
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 441, 2015 Ç.÷. î. óÏÌÅ×ïãåîëá æõîëãéé, îáâìàäáåíïê îá æïîåó�áãéïîáòîïçï ûõíá: äéóëòå�éúáãéñ
§1. ÷×ÅÄÅÎÉÅðÕÓÔØ x(t) { ÇÁÕÓÓÏ×ÓËÉÊ �ÒÏ�ÅÓÓ ÓÏ ÓÔÁ�ÉÏÎÁÒÎÙÍÉ �ÒÉÒÁÝÅÎÉÑÍÉ,Ó ÎÕÌÅ×ÙÍ ÓÒÅÄÎÉÍ, Ex(t) = 0, É Ó�ÅËÔÒÁÌØÎÏÊ ÍÅÒÏÊ � (ÓÍ. �ÏÄÒÏÂÎÅÅ× [1, 2℄). óËÁÚÁÎÎÏÅ ÏÚÎÁÞÁÅÔ ÓÌÅÄÕÀÝÅÅ. ï�ÒÅÄÅÌÉÍ ÌÉÎÅÊÎÙÊ Ï�ÅÒÁ-ÔÏÒ x ['℄ x ['℄ = ∞∫

−∞

'(t) dx(t);ÎÁ ÉÎÄÉËÁÔÏÒÎÙÈ ÆÕÎË�ÉÑÈ ÓÏÏÔÎÏÛÅÎÉÅÍx [1[a;b℄( · )] = x(b)− x(a);�ÒÏÄÏÌÖÉ× ÅÇÏ (�Ï ÌÉÎÅÊÎÏÓÔÉ) ÎÁ ÌÉÎÅÊÎÏÍ �ÏÄÍÎÏÖÅÓÔ×Å S, ÓÏÓÔÏÑ-ÝÅÍ ÉÚ ÌÉÎÅÊÎÙÈ ËÏÍÂÉÎÁ�ÉÊ ËÏÎÅÞÎÏÇÏ ÞÉÓÌÁ ÔÁËÉÈ ÉÎÄÉËÁÔÏÒÏ×.�ÁË Ï�ÒÅÄÅÌÅÎÎÙÊ �ÒÏ�ÅÓÓ {x ['℄ ; ' ∈ S} { ÇÁÕÓÓÏ×ÓËÉÊ Ó ÎÕÌÅ×ÙÍÓÒÅÄÎÉÍ É ËÏÒÒÅÌÑ�ÉÏÎÎÏÊ ÆÕÎË�ÉÅÊ, ÉÎ×ÁÒÉÁÎÔÎÏÊ �Ï ÏÔÎÏÛÅÎÉÀ ËÏ�ÅÒÁÔÏÒÕ ÓÄ×ÉÇÁ:R( ( · ); '( · )) := Ex[ ℄x['℄ = R( ( · + s); '( · + s)); (1)É ÄÏ�ÕÓËÁÀÝÅÊ �ÒÅÄÓÔÁ×ÌÅÎÉÅR( ; ') = ∞∫

−∞

 ̂(u) '̂(u)�(du); (2)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: �ÓÅ×ÄÏ�ÅÒÉÏÄÉÞÅÓËÁÑ ÆÕÎË�ÉÑ, ÎÅ�ÁÒÁÍÅÔÒÉÞÅÓËÁÑ Ï�ÅÎËÁ,�ÒÏ�ÅÓÓ ÓÏ ÓÔÁ�ÉÏÎÁÒÎÙÍÉ �ÒÉÒÁÝÅÎÉÑÍÉ.òÁÂÏÔÁ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÁÍÉ òææé 14-01-00856, îû-2504.2014.1. É �ÒÏÇÒÁÍ-ÍÏÊ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÈ ÉÓÓÌÅÄÏ×ÁÎÉÊ òáî \óÏ×ÒÅÍÅÎÎÙÅ �ÒÏÂÌÅÍÙ ÔÅÏÒÅÔÉÞÅÓËÏÊÍÁÔÅÍÁÔÉËÉ". 286



ïãåîëá æõîëãéé îá æïîå ó�áãéïîáòîïçï ûõíá 287ÇÄÅ '̂ { �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÆÕÎË�ÉÉ ', Ï�ÒÅÄÅÌÑÅÍÏÅ ÎÁ �ÒÏÔÑÖÅ-ÎÉÉ ×ÓÅÊ ÒÁÂÏÔÙ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:'̂(u) = ∞∫

−∞

e−iut'(t) dt:ðÒÉ ÜÔÏÍ ÍÅÒÁ �, ÎÁÚÙ×ÁÅÍÁÑ Ó�ÅËÔÒÁÌØÎÁÑ ÍÅÒÏÊ �ÒÏ�ÅÓÓÁ x, ÕÄÏ×ÌÅ-Ô×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ
∞∫

−∞

�(du)1 + u2 <∞: (3)íÙ ÂÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ Ó�ÅËÔÒÁÌØÎÁÑ ÍÅÒÁ � ÉÍÅÅÔ �ÌÏÔÎÏÓÔØ f�Ï ÏÔÎÏÛÅÎÉÀ Ë ÍÅÒÅ ìÅÂÅÇÁ. ðÒÉ ÜÔÏÍ, ËÏÎÅÞÎÏ,
∞∫

−∞

f(u)1 + u2 du <∞: (4)ïÂÏÚÎÁÞÉÍ
Df = {' : '̂ ∈ L2f} : (5)úÄÅÓØ É ÄÁÌÅÅ ÄÌÑ ÎÅÏÔÒÉ�ÁÔÅÌØÎÏÊ ÆÕÎË�ÉÉ f �ÒÉÎÑÔÏ ÏÂÏÚÎÁÞÅÎÉÅL2f ÄÌÑ L2-�ÒÏÓÔÒÁÎÓÔ×Á, �ÏÓÔÒÏÅÎÎÏÇÏ �Ï ÍÅÒÅ Ó �ÌÏÔÎÏÓÔØÀ f . ðÕÓÔØ

X { ÚÁÍÙËÁÎÉÅ ÌÉÎÅÊÎÏÊ ÏÂÏÌÏÞËÉ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ {x['℄, ' ∈ S} ×ÍÅÔÒÉËÅ �ÒÏÓÔÒÁÎÓÔ×ÁÍ L2(dP). úÄÅÓØ P { ×ÅÒÏÑÔÎÏÓÔÎÁÑ ÍÅÒÁ, ÉÎÄÕ-�ÉÒÏ×ÁÎÎÁÑ �ÒÏ�ÅÓÓÏÍ {x['℄; ' ∈ S}. éÚ (2) ÓÌÅÄÕÅÔ, ÞÔÏ ÏÔÏÂÒÁÖÅÎÉÅ� : � x['℄ = '̂; Ñ×ÌÑÅÔÓÑ ÉÚÏÍÅÔÒÉÅÊ ÉÚ L2(dP) × L2f , Á �ÏÔÏÍÕ �ÒÏ�ÅÓÓ
{x ['℄ ; ' ∈ S} ÍÏÖÅÔ ÂÙÔØ �ÒÏÄÏÌÖÅÎ ÎÁ ÍÎÏÖÅÓÔ×Ï Df .�Å�ÅÒØ �ÅÒÅÊÄÅÍ Ë ÓÔÁÔÉÓÔÉÞÅÓËÏÊ ÚÁÄÁÞÅ. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÎÁÒÁÓÔÕÝÅÍ ÏÔÒÅÚËÅ [−T; T ℄ ÎÁÂÌÀÄÁÅÔÓÑ ÇÁÕÓÓÏ×ÓËÉÊ �ÒÏ�ÅÓÓ y(t),dy(t) = s(t) dt+ dx(t); t ∈ [−T; T ℄: (6)úÄÅÓØ s(t) { ÎÅÉÚ×ÅÓÔÎÁÑ ÆÕÎË�ÉÑ, ÌÅÖÁÝÁÑ × ÚÁÄÁÎÎÏÍ ×Ù�ÕËÌÏÍ �ÅÎ-ÔÒÁÌØÎÏ-ÓÉÍÍÅÔÒÉÞÎÏÍ �ÏÄÍÎÏÖÅÓÔ×Å L∗ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á LÌÏËÁÌØÎÏ Ë×ÁÄÒÁÔÉÞÎÏ ÓÕÍÍÉÒÕÅÍÈ ÆÕÎË�ÉÊ s, ÔÁËÉÈ ÞÔÏ

‖s‖2
L

= supx x+1∫x |s (t)|2 dt <∞;x(t) { ÇÁÕÓÓÏ×ÓËÉÊ �ÒÏ�ÅÓÓ ÓÏ ÓÔÁ�ÉÏÎÁÒÎÙÍÉ �ÒÉÒÁÝÅÎÉÑÍÉ, ÎÕÌÅ×ÙÍÓÒÅÄÎÉÍ É Ó�ÅËÔÒÁÌØÎÏÊ �ÌÏÔÎÏÓÔØÀ f . �ÏÞÎÅÅ, ÎÁÂÌÀÄÅÎÉÀ ÄÏÓÔÕ�ÎÙ



288 ÷. î. óïìå÷ÓÌÕÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙy['℄ = s['℄ + x['℄; ' ∈ Df (T ): (7)úÄÅÓØs['℄ = ∞∫

−∞

s(t)'(t) dt; Df (T ) = {' : ' ∈ Df ∩ L2; supp' ⊂ [−T; T ℄} :ïÂÏÚÎÁÞÉÍ L̃ { �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï �ÒÏÓÔÒÁÎÓÔ×Á L , �ÏÒÏÖÄÅÎÎÏÅ ÆÕÎ-Ë�ÉÑÍÉ ÉÚ L∗. íÙ ÂÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ × L̃ ÓÕÝÅÓÔ×ÕÅÔ ÔÁËÏÊÂÁÚÉÓ {'(u; t); u ∈ �}, ÞÔÏ ËÏÜÆÆÉ�ÉÅÎÔÙ a(u) × ÒÁÚÌÏÖÅÎÉÉ ÆÕÎË�ÉÉs ∈ L̃ s(t) = ∑u∈� a(u)'(u; t) (ÚÄÅÓØ � { ÓÞÅÔÎÏÅ ÍÎÏÖÅÓÔ×Ï);ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÓÌÏ×ÉÀ
∗ ‖s‖2L 6
∑u∈� |a(u)|2 6 C∗ ‖s‖2L ; s ∈ L̃ : (8)÷ ÔÅÈÎÉÞÅÓËÏÍ ÏÔÎÏÛÅÎÉÉ ÂÁÎÁÈÏ×Á ÎÏÒÍÁ ‖ · ‖

L
ÍÏÖÅÔ ÂÙÔØ ÎÅÕÄÏÂ-ÎÁ. íÙ ÚÁÍÅÎÉÍ ÅÅ ÎÁ ÇÉÌØÂÅÒÔÏ×Õ ÎÏÒÍÕ ‖ · ‖∗,

‖s‖2∗ := ∑u∈� |a(u)|2;ÔÏ�ÏÌÏÇÉÞÅÓËÉ ÜË×É×ÁÌÅÎÔÎÕÀ ÉÓÈÏÄÎÏÊ.ðÕÓÔØ ŝT { Ï�ÅÎËÁ ÎÅÉÚ×ÅÓÔÎÏÊ ÆÕÎË�ÉÉ s, �ÏÓÔÒÏÅÎÎÁÑ �Ï ÎÁÂÌÀ-ÄÅÎÉÑÍ (7), ŝT ∈ L̃ . òÉÓË ÏÔ ÉÓ�ÏÌØÚÏ×ÁÎÉÑ Ï�ÅÎËÉ ŝT ÂÕÄÅÍ ÉÚÍÅÒÑÔØ×ÅÌÉÞÉÎÏÊ
R (ŝT ) = sups∈L∗

Es ‖ŝT − s‖2∗ïÂÏÚÎÁÞÉÍ RT { ÍÉÎÉÍÁËÓÎÙÊ ÒÉÓË,
RT = infŝT R (ŝT ) :úÁÄÁÞÁ ÓÏÓÔÏÉÔ × �ÏÉÓËÅ �ÒÏÓÔÏÊ Ï�ÅÎËÉ ŝT , ÉÍÅÀÝÅÊ ÔÏÔ ÖÅ �ÏÒÑÄÏËÍÁÌÏÓÔÉ �ÒÉ T → ∞, ÞÔÏ É ÍÉÎÉÍÁËÓÎÙÊ ÒÉÓË,

RT 6 R (ŝT ) 6 CRT : (9)äÌÑ ÇÁÕÓÓÏ×ÓËÏÇÏ ÛÕÍÁ x[ · ℄ �ÏÓÔÒÏÅÎÉÅ ÔÁËÉÈ Ï�ÅÎÏË ÏÂÙÞÎÏ �ÒÏÉÚ-×ÏÄÉÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ (ÓÍÏÔÒÉ, ÎÁ�ÒÉÍÅÒ, [4℄, [9℄). ðÕÓÔØ L2T {



ïãåîëá æõîëãéé îá æïîå ó�áãéïîáòîïçï ûõíá 289L2 �ÒÏÓÔÒÁÎÓÔ×Ï ÎÁ ÏÔÒÅÚËÅ [−T; T ℄, �ÏÓÔÒÏÅÎÎÏÅ �Ï ÎÏÒÍÉÒÏ×ÁÎÎÏÊÍÅÒÅ ìÅÂÅÇÁ. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ �ÒÉ ÂÏÌØÛÉÈ T
 ‖s‖T 6 ‖s‖
L

6 C ‖s‖T ; s ∈ L̃ : (10)úÄÅÓØ ‖ · ‖T { ÎÏÒÍÁ × L2T ; 
; C { ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÅ ËÏÎÓÔÁÎÔÙ, ÚÁ×ÉÓÑ-ÝÉÅ ÔÏÌØËÏ ÏÔ L̃ , Á ÄÌÑ ÆÕÎË�ÉÊ s ∈ L̃

‖s‖T := ∥∥s1[−T;T ℄∥∥T : (11)óËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ × �ÒÏÓÔÒÁÎÓÔ×Å L2T ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ(';  )T := 12T T∫
−T '(t) (t) dt:ðÏÓÔÒÏÅÎÉÅ ËÏÎËÒÅÔÎÙÈ �ÒÏÓÔÒÁÎÓÔ× L̃ , ÄÌÑ ËÏÔÏÒÙÈ ×Ù�ÏÌÎÅÎÏÎÅÒÁ×ÅÎÓÔ×Ï (10), ÂÕÄÅÔ Ï�ÉÓÁÎÏ × §3. ÷ ÜÔÏÍ ÖÅ �ÁÒÁÇÒÁÆÅ ÂÕÄÅÔ ÕËÁ-ÚÁÎ ÔÁËÏÊ ÂÁÚÉÓ {'(u; t); u ∈ �} �ÒÏÓÔÒÁÎÓÔ×Á L̃ , ÄÌÑ ËÏÔÏÒÏÇÏ ×Ù�ÏÌ-ÎÅÎÏ ÕÓÌÏ×ÉÅ (8).óÕÖÅÎÉÅÍ L̃ ÎÁ L2T ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï

{h : h = 1[−T;T ℄ '; ' ∈ L̃

}:éÚ (8) É (10) ÓÌÅÄÕÅÔ, ÞÔÏ ÓÉÓÔÅÍÁ
{'T (u; t) = 1[−T;T ℄(t)'(u; t); u ∈ �}Ñ×ÌÑÅÔÓÑ ÂÁÚÉÓÏÍ òÉÓÓÁ × ÓÕÖÅÎÉÉ L̃ ÎÁ L2T , �ÒÉÞÅÍ ÒÉÓÓÏ×ÓËÉÍ ÒÁ×ÎÏ-ÍÅÒÎÏ �Ï T . ÷ÙÂÅÒÅÍ × L2T (ÔÏÞÎÅÅ × ÓÕÖÅÎÉÉ L̃ ÎÁ L2T ) ÔÁËÕÀ ÓÉÓÔÅÍÕ

{ T (u; t); u ∈ �}, ÞÔÏ('T (u; · );  T (v; · ); )T = Æu;v: (12)ÚÄÅÓØ ( ·; · )T { ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ × LT , � { ÓÞÅÔÎÏÅ ÍÎÏÖÅÓÔ×Ï,ÉÎÄÅËÓÉÒÕÀÝÅÅ ÜÌÅÍÅÎÔÙ ÂÁÚÉÓÁ. äÏ�ÏÌÎÉÔÅÌØÎÏ ÂÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ,ÞÔÏ  ̂T (u; · ) ∈ L2f ; u ∈ �: (13)úÄÅÓØ É ÄÁÌÅÅ  ̂T (u; · ) { �ÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÆÕÎË�ÉÉ  T (u; · ). ÷ËÁÞÅÓÔ×Å Ï�ÅÎËÉ ŝT ×ÏÚØÍÅÍ �ÒÏÅË�ÉÏÎÎÕÀ Ï�ÅÎËÕ ×ÉÄÁŝT = ∑u∈�N y 〈 T (u; · )〉'(u; · ); (14)



290 ÷. î. óïìå÷×ÙÂÉÒÁÑ ËÏÎÅÞÎÙÅ �ÏÄÍÎÏÖÅÓÔ×Á �N ⊂ � É �ÅÌÏÅ N = N(T ) �ÏÄÈÏÄÑ-ÝÉÍ ÏÂÒÁÚÏÍ. úÄÅÓØ É ÄÁÌÅÅy 〈 〉 = 12T T∫
−T  (t) dy(t) = (s;  )T + 12T T∫

−T  (t) dx(t) = s 〈 〉+ x 〈 〉 :
§2. äÉÓËÒÅÔÎÁÑ ÚÁÄÁÞÁæÁËÔÉÞÅÓËÉ �ÒÉ �ÏÓÔÒÏÅÎÉÉ Ï�ÅÎËÉ ŝT × (10) ÍÙ (ÔÁË ÖÅ, ËÁË ÜÔÏÓÄÅÌÁÎÏ × [9℄) ÚÁÍÅÎÉÌÉ ÎÁÂÌÀÄÅÎÉÑ ÎÁÄ �ÒÏ�ÅÓÓÏÍdy(t) = s(t) dt+ dx(t); t ∈ [−T; T ℄;ÓÔÁÔÉÓÔÉËÏÊ (yT (u); u ∈ �), ÇÄÅyT (u) = y 〈 T (u; · )〉 ; u ∈ �:ïÂÏÚÎÁÞÉÍ xT (u) = x 〈 T (u; · )〉. �ÏÇÄÁâT (u) := yT (u) = a(u) + xT (u); u ∈ �:ïÞÅ×ÉÄÎÏ, ÞÔÏ ŝT (u) { ÎÅÓÍÅÝÅÎÎÁÑ Ï�ÅÎËÁ ËÏÜÆÆÉ�ÉÅÎÔÁ a(u) Ó ÄÉÓ-�ÅÒÓÉÅÊ �2(T ;u),�2(T ;u) = 14T 2 ∞∫

−∞

∣∣ ̂T (u; y)∣∣2 f(y) dy:ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ L̃ T { ÏÒÔÏÇÏÎÁÌØÎÏÅ ÄÏ�ÏÌÎÅÎÉÅ × LT Ë �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ×Õ, �ÏÒÏÖÄÅÎÎÏÍÕ ÆÕÎË�ÉÑÍÉ  T (u; · ); u ∈ �.ìÅÍÍÁ 2.1. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÓÉÓÔÅÍÁ { T (u; t); u ∈ �} ×ÙÂÒÁÎÁÔÁË, ÞÔÏEx [ T (u; · )℄ x[h℄ = 0; ÅÓÌÉ u ∈ �; h ∈ L̃
T ∩ Df (T ): (15)�ÏÇÄÁ ÓÔÁÔÉÓÔÉËÁ (yT (u); u ∈ �) Ñ×ÌÑÅÔÓÑ ÄÏÓÔÁÔÏÞÎÏÊ × ÚÁÄÁÞÅÏ�ÅÎÉ×ÁÎÉÑ (7).äÏËÁÚÁÔÅÌØÓÔ×Ï. ïÞÅ×ÉÄÎÏ, ÞÔÏ ÚÁÄÁÞÁ Ï�ÅÎÉ×ÁÎÉÑ (7) É ÚÁÄÁÞÁ Ï�Å-ÎÉ×ÁÎÉÑ s ∈ L∗ �Ï ÎÁÂÌÀÄÅÎÉÑÍ

{yT (u) = s(u) + xT (u); u ∈ �} É {y[h℄; h ∈ L̃
T ∩ Df (T )}



ïãåîëá æõîëãéé îá æïîå ó�áãéïîáòîïçï ûõíá 291ÜË×É×ÁÌÅÎÔÎÙ. ðÒÉ ÜÔÏÍ × ÓÉÌÕ ÕÓÌÏ×ÉÑ (15) ÇÁÕÓÓÏ×ÓËÉÅ �ÒÏ�ÅÓÓÙ{yT (u); u ∈ �} É {y[h℄; h ∈ L̃ T ∩Df (T )} ÎÅÚÁ×ÉÓÉÍÙ, �ÒÉÞÅÍ ÒÁÓ�ÒÅ-ÄÅÌÅÎÉÅ �ÒÏ�ÅÓÓÁ {y[h℄; h ∈ L̃ T ∩ Df (T )} ÎÅ ÚÁ×ÉÓÉÔ ÏÔ ÎÅÉÚ×ÅÓÔÎÏÇÏ�ÁÒÁÍÅÔÒÁ s. ïÔÓÀÄÁ ÓÌÅÄÕÅÔ ÕÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙ. �ìÅÍÍÁ 2.1 Ó×ÏÄÉÔ ÚÁÄÁÞÕ Ï�ÅÎÉ×ÁÎÉÑ ÎÅÉÚ×ÅÓÔÎÏÊ ÆÕÎË�ÉÉ s ∈ L∗�Ï ÎÁÂÌÀÄÅÎÉÑÍ (6) Ë ÚÁÄÁÞÅ Ï�ÅÎÉ×ÁÎÉÑ ×ÅËÔÏÒÁ � = (�u; u ∈ �) �ÏÎÁÂÌÀÄÅÎÉÑÍ yu = �u + xu; u ∈ �: (16)úÄÅÓØ (xu; u ∈ �) { ÇÁÕÓÓÏ×ÓËÉÊ �ÒÏ�ÅÓÓ Ó ÎÕÌÅ×ÙÍ ÓÒÅÄÎÉÍ É ËÏ×ÁÒÉÁ-�ÉÏÎÎÏÊ ÆÕÎË�ÉÅÊR(u; v) := Exu xv = ( ̂T (u; · );  ̂T (v; · ))f ;ÇÄÅ ( · ; · )f { ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ × �ÒÏÓÔÒÁÎÓÔ×Å L2f .ðÏÄÌÅÖÁÝÉÊ Ï�ÅÎÉ×ÁÎÉÀ ×ÅËÔÏÒ � ÌÅÖÉÔ × �ÅÎÔÒÁÌØÎÏ-ÓÉÍÍÅÔÒÉÞ-ÎÏÍ �ÏÄÍÎÏÖÅÓÔ×Å � �ÒÏÓÔÒÁÎÓÔ×Á l2,� = {� : ∑u∈� �v 'u ∈ L∗

}:
§3. ëÌÁÓÓ óÔÅ�ÁÎÏ×Á �ÓÅ×ÄÏ�ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊðÕÓÔØ L { ÂÁÎÁÈÏ×Ï �ÒÏÓÔÒÁÎÓÔ×Ï ÌÏËÁÌØÎÏ Ë×ÁÄÒÁÔÉÞÎÏ ÓÕÍÍÉÒÕ-ÅÍÈ ÆÕÎË�ÉÊ s, ÔÁËÉÈ ÞÔÏ

‖s‖2
L

= supx x+1∫x |s (t)|2 dt <∞: (17)òÁÓÓÍÏÔÒÉÍ ××ÅÄÅÎÎÙÊ óÔÅ�ÁÎÏ×ÙÍ (ÓÍ. [5℄) ËÌÁÓÓ L (�) �ÓÅ×ÄÏ{�ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ ss(t) = ∑u∈� a(u)eiut; ∑u∈� |a(u)|2 <∞; (18)�ÒÅÄ�ÏÌÁÇÁÑ, ÞÔÏ � { ÎÅ ÂÏÌÅÅ ÞÅÍ ÓÞÅÔÎÏÅ ÍÎÏÖÅÓÔ×Ï, ÕÄÏ×ÌÅÔ×ÏÒÑÀ-ÝÅÅ ÕÓÌÏ×ÉÀ ÏÔÄÅÌÉÍÏÓÔÉ� = � (�) = infu;v∈�;u6=v |u− v| > 0 (19)÷ [5℄ ÕÓÔÁÎÏ×ÌÅÎÏ, ÞÔÏ �ÒÉ ÕÓÌÏ×ÉÉ (19) ÒÑÄ × (18) ÓÈÏÄÉÔÓÑ × L .



292 ÷. î. óïìå÷íÎÏÖÅÓÔ×Ï �, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÅ (19), ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ � -ÏÔÄÅÌÉÍÙÍ.îÁÒÑÄÕ Ó ÂÁÎÁÈÏ×ÏÊ ÎÏÒÍÏÊ, Ï�ÒÅÄÅÌÅÎÎÏÊ × (17), ÂÕÄÅÍ ÔÁËÖÅ ÒÁÓÓÍÁ-ÔÒÉ×ÁÔØ ÇÉÌØÂÅÒÔÏ×Ù ÎÏÒÍÙ
‖s‖∗ := { ∑u∈� |a(u)|2}1=2 <∞; É ‖s‖T := { 12T T∫

−T |s(t)|2 dt}1=2;É ÉÓ�ÏÌØÚÏ×ÁÔØ ÏÂÏÚÎÁÞÅÎÉÅ L2T ÄÌÑ L2-�ÒÏÓÔÒÁÎÓÔ×Ï ÎÁ ÏÔÒÅÚËÅ[−T; T ℄, �ÏÓÔÒÏÅÎÎÏÅ �Ï ÎÏÒÍÉÒÏ×ÁÎÎÏÊ ÍÅÒÅ ìÅÂÅÇÁ, ÓÏ ÓËÁÌÑÒÎÙÍ�ÒÏÉÚ×ÅÄÅÎÉÅÍ (s1; s2)T := 12T T∫
−T s1(t) s2(t) dt:î. ÷ÉÎÅÒ É ò. ðÜÌÉ ÄÏËÁÚÁÌÉ × [6℄, ÞÔÏ �ÒÉ ÕÓÌÏ×ÉÉ (19) ÎÁÊÄÕÔÓÑÔÁËÉÅ �ÏÌÏÖÉÔÅÌØÎÙÅ ËÏÎÓÔÁÎÔÙ 
1 = 
1(�), 
2 = 
2(�), C1 = C1(�),C1 = C1(�), T0 = T0(�), ÚÁ×ÉÓÑÝÉÅ ÔÏÌØËÏ ÏÔ � , ÞÔÏ
1 ‖s‖L

6 ‖s‖∗ 6 C1 ‖s‖L
; s ∈ L (�); s(t) = ∑u∈� a(u) eiut; (20)É �ÒÉ T > T0
2 ‖s‖T 6 ‖s‖∗ 6 C2 ‖s‖T ; s ∈ L (�); s(t) = ∑u∈� a(u) eiut: (21)÷ ÞÁÓÔÎÏÓÔÉ, ÎÁÊÄÕÔÓÑ ÔÁËÉÅ �ÏÌÏÖÉÔÅÌØÎÙÅ ËÏÎÓÔÁÎÔÙ 
 = 
(�), C =C(�), ÚÁ×ÉÓÑÝÉÅ ÔÏÌØËÏ ÏÔ � , ÞÔÏ �ÒÉ T > T0,
 ‖s‖T 6 ‖s‖
L

6 C ‖s‖T ; s ∈ L (�): (22)íÎÏÖÅÓÔ×Ï � ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ Ó�ÅËÔÒÁÌØÎÙÍ ÍÎÏÖÅÓÔ×ÏÍ ÆÕÎË�ÉÊÉÚ ËÌÁÓÓÁ L (�). ðÕÓÔØ'u (T ; t) = 1[−T; T ℄(t) eiut:éÚ ÓËÁÚÁÎÎÏÇÏ ×ÙÛÅ ÓÌÅÄÕÅÔ (�ÏÄÒÏÂÎÅÅ ÓÍ. × [6℄), ÞÔÏ �ÒÉ ÎÁÚ×ÁÎ-ÎÙÈ ÕÓÌÏ×ÉÑÈ ÓÉÓÔÅÍÁ {'u(T ; t); u ∈ �} Ñ×ÌÑÅÔÓÑ ÂÁÚÉÓÏÍ òÉÓÓÁ ×
L (�) (ÔÏÞÎÅÅ × ÓÕÖÅÎÉÉ L (�) ÎÁ L2T ) × ÍÅÔÒÉËÅ ÇÉÌØÂÅÒÔÏ×Á �ÒÏ-ÓÔÒÁÎÓÔ×Á L2T Ó ÎÏÒÍÏÊ ‖ · ‖T . óÔÁÌÏ ÂÙÔØ, × L (�) ÓÕÝÅÓÔ×ÕÅÔ ÓÏ�ÒÑ-ÖÅÎÎÁÑ (× ÍÅÔÒÉËÅ ÇÉÌØÂÅÒÔÏ×Á �ÒÏÓÔÒÁÎÓÔ× Ó ÎÏÒÍÏÊ ‖ · ‖T ) ÓÉÓÔÅÍÁ
{'∗u(T ; t); u ∈ �},

('u(T ; · ); '∗v(T ; · ))T = Æu; v; ÇÄÅ Æu; v { ÓÉÍ×ÏÌ ëÒÏÎÅËÅÒÁ: (23)



ïãåîëá æõîëãéé îá æïîå ó�áãéïîáòîïçï ûõíá 293úÁÍÅÔÉÍ, ÞÔÏ × ÒÁÚÌÏÖÅÎÉÉ (18)a(u) = (s ( · ); '∗u(T ; · ))T : (24)
§4. áÓÉÍ�ÔÏÔÉÞÅÓËÉ Ï�ÔÉÍÁÌØÎÁÑ Ï�ÅÎËÁ÷ ÜÔÏÍ �ÕÎËÔÅ ÍÙ �ÏÓÔÒÏÉÍ �ÒÏÓÔÕÀ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉ Ï�ÔÉÍÁÌØ-ÎÕÀ Ï�ÅÎËÕ ŝT ÎÅÉÚ×ÅÓÔÎÏÊ ÆÕÎË�ÉÉ s ∈ L∗ �Ï ÎÁÂÌÀÄÅÎÉÑÍ (6) �ÒÉÓÌÅÄÕÀÝÉÈ �ÒÅÄ�ÏÌÏÖÅÎÉÑÈ ÏÔÎÏÓÉÔÅÌØÎÏ �ÁÒÁÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏÖÅ-ÓÔ×Á L∗ É Ó�ÅËÔÒÁÌØÎÏÊ �ÌÏÔÎÏÓÔÉ f �ÒÏ�ÅÓÓÁ x.ðÕÓÔØ L (�) { ËÌÁÓÓ óÔÅ�ÁÎÏ×Á �ÓÅ×ÄÏ-�ÅÒÉÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ(ÓÍ. § 3) ÓÏ Ó�ÅËÔÒÁÌØÎÙÍ ÍÎÏÖÅÓÔ×ÏÍ �, ÓÏÓÔÏÑÝÉÊ ÉÚ ÆÕÎË�ÉÊ, �ÒÅÄ-ÓÔÁ×ÉÍÙÈ × ×ÉÄÅs(t) = ∑u∈� a(u)eiut; ∑u∈� |a(u)|2 <∞:óÞÅÔÎÏÅ ÍÎÏÖÅÓÔ×Ï � ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ ÏÔÄÅÌÉÍÏÓÔÉ� = infu 6=v;u;v∈� |u− v| > 0: (25)ðÁÒÁÍÅÔÒÉÞÅÓËÏÅ ÍÎÏÖÅÓÔ×Ï L∗ ×ÙÄÅÌÉÍ ÉÚ ËÌÁÓÓÁ L (�) ÕÓÌÏ×ÉÅÍ

∑u∈� |a(u)|2(|u|+ 1)2� 6 L: (26)âÕÄÅÍ �ÒÅÄ�ÏÌÁÇÁÔØ, ÞÔÏ Ó�ÅËÔÒÁÌØÎÁÑ �ÌÏÔÎÏÓÔØ f ÕÄÏ×ÌÅÔ×ÏÒÑÅÔÕÓÌÏ×ÉÀ
∞∫

−∞

f(u)1 + u2 du <∞; (27)É ÕÓÌÏ×ÉÀ íÁËËÅÎÈÁÕ�ÔÁ (ÓÍ. [7℄)supI 1
|I | ∫I f(t) dt 1

|I | ∫I 1f(t) dt 6 �(f) <∞: (28)úÄÅÓØ ÓÕ�ÒÅÍÕÍ ÂÅÒÅÔÓÑ �Ï ÉÎÔÅÒ×ÁÌÁÍ I , |I | { ÄÌÉÎÁ I .äÌÑ " > 0 ÏÂÏÚÎÁÞÉÍf"(u) = 12" "∫

−" f(u− s) ds:



294 ÷. î. óïìå÷÷×ÅÄÅÍ × ÒÁÓÓÍÏÔÒÅÎÉÅ ËÌÁÓÓ Ó�ÅËÔÒÁÌØÎÙÈ �ÌÏÔÎÏÓÔÅÊ A(�; �; b; B),Ï�ÒÅÄÅÌÉ× ÅÇÏ ÄÌÑ � > −1 É ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÈ b 6 B ÕÓÌÏ×ÉÅÍ:ÄÌÑ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ �ÏÌÏÖÉÔÅÌØÎÙÈ Nb "� 6
1N ∑u∈�;

|u|6N f"(u) 6 B "�; �ÒÉ " = N− 1+2�1+� : (29)úÁÍÅÔÉÍ, ÞÔÏ �ÏÈÏÖÉÊ ËÌÁÓÓ ÂÙÌ ÒÁÓÓÍÏÔÒÅÎ ó. ÷. òÅÛÅÔÏ×ÙÍ × [9℄.úÄÅÓØ É ÄÁÌÅÅ �ÒÅÄ�ÏÌÁÇÁÅÔÓÑ, ÞÔÏ �ÒÉ ÎÅËÏÔÏÒÏÍ d > � × ÌÀÂÏÍ ÏÔ-ÒÅÚËÅ ÄÌÉÎÙ d ÅÓÔØ ÈÏÔÑ ÂÙ ÏÄÎÁ ÔÏÞËÁ ÉÚ �.÷ÙÂÅÒÅÍ T0 = T0(�) ÔÁË, ÞÔÏÂÙ ÂÙÌÉ ×Ù�ÏÌÎÅÎÙ ÓÏÏÔÎÏÛÅÎÉÑ (20),(21) É (22). ðÕÓÔØ r > T0. ðÏÌÏÖÉÍ �ÒÉ T > 2r T (u; t) = T�r(T − r) ∞∫

−∞

'∗r(u; t− s)'T−r(u; s) ds: (30)ïÂßÑ×ÌÅÎÎÕÀ ×ÙÛÅ Ï�ÅÎËÕ ŝT ÚÁÄÁÄÉÍ ÓÏÏÔÎÏÛÅÎÉÅÍŝT (t) = ∑u∈�; |u|6N y 〈 T (u; · )〉'(u; t) = ∑u∈�; |u|6N y 〈 T (u; · )〉 eiut; (31)×ÙÂÉÒÁÑN = N(T ) × ÚÁ×ÉÓÉÍÏÓÔÉ ÏÔ ËÌÁÓÓÁ Ó�ÅËÔÒÁÌØÎÙÈ �ÌÏÔÎÏÓÔÅÊÉ ×ÅÌÉÞÉÎÙ �. åÓÌÉ f ∈ A(�; �; b; B), �ÏÌÏÖÉÍN(T ) = T 1+�1+2� : (32)�ÅÏÒÅÍÁ 4.1. ðÕÓÔØ Ï�ÅÎËÁ ŝT (t) ÎÅÉÚ×ÅÓÔÎÏÊ ÆÕÎË�ÉÉ s(t) ÉÚ L∗ �ÏÎÁÂÌÀÄÅÎÉÑÍ (6) Ï�ÒÅÄÅÌÅÎÁ ÒÁ×ÅÎÓÔ×ÏÍ (31), �ÁÒÁÍÅÔÒÉÞÅÓËÏÅ ÍÎÏ-ÖÅÓÔ×Ï L∗ ×ÙÄÅÌÅÎÏ ÉÚ ËÌÁÓÓÙ óÔÅ�ÁÎÏ×Á L (�) ÕÓÌÏ×ÉÅÍ (26), Ó�ÅË-ÔÒÁÌØÎÏÅ ÍÎÏÖÅÓÔ×ÏÍ �, ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ ÏÔÄÅÌÉÍÏÓÔÉ (25),Á Ó�ÅËÔÒÁÌØÎÁÑ �ÌÏÔÎÏÓÔØ f �ÒÏ�ÅÓÓÁ x ÌÅÖÉÔ × ËÌÁÓÓÅ A(�; �; b; B)É ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÀ íÁËËÅÎÈÁÕ�ÔÁ. �ÏÇÄÁ, ÅÓÌÉ ×ÅÌÉÞÉÎÁ N =N(T ) × (31) ×ÙÂÒÁÎÁ ÓÏÇÌÁÓÎÏ (32), ÔÏ ÎÁÊÄÅÔÓÑ ÔÁËÁÑ �ÏÌÏÖÉÔÅÌØ-ÎÁÑ ËÏÎÓÔÁÎÔÁ C <∞, ÞÔÏ �ÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÉÈ T
RT 6 R (ŝT ) 6 CRT ; (33)ÇÄÅ RT { ÍÉÎÉÍÁËÓÎÙÊ ÒÉÓË × ÚÁÄÁÞÅ (6).



ïãåîëá æõîëãéé îá æïîå ó�áãéïîáòîïçï ûõíá 295äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÒÁÂÏÔÅ [9℄ �Ï ÓÕÝÅÓÔ×Õ ÕÓÔÁÎÏ×ÌÅÎÏ, ÞÔÏ × ÕÓÌÏ-×ÉÑÈ ÔÅÏÒÅÍÙ
RT > KT− (1+�) 2�1+2� ;ÇÄÅ ËÏÎÓÔÁÎÔÁ K ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ �; �, ËÌÁÓÓÁ A(�; �; b; B) É ×ÅÌÉÞÉÎ�(f); L, ðÏÜÔÏÍÕ ÄÏÓÔÁÔÏÞÎÏ ÕÓÔÁÎÏ×ÉÔØ Ï�ÅÎËÕ Ó×ÅÒÈÕ ÄÌÑ ×ÅÌÉÞÉÎÙÒÉÓËÁ R (ŝT ) ×ÉÄÁ

R (ŝT ) 6 C∗T− (1+�) 2�1+2� (34)Ó ËÏÎÓÔÁÎÔÏÊ C∗, ÚÁ×ÉÓÑÝÅÊ ÔÏÌØËÏ ÏÔ �ÅÒÅÞÉÓÌÅÎÎÙÈ ×ÙÛÅ �ÁÒÁÍÅ-ÔÒÏ×.äÁÌÅÅ, ÚÁÍÅÔÉÍ, ÞÔÏ × ÓÉÌÕ (20)E∥∥s− ŝT∥∥2
L

6 C22 ∑u∈�;
|u|6N E |a(u)− âT (u)|2 + C22 ∑u∈�;

|u|>N |a(u)|2: (35)÷ ÓÉÌÕ (25), (26) É (32),
∑u∈�;

|u|>N |a(u)|2 6 LN−2� = LT− (1+�) 2�1+2� : (36)ïÓÔÁÅÔÓÑ Ï�ÅÎÉÔØ �ÅÒ×ÏÅ ÓÌÁÇÁÅÍÏÅ × �ÒÁ×ÏÊ ÞÁÓÔÉ (35). ðÒÅÖÄÅ ×ÓÅÇÏÄÏËÁÖÅÍ, ÞÔÏ 12T T∫
−T  T (u; t) e−ivt dt = Æu;v; u; v ∈ �: (37)äÌÑ ÜÔÏÇÏ ÚÁÍÅÔÉÍ, ÞÔÏT∫

−T  T (u; t) e−ivt dt = 12� ∞∫

−∞

 ̂T (u; z) '̂T (v; z) dz�ÁË ËÁË 12� '̂T (v; z) = sinT (z − v)�(z − v) ;Á  ̂T (u; · ) { �ÅÌÁÑ ÆÕÎË�ÉÑ ÓÔÅ�ÅÎÉ ÎÅ ×ÙÛÅ T , ÔÏ (ÓÍ. [6℄)12� ∞∫

−∞

 ̂T (u; z) '̂T (v; z) dz =  ̂T (u; v):



296 ÷. î. óïìå÷äÁÌÅÅ, × ÓÉÌÕ (30) ̂T (u; z) = T�r(T − r) '̂∗r(u; z) sin(T − r)(z − u)�(z − u) :�ÁË ËÁË × ÓÉÌÕ (23) �ÒÉ u; v ∈ �'̂∗r(u; v) = 2r Æu;v ; u; v ∈ �; ÔÏ  ̂T (u; v) = 2TÆu;v; u; v ∈ �:ïÔÓÀÄÁ �ÏÌÕÞÁÅÍ (37). éÚ (37) ÓÌÅÄÕÅÔ, ËÁË ÕÖÅ ÏÔÍÅÞÁÌÏÓØ, ÞÔÏ âT (u){ ÎÅÓÍÅÝÅÎÎÁÑ Ï�ÅÎËÁ ÄÌÑ a(u) Ó ÄÉÓ�ÅÒÓÉÅÊ �2(T ;u),�2(T ;u) = 14T 2 ∞∫

−∞

∣∣∣ ̂T (u; y)∣∣∣2 f(y) dy:�ÁË ËÁË ÓÉÓÔÅÍÁ {'∗r(u; · ); u ∈ �} { ÂÁÚÉÓ òÉÓÓÁ × L2r, ÔÏ �ÒÉ ÎÅËÏÔÏ-ÒÏÍ 
(r)
∞∫

−∞

|'̂∗r(u; z)|2 dz 6 
(r):ðÏÓËÏÌØËÕ �ÒÉ ÜÔÏÍ '̂∗r(u; · ) { �ÅÌÁÑ ÆÕÎË�ÉÑ ÓÔÅ�ÅÎÉ ÎÅ ×ÙÛÅ r, ÔÏ(ÓÍ. [6℄)
|'̂∗r(u; z)|2 6

r
(r)� :ïÔÓÀÄÁ ÍÙ ÚÁËÌÀÞÁÅÍ, ÞÔÏ �ÒÉ ÎÅËÏÔÏÒÏÍ C(r)�2(T ;u) 6
C(r)T ∞∫

−∞

sin2 T (u− z)T�(u− z)2 f(z) dz:÷ [8℄ ÕÓÔÁÎÏ×ÌÅÎÏ, ÞÔÏ ÅÓÌÉ Ó�ÅËÔÒÁÌØÎÁÑ �ÌÏÔÎÏÓÔØ f ÕÄÏ×ÌÅÔ×ÏÒÑÅÔÕÓÌÏ×ÉÀ íÁËËÅÎÈÁÕ�ÔÁ, ÔÏ
∞∫

−∞

sin2 T (u− z)T�(u− z)2 f(z) dz 6 C f"(u) �ÒÉ " = 1=T:óÏÂÉÒÁÑ ÎÁÊÄÅÎÎÙÅ Ï�ÅÎËÉ, �ÏÌÕÞÁÅÍ, ÞÔÏ, ÅÓÌÉ T ÄÏÓÔÁÔÏÞÎÏ ×ÅÌÉËÏ,ÔÏ �ÒÉ ÎÅËÏÔÏÒÏÊ ËÏÎÓÔÁÎÔÅ D = D(�; r; �(f))E |a(u)− âT (u)|2 6 D f"(u)T �ÒÉ " = 1=T: (38)



ïãåîëá æõîëãéé îá æïîå ó�áãéïîáòîïçï ûõíá 297�Å�ÅÒØ ÍÙ × ÓÏÓÔÏÑÎÉÉ Ó �ÏÍÏÝØÀ (29) É (32) Ï�ÅÎÉÔØ �ÅÒ×ÏÅ ÓÌÁÇÁÅ-ÍÏÅ E ∑u∈�; |u|6N |a(u)− âT (u)|2 6 DB NT T−� = DB T− (1+�)(2�)1+2� :
îÅÒÁ×ÅÎÓÔ×Ï (34) ÕÓÔÁÎÏ×ÌÅÎÏ. �
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