
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 443, 2016 Ç.V. A. PetrovCHOW RING OF GENERIC MAXIMAL ORTHOGONALGRASSMANNIANSAbstrat. We ompute the Chow ring of the maximal orthogonalGrassmannian orresponding to a versal torsor, and in partiularshow that it has no torsion as an abelian group.
§1. IntrodutionTo eah nonsingular quadrati form over a �eld with trivial disrimi-nant one an assoiate a projetive variety of totally isotropi spaes ofdimension half the rank of the form (rounded down), alled the maximalorthogonal Grassmannian. For general fats about quadrati forms and or-thogonal Grassmannians we refer to [2℄. In the split situation, that is whenthis variety has a rational point, its Chow ring was omputed essentiallyby Borel (and formally, over any �eld, by Demazure). In non-split situationthe answer is not known, but some partiular results have been obtained.Vishik in [5℄ omputed the image of the restrition map to the algebrailosure in terms of the so alled J-invariant of a quadrati form. So themain diÆulty is to ompute the kernel of the restrition map, whih on-sists of the torsion elements. In the present paper we ompute the Chowring in the ase of generi quadrati forms, in the sense that the Chowring of the respetive torsor is Z, and show that there is no torsion in thissituation.It is onvenient not to restrit oneself to the ase when the base is a �eld,but to work over an arbitrary smooth base. Some results in this diretionwere obtained by Edidin and Graham in [1℄.

§2. Chow groups of torsorsWe �x some �eld F ; all varieties are supposed to be varieties over F .Reall that an algebrai group S is alled speial if any S-torsor is loallytrivial in Zariski topology. Typial examples are GLn, SLn and Sp2n.Key words and phrases: Chow groups, versal torsor, orthogonal Grassmannian.This researh is supported by Russian Siene Foundation, grant 14-11-00456.147



148 V. A. PETROVLemma 1. Let S be a speial split redutive group, E be an S-torsor oversome smooth base E=S. Then we haveCH∗(E) ≃ CH∗(E=S)⊗CH∗(BS) Z :Proof. See [3, Lemma 7.1℄. �Reall that a sequene of graded ringsA∗

→ B∗

→ C∗is alled oexat if the kernel of the map B∗ → C∗ oinides with the idealgenerated by images of A>0.Lemma 2. Let G be a redutive groups, S be a speial split redutive sub-group of G, E be a G-torsor over some smooth base X. Then the sequeneCH∗(BS)⊗CH∗(BG) CH∗(X) → CH∗(E=S) → CH∗(E)⊗CH∗(X) Zis oexat (and the last map is surjetive).Proof. First we need to desribe the �rst map. Sine E is an S-torsorover E=S, we have a anonial map CH∗(BS) → CH∗(E=S), and the mapCH∗(X) → CH∗(E=S) is just the pull-bak map. We have to show thatthese maps agree on CH∗(BG). This amounts to the fat that(E ×G)=S //

��

E
��E=S // Xis a pull-bak square.The surjetivity of the last map is obvious from Lemma 1.Assume that we have an element � ∈ CH∗(E=S) that maps to 0 inCH∗(E) ⊗CH∗(X) Z. This means that the image of � in CH∗(E) an bewritten as ∑ aibi with ai ∈ CH>0(X), bi ∈ CH∗(E). Choose any preimages�i ∈ CH∗(E=S) of bi and adjust � to � −

∑ ai�i. Then the image of �beomes 0 in CH∗(E), and by Lemma 1 � lies in the ideal generated byCH>0(BS). �Lemma 3. In the notation of Lemma 2 assume that CH∗(X) = Z (forexample X is the spetrum of a �eld), CH∗(E) = Z (that is the torsor isversal), and CH∗(BS)⊗CH∗(BG) Z is a free Z-module of the same rank asCH∗(G=S). Then CH∗(E=S) is isomorphi to CH∗(BS)⊗CH∗(BG) Z.



CHOW RING OF GRASSMANNIANS 149Proof. Consider the base hange E → X ; under this map E beomes atrivial G-torsor over E, so we have a pull-bak mapCH∗(E=S) → CH∗(E ×G=S):The latter is isomorphi to CH∗(E)⊗CH∗(G=S) by [4, Lemma 6.1℄, that isto CH∗(G=S) by our assumption. After tensoring with Q this map beomessurjetive. Indeed, CH∗(G)⊗ Q = Q, and by Lemma 1 the mapCH∗(BS)⊗ Q → CH∗(G=S)⊗ Qis surjetive. Now we have a ommutative diagramCH∗(BS)⊗ Q //

(( ((R

R

R

R

R

R

R

R

R

R

R

R

R

CH∗(E=S)⊗ Q

��CH∗(G=S)⊗ Q;so the vertial map is surjetive as well.Composing with the map from Lemma 2 we obtain a map of two free
Z-modules of the same rankCH∗(BS)⊗CH∗(BG) Z → CH∗(G=S)that beomes surjetive after tensoring with Q. This means that this mapis injetive, and a fortiori the left map from Lemma 2 is injetive, but itis also surjetive by the assumption CH∗(E) = Z. �

§3. Maximal orthogonal GrassmannianNow we apply the results of the previous setion to the ase G =SO2n+1, S = GLn embedded as a Levi subgroup of the maximal parabolisubgroup of type Pn in G. Note that over �elds we don't lose generalityonsidering only odd dimensional forms, beause there is an isomorphismSO2n+2 =Pn+1 ≃ SO2n+1 =Pn;and in any nonsingular even dimensional form one an �nd a nonsingularsubform of odimension 1.The Chow ring of B SO2n+1 was omputed in [4℄, the answer is
Z[2; 3; : : : ; 2n+1℄=(2i for odd i);where i's are the Chern lasses of the natural representation. The weightsof the natural representations of SO2n+1 are 0 and ±xi, where xi standfor the weights of the natural representation of GLn. So k goes to



150 V. A. PETROV�k(x21; : : : ; x2n) in CH∗(BT ) for even k and to 0 for odd k, where T isthe maximal torus and �i's are the elementary symmetri funtions. Ofourse the image atually lies in CH∗(BGLn) onsidered as a subring inCH∗(BT ). We have
∑k (−1)k�k(x21; : : : ; x2n)t2k = ∏i (1− tx2i ) = ∏i (1− txi)∏i (1 + txi)= ∑l;m (−1)l�l(x1; : : : ; xn)�m(x1; : : : ; xn)tl+m:So the left-hand term in the sequene of Lemma 2 isCH∗(X)[�1; : : : ; �n℄=(�2k + 2�2k + 2 k−1∑l=1(−1)l+k�l�2k−l − 2k(V )); (∗)where V stands for the natural vetor bundle of rank 2n + 1 over X de-termined by E and �i's are the images of the Chern lasses of the naturalrepresentation of GLn.In partiular when CH∗(X) = Z we see that CH∗(BS)⊗CH∗(BG) Z is afree Z-module of rank 2n (with a basis spanned on �i1 : : : �ik with pair-wisedistint i1; : : : ; ik), and we an apply Lemma 3 to get the main result:Theorem 1. Let E be SO2n+1-torsor over X suh that CH∗(E) = Z andCH∗(X) = Z (for example, a versal torsor over a �eld). Then CH∗(E=GLn)is isomorphi to (∗), in partiular, it is a free Z-module of rank 2n.Referenes1. D. Edidin, W. Graham, Charateristi lasses and quadri bundles. | Duke Math.J. 72 (1995), 277{299.2. R. Elman, N. Karpenko, A. Merkurjev, The algebrai and geometri theory of qua-drati forms. AMS Colloquium Publ. 56 (2008).3. V. Petrov, N. Semenov, Rost motives, aÆne varieties, and lassifying spaes. |Preprint, available at http://arxiv.org/abs/1506.07788.4. B. Totaro, The Chow ring of a lassifying spae. | In: Algebrai K-Theory , Seattle,WA, 1997, Pro. Sympos. Pure Math 67 (1997), 249{281.5. A. Vishik, On the Chow groups of quadrati Grassmannians. | Doumenta Math.10 (2005), 111-130. ðÏÓÔÕ�ÉÌÏ 3 ÄÅËÁÂÒÑ 2015 Ç.PDMI RAS, Nab. Fontanki, 27,S.-Peterburg, 191023, RussiaE-mail : vitorapetrov�googlemail.om


