
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 442, 2015 Ç.Z. Kabluhko, A. E. Litvak, D. ZaporozhetsMEAN WIDTH OF REGULAR POLYTOPES ANDEXPECTED MAXIMA OF CORRELATED GAUSSIANVARIABLESAbstrat. An old onjeture states that among all simplies in-sribed in the unit sphere, the regular one has the maximal meanwidth. We restate this onjeture probabilistially and prove its as-ymptoti version. We also show that the mean width of the regularsimplex with 2n verties is remarkably lose to the mean width ofthe regular rosspolytope with the same number of verties. We es-tablish several formulas onjetured by S. Finh on projetion lengthW of the regular ube, simplex and rosspolytope onto a line withrandom diretion. Finally, we prove distributional limit theorems forW as the dimension of the regular polytope goes to ∞.
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76 Z. KABLUCHKO, A. E. LITVAK, D. ZAPOROZHETSThe mean width is just a multiple of the �rst intrinsi volume V1, namelyV1(K) = √� �(n+12 )�(n2 ) E [WK ℄; (1)see [20, p. 210℄. The �rst intrinsi volume has the advantage of not de-pending on the dimension of the surrounding spae. Hene the onjeturean be formulated as follows:supx1;:::;xn+1∈Sn−1 V1(onv(x1; : : : ; xn+1)) = V1(Tn); (2)where Tn is a regular simplex with n + 1 verties insribed in the sphere
Sn−1, and onv denotes the onvex hull.This question is surprisingly hard. Several authors [3,4,14,22℄ assumedthe existene of a proof, but the problem is still open. Besides very naturalformulation in Convex Geometry this problem is very important in Infor-mation Theory, as it is losely related to the the long-standing simplexode onjeture [9℄.1.2. Probabilisti statement. The onjeture an be reformulated interms of Gaussian proesses in the following way. Throughout the paper,� = (�1; : : : ; �n) denotes a standard Gaussian vetor in R

n. Consider aompat set K ⊂ Rn. Using the fat that the norm and the diretion of �are independent, it is not diÆult to derive Sudakov's formulaV1(onv(K)) = √2�E supx∈K〈�; x〉 (3)(see [21℄ for details and for a generalization to the in�nite-dimensional ase,or Theorem 3.1 in the present paper for a more general result). This prob-abilisti interpretation of the �rst intrinsi volume allows to reformulatethe onjeture as follows.Proposition 1.1. For every integer n > 2 the following two statementsare equivalent:(i) One has supx1;:::;xn∈Sn−2 V1(onv(x1; : : : ; xn)) = V1(Tn−1); (4)and the equality is attained i� x1; : : : ; xn are verties of a regularsimplex.



MEAN WIDTH OF REGULAR POLYTOPES 77(ii) For every entered Gaussian vetor (�1; : : : ; �n) satisfyingE �21 = · · · = E �2n = 1; (5)one hasE max{�1; : : : ; �n} 6

√ nn− 1 E max{�1; : : : ; �n}; (6)and the equality is attained i� E [�i�j ℄ = −1=(n− 1) for all i 6= j.Proof. First of all note thatsupx1;:::;xn∈Sn−2 V1(onv(x1; : : : ; xn)) = supy1;:::;yn∈Sn−1 V1(onv(y1; : : : ; yn))(7)beause there is an (n − 1)-dimensional aÆne subspae (and hene, an(n−2)-dimensional sphere of radius at most 1) ontaining y1; : : : ; yn. The-refore, we an restate (i) as follows:supy1;:::;yn∈Sn−1 V1(onv(y1; : : : ; yn)) = V1(Tn−1); (8)and the equality is attained i� y1; : : : ; yn are verties of a regular simplexentered at the origin. Let {e1; : : : ; en} be a standard orthonormal basisin Rn. As a realization of suh a simplex we an take the onvex hull ofthe points vi := √ nn− 1(ei − e1 + · · ·+ enn ); i = 1; : : : ; n:To see this, note that the (n− 1)-dimensional regular simplexSn−1 := onv(e1; : : : ; en)an be insribed in an (n − 2)-dimensional sphere of radius √(n− 1)=nentered at (e1+ · · ·+ en)=n. It follows from (3) applied to K = Sn−1 thatV1(Tn−1) = √ nn− 1 V1(Sn−1) = √2�√ nn− 1 E max{�1; : : : ; �n}: (9)To any points y1; : : : ; yn ∈ Sn−1 we assoiate a entered Gaussian vetor(�1; : : : ; �n) suh that E �21 = · · · = E �2n = 1 via�1 := 〈�; y1〉; : : : ; �n := 〈�; yn〉:If we agree to identify two Gaussian vetors if they have the same distri-bution and two tuples (y1; : : : ; yn) and (y′1; : : : ; y′n) if 〈yi; yj〉 = 〈y′i; y′j〉 for



78 Z. KABLUCHKO, A. E. LITVAK, D. ZAPOROZHETSall i; j ∈ {1; : : : ; n}, then this orrespondene beomes one-to-one beauseCov(�i; �j) = 〈yi; yj〉. It follows from (3) that
√2�E max{�1; : : : ; �n} = V1(onv(y1; : : : ; yn)):The Gaussian vetor orresponding to the points v1; : : : ; vn satis�esE [�i�j ℄ = 〈vi; vj〉 = −1=(n− 1); i 6= j:Taken together, the above onsiderations show the equivalene of (i)and (ii). �1.3. Asymptoti version of the onjeture. We now show that (2)holds asymptotially.Theorem 1.2. For some absolute onstant C > 0 and all n ∈ N,V1(Tn)6 supx1;:::;xn+1∈Sn−1 V1( onv(x1; : : : ; xn+1))6V1(Tn)(1+C log lognlogn ):Proof. The �rst inequality is trivial beause we an take x1; : : : ; xn+1 tobe the verties of Tn. Replaing n by n − 1 and using (7) we an restatethat seond inequality as follows: For all n > 2,supx1;:::;xn∈Sn−1 V1( onv(x1; : : : ; xn)) 6 V1(Tn−1)(1 + C log lognlogn )Fix x1; : : : ; xn ∈ Sn−1. For k = 1; : : : ; n de�ne Gaussian random variables�k := 〈xk; �〉 and note that �k has zero mean and unit variane. It is known(see, e.g., [8, p. 138℄) thatE max{�1; : : : ; �n} 6

√2 logn: (10)We provide a proof for the sake of ompleteness. For t > 0 one hasexp (tE max{�1; : : : ; �n}) 6 E exp (tmax{�1; : : : ; �n})= E max{et�1 ; : : : ; et�n} 6

n
∑k=1E et�k = n et2=2:Letting t = √2 logn yields (10).On the other hand, it is well-known in the theory of extreme values,see [17, Theorem 1.5.3, p. 14℄ and [19℄, thatE max{�1; : : : ; �n} = √2 logn−O( log logn√2 logn); n → ∞: (11)



MEAN WIDTH OF REGULAR POLYTOPES 79Using (3) and (10), we obtainV1( onv(x1; : : : ; xn)) = √2�E max{�1; : : : ; �n} 6
√4� logn:Combining this with (9) and (11) givesV1( onv(x1; : : : ; xn)) 6 V1(Tn−1) · √n− 1n (1−O( log lognlogn ))−1= V1(Tn−1) · (1 +O( log lognlogn ));as n→ ∞. This proves the laim. �

§2. Regular simplex and regular rosspolytopeIn this setion we ompare the mean width of the regular simplex T2n−1to the mean width of the regular n-dimensional rosspolytope de�ned byCn = onv(±e1; : : : ;±en):Note that both T2n−1 and Cn (whih an be onsidered as a degeneratesimplex) have 2n verties and an be insribed in S2n−2. We will showthat onjeture (2) is true in this speial ase, that is V1(Cn) 6 V1(T2n−1).Moreover, we will prove a lower bound whih shows that the mean widthof T2n−1 is remarkably lose to the mean width of Cn.2.1. Mean width and extreme values. It follows from Sudakov's for-mula (3), see also (9), thatV1(Tn−1)=√2�√ nn− 1 E max{�1; : : : ; �n}=√ nn− 1 V1(Sn−1); (12)V1(Cn)=√2�E max{±�1; : : : ;±�n}=√2�E max{|�1|; : : : ; |�n|}; (13)where we reall that Sn−1 = onv(e1; : : : ; en). It is well-known in the theoryof extreme values [17, Theorem 1.5.3 on p. 14℄ thatlimn→∞
P[max{�1; : : : ; �n} 6 un + x√2 logn] = e−e−x ; (14)limn→∞
P[max{|�1|; : : : ; |�n|} 6 u2n + x√2 logn] = e−e−x ; (15)



80 Z. KABLUCHKO, A. E. LITVAK, D. ZAPOROZHETSwhere un is any sequene satisfying √2�uneu2n=2 ∼ n, for example1un = √2 logn−
12 log logn+ log(2√�)√2 logn : (16)Note that (15) (together with (14)) expresses the fat that the mini-mum and the maximum of �1; : : : ; �n beome asymptotially independent;see [17, Theorem 1.8.3, p. 28℄. Taking the expetation (whih is justi�edby [19℄) and noting that the expetation of the Gumbel distribution onthe right-hand side of (14) and (15) is the Euler onstant , we obtain thelarge n asymptotisV1(Tn−1) = √2�(un +  + o(1)√2 logn); n → ∞; (17)V1(Cn) = √2�(u2n +  + o(1)√2 logn); n → ∞: (18)These formulas are known; see [2℄, [12, p. 5℄, [11, p. 8℄.2.2. Comparing V1(T2n−1) and V1(Cn). We are going to show that dis-tane between V1(T2n−1) and V1(Cn) is in fat muh smaller than thebound o(1=√2 logn) implied by (17) and (18). First we state the orre-sponding probabilisti result.Theorem 2.1. If �1; : : : ; �2n are independent standard Gaussian variables,thenE max{�1; : : : ; �2n}6E max{|�1|; : : : ; |�n|}6

√ 2n2n−1 E max{�1; : : : ; �2n}:The left-hand side inequality immediately follows from Slepian's lem-ma [17, Corollary 4.2.3, p. 84℄ beause the random vetor (�1; : : : ; �2n) isunorrelated, whereas the o�-diagonal orrelations of (�1;−�1; : : : ; �n;−�n)are non-positive. The proof of the seond estimate will be given in Se-tion 4. Theorem 2.1 together with (12) and (13) implies the followingCorollary 2.2. For every n ∈ N,
√2n− 12n V1(T2n−1) 6 V1(Cn) 6 V1(T2n−1):We now provide a bound whih is asymptotially sharper. Its proof willbe given in Setion 5.1an ∼ bn means an=bn → 1 as n → ∞.



MEAN WIDTH OF REGULAR POLYTOPES 81Theorem 2.3. Let �1; �2; : : : ; be independent standard Gaussian variables.Then, as n→ ∞, one hasE max{|�1|; : : : ; |�n|} = (1 + 1 + o(1)8n logn)E max{�1; : : : ; �2n}:Combining Theorem 2.3 with (12) and (13) yields the followingCorollary 2.4. As n → ∞,V1(Cn) = V1(T2n−1)(1− 1 + o(1)4n ); V1(Cn) = V1(S2n−1)(1+ 1 + o(1)8n logn):It is possible to obtain further asymptoti terms in (17) and (18), (see,e.g., [17, Eq. (2.4.8), p. 39℄) but it seems that none of these expansionsan orretly apture the very small di�erene between the expetationsin Theorems 2.1 and 2.3.
§3. Higher moments and limiting distribution of therandom width3.1. Sudakov's formula for higher moments. Given a onvex om-pat set K ⊂ R

n we denote by WK the length of the projetion of K ontoa uniformly hosen diretion, that isWK = supt∈K〈U; t〉 − inft∈K〈U; t〉; (19)where U has uniform distribution on the sphere Sn−1. In this setion westudy the higher moments of the random variable WK .Reall that � = (�1; : : : ; �n) denotes a random vetor having standardnormal distribution on Rn. The isonormal Gaussian proess is de�ned by�(t) = 〈�; t〉; t ∈ R
n:It is haraterized byE [�(t)] = 0; E [�(t) �(s)] = 〈t; s〉; t; s ∈ R

n: (20)For a ompat set K ⊂ Rn de�ne the range of � over K to beRanget∈K �(t) = supt∈K �(t) − inft∈K �(t):The next theorem generalizes Sudakov's formula (3) to higher moments.



82 Z. KABLUCHKO, A. E. LITVAK, D. ZAPOROZHETSTheorem 3.1. If the set K ⊂ Rn is onvex and ompat, thenE[W kK ℄ = 2− k2 � (n2 )� (n+k2 ) E[(Ranget∈K �(t))k]: (21)If, moreover, the set K is symmetri with respet to the origin, thenE[W kK ℄ = 2 k2 � (n2 )� (n+k2 ) E[( supt∈K �(t))k]: (22)Proof. The standard Gaussian vetor � in Rn an be written as� d= RU;where U and R2 are suh that(1) U is a random vetor with uniform distribution on the unit spherein Rn;(2) R2 is a random variable having �2-distribution with n degrees offreedom;(3) U and R2 are independent.It follows that we have the distributional equalityRanget∈K �(t)=supt∈K〈�; t〉− inft∈K〈�; t〉 d= supt∈K〈RU; t〉 − inft∈K〈RU; t〉=RWK : (23)Taking k-th moments of both parts and noting that R and WK are inde-pendent, we obtain thatE[(Ranget∈K �(t))k] = E[Rk℄E[W kK ℄:The moments E[Rk℄ of the �2-distribution are known. Inserting the valueof the moment, we obtain (21) (whih holds without the symmetry as-sumption on K). If the set K is symmetri with respet to the origin, thenRange t∈K�(t) = 2 supt∈K �(t) and we obtain (22). �Remark 3.2. In partiular, taking k = 1 in Theorem 3.1 and noting thatthe �rst intrinsi volume is related to the mean width E [WK ℄ by (1), wereover from (21) Sudakov's [21℄ formulaV1(K) = √�2 E[Ranget∈K �(t)] = √2�E[ supt∈K �(t)]: (24)Note that the symmetry assumption on K is not needed in the derivationof (24) beause in the last equality we used only that supt∈K �(t) has thesame distribution as − inft∈K �(t).



MEAN WIDTH OF REGULAR POLYTOPES 833.2. Appliations to regular polytopes. Theorem 3.1 an be used toprove several onjetures on projetions of regular polytopes whih are dueto Finh [11{13℄.Example 3.3. Let Qn = [− 12 ;+ 12 ℄n be the n-dimensional ube of unitvolume. It is easy to see that Range t∈Qn �(t) = n
∑i=1 |�i|. Therefore, by (21),E [W kQn ℄ = 2− k2 � (n2 )� (n+k2 ) E [(

n
∑i=1 |�i|)k]: (25)In partiular, taking k = 1 and noting that E|�1| = √ 2� we obtain thatthe mean width isE [WQn ℄ = � (n2 )

√2 � (n+12 ) nE |�1| = n� (n2 )

√� � (n+12 ) ;or, equivalently, V1(Qn) = n, whih is well known. The seond moment ofthe projetion length is given byE [W 2Qn ℄= 1n E [(

|�1|+· · ·+|�n|)2]=E |�21 |+(n−1)E |�1�2|=1+ 2� (n−1);where we have used that E |�21 | = 1 and E |�1�2| = (E |�1|)2 = 2� . Thisformula has been onjetured by Finh [12, p. 9℄ who established it forn = 2; 3 by purely geometri arguments [13℄. Using (25) it is possible toompute more moments of WQn , for exampleE [W 3Qn ℄= � (n2 )2� (n+32 )�− 32n(2n2+(3� − 6)n+ 4− �);E [W 4Qn ℄= 1(n+2)�2 (4n3+(12�−24)n2+(44−20�+3�2)n+ 8�−24) ;where we have used that E |�1|=√ 2� , E |�21 |=1, E |�31 |=2√ 2� , E |�41 |=3.Example 3.4. For the regular rosspolytope Cn = onv(±e1; : : : ;±en) wehave supt∈Cn �(t) = max{|�1|; : : : ; |�n|} and therefore Theorem 3.1 yieldsE [W kCn ℄ = 2 k2 � (n2 )� (n+k2 ) E [( max16i6n |�i|)k]; k ∈ N:For k = 2, this formula was onjetured by Finh in [11, p. 3℄; see also [12℄.



84 Z. KABLUCHKO, A. E. LITVAK, D. ZAPOROZHETSExample 3.5. For the regular (n− 1)-dimensional simplexSn−1 = onv(e1; : : : ; en) ⊂ R
n;Theorem 3.1 yieldsE [W kSn−1 ℄ = 2−k2 � (n2 )� (n+k2 ) E [( max16i6n �i − min16i6n �i)k]:Note that in this formula, Sn−1 is projeted onto a random diretion in

Rn, even though Sn−1 is (n− 1)-dimensional.It is more natural to state the orresponding formula for Tn−1 (whihis a regular simplex with n verties insribed in Sn−2 ⊂ Rn−1) projetedonto a random diretion in Rn−1. As a realization of Tn−1 we take thepoints vi := √ nn− 1 (ei − e1 + · · ·+ enn ); i = 1; : : : ; n;in the hyperplane L := {x1 + · · ·+ xn = 0} ⊂ Rn (whih an be identi�edwith Rn−1). By (20), the isonormal proess � on L satis�es(�(vi))i=1;:::;n d= √ nn− 1 (�i − �1 + · · ·+ �nn )i=1;:::;n;so that for its range on Tn−1 we haveRanget∈Tn−1 �(t) d= √ nn− 1 ( max16i6n �i − min16i6n �i):Therefore, for the projetion length of Tn−1 onto a uniformly hosen ran-dom diretion in the hyperplane L we obtainE[W kTn−1 ℄ = 2− k2 � (n−12 )� (n−1+k2 )

( nn− 1)k=2 E[( max16i6n �i − min16i6n �i)k]:For k = 2, this formula was onjetured by Finh [12, p. 4℄ who veri�ed itfor small values of n.3.3. Limit distribution for the random width. What is the asymp-toti distribution of the projetion length of a high-dimensional regularpolytope onto a random line? The next two theorems answer this ques-tion. The proofs are postponed to Setion 6.



MEAN WIDTH OF REGULAR POLYTOPES 85Theorem 3.6. The random width of the ube Qn = [− 12 ; 12 ℄n satis�es thefollowing entral limit theorem:WQn −
√2n� d−→n→∞

N
(0; � − 3� ):Theorem 3.7. For the random width of the simplex Sn−1=onv(e1; : : : ; en)and the rosspolytope Cn = onv(±e1;: : : ;±en) we have

√2n logn(WSn−1 − 2un√n ) d−→n→∞
G1 +G2; (26)

√2n logn(WCn − 2u2n√n ) d−→n→∞
2G1; (27)where G1; G2 are independent random variables with the Gumbel doubleexponential distribution P[G1 6 x℄ = P[G2 6 x℄ = e−e−x, x ∈ R.Remark 3.8. It is easy to hek that the density of G1 +G2 equals2 e−xK0(2 e−x=2); x ∈ R;where K0(z) = ∞

∫0 e−z osh tdt; z > 0;is the modi�ed Bessel funtion of the seond kind.
§4. Proof of Theorem 2.1Proof. As already mentioned, the �rst estimate in Theorem 2.1 is a on-sequene of the Slepian lemma. Therefore, we onentrate on proving theinequalityE max{

|�1|; : : : ; |�n|} 6

√ 2n2n− 1 E max{�1; : : : ; �2n}:The idea of the proof of goes bak to the work of Chatterjee (see [7℄or [1, p. 50℄). For t ∈ [ 0; 1℄ onsider a entered Gaussian vetor�(t) = (�1(t); : : : ; �2n(t))with orrelations de�ned byE [�2i (t)] = 2nt+ 2n− 1 ; i = 1; : : : ; 2n;E [�2i−1(t) �2i(t)] = − 2n tt+ 2n− 1 ; i = 1; : : : ; n;



86 Z. KABLUCHKO, A. E. LITVAK, D. ZAPOROZHETSand E [�i(t) �j(t)] = 0 otherwise. We have�(0) d= √ 2n2n− 1 (�1; : : : ; �2n); �(1) d= (�1;−�1; �2;−�2; : : : ; �n;−�n):Hene it is suÆient to show that the funtion'(t) := E max{�1(t); : : : ; �2n(t)}is non-inreasing on [ 0; 1℄. Consider the funtionF�(x1; : : : ; x2n) := 1� log(

2n
∑i=1 e�xi):It is immediate thatmax{x1; : : : ; x2n} 6 F�(x1; : : : ; x2n) 6

log 2n� +max{x1; : : : ; x2n}:Therefore we only need to show that for any � > 0 the funtion'�(t) := EF�(�(t))is non-inreasing on [ 0; 1℄.In what follows, x stands for (x1; : : : ; x2n). Set �ij(t) := E [�i(t) �j(t)]and let us denote by f(t;x) the probability density funtion of �(t). It isa well-known property of f that�f��ii = 12 �2f�x2i ; �f��ij = �2f�xi�xj ; i 6= j:Therefore,�'��t = ∫

R2n F�(x)�f�t (x) dx = ∫

R2n F�(x) 2n
∑i;j=1 �f��ij (x)��ij�t dx:We have ��ii�t = − 2n(t+ 2n− 1)2 ; i = 1; : : : ; 2n;��2i−1;2i�t = − 2n(2n− 1)(t+ 2n− 1)2 ; i = 1; : : : ; n;and ��ij=�t = 0 otherwise. Thus we obtain



MEAN WIDTH OF REGULAR POLYTOPES 87�'��t = − 4n(t+ 2n− 1)2 ∫

R2n F�(x) n
∑i=1 [ �2f�x22i−1 (x)+ 2 (2n− 1) �2f�x2i−1�x2i (x) + �2f�x22i (x)] dx= − 4n(t+ 2n− 1)2 n

∑i=1 ∫

R2n f(x)[ �2F��x22i−1 (x)+ 2 (2n− 1) �2F��x2i−1�x2i (x) + �2F��x22i (x)] dx= − 4n(t+ 2n− 1)2 n
∑i=1 E [ �2F��x22i−1 (x)+ 2 (2n− 1) �2F��x2i−1�x2i (x) + �2F��x22i (x)]:It is easy to hek that�2F��x2i (x) = � (pi(x) − p2i (x)); �2F��xi�xj (x) = −� pi(x) pj(x); i 6= j;where pi(x) := �F��xi (x) = e�xi2n

∑i=1 e�xi :Thus,
− (t+ 2n− 1)24n� · �'��t = 2n

∑i=1 E [pi(�(t))]
−

2n
∑i=1 E [p2i (�(t))] − 2 (2n− 1) n

∑i=1 E [p2i−1(�(t)) p2i(�(t))]= 1− 2n
∑i=1 E [p2i (�(t))] − 2 (2n− 1) n

∑i=1 E [p2i−1(�(t)) p2i(�(t))]: (28)
For i = 1; : : : ; n the random variables �2i−1(t) and �2i(t) are non-positively orrelated. Therefore it follows from [16℄ that they are negatively



88 Z. KABLUCHKO, A. E. LITVAK, D. ZAPOROZHETSassoiated (see [6℄ for more details), whih impliesE [p2i−1(�(t)) p2i(�(t))] 6 E [pi(�(t))]E [pj(�(t))]:Hene for all k 6= l we haveE [p2i−1(�(t)) p2i(�(t))] 6 E [pk(�(t))℄E [pl(�(t))]:We thus getn
∑i=1 (E [p22i−1(�(t))] +E [p22i(�(t))] + 2 (2n− 1)E [p2i−1(�(t)) p2i(�(t))])

6

n
∑i=1 (E [p22i−1(�(t))] + ∑j 6=2i−1E [p2i−1(�(t))]E [pj(�(t))]+ ∑j 6=2i−1E [p2i(�(t))]E [pj(�(t))]) = (E [

2n
∑i=1 pi(�(t))])2 = 1:Combining this with (28) yields �'�=�t 6 0, whih ompletes the proof.

�

§5. Proof of Theorem 2.3Proof. Reall that both An :=E max16i6n|�i| and Bn :=E max16i62n �iare asymptotially equivalent to √2 logn. Therefore, in order to prove thetheorem, we need to show thatlimn→∞
4n√2 logn(E max16i6n |�i| −E max16i62n �i) = 1: (29)Denote the tail funtion of the standard normal distribution by�(t) = ∞

∫t e−s2=2 ds√2� :It is well known [1, p. 9℄ or [8, p. 137℄ that for t > 0 one has1√2�(1t − 1t3 ) e−t2=2 6 �(t) 6
1√2� t e−t2=2: (30)



MEAN WIDTH OF REGULAR POLYTOPES 89The distribution funtions of the maxima we are interested in are given byFn(t) :=P[ max16i6n |�i|6 t]=(

t
∫

−t e−s2=2 ds√2�)n=(1−2�(t))n; t>0; (31)Gn(t) :=P[ max16i62n �i6 t]=(

t
∫

−∞

e−s2=2 ds√2�)2n=(1−�(t))2n; t∈R: (32)It follows thatAn = E max16i6n |�i| = ∞
∫0 (1− Fn(t)) dt;Bn = E max16i62n �i = ∞
∫0 (1−Gn(t)) dt − ∞

∫0 (�(t))2n dt:To prove the seond equality, note that for M := max16i62n �i we haveM =M+ −M− with M+ = max(M; 0), M− = max(−M; 0), andP [M+ > t℄ = 1−Gn(t); t > 0;P [M− > t℄ = P [M < −t℄ = (1− �(−t))2n = (�(t))2n; t > 0:In fat, the seond integral in the formula for Bn is negligible. Indeed,noting that �(0) = 1=2 and using (30) we obtain
∞
∫0 (�(t))2n dt 6 (�(0))2n + ∞

∫1 (�(t))2n dt 6 2−2n + ∞
∫1 (2�)−n t−2ne−t2ndt

6 2−2n + (2�e)−n 6 2−n:In view of the above onsiderations, in order to prove (29) it suÆes toshow that limn→∞
4n√2 logn ∞

∫0 (Gn(t)− Fn(t)) dt = 1:After a hange of variable t := tn + atn , a ∈ R, where tn ∼ √2 logn is thesolution to the equation �(tn) = 12n; (33)
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∞
∫

−t2n 4n(Gn(tn + atn)

− Fn(tn + atn))da = 1: (34)First we prove the pointwise onvergene of the funtion under theintegral sign. If a ∈ R is �xed and n → ∞, then by (30) and (33),rn :=�(tn + atn)

∼ 1√2� tn e− 12 (tn+ atn )2∼ 1√2� tn e− 12 t2ne−a∼ e−a2n : (35)Realling the formulas for Fn and Gn, see (31), (32), we an writeFn(tn + atn) = (1− 2 rn)n = en log(1−2 rn);Gn(tn + atn) = (1− rn)2n = e2n log(1−rn):Using (35) and the Taylor series for the logarithm and the exponent, weobtainFn(tn+ atn)=exp{

−n(2 rn+2 r2n+o( 1n2))}=e−2nrn(1−2n r2n+o( 1n));Gn(tn+ atn)=exp{

−2n(rn+ r2n2 +o( 1n2))}=e−2nrn(1−n r2n+o( 1n)):Subtrating both expansions and using (35) twie, we obtain4n(Gn(tn+ atn)

−Fn(tn+ atn))=4n e−2nrn(n r2n+o( 1n))

−→n→∞
e−e−ae−2a:If we allow for a moment interhanging the limit and the integral, the limitin (34) equalsLHS of (34) = +∞

∫

−∞

e−e−ae−2a da = ∞
∫0 e−yy dy = 1;where we used the hange of variable y = e−a.To omplete the proof we need to justify the use of the Lebesgue dom-inated onvergene theorem. It suÆes to show that for some integrablefuntion g(a),06n(Gn(tn+ atn)

−Fn(tn + atn))

6g(a); a>−14 t2n; n ∈ N; (36)
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n −t2n=4

∫

−t2n (Gn(tn + atn)

− Fn(tn + atn))da = 0: (37)The non-negativity ofGn−Fn is a onsequene of the inequality (1− z)2
> 1− 2z; see (31), (32). Now we prove the upper bound in (36). Using theinequality yn − xn 6 n (y − x) yn−1for 0 6 x 6 y, we obtain thatGn(t)− Fn(t) = (1− 2�(t) + �2(t))n − (1− 2�(t))n

6 n�2(t) (1− �(t))2n−2: (38)In the following, C;C1; : : : > 0 denote absolute onstants. Let �rst a >
− 14 t2n so that tn + atn > 34 tn. By (30) and (33),�(tn + atn)

6
C1tn + atn e− 12 (tn+ atn )2 6

4C13 tn e− 12 t2n e−a 6
C2n e−a: (39)On the other hand, if a ∈ [− 14 t2n; 0℄, then again using (30) and (33) weobtain�(tn+ atn )

>
C ′1tn+ atn e− 12 (tn+ atn )2> C ′1tn e− 12 t2n e−ae− a22t2n >

C ′2n e− 78a; (40)where in the last estimate we used that − a22t2n > 18a.Note that beause of −a 6 14 t2n ∼ 12 logn, the right-hand side of (39)an be estimated above by Cn−1=4. Using the inequality 1 − x 6 e− 12x(whih is valid for suÆiently small x > 0) together with (40), we obtainthat for a ∈ [− 14 t2n; 0℄,
(1− �(tn + atn))2n−2

6 e−(n−1)C′2n e− 78 a
6 e−C′e− 78 a :It follows from this and (38), (39) that for all a > − 12 t2n,n(Gn − Fn)(tn + atn)

6 n2�2(tn + atn)(1− �(tn + atn))2n−2
6 C ′′e−2ae−C′e− 78 a ;



92 Z. KABLUCHKO, A. E. LITVAK, D. ZAPOROZHETSwhere in the ase a > 0 we used the trivial estimate 1 − �(t) 6 1. Thefuntion on the right-hand side is integrable in a, thus ompleting the proofof (36).We turn now to (37). Using again (38), the trivial estimate �(t) 6 1,and the inreasing property of 1− �(t), we obtain thatIn := n −t2n=4
∫

−t2n (Gn − Fn)(tn + atn) da 6 n2t2n(1− �(34 t2n))2n−2:Reall now that t2n ∼ 2 logn and use (40) whih implies that for some" ∈ (0; 1), �(34 t2n)

> Cn−"; but limn→∞
�(34 t2n) = 0:Again using inequality 1− x 6 e− 12x (valid for small x > 0), we obtainIn 6 C n2(logn) e−Cn−"(n−1) −→n→∞

0;thus proving (37). �

§6. Proofs of Theorems 3.6 and 3.7Both proofs rely on the observation that a random vetor U distributeduniformly on S
n−1 an be represented asU d= ( �1

√�21 + · · ·+ �2n ; : : : ; �n
√�21 + · · ·+ �2n ): (41)Proof of Theorem 3.6. It follows from the de�nition of WQn , see (19),and from the entral symmetry of the ube thatWQn = 2 supt∈Qn〈t; U〉 d= |�1|+ · · ·+ |�n|

√�21 + · · ·+ �2n : (42)Consider a random vetor (Xn; Yn) withXn := |�1|+ · · ·+ |�n| − n��√n ; Yn := �21 + · · ·+ �2n − nv√n ; (43)where � := E|�1| = √2=�; (44)�2 := Var |�1| = E[�21 ℄− (E|�1|)2 = (� − 2)=�; (45)v2 := Var(�21) = E[�41 ℄− (E[�21 ℄)2 = 2: (46)



MEAN WIDTH OF REGULAR POLYTOPES 93Note that EXn = EYn = 0 and VarXn = VarYn = 1, whiler := Cov(Xn; Yn) = nCov(|�1|; �21)�vn = 1√� − 2 ; (47)where we used that E|�31 | = 2√2=�. By the bivariate entral limit theorem,(Xn; Yn) d−→n→∞
(X;Y ); (48)where (X;Y ) is a bivariate Gaussian vetor with standard margins andovariane r. It follows from (43) thatWQn d= |�1|+ · · ·+ |�n|

√�21 + · · ·+ �2n = �n+ �√nXn
√n+ v√nYn = �n(1 + �Xn�√n)

√n√1 + vYn√n :Letting n → ∞, expanding into a Taylor series around 0 and noting thatXn = OP (1), Yn = OP (1), we get
|�1|+ · · ·+ |�n|
√�21 + · · ·+ �2n = �√n(1 + 1√n(�Xn� − vYn2 ) +OP( 1n)); n → ∞:It follows that

|�1|+ · · ·+ |�n|
√�21 + · · ·+ �2n − �√n = �Xn − 12 � v Yn +OP( 1√n); n→ ∞:Note that by the bivariate entral limit theorem (48), the sequene�Xn − 12 � v Yn has limiting normal distribution with mean zero and vari-ane Var [�Xn − 12 � v Yn] = �2 + 14 �2 v2 − � � v r = � − 3� ;where we used (44), (45), (46), (47). Realling (42) we obtainWQn −

√2n� d= |�1|+ · · ·+ |�n|
√�21 + · · ·+ �2n − �√n d−→n→∞

N
(0; � − 3� );whih proves the laim. �Remark 6.1. Self-normalized or studentized sums of the formRn := �1 + · · ·+ �n

√�21 + · · ·+ �2n or Tn := �1 + · · ·+ �n
√(�1 − �n)2 + · · ·+ (�n − �n)2 ;where �1; �2; : : : are i.i.d. random variables and �n = 1n (�1 + · · · + �n),have been extensively studied in the literature; see, e.g., [10℄, with main



94 Z. KABLUCHKO, A. E. LITVAK, D. ZAPOROZHETSemphasis on the entral ase E[�i℄ = 0. The non-entral ase E[�i℄ 6= 0 hasbeen analyzed by [5℄ (who studied Tn) and by [18℄ (who studied 1=R2n andrelated quantities). After some alulations, our entral limit theorem forWQn ould be dedued from [18, Theorem 3.1(v)℄, but sine these authorsstudied 1=R2n instead of Rn it was easier to provide a diret proof.Proof of Theorem 3.7. We prove (26). Using representation (41), weobtain WSn−1 d= max16i6n �i −min16i6n �i
√�21 + · · ·+ �2n : (49)It is known from extreme-value theory that the range of the standardnormal sample satis�esZn := un( max16i6n �i − min16i6n �i − 2un) d−→n→∞

G1 +G2; (50)where un ∼ √2 logn is as in (16). In fat, this follows from the asymptotiindependene [17, Theorem 1.8.3, p. 28℄ of max16i6n �i and −min16i6n �iwhih both have limiting Gumbel distribution as in (14). De�ne Yn asin (43) and observe that Yn has limiting standard normal distribution bythe entral limit theorem. We havemax16i6n �i −min16i6n �i
√�21 + · · ·+ �2n = 2un + Znun

√n+√2nYn = 2un√n 1 + Zn2u2n
√1 +√2=nYn :Noting that both Zn and Yn are OP (1) and expanding into a Taylor series,we obtainmax16i6n �i −min16i6n �i

√�21 + · · ·+ �2n = 2un√n (1 + Zn2u2n +OP( 1u4n));where we have used that un ∼ √2 logn and hene, the term with Yn isnegligible. It follows from (50) thatun√n(max16i6n �i −min16i6n �i
√�21 + · · ·+ �2n − 2un√n ) d−→n→∞

G1 +G2;whih, in view of (49), implies (26).The proof of (27) is analogous but instead of (42) it uses the represen-tation WCn d= 2 max16i6n |�i|
√�21 + · · ·+ �2n : (51)
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