the loal boundary regularity for theStokes system, namely Lemma 1.1 of [25℄. �



26 T. BARKER3.1. Pressure estimates. It is �rst neessary to reap some appropriatede�nitions and a Lemma that will be neessary for our investigation. The�rst de�nition was given by Seregin in [23℄. Later on in [25℄, Seregin gave amore general de�nition of suitable weak solution near at part of boundary,but the one stated below is suÆient for our purposes.De�nition 3.2. A pair of funtions v and p is alled a suitable weak solu-tion to the Navier Stokes equations in Q+(z0; R) near �(x0; R)×[t0−R2; t0℄if they satisfy the following onditions. They have the di�erentiability prop-ertiesv∈L∞(t0 −R2; t0;L2(B+(x0; R))∩W 1;02 (Q+(z0; R)) ∩W 2;198 ; 32 (Q+(z0; R));(3.11)p ∈ W 1;098 ; 32 (Q+(z0; R)): (3.12)The pair v and p satis�es the Naiver Stokes equations a.e in Q+(z0; R)and the boundary onditionv(x; t) = 0; x3 = x03 and t0 −R2 < t < t0: (3.13)For a.a t ∈℄t0 − R2; t0[ and for all non negative ut-o� funtions � ∈C∞0 (R4) vanishing in a neighbourhood of the paraboli boundary�′Q(z0; R) = B(x0; R)× {t = t0 −R2} ∪ �B(x0; R)× [t0 −R2; t0℄of the ylinder Q(z0; R), v and p satisfy the loal energy inequality
∫B+(x0;R) �(x; t)|v(x; t)|2dx+ 2 ∫B+(x0;R)×℄t0−R2;t[ �|∇v|2 dx dt′

6

∫B+(x0;R)×℄t0−R2;t[ [|v|2(�t�+��) + v:∇�(|v|2 + 2p)℄dxdt′ : (3.14)Before stating and proving a ertain Lemma, let us introdue somenotation. Various mean values of integrable funtions are denoted as follows[p℄
 = 1
|
| ∫
 p(x; t) dx;(v)! = 1! ∫! v dz:



LOCAL BOUNDARY REGULARITY 27Take q ∈ [3;∞℄ and introdue the following sale invariant quantitiesCq(z0; r; v) := 1r2 t0
∫t0−r2 ‖v( · ; t)‖3L3;q(B(x0;r))dt (3.15)Dq(z0; r; p) := 1r2 t0

∫t0−r2 ‖p( · ; t)− [p℄B(x0;r)(t)‖ 32L 32 ; q2 (B(x0;r))dt (3.16)The following generalises Lemma 2.1 of [24℄. Let us Remark that theLemma and proof is very similar to Lemma 3.1 in [21℄. As it is slightlydi�erent we outline a proof in the Appendix, for the onveniene of thereader. Here it is:Lemma 3.3. Let v ∈ L3(Q(z0; R)) and p ∈ L 32 (Q(z0; R)) satisfy theNavier Stokes equations in the sense of distributions. Then, for 0 < r 6� 6 R, we haveDq(z0; r; p) ≤ [( r�)
52Dq(z0; �; p) + (�r)2Cq(z0; �; v)]: (3.17)This enables us to prove a ertain generalisation to Proposition 2.5in [24℄. Namely the following.Proposition 3.4. Assume all the riteria of Lemma 3.3 are ful�lled. Andlet, in addition, for q ∈ [3;∞[, that

‖v‖L∞(t0−R2;t0;L3;q(B(x0;R)) 6 L < ∞: (3.18)Then, for any  ∈℄0; 1[, there exists a onstant 1(L; ) suh that, for0 < r 6 R, we haveDq(z0; r; p) 6 1 [

( rR)
52 Dq(z0; R; p) + 1] : (3.19)Proof. Clearly from (3.3) we haveDq(z0; �k+1R; p) 6  [� 52Dq(z0; �kR; p) + L3�2 ] (3.20)for any 0 < � < 1. We hoose � suh that � 52 (1−) ≤ 1. The proof thenfollows immediately from iterating (3.20). �



28 T. BARKERBefore introduing the relevant statements we are required to introduefurther notation. Firstly, quantities already de�ned but with ′+′ super-sript denote integration over half-balls. For example,A+(z0; r;u) := supt0−r26t6t0 r−1 ∫B+(x0;r) |u(x; t)|2 dx:Now de�ne the following:D+1 (z0; r; p) := 1r 32 t0
∫t0−r2 (

∫B+(x0;r) |∇p| 98 dx)
43 dt: (3.21)The following Lemma was proven in [23℄ and is Lemma 7.2 there. We stateit without proof.Lemma 3.5. Consider a pair of funtions v and p that is a suitable weaksolution to the Navier Stokes equations in Q+(z0; R) near �(x0; R)× [t0−R2; t0℄: Then for any 0 < r 6 � 6 R, we haveD+1 (z0; r; p) 6 {( r�)2 [D+1 (z0; �; p) + (B+(z0; �; v)) 34 ℄+ (�r)

32 (A+(z0; �; v)) 12B+(z0; �; v)}: (3.22)Next we state a new estimate. The statement and proof in the Appendixis for the interior ase, but there is no distintion in the proof for the atpart of the boundary. It is very similar to Lemma 2.4, and is a key part thatallows us to work in the ontext of nonendpoint ritial Lorentz spaes.Lemma 3.6. Let (u; p) be a suitable weak solution in Q+(z0; 1) near�(x0; 1) × [t0 − 1; t0℄: Then for 0 < r < 1 the following holds ( is someuniversal onstant):A+(z0; r=2;u) +B+(z0; r=2;u) 6 (C+
∞(z0; r;u) 43 + C+

∞(z0; r;u) 23+D+1 (z0; r; p) 23C+
∞(z0; r;u) 13): (3.23)Now we an prove a generalisation of Proposition 2.6 in [24℄.Proposition 3.7. Let q ∈ [3;∞[: Assume that (v; p) is a suitable weaksolution in Q+(z0; R) near �(x0; R)× [t0 −R2; t0℄. Suppose, in addition,

‖v‖L∞(t0−R2;t0;L3;q(B(z0;R)) 6 L < ∞: (3.24)



LOCAL BOUNDARY REGULARITY 29Then, for any  ∈℄0; 1[, there exists a onstant 2 depending on  and Lonly suh that, for 0 < r 6 R, we haveD+1 (z0; r; p) 6 2 [

( rR)2 D+1 (z0; R; p) + 1] : (3.25)Proof. Let � 6 R2 . Then by Lemma 3.6 and (3.24) we haveA+(z0; �; v) +B+(z0; �; v) ≤ [L4 + L2 + (D+1 (z0; 2�; p)) 23L℄:By O'Neils inequality for 0 6 s 6 R:
∫B(x0;s) |v(x; t)|2 dx 6 C|B(0; s)| 13 ‖|v|2( · ; t)‖L 32 ;∞(B(x0;s)):Thus, it is lear that A+(z0; s; v) 6 CL2: (3.26)Thus, using these fats with by Lemma 3.5, we see that for any 0 < r 6� 6 R2 :D+1 (z0; r; p) ≤ ( r�)2 [D+1 (z0; �; p) + ((L4 + L2 + (D+1 (z0; 2�; p)) 23L) 34 ℄+(�r)

32 L[L4 + L2 + (D+1 (z0; 2�; p)) 23L℄}:Then by Young's inequality, it is not so diÆult to see for 0 < r 6 � 6 R2 :D+1 (z0; r; p) 6 (L)[( r�)2 (D1(z0; 2�; p) + 1) + (�r)
172 ] :Clearly this implies that for 0 < r 6 � 6 R thatD+1 (z0; r; p) 6 (L)[( r�)2 (D1(z0; �; p) + 1) + (�r)
172 ] :The onlusion now follows by idential reasoning as Proposition 3.4. �



30 T. BARKER3.2. Proof of Theorem 1.3. We letL = ‖v‖L∞(−4;0;L3;q(B+(2))) < ∞:Let us desribe the resaling proedure taken from [24℄. Assume Theorem1.3 is false. Let z0 ∈ �Q+(1=2) be a singular point. Then we know thatall onlusions of Proposition 3.1 hold. Hene, (v; p) form a suitable weaksolution to the Navier Stokes equations in Q+(1) near �(0; 1) × [−1; 0℄:Furthermore for every t ∈ [−1; 0℄
‖v( · ; t)‖L3;q(B+(1)) 6 L: (3.27)From Theorem 2.1 we an only have z0 lies on the boundary ��(0; 1=2).Without loss of generality (translation invariane), we assume that z0 = 0and that all onlusions of Proposition 3.1 (together with (3.27)) hold onthe slightly smaller domain Q+(1=2).As a onsequene of Lemma 3.3, proven in [24℄, there exists a dereasingsequene Rk < 12 tending to zero, together with a universal onstant �3,suh that for k = 1; 2 : : : 1R2k ∫Q+(Rk) |v|3dz > �3: (3.28)Extending funtions (v; p) outside Q+(1=2) to zero, for(y; s) ∈ R

3+ × ℄−∞; 0[de�ne the resaled funtionsuk(y; s) = Rkv(Rky;R2ks); pk(y; s) = R2kp(Rky;R2ks):Next we laim the following properties in the limit:Proposition 3.8. There exists a subsequene, still denoted by, (uk; pk),and a pair of funtions (u∞; p∞) with div u∞ = 0 in R
3+×℄−∞; 0[, suhthat uk ∗* u∞ in L∞(−∞; 0;L3;q(R3+): (3.29)Moreover for any a > 0

|u∞|2; ∇u∞ ∈ L2(Q+(a)): (3.30)Additionally,(u∞; p∞) ∈ W 2;143 (Q+(a)) ∩W 2;198 ; 32 (Q+(a))×W 1;043 (Q+(a)) ∩W 1;098 ; 32 (Q+(a));(3.31)



LOCAL BOUNDARY REGULARITY 31and (u∞; p∞) forms a suitable weak solution to the Navier{Stokes equa-tions in Q+(a) near �(a)× [−a2; 0℄. One also has thatuk → u∞ in C([−a2; 0℄;Ls(B+(a)); u∞(x; 0) = 0 (3.32)for any s ∈℄1; 3[ and for a.a x ∈ R
3+. Furthermore, u∞ satis�es the lowerbound

∫Q+ |u∞|3dz > �3: (3.33)Proof. Fix a > 0 and let k(a) be suh thatRka < 18 (3.34)for all k > k(a). It is lear that (3:29) follows from idential reasons asdisussed in the interior ase, and in addition
‖u∞‖L∞(−∞;0;L3;q(R3+)) 6 supk ‖uk‖L∞(−∞;0;L3;q(R3+)) = L <∞: (3.35)By inverse saling and the same reasons disussed in Proposition 3.7 wehaveB+(0; 2a;uk) +D+1 (0; 2a; pk) = B+(0; 2aRk; v) +D+1 (0; 2aRk; p)

6 0(L)[1 +D+1 (0; 4aRk; p)℄: (3.36)By Proposition 3.7D+1 (0; 4aRk; p) 6 1(L)[8aRkD+1 (0; 1=2; p)+ 1℄ 6 1(L)[D+1 (0; 1=2; p)+ 1℄:Thus,B+(0; 2a;uk) +D+1 (0; 2a; qk) 6 2(L)[D+1 (0; 1=2; p) + 1℄: (3.37)Sine, L4(B+(a)) = (L3;q(B+(a)); L6(B+(a))) 12 ;4;we have the interpolative inequality
‖uk( · ; t)‖L4(B+(2a)) ≤ C‖uk( · ; t)‖ 12L3;q(B+(2a))‖uk( · ; t)‖ 12L6(B+(2a))

6 CL 12 ‖uk( · ; t)‖ 12L6(B+(2a)):From here, it follows that
‖uk‖L4(Q+(2a)) 6 0(L; a)(D+1 (0; 1=2; p) + 1) 14 : (3.38)



32 T. BARKERObserve that
‖uk:∇uk‖L 43 (Q+(2a)) 6 ‖uk‖L4(Q+(2a))‖∇uk‖L2(Q+(2a))

6 1(L; a)(D+1 (0; 1=2; p) + 1) 34 : (3.39)Using multipliative inequalities it is not so hard to see
‖uk:∇uk‖L 98 ; 32 (Q+(2a)) 6 C2(a; L)(B+(0; 2a; uk) 23

6 C3(a; L)(D+1 (0; 1=2; p) + 1) 23 : (3.40)One an then use idential arguments to those used in [24℄ to show that
‖uk‖W 2;143 (Q+(a)) + ‖∇pk‖L 43 (Q+(a)) 6 4(a; L;D+1 (0; 1=2; p)); (3.41)

‖uk‖W 2;198 ; 32 (Q+(a)) + ‖∇pk‖L 98 ; 32 (Q+(a)) 6 5(a; L;D+1 (0; 1=2; p)): (3.42)Having obtained this, (3.29)-(3.31) and (3.33) follow in the same way aspresented in [24℄. Let us fous on (3.32). By (3.41) and ompatness of theembedding W 2;143 (Q+(a)) ,→ C([−a2; 0℄;L 43 (B+(a));we have, taking further subsequenes and using further antor diagonali-sation if neessary, that for all a > 0uk → u∞ in C([−a2; 0℄;L 43 (B+(a)): (3.43)For s ∈℄ 43 ; 3[ there exists �(s) ∈℄0; 1[ suh that Ls = (L 43 ; L3;q)�(s);s: Usingthis and fat that uk and u are uniformly bounded inL∞(−a2; 0;L3;q(B+(a))it is simple to infer, by interpolative inequalities, thatuk → u in C([−a2; 0℄; Ls(B+(a)):For any y ∈ B+(a), using O'Neil's inequality and inverse sailing gives us
∫B+(y;1) |u∞(x; 0)|dx 6

∫B+(y;1) |u∞(x; 0)− uk(x; 0)| dx+ ∫B+(y;1) |uk(x; 0)| dx
6 ‖u∞ − uk‖C([−(a+1)2;0℄;L1(B+(a+1)) + |B1(0)| 23 ‖v( · ; 0)‖L3;q(B+(Rky;Rk)):



LOCAL BOUNDARY REGULARITY 33Then using Proposition 3.1 and the dominated onvergene theorem, ap-plied to the distribution funtion of v( · ; 0), we see that
∫B+(1) |u∞(x; 0)| dx = 0: �It is neessary to introdue the following notation. Let i3 = (0; 0; 1).The following is a generalisation of a result in [24℄ (Lemma 4.1 there) .Here it is.Lemma 3.9. There exists a positive onstant 5(L;D+1 (0; 1=2; p)) with thefollowing property. Fix h > 0 and T > 0 arbitrarily, thenDq(e0; 2h; p∞) 6 5 (3.44)for any e0 = (y0; s0) ∈ (R3+ + 3hi3)×℄− T; 0[:Proof. Let a be suÆiently large suh that Q(e0; 2h) ∈ Q+(a): FromProposition 3.8 and the Poinare inequality we have that there existsCa(t) ∈ L 32 (−a2; 0) suh thatpk − [pk℄B+(a)(t) * p∞ + Ca(t) in L 32 (−a2; 0; L 32 ;q2 (B+(a)):It easily follows from this thatpk − [pk℄B(y0;2h)(t) * p∞ − [p∞℄B(y0;2h)(t) in L 32 (−a2; 0; L 32 ;q2 (B+(a)):Thus it is lear thatlim supk→∞

Dq(e0; 2h; pk) > Dq(e0; 2h; p∞):So, it is suÆient to prove the following boundDq(e0; 2h; pk) 6 5(L;D+1 (0; 1=2; p)) (3.45)for all k suÆiently large suh thatxk0 = y0Rk ∈ B+(1=8); tk0 = s0R2k > −(1=8)2: (3.46)By inverse saling, we haveDq(e0; 2h; pk) = Dq(zk0 ; 2hRk; p); zk0 = (xk0 ; tk0): (3.47)Notie that dk = xk03 = dist(xk0;�) > 3hRk. Furthermore, Q(zk0 ; 2hRk) ⊂Q(zk0 ; dk) ⊂ Q+(1=4): Thus from Proposition 3.4 we see that



34 T. BARKERDq(zk0 ; 2hRk; p) 6 (L)[(2hRkdk )
54 Dq(zk0 ; dk; p) + 1]

6 (L) [Dq(zk0 ; dk; p) + 1] : (3.48)Let �xk0 = (xk01; xk02; 0) and also �zk0 = (�xk0 ; tk0). It is lear that Q(zk0 ; dk) ⊂Q+(�zk0 ; 2dk) and Dq(zk0 ; dk; p) 6 D+q (�zk0 ; 2dk; p):Note that we have the following Poinare inequality:D+q (�zk0 ; 2dk; p) 6 D+1 (�zk0 ; 2dk; p):Using this and (3.48) we inferDq(zk0 ; 2hRk; p) 6 (L)[D+1 (�zk0 ; 2dk; p) + 1℄: (3.49)Clearly 2dk < 14 so we haveQ+(�zk0 ; 2dk) ⊂ Q+(�zk0 ; 1=4) ⊂ Q+(1=2):Then one an apply Proposition 3.7 to infer thatD+1 (�zk0 ; 2dk; p) 6 (L)[8dkD+1 (�zk0 ; 2dk; p) + 1℄ 6 (L)[D+1 (0; 1=2; p) + 1℄:(3.50)Thus putting everything together givesDq(e0; 2h; qk) 6 (L)[D+1 (0; 1=2; p) + 1℄: �We now state a new regularity riteria, whih is onvenient for prov-ing Theorem 1.3. It is a generalisation of the basi �-regularity riteriafound in [15℄ and [12℄. The proof is ontained in the Appendix. Here is thestatement.Theorem 3.10. Let (u; p) be a suitable weak solution in Q1(0). Then thereexists a universal onstants �0 and 0k (with k = 1; 2 : : :) with the followingproperty. Assume C∞(0; 1;u) +D∞(0; 1; p) < �0: (3.51)then for any natural number k, ∇k−1u is Holder ontinuous in �Q(1=2) andthe following bound is valid:max�Q(1=2) |∇k−1u(z)| < ok: (3.52)



LOCAL BOUNDARY REGULARITY 35Now we proeed to the proof of Theorem 1.3. Fix h ∈℄0; 1[ arbitrarilyand onsider an arbitrary pointz0 ∈ (R3+ + 3hi3)×℄− 100; 0[:Following [24℄, we perform the same pressure deomposition as in the in-terior ase as follows. In the ball B(x0; 2h) deompose the pressurep∞ = p1∞ + p2∞suh that p1∞ := RiRj((u∞)i(u∞)j�B(x0;2h)): (3.53)It is lear that �p2∞( · ; t) = 0 in B(x0; 2h):Thus for the same reasons as previously stated we have
‖p1∞( · ; t)‖L 32 ; q2 (B(x0;h) 6 ‖u∞( · ; t)‖2L3;q(B(x0;h): (3.54)It is not so diÆult to show that for the harmoni part p2∞( · ; t) we havethe following:supx∈B(x0;h)|∇p2∞(x; t)| 6

h( 1h3 ∫B(x0;2h) |p2∞( · ; t)− [p2∞℄B(x0;2h)(t)| dx):Clearly, by O'Neil's inequality:supx∈B(x0;h)|∇p2∞(x; t)| 6
h ( 1h2 ‖p2∞( · ; t)− [p2∞℄B(x0;2h)(t)‖L 32 ; q2 (B(x0;2h))) :(3.55)For any 0 < � < 1 we an use (3.54){(3.55) along with the Poinareinequality to infer



36 T. BARKERDq(z0; h�; p∞) 6 [Dq(z0; h�; p1∞) +Dq(z0; h�; p2∞)℄
6

(h�)2 t0
∫t0−4h2 ‖p1∞( · ; t)‖ 32L 32 ; q2 (B(x0;2h)) dt+ (h�) 52 t0
∫t0−(h�)2 supx∈B(x0;h) |∇p2∞(x; t)| 32 dt

6


1(h�)2 t0
∫t0−4h2‖u∞( · ; t)‖3L3;q(B(x0;h)) dt+� 52Dq(z0; 2h; q) :By Lemma 3.9 (5 = 5(L;D+1 (0; 1=2; p))) and the well known embeddingsfor Lorentz spaes we obtain:C∞(z0; h�;u∞) +D∞(z0; h�; p∞)

6 





1(h�)2 t0
∫t0−4h2 ‖u∞( · ; t)‖3L3;q(B(x0;h))dt+ � 52 5for any z0 ∈ (R3++3hi3)×℄−100; 0[: Next, �x �(L;D+1 (0; 12 ; p)) ∈℄0; 1[ suhthat � 52 5 < �02 :Sine u∞ ∈ L∞(−∞; 0;L3;q(R3+)) and q ∈℄3;∞[ we have that for a.a tlimR→∞
‖u∞( · ; t)‖L3;q(R3+\B(R)) = 0:Thus, by the dominated onvergene theorem, we may �nd R1 > 100 suhthat (h�)2 0

∫

−200 ‖u∞( · ; t)‖3L3;q(R3+\B(R14 ))dt < �02 :Using this, it an be inferred that for any z0 ∈ (R3+ + 3hi3)×℄ − 100; 0[suh that |x0| > R12 we haveC∞(z0; h�;u∞) +D∞(z0; h�; p∞) < �0:



LOCAL BOUNDARY REGULARITY 37Now Theorem 3.10 is appliable. Moreover we obtain that any z0 ∈ (R3++6hi3) \B(R1)×℄− 50; 0[ and k = 1; 2 : : :
|∇ku∞(z0)| 6

0k(h�)k+1 :By the interior result of Theorem 2.1, we obtain boundedness of ∇ku∞ onthe set (R3++6hi3)∩B(R1)×℄− 50; 0[. De�ne the vortiity !∞ = ∇∧u∞.Then on the set (R3+ + 6hi3)×℄ − 50; 0[, we have that there exists M > 0suh that
|!∞| 6 M;

|�t!∞ −�!∞| 6 M(|!∞|+ |∇!∞|):Furthermore, !∞( · ; 0) = 0 in R
3+:By applying a bakward uniqueness theorem (Theorem 5 in [3℄), one de-dues that !∞ = 0 in (R3+ + 6hi3)× [−50; 0℄:Sine h is arbitrary we infer that!∞ = 0 in R

3+ × [−50; 0℄:Hene for a.a t ∈ [−50; 0℄, u∞ is a harmoni funtion, whih satis�es theboundary ondition u∞(x; t) = 0 if x3 = 0. But for a.a t ∈ [−50; 0℄, L3;q ofu∞ over R
3+ is �nite. By a Liouville Theorem we get for the same t thatu∞( · ; t) = 0 in R

3+. This ontradits (3.33).
§4. Appendix: �-regularity in weak Lebesgue spaesFirst, we begin with stating a well known algebrai Lemma, whose proofis omitted but found in [4℄.Lemma 4.1. Let I(s) be a bounded non negative funtion for s ∈ [R1; R2℄.Assume that for every s; � ∈ [R1; R2℄ and s < � we haveI(s) 6 [A(�− s)−� +B(�− s)−� + C℄ + �I(�)with A;B;C > 0, � > � > 0 and � ∈ [0; 1[. Then there holdsI(R1) 6 (�; �)[A(R2 −R1)−� +B(R2 −R1)−� + C℄:



38 T. BARKERProof of Lemma 2.4. Without loss of generally, onsider z0 to be theorigin. Let 0 < r2 6 s < � 6 r < 1. Let �1 ∈ C∞0 (B(�)) suh that0 6 �1 6 1 in R
3 and �1 = 1 on B(s). Furthermore for |�| ≤ 2:

|∇��1| 6
C(�− s)� :Let �2 ∈ C∞0 (−�2; �2) suh that 0 6 �2 6 1 in R and �1 = 1 on [−s2; s2℄.Furthermore :

|�′1| 6
C(�2 − s2) 6

Cr(� − s) 6
C(�− s)2 :Let �(x; t) := �1(t)�2(x). Hene:

|∇�| 6
C�− s ; (4.1)

|∇2�| 6
C(�− s)2 ; (4.2)

|�t| 6
C(�− s)2 : (4.3)From the loal energy inequality we have that for a.a t ∈℄− 1; 0[:

∫B �(x; t)|u(x; t)|2 dx+ 2 ∫B×℄−1;t[ �|∇u|2 dx ds
6

∫B×℄−1;t[ (|u|2(�� + �t�) + u:∇�(|u|2 + 2p) dx ds: (4.4)Let I1(s) := sA(0; s;u), I2(s) := sB(0; s;u) and I(s) = I1(s) + I2(s).I(s) 6 (1) + (2) + (3): (4.5)Where, (1) := ∫B×℄−1;t[ (|u|2(�� + �t�) dx ds; (4.6)(2) := ∫Q(�) u:∇�|u|2 dx ds; (4.7)(3) := ∫Q(�) 2u:∇�p dx ds: (4.8)



LOCAL BOUNDARY REGULARITY 39Let us treat the simplest integral (1) �rst. By O'Neil's inequality in spaeand then the Holder inequality in time:(1) 6

0
∫

−�2 ‖u‖2L3;∞(B(�))‖��+ �t�‖L3;1(B(�)) ds
6  �(�− s)2 0

∫

−�2 ‖u‖2L3;∞(B(�))ds 6
� 53(�− s)2 ( 0

∫

−�2 ‖u‖3L3;∞(B(�))ds) 23 :Now, we treat (3). Again by O'Neil's inequality obtain:(3) 6 2 0
∫

−�2 ‖u:∇�‖L3;1(B(�))‖p‖L32 ;∞(B(�)) ds: (4.9)By a well known interpolation haraterisation of Lorentz spaes:L3;1(B(�) = (L2(B(�)); L6(B(�)) 12 ;1:Thus, by well known properties of interpolation spaes and GagliardoNirenberg inequality:
‖u:∇�‖L3;1(B(�)) 6 ‖u:∇�‖ 12L2(B(�))‖u:∇�‖ 12L6(B(�))

6 C‖u:∇�‖ 12L2(B(�))‖∇(u:∇�)‖ 12L2(B(�))
6

C‖u‖L2(B(�))(�− s) 32 + C‖u‖ 12L2(B(�))‖∇u‖ 12L2(B(�))�− s :Using this and applying the Holder inequality to (4.9) we get(3) 6
C(�− s) 32 (

0
∫

−�2 ‖u‖3L2(B(�))ds) 13+ C�− s(

0
∫

−�2 ‖u‖ 32L2(B(�))‖∇u‖ 32L2(B(�))ds) 13
×

(

0
∫

−�2 ‖p‖ 32L 32 ;∞(B(�))ds) 23 :



40 T. BARKERFrom here, it is not diÆult to obtain(3) 6

(Cr 23 I1(�) 12(�− s) 32 + Cr 16�− sI2(�) 14 I1(�) 14 )

×
(

0
∫

−r2 ‖p‖ 32L32 ;∞(B(r))ds) 23 :Idential reasoning gives(2) 6

(Cr 23 I1(�) 12(�− s) 32 + Cr 16�− sI2(�) 14 I1(�) 14 )

×
(

0
∫

−r2 ‖u‖3L3;∞(B(r))ds) 23 :Thus, we see by Young's inequality thatI(s) 6
r 53(�− s)2 (

0
∫

−r2 ‖u‖3L3;∞(B(r))ds) 23 + 12I(�)+( Cr 43(�−s)3+ Cr 13(�−s)2)





(

0
∫

−r2 ‖u‖3L3;∞(B(r))ds) 43+(

0
∫

−r2 ‖p‖ 32L32 ;∞(B(r))ds) 43 

 :(4.10)By Lemma 4.1, we obtainI(r=2) ≤ r− 13 (

0
∫

−r2 ‖u‖3L3;∞(B(r)) ds) 23+ Cr− 53 



(

0
∫

−r2 ‖u‖3L3;∞(B(r))ds) 43 + (

0
∫

−r2 ‖p‖ 32L32 ;∞(B(r)) ds) 43 

 :From here the onlusion is immediate. �Remark 4.2. After appropriate relabellings, an analogous estimate holdswhen (u; p) is a suitable weak solution near the at part of the boundary.Next, we de�neD1(z0; r; p) := 1r 32 t0
∫t0−r2 (

∫B(x0;r) |∇p| 98 dx)
43 dt: (4.11)



LOCAL BOUNDARY REGULARITY 41Proposition 4.3. Let (u; p) be a suitable weak solution in Q(z0; 1) Thenfor 0 < r < 1 the following holds ( is some universal onstant):A(z0; r=2;u) +B(z0; r=2;u) 6 (C∞(z0; r;u) 43 + C+
∞(z0; r;u) 23+D1(z0; r; p) 23C∞(z0; r;u) 13 ): (4.12)Proof. The set up is the same as Lemma 2.4. The main di�erene isestimation of (3) := ∫Q(�) 2u:∇�p dx ds:Using the solenodial ondition we an write:(3) := ∫Q(�) 2u:∇�(p− [p℄B(r)) dx ds:We note the Poinare inequality

‖p( · ; t)− [p℄B(r)(t)‖L 32 ;1(B(r)) 6 Cr 13 ‖∇p( · ; t)‖L98 (B(r)):Thus, by using O'Neil in spae and Holder in time:
|(3)| 6

Cr 13�− s(

0
∫

−r2 ‖∇p‖ 32L 98 (B(r))ds) 23 (

0
∫

−r2 ‖u‖3L3;∞(B(r)) ds) 13 :The remainder of the proof is the same as Lemma 2.4. �Proof of Lemma 3.3. Without loss of generality take z0 = 0. For a.at ∈℄− �2; 0[, the pressure p meets the equation in sense of distributions inB(�): �p( · ; t) = −div div v( · ; t)⊗ v( · ; t):Deompose the pressure so thatp = p1 + p2;where p1( · ; t) := RiRj(�B(�)vivj( · ; t)): (4.13)Here Ri is Riesz operator and we adopt the summation onvention. It isnot diÆult to notie that in B(�):�p2( · ; t) = 0: (4.14)



42 T. BARKERFor p1 we have
‖p1( · ; t)‖ 32L 32 ; q2 (B(�)) 6 ‖v ⊗ v( · ; t)‖ 32L 32 ; q2 (B(�)) 6 ‖v( · ; t)‖3L3;q(B(�)):(4.15)Let 0 < r 6

�2 . Using O'Neil's inequality it is not diÆult to see
|[p1℄B(r)|(t) 6

‖p1( · ; t)‖L 32 ; q2 (B(r))r2 :One an then easily obtainDq(0; r; p1)6 r2 (

0
∫

−r2‖p1( ·; t)‖ 32L 32 ; q2 (B(r))dt)6
r2(

0
∫

−�2‖p1( ·; t)‖ 32L 32 ; q2 (B(�))dt)Using (4.15), it is not diÆult to seeDq(0; r; p) 6  [

(�r)2 Cq(0; �; v) +Dq(0; r; p2)] : (4.16)Sine p2 is a harmoni funtion, we see thatsupx∈B(r) |p2(x; t)− [p2℄B(r)(t)| 6 r supx∈B( �2 ) |∇p2(x; t)|
6

r�4 ∫B(�) |p2(x; t)− [p2℄B(�)(t)| dx
6

r�3 ‖p2( · ; t)− [p2℄B(�)(t)‖L 32 ; q2 (B(�)):The last line follows from O'Neils inequality and fat that
‖�
‖Lp;q(
) 6 Cp;q |
| 1p :The remaining parts of the proof use this last fat, but are otherwiseidential to that in [24℄. The remaining details are an exerise for thereader. �Before proving the main statement we introdue some notation:C(z0; r;u) := r−2 ∫Q(z0;r) |u|3 dz; (4.17)D(z0; r; p) := r−2 ∫Q(z0;r) |p| 32 dz: (4.18)



LOCAL BOUNDARY REGULARITY 43The following version of �-regularity riteria of Ca�arelli{Kohn{Nirenbergwill be important to us in the sequel:Lemma 4.4. Let (u; p) be a suitable weak solution in Q(R). Then thereexists a universal onstants �0 and 0k (with k = 1; 2 : : :) with the followingproperty. Assume C(0; R;u) +D(0; R; p) < �0: (4.19)then for any natural number k, ∇k−1u is Holder ontinuous in �Q(R=2)and the following bound is valid:max�Q(R=2) |∇k−1u(z)| < okR−k: (4.20)A short proof an be found in [15℄ for example, a detailed one in [12℄.Now we state our main result, here it is:Theorem 4.5. Let (u; p) be a suitable weak solution in Q. Then thereexists a universal onstants �0 and 0k (with k = 1; 2 : : :) with the followingproperty. Assume C∞(0; 1;u) +D∞(0; 1; p) < �0: (4.21)then for any natural number k, ∇k−1u is Holder ontinuous in �Q(1=8) andthe following bound is valid:max�Q(1=8) |∇k−1u(z)| < ok: (4.22)Proof. From Lemma 2.4 and (4.21) it follows thatA(0; 1=2;u) +B(0; 1=2;u) 6  (�0 + �20) 23 : (4.23)Here  will always denote some universal onstant. By interpolation andthe Sobolev embedding theorem, one an show thatC(0; 1=2; u) 6 [A(0; 1=2;u) 34B(0; 1=2;u) 34 +A(0; 1=2;u) 32 ℄:Thus, by (4.23) we haveC(0; 1=2; u) 6  (�0 + �20) : (4.24)For similar reasons it is not so diÆult to see that
‖div(u⊗ u)‖L98 ; 32 (Q( 12 )) 6 [A(0; 1=2;u) +A(0; 1=2;u) 13B(0; 1=2;u) 23 ℄:Thus,

‖ div(u⊗ u)‖L98 ; 32 (Q( 12 )) 6
(�0 + �20) 23 : (4.25)



44 T. BARKERBy Holder's inequality it is obvious that
‖u‖W 1;098 ; 32 (Q( 12 )) 6 (A(u; 0; 1=2) 12 +B(u; 0; 1=2) 12 )

6  (�0 + �20) 13 (4.26)Using O'Neil's inequality, we have
∫B(1=2) |p(x; t)| 98 dx 6 ‖|p( · ; t)| 98 ‖L 83 ;∞(B( 12 )) = ‖p( · ; t)‖ 98L3;∞(B( 12 )):Hene,

‖p‖L 98 ; 32 (Q( 12 )) 6 � 230 : (4.27)Loal interior regularity theory for Stokes equation gives
‖�tu‖L 98 ; 32 (Q( 14 )) + ‖∇2u‖L98 ; 32 (Q( 14 )) + ‖∇p‖L98 ; 32 (Q( 14 ))
6 [‖ div((u⊗ u)‖L 98 ; 32 (Q( 12 )) + ‖u‖L98 ; 32 (Q( 12 ))+ ‖∇u‖L98 ; 32 (Q( 12 )) + ‖p‖L 98 ; 32 (Q( 12 ))℄: (4.28)Using this together with (4.25){(4.27) obtain that

‖∇p‖L 98 ; 32 (Q( 14 )) 6 [(�0 + �20) 13 + (�0 + �20) 23 ℄:Thus, by the Poinare inequality:
‖p− [p℄; 14 ‖L 32 (Q( 14 )) 6 [(�0 + �20) 13 + (�0 + �20) 23 ℄:But by O'Neil |[p( · ; t)℄; 14 | 6 ‖p( · ; t)‖L 32 ;∞(B). Therefore, we onlude

‖p‖L 32 (Q( 14 )) 6 [(�0 + �20) 13 + (�0 + �20) 23 ℄: (4.29)This along with (4.24) givesC(u; 0; 1=4) +D(u; 0; 1=4) 6 [(�0 + �20) 12 + (�0 + �20)℄:Choosing �0 suÆiently small, gives the onlusion by Lemma 4.4. �Remark 4.6. With ertain adjustments to the proof, namely loal bound-ary regularity for the Stokes system and the boundary analogue of Lem-ma 4.4 (see [23℄ and [25℄), we have the following near the at part of theboundary.



LOCAL BOUNDARY REGULARITY 45Let (u; p) be a suitable weak solution to the Navier{Stokes equations inQ+(1) near �(0; 1)×℄− 1; 0[. Then there exists universal onstants �0 and0 suh that if C+
∞(0; 1;u) +D+
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