
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 441, 2015 Ç.÷. á. åÒÛÏ×, é. á. éÂÒÁÇÉÍÏ×ïâ ïäîïê úáäáþå ïãåîëéâåóëïîåþîïíåòîïçï ðáòáíå�òá
§1. ðÏÓÔÁÎÏ×ËÁ ÚÁÄÁÞÉðÕÓÔØ X ÅÓÔØ ÓÌÕÞÁÊÎÁÑ ×ÅÌÉÞÉÎÁ, �ÒÉÎÉÍÁÀÝÁÑ ÚÎÁÞÅÎÉÑ × ÍÎÏ-ÖÅÓÔ×Å �ÅÌÙÈ �ÏÌÏÖÉÔÅÌØÎÙÈ ÞÉÓÅÌ É �ÕÓÔØP{X = k} = �(k); k = 1; 2; : : : :ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ � = (�(1); �(2); : : :) ÍÏÖÎÏ ÔÒÁËÔÏ×ÁÔØ ËÁË �ÌÏÔ-ÎÏÓÔØ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ ÓÌÕÞÁÊÎÏÊ ×ÅÌÉÞÉÎÙ X �Ï ÏÔÎÏÛÅÎÉÀ Ë ÓÞÉÔÁÀ-ÝÅÊ ÍÅÒÅ � ÎÁ (1; 2; : : :), �(

{1; 2; : : :}) = 1.îÉÖÅ ÍÙ ÒÁÓÓÍÁÔÒÉ×ÁÅÍ ÚÁÄÁÞÕ Ï�ÅÎËÉ �ÁÒÁÍÅÔÒÁ � (�ÌÏÔÎÏÓÔÉÒÁÓ�ÒÅÄÅÌÅÎÉÑ �) �Ï ×ÙÂÏÒËÅX1; X2; : : : ; Xn; (1.1)ÇÄÅ ÎÁÂÌÀÄÅÎÉÑ Xi ÓÕÔØ ÎÅÚÁ×ÉÓÉÍÙÅ ËÏ�ÉÉ X .÷�ÅÒ×ÙÅ ÜÔÕ ÚÁÄÁÞÕ ÒÁÓÓÍÁÔÒÉ×ÁÌ õ. çÒÅÎÁÎÄÅÒ (ÓÍ. [2℄). ïÎ ÉÓÓÌÅ-ÄÏ×ÁÌ �Ï×ÅÄÅÎÉÅ Ï�ÅÎÏË ÍÁËÓÉÍÁÌØÎÏÇÏ �ÒÁ×ÄÏ�ÏÄÏÂÉÑ �̂n (ÉÈ Ï�ÒÅÄÅ-ÌÅÎÉÅ ÓÍ. ÎÉÖÅ) �ÒÉ n → ∞ × ÎÏÒÍÅ l1. õ. çÒÅÎÁÎÄÅÒ, × ÞÁÓÔÎÏÓÔÉ,ÄÏËÁÚÁÌ, ÞÔÏ(1) ÅÓÌÉ ∑k √�(k) <∞, ÔÏlimn→∞

√nE� ‖�̂n − �‖1 = √ 2� ∑k √�(k) (1− �(k)); (1.2)(2) ÅÓÌÉ �(k) ∼ k−�, 1 < � < 2, ÔÏ �ÒÉ n→ ∞E� ‖�̂n − �‖1 ≍ n−� ; � = 1− 1�: (1.3)ëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÎÅ�ÁÒÁÍÅÔÒÉÞÅÓËÏÅ Ï�ÅÎÉ×ÁÎÉÅ, Ï�ÅÎËÁ ÍÁËÓÉÍÁÌØÎÏÇÏ�ÒÁ×ÄÏ�ÏÄÏÂÉÑ.òÁÂÏÔÁ ×Ù�ÏÌÎÅÎÁ �ÒÉ ÞÁÓÔÉÞÎÏÊ �ÏÄÄÅÒÖËÅ òææé, ÇÒÁÎÔ 14-01-00856, Á ÔÁË-ÖÅ ðÒÏÇÒÁÍÍÙ ÆÕÎÄÁÍÅÎÔÁÌØÎÙÈ ÉÓÓÌÅÄÏ×ÁÎÉÊ òáî \óÏ×ÒÅÍÅÎÎÙÅ �ÒÏÂÌÅÍÙ ÔÅ-ÏÒÅÔÉÞÅÓËÏÊ ÍÁÔÅÍÁÔÉËÉ". 187



188 ÷. á. åòûï÷, é. á. éâòáçéíï÷÷ ÜÔÏÊ ÒÁÂÏÔÅ ÍÙ �ÒÏÄÏÌÖÁÅÍ Õ�ÏÍÑÎÕÔÙÅ ÉÓÓÌÅÄÏ×ÁÎÉÑ õ. çÒÅ-ÎÁÎÄÅÒÁ. ðÒÉ ÜÔÏÍ ÍÙ ÎÅ ÏÇÒÁÎÉÞÉ×ÁÅÍÓÑ ÉÓÓÌÅÄÏ×ÁÎÉÅÍ �Ï×ÅÄÅÎÉÑÏ�ÅÎÏË ÍÁËÓÉÍÁÌØÎÏÇÏ �ÒÁ×ÄÏ�ÏÄÏÂÉÑ × ÎÏÒÍÅ l1 É ÒÁÓÓÍÁÔÒÉ×ÁÅÍ ×ÓÅ�ÒÏÓÔÒÁÎÓÔ×Á lp, 0 < p 6 ∞. ðÒÉ 0 < p < 1 ÜÔÏ ÍÅÔÒÉÞÅÓËÉÅ �ÒÏÓÔÒÁÎ-ÓÔ×Á �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ (x1; x2; : : :), ÔÁËÉÈ ÞÔÏ ∑j |xj |p < ∞, Ó ÍÅ-ÔÒÉËÏÊ �p(x; y) = ∑j |xj − yj |p; �ÒÉ 1 6 p <∞ ÜÔÏ ÂÁÎÁÈÏ×Ï �ÒÏÓÔÒÁÎ-ÓÔ×Ï ÏÇÒÁÎÉÞÅÎÎÙÈ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ (x1; x2; : : :) Ó ∑j |xj |p <∞ ÉÎÏÒÍÏÊ ‖x‖p = (∑j |xj |p)1=p; �ÏÄ l∞ ÍÙ �ÏÎÉÍÁÅÍ ÂÁÎÁÈÏ×Ï �ÒÏÓÔÒÁÎ-ÓÔ×Ï ÏÇÒÁÎÉÞÅÎÎÙÈ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ (x1; x2; : : :) Ó ÎÏÒÍÏÊ ‖x‖∞ =supj |xj |; ÞÅÒÅÚ 
0 ÍÙ ÏÂÏÚÎÁÞÁÅÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï l∞, ÓÏÓÔÏÑÝÅÅ ÉÚÔÁËÉÈ x = (x1; x2; : : :) ∈ l∞, ÞÔÏ limn xn = 0. ëÁË ÍÙ Õ×ÉÄÉÍ, ÓÏÏÔ×ÅÔ-ÓÔ×ÕÀÝÉÅ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉÅ ÒÅÚÕÌØÔÁÔÙ ÂÌÉÖÅ Ë ÒÅÚÕÌØÔÁÔÁÍ ÔÅÏÒÉÉÏ�ÅÎÉ×ÁÎÉÑ �ÁÒÁÍÅÔÒÏ× ËÏÎÅÞÎÏÊ ÒÁÚÍÅÒÎÏÓÔÉ (ÓÒ. [3℄), ÞÅÍ Ë ÒÅÚÕÌØ-ÔÁÔÁÍ Ï�ÅÎÉ×ÁÎÉÑ �ÌÏÔÎÏÓÔÉ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ ÏÔÎÏÓÉÔÅÌØÎÏ ÍÅÒÙ ìÅÂÅ-ÇÁ (ÓÒ. [5℄).ï�ÒÅÄÅÌÉÍ ÔÅ�ÅÒØ Ï�ÅÎËÕ ÍÁËÓÉÍÁÌØÎÏÇÏ �ÒÁ×ÄÏ�ÏÄÏÂÉÑ. æÕÎË�ÉÑ�ÒÁ×ÄÏ�ÏÄÏÂÉÑ ÎÁÛÅÊ ÚÁÄÁÞÉL(�) = �(X1) · �(X2) · · · �(Xn):íÁËÓÉÍÉÚÉÒÕÑ �ÏÓÌÅÄÎÅÅ ×ÙÒÁÖÅÎÉÅ �Ï � �ÒÉ ÕÓÌÏ×ÉÉ, ÞÔÏ ∑k �(k)=1,ÍÙ �ÏÌÕÞÉÍ, ÞÔÏ ÔÏÞËÁ ÍÁËÓÉÍÕÍÁ �̂n = (�̂n(1); �̂n(2); : : :) { Ï�ÅÎËÁÍÁËÓÉÍÁÌØÎÏÇÏ �ÒÁ×ÄÏ�ÏÄÏÂÉÑ { ÅÄÉÎÓÔ×ÅÎÎÁ É�̂n(k) = �n(k)n ;ÇÄÅ ÓÔÁÔÉÓÔÉËÁ �n(k) ÒÁ×ÎÁ ÞÉÓÌÕ ÜÌÅÍÅÎÔÏ× ×ÙÂÏÒËÉ (1.1), ÒÁ×ÎÙÈ k.óÔÁÔÉÓÔÉËÁ �n(k) ÉÍÅÅÔ ÂÉÎÏÍÉÁÌØÎÏÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÅ ×ÅÒÏÑÔÎÏÓÔÅÊÓ �ÁÒÁÍÅÔÒÁÍÉ (n; �(k)), ÔÁË ÞÔÏ �ÒÉ 0 < p <∞E |�̂n(k)|p = n−p n∑r=1 rp (nr) �(k)r(1− �(k))n−r 6 n−p( n∑r=1 rp (nr)) �(k):ðÏÜÔÏÍÕ E(∑k |�̂n(k)|p) 6 n−p n∑r=1 rp (nr)É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, Ó ×ÅÒÏÑÔÎÏÓÔØÀ 1 �̂n ∈ lp, 0 < p <∞.



ï úáäáþå ïãåîëé âåóëïîåþîïíåòîïçï ðáòáíå�òá 189òÁÓ�ÒÅÄÅÌÅÎÉÅ ÓÔÁÔÉÓÔÉËÉ Y = Y (X1; : : : ; Xn) ÚÁ×ÉÓÉÔ ÏÔ �. îÉÖÅ,ÅÓÌÉ ÜÔÏ ÎÅ ×ÙÚÙ×ÁÅÔ ÎÅÄÏÒÁÚÕÍÅÎÉÑ, ÍÙ ÉÎÏÇÄÁ �ÏÚ×ÏÌÑÅÍ ÓÅÂÅ �ÉÓÁÔØP{Y ∈ A} É EY ×ÍÅÓÔÏ P�{Y ∈ A} É E�Y .ðÏÓËÏÌØËÕ E maxk |�̂n(k)| 6
∑k ∣∣�n(k)n ∣∣ 6 1, ÔÏ �̂n ∈ 
0. �ÁËÉÍ ÏÂÒÁ-ÚÏÍ, �ÒÉ ×ÓÅÈ 1 6 p 6 ∞ ÎÏÒÍÉÒÏ×ÁÎÎÁÑ ÒÁÚÎÏÓÔØ

√n (�̂n − �) ∈ lp;ÅÓÌÉ p < 1 É ∑k(�(k))p <∞, ÔÏ Ó ×ÅÒÏÑÔÎÏÓÔØÀ 1 √n (�̂n − �) ∈ lp.
§2. óÈÏÄÉÍÏÓÔØ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ √n (�̂n − �)òÁÓÓÍÏÔÒÉÍ ÎÏÒÍÉÒÏ×ÁÎÎÕÀ ÒÁÚÎÏÓÔØ�n = √n (�̂n − �) = ( : : : ; �n(k)− n �(k)√n ; : : :)= ( : : : ; �n(k)− n �(k)√n �(k) (1− �(k))√�(k) (1− �(k)); : : :)= ( : : : ; �nk√�(k) (1− �(k)); : : :)É ÏÂÏÚÎÁÞÉÍ Qn(p; �) ÒÁÓ�ÒÅÄÅÌÅÎÉÅ ÜÔÏÊ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ × lp(× �ÒÅÄ�ÏÌÏÖÅÎÉÉ, ÞÔÏ �ÌÏÔÎÏÓÔØ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ Xj ÅÓÔØ �).ïÂÏÚÎÁÞÉÍ Q(p; �) ÒÁÓ�ÒÅÄÅÌÅÎÉÅ × lp ÓÌÕÞÁÊÎÏÊ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ-ÓÔÉ�=(�1; �2; : : :)=(�1√�(1) (1− �(1)); : : : ; �k√�(k) (1− �(k)); : : : ); (2.1)ÇÄÅ (�1; : : : ; �k; : : :) { �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÇÁÕÓÓÏ×ÓËÉÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉ-ÞÉÎ, ÔÁËÉÈ ÞÔÏE �k = 0; E �2k = 1; E �k�l = −

√ �(k) �(l)(1− �(k)) (1− �(l)) :�ÅÏÒÅÍÁ 2.1. ðÕÓÔØ 0 < p < ∞. åÓÌÉ ∑k(�(k))p=2 < ∞, ÔÏ ÒÁÓ�ÒÅ-ÄÅÌÅÎÉÑ Qn(p; �) ÓÈÏÄÑÔÓÑ �ÒÉ n→ ∞ Ë ÒÁÓ�ÒÅÄÅÌÅÎÉÀ Q(p; �). éÎÙÍÉÓÌÏ×ÁÍÉ, limn E� �(√n (�̂n − �)) = E�(�)ÄÌÑ ÌÀÂÏÊ ÏÇÒÁÎÉÞÅÎÎÏÊ ÎÅ�ÒÅÒÙ×ÎÏÊ ÆÕÎË�ÉÉ �(x) × lp.úÁÍÅÔÉÍ, ÞÔÏ ÅÓÌÉ p > 2, ÔÏ ∑k(�(k))p=2 6
∑k �(k) = 1, ÔÁË ÞÔÏQn(p; �) ×ÓÅÇÄÁ ÓÈÏÄÉÔÓÑ Ë Q(p; �) �ÒÉ p > 2.



190 ÷. á. åòûï÷, é. á. éâòáçéíï÷�ÅÏÒÅÍÁ 2.2. òÁÓ�ÒÅÄÅÌÅÎÉÑ Qn(∞; �) ÓÈÏÄÑÔÓÑ × 
0 Ë ÒÁÓ�ÒÅÄÅÌÅÎÉÀQ(∞; �):äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍ. ÷ ÓÏÏÔ×ÅÔÓÔ×ÉÉ Ó ÔÅÏÒÅÍÏÊ ðÒÏÈÏÒÏ×Á(ÓÍ., ÎÁ�ÒÉÍÅÒ, [1℄) ÎÁÍ ÄÏÓÔÁÔÏÞÎÏ �ÏËÁÚÁÔØ, ÞÔÏ(1) ëÏÎÅÞÎÏÍÅÒÎÙÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ �n ÓÈÏÄÑÔ-ÓÑ Ë ËÏÎÅÞÎÏÍÅÒÎÙÍ ÒÁÓ�ÒÅÄÅÌÅÎÉÑÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ �.(2) ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ Qn(p; �) �ÌÏÔÎÁ × lp. ðÏ-ÓÌÅÄÎÅÅ ÏÚÎÁÞÁÅÔ, ÞÔÏ ËÁËÏ×Ï ÂÙ ÎÉ ÂÙÌÏ " > 0, ÎÁÊÄÅÔÓÑ ËÏÍ-�ÁËÔÎÏÅ ÍÎÏÖÅÓÔ×Ï A" ⊂ lp, ÔÁËÏÅ ÞÔÏ ÄÌÑ ×ÓÅÈ nQn(p; �)(A") = P�{√n (�̂n − �) ∈ A"} > 1− ":ðÒÏ×ÅÒÉÍ ÓÈÏÄÉÍÏÓÔØ ËÏÎÅÞÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ. îÁ ÏÓÎÏ×ÁÎÉÉÔÅÏÒÅÍÙ ëÒÁÍÅÒÁ{÷ÏÌÄÁ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ ×ÅËÔÏ-ÒÁ (t1; t2; : : : ; tN ) ∈ RN ÒÁÓ�ÒÅÄÅÌÅÎÉÅ ÓÌÕÞÁÊÎÏÊ ×ÅÌÉÞÉÎÙZnN = N∑k tk (�n(k)− n �(k)√n )ÓÈÏÄÉÔÓÑ Ë ÒÁÓ�ÒÅÄÅÌÅÎÉÀ ÓÌÕÞÁÊÎÏÊ ×ÅÌÉÞÉÎÙZN = N∑k tk �k √�(k) (1− �(k)):ðÏÓÌÅÄÎÑÑ ÓÌÕÞÁÊÎÁÑ ×ÅÌÉÞÉÎÁ ÉÍÅÅÔ ÎÏÒÍÁÌØÎÏÅ ÒÁÓ�ÒÅÄÅÌÅÎÉÅ ÓÏÓÒÅÄÎÉÍ ÎÏÌØ É ÄÉÓ�ÅÒÓÉÅÊE |ZN |2 = N∑k;l=1 tk tlE �k �l √�(k) �(l) (1− �(k)) (1− �(l))= N∑k=1 t2k �(k) (1− �(k)) − ∑k 6=l tk tl �(k) �(l):ðÏÌÏÖÉÍ zjk = {1− �(k); ÅÓÌÉ Xj = k;
− �(k); ÅÓÌÉ Xj 6= k: (2.2)úÁÍÅÔÉÍ, ÞÔÏ ×ÅËÔÏÒÙ (zj1; zj2; : : :), j = 1; 2; : : : ; n, ÎÅÚÁ×ÉÓÉÍÙ. úÁ�É-ÛÅÍ ÓÌÕÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙ ZnN × ×ÉÄÅZnN = 1√n n∑j=1 N∑k=1 tk zjk :



ï úáäáþå ïãåîëé âåóëïîåþîïíåòîïçï ðáòáíå�òá 191÷ ÓÉÌÕ �ÅÎÔÒÁÌØÎÏÊ �ÒÅÄÅÌØÎÏÊ ÔÅÏÒÅÍÙ (× ÆÏÒÍÅ ìÅ×É), ÒÁÓ�ÒÅÄÅ-ÌÅÎÉÑ ZnN ÓÈÏÄÑÔÓÑ Ë ÎÏÒÍÁÌØÎÏÍÕ ÒÁÓ�ÒÅÄÅÌÅÎÉÀ ÓÏ ÓÒÅÄÎÉÍ ÎÏÌØ ÉÄÉÓ�ÅÒÓÉÅÊ, ÒÁ×ÎÏÊE ∣∣∣
N∑k=1 tk z1k∣∣∣2 = N∑k=1 t2k E z21k +∑k 6=l tk tl E z1k z1l= N∑k=1 t2k�(k) (1− �(k))− ∑k 6=l tk tl �(k) �(l) = E |zN |2:óÈÏÄÉÍÏÓÔØ ËÏÎÅÞÎÏÍÅÒÎÙÈ ÒÁÓ�ÒÅÄÅÌÅÎÉÊ ÄÏËÁÚÁÎÁ.ïÂÒÁÔÉÍÓÑ Ë ÄÏËÁÚÁÔÅÌØÓÔ×Õ �ÌÏÔÎÏÓÔÉ ÓÅÍÅÊÓÔ×Á ÒÁÓ�ÒÅÄÅÌÅÎÉÊ

{Qn(p; �)}. îÁ�ÏÍÎÉÍ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï A = {x : x = (x1; x2; : : :)} ⊂ lpËÏÍ�ÁËÔÎÏ × lp, 0 < p <∞, ÅÓÌÉ(1) ÍÎÏÖÅÓÔ×Ï A ÏÇÒÁÎÉÞÅÎÏ × lp;(2) ÄÌÑ ÌÀÂÏÇÏ " > 0 ÎÁÊÄÅÔÓÑ �ÅÌÏÅ N , ÔÁËÏÅ ÞÔÏ ∞∑N |xj |p 6 " �ÒÉ×ÓÅÈ x ∈ A.íÎÏÖÅÓÔ×Ï A ËÏÍ�ÁËÔÎÏ × 
0, ÅÓÌÉ(1) ÍÎÏÖÅÓÔ×Ï A ÏÇÒÁÎÉÞÅÎÏ × l∞;(2) ÄÌÑ ÌÀÂÏÇÏ " > 0 ÎÁÊÄÅÔÓÑ �ÅÌÏÅ N , ÔÁËÏÅ ÞÔÏ supj>N |xj | 6 "�ÒÉ ×ÓÅÈ x ∈ A.òÁÓÓÍÏÔÒÉÍ �Ï ÏÔÄÅÌØÎÏÓÔÉ ÔÒÉ ÓÌÕÞÁÑ: 0 < p < 2, 2 6 p < ∞ Ép = ∞.ðÕÓÔØ Ó�ÅÒ×Á 0 < p < 2. ï�ÒÅÄÅÌÉÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ �ÅÌÙÈ ÞÉÓÅÌNr ր ∞ ÓÏÏÔÎÏÛÅÎÉÑÍÉNr = {minN : ∞∑N (�(k))p=2 < 2−2r}:ï�ÒÅÄÅÌÉÍ ÍÎÏÖÅÓÔ×Á A(m) ⊂ lp ÒÁ×ÅÎÓÔ×ÁÍÉA(m) = {x : ∞∑j=1 |xj |p 6 M; ∞∑j=Nr |xj |p 6 2−r; r > m};M = 2m ∞∑k |�(k)|p=2:



192 ÷. á. åòûï÷, é. á. éâòáçéíï÷íÎÏÖÅÓÔ×Á A(m) { ËÏÍ�ÁËÔÎÙÅ �ÏÄÍÎÏÖÅÓÔ×Á lp. éÍÅÅÍP�{√n (�̂ − �) 6∈ A(m)}
6 P�{ ∞∑k=1 ∣∣∣

�n(k)− n �(k)√n �(k) (1− �(k)) ∣∣∣p(�(k) (1− �(k)))p=2 > M}+ ∞∑r=mP�{ ∞∑Nr ∣∣∣
�n(k)− n �(k)√n �(k) (1− �(k)) ∣∣∣p(�(k) (1− �(k)))p=2 > 2−r}: (2.3)ðÏ ÎÅÒÁ×ÅÎÓÔ×Õ þÅÂÙÛÅ×ÁP�{ ∞∑k=1 ∣∣∣
�n(k)− n �(k)√n �(k) (1− �(k)) ∣∣∣p(�(k) (1− �(k)))p=2 > T}

6
1T ∞∑k=1 E� ∣∣∣

�n(k)− n �(k)√n �(k) (1− �(k)) ∣∣∣p(�(k) (1− �(k)))p=2:ëÒÏÍÅ ÔÏÇÏ, ÔÁË ËÁË p < 2,E� ∣∣∣
�n(k)− n �(k)√n �(k) (1− �(k)) ∣∣∣p 6 Ep=2� ∣∣∣

�n(k)− n �(k)√n �(k) (1− �(k)) ∣∣∣2 6 1:ðÏÜÔÏÍÕP�{√n (�̂ − �) 6∈ A(m)} 6
1M ∞∑k=1 �(k)p=2 + ∞∑r=m 2r ∞∑k=Nr �(k)p=2

6
1M ∞∑k=1 �(k)p=2 + ∞∑r=m 2−r 6 2−m+2: (2.4)�ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÌÑ ×ÓÅÈ nQn(p; �) (A(m)) = P�{√n (�̂ − �) ∈ A(m)} > 1− 2−m+2É �ÌÏÔÎÏÓÔØ ÓÅÍÅÊÓÔ×Á ÒÁÓ�ÒÅÄÅÌÅÎÉÊ {Qn} ÕÓÔÁÎÏ×ÌÅÎÁ.ðÕÓÔØ ÔÅ�ÅÒØ 2 6 p < ∞. ï�ÒÅÄÅÌÉÍ ÔÅ�ÅÒØ ÞÉÓÌÁ Nr ր ∞ ÎÅÒÁ-×ÅÎÓÔ×ÁÍÉ Nr = {minN : ∞∑k=N �(k) 6 2−2r} (2.5)É ÒÁÓÓÍÏÔÒÉÍ ÍÎÏÖÅÓÔ×Á A(m) ⊂ lp, Ï�ÒÅÄÅÌÑÅÍÙÅ ÓÏÏÔÎÏÛÅÎÉÑÍÉA(m) = {x ∈ lp : ∞∑j=1 |xj |p 6 2m; ∞∑j=Nr |xj |p 6 2−r; r = m;m+ 1; : : :}:



ï úáäáþå ïãåîëé âåóëïîåþîïíåòîïçï ðáòáíå�òá 193íÎÏÖÅÓÔ×Á A(m) { ËÏÍ�ÁËÔÎÙÅ �ÏÄÍÎÏÖÅÓÔ×Á lp. úÁÍÅÔÉÍ, ÞÔÏ ÎÅ-ÒÁ×ÅÎÓÔ×Ï (2.3) �Ï-�ÒÅÖÎÅÍÕ ×Ù�ÏÌÎÑÅÔÓÑ (ÔÏÌØËÏ ÞÉÓÌÁ Nr ÔÅ�ÅÒØÏ�ÒÅÄÅÌÑÀÔÓÑ ÓÏÏÔÎÏÛÅÎÉÅÍ (2.5)). äÌÑ Ï�ÅÎËÉ ×ÅÒÏÑÔÎÏÓÔÅÊ × (2.3)ÎÁÍ �ÏÎÁÄÏÂÉÔÓÑ ÓÌÅÄÕÀÝÉÊ ×ÁÒÉÁÎÔ ÎÅÒÁ×ÅÎÓÔ×Á òÏÚÅÎÔÁÌÑ (ÓÍ. [4℄).ìÅÍÍÁ 2.1. ðÕÓÔØ �j { ÎÅÚÁ×ÉÓÉÍÙÅ ÏÄÉÎÁËÏ×Ï ÒÁÓ�ÒÅÄÅÌÅÎÎÙÅ ×Å-ÌÉÞÉÎÙ Ó E |�j |p <∞, E �j = 0, p > 2. �ÏÇÄÁE ∣∣∣
n∑j=1 �j∣∣∣p 6 
(p)np=2E |�1|p; (2.6)ÇÄÅ �ÏÓÔÏÑÎÎÁÑ 
(p) ÚÁ×ÉÓÉÔ ÔÏÌØËÏ ÏÔ p.÷ ÔÅÒÍÉÎÁÈ zjk, ÓÍ. (2.2),�n(k)− n � = n∑j=1 zjkÉ, × ÓÉÌÕ ÎÅÒÁ×ÅÎÓÔ×Á (2.6),E� ∣∣∣

�n(k)− n �(k)√n �(k) (1− �(k)) ∣∣∣p 6 
(p) E ∣∣zjk∣∣p�(k) (1− �(k)) 6

(p) �(k)�(k) (1− �(k)) :òÁÓÓÕÖÄÁÑ ÔÅ�ÅÒØ ËÁË �ÒÉ ×Ù×ÏÄÅ ÎÅÒÁ×ÅÎÓÔ×Á (2.4), ÍÙ ÎÁÊÄÅÍ, ÞÔÏP�{√n (�̂ − �) 6∈ A(m)} 6 
(p) 2−m + ∞∑r=m 2r ∞∑k=Nr 
(p) �(k) 6 
(p) 2−m+2É �ÏÔÏÍÕ ÄÌÑ ×ÓÅÈ mQn(p; �) (A(m)) > 1− 
(p) 2−m+2:ðÌÏÔÎÏÓÔØ ÓÅÍÅÊÓÔ×Á {Qn(p; �)} ÄÏËÁÚÁÎÁ.ðÕÓÔØ ÔÅ�ÅÒØ p =∞. ï�ÒÅÄÅÌÉÍ ÞÉÓÌÁ Nr ÉÓÈÏÄÑ ÉÚ ÓÏÏÔÎÏÛÅÎÉÑNr = {minN : ∞∑k=N �(k) 6 2−2r}: (2.7)ðÏÌÏÖÉÍA(m) = {x = (x1; x2; : : :) : supj |xj | 6 2m=2; supj>Nr |xj | 6 2−r=2; r > m}:íÎÏÖÅÓÔ×Á A(m) { ËÏÍ�ÁËÔÎÙÅ �ÏÄÍÎÏÖÅÓÔ×Á 
0.P�{√n (�̂n − �) 6∈ A(m)} 6 P�{maxk ∣∣∣

�n(k)− n �(k)√n ∣∣∣ > 2m}



194 ÷. á. åòûï÷, é. á. éâòáçéíï÷+ ∞∑r=mP�{ maxk>Nr ∣∣∣
�n(k)− n �(k)√n ∣∣∣ > 2−r=2}:÷ ÓÉÌÕ ÎÅÒÁ×ÅÎÓÔ×Á þÅÂÙÛÅ×ÁP�{(maxk>T ∣∣∣

�n(k)− n �(k)√n ∣∣∣
)2 > A2}

6 P�{ ∞∑k=T ∣∣∣
�n(k)− n �(k)√n �(k) (1− �(k)) ∣∣∣2�(k) (1− �(k)) > A2}

6
1A2 ∞∑k=T E�∣∣∣ �n(k)− n �(k)√n �(k) (1− �(k)) ∣∣∣2�(k) (1− �(k)) 6

1A2 ∞∑k=T �(k):ðÏÜÔÏÍÕ P�{√n (�̂n − �)) 6∈ A(m)} 6 2−2m + ∞∑r=m 2r ∞∑k=Nr �(k)
6 2−2m + 2−m+1

6 2−m+2:óÌÅÄÏ×ÁÔÅÌØÎÏ, ÄÌÑ ×ÓÅÈ mQn(∞; �) (A(m)) > 1− 2−m+2É �ÌÏÔÎÏÓÔØ ÓÅÍÅÊÓÔ×Á {Qn(∞; �)} ÄÏËÁÚÁÎÁ. �

§3. æÕÎË�ÉÉ ÒÉÓËÁðÕÓÔØ l { ÎÅÏÔÒÉ�ÁÔÅÌØÎÁÑ ÍÏÎÏÔÏÎÎÏ ÎÅÕÂÙ×ÁÀÝÁÑ ÆÕÎË�ÉÑ ÎÁ[ 0;∞). ÷ ÜÔÏÍ ÒÁÚÄÅÌÅ ÍÙ �ÒÅÄ�ÏÌÁÇÁÅÍ, ÎÅ ÏÇÏ×ÁÒÉ×ÁÑ ÜÔÏ ËÁÖÄÙÊÒÁÚ, ÞÔÏ p > 1. òÁÓÓÍÏÔÒÉÍ ÆÕÎË�ÉÉ ÒÉÓËÁ ×ÉÄÁRn(l; p; �) = E� l(√n ‖�̂n − �‖p);Rn(l;∞; �) = E� l(√n ‖�̂n − �‖∞):�ÅÏÒÅÍÁ 3.1. ðÕÓÔØ ÆÕÎË�ÉÑ l(x) ÔÁËÏ×Á, ÞÔÏ �ÒÉ ×ÓÅÈ ÄÏÓÔÁÔÏÞÎÏÂÏÌØÛÉÈ x ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï l(x) 6 e�0x2 , ÇÄÅ �0 { �ÏÓÔÏÑÎ-ÎÁÑ, ×ÉÄ ËÏÔÏÒÏÊ ÂÕÄÅÔ ÕËÁÚÁÎ ÎÉÖÅ. åÓÌÉ ∑∞k=1 �(k)p=2 ÓÈÏÄÉÔÓÑ,ÔÏ �ÒÉ n→ ∞ E� l(√N ‖�̂n − �‖p) → E� l(‖�‖p): (3.1)ÇÄÅ ÓÌÕÞÁÊÎÁÑ ÇÁÕÓÓÏ×ÓËÁÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ � Ï�ÒÅÄÅÌÅÎÁ × (2:1).



ï úáäáþå ïãåîëé âåóëïîåþîïíåòîïçï ðáòáíå�òá 195äÏËÁÚÁÔÅÌØÓÔ×Ï. åÓÌÉ l { ÏÇÒÁÎÉÞÅÎÎÁÑ ÍÏÎÏÔÏÎÎÁÑ ÆÕÎË�ÉÑ, ÔÏ ÓÏ-ÏÔÎÏÛÅÎÉÅ (3.1) ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ÓÌÅÄÕÅÔ ÉÚ ÔÅÏÒÅÍ �ÒÅÄÙÄÕÝÅÇÏ ÒÁÚ-ÄÅÌÁ. ðÏÜÔÏÍÕ, ÞÔÏÂÙ ÄÏËÁÚÁÔØ ÔÅÏÒÅÍÕ 3.1, ÄÏÓÔÁÔÏÞÎÏ ÕÓÔÁÎÏ×ÉÔØÒÁ×ÎÏÍÅÒÎÕÀ ÉÎÔÅÇÒÉÒÕÅÍÏÓÔØ ÓÌÕÞÁÊÎÏÊ ×ÅÌÉÞÉÎÙexp{�0 n ‖�̂n − �‖2p}:÷ Ó×ÏÀ ÏÞÅÒÅÄØ, �ÏÓËÏÌØËÕE e�n‖�̂n−�‖2p = ∞∑l �l nll! E ‖�̂n − �‖2lp ;ÎÁÍ ÄÏÓÔÁÔÏÞÎÏ ÂÕÄÅÔ ÄÏËÁÚÁÔØ, ÞÔÏ �ÒÉ ×ÓÅÈ nnlE ‖�̂n − �‖2lp 6 
l l!; (3.2)ÇÄÅ �ÏÓÔÏÑÎÎÁÑ 
 ÎÅ ÚÁ×ÉÓÉÔ ÏÔ n. éÍÅÎÎÏ ÜÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ÍÙ É ÄÏËÁ-ÚÙ×ÁÅÍ ÎÉÖÅ. íÙ ÒÁÓÓÍÏÔÒÉÍ ÏÔÄÅÌØÎÏ Ä×Á ÓÌÕÞÁÑ: p > 2 É p < 2.îÁÞÎÅÍ Ó ÄÏËÁÚÁÔÅÌØÓÔ×Á (3.2) × ÓÌÕÞÁÅ, ËÏÇÄÁ p > 2. îÁ ÓÁÍÏÍ ÄÅ-ÌÅ, �ÏÓËÏÌØËÕ ‖x‖q 6 ‖x‖p ÄÌÑ q > p > 2, ÄÏÓÔÁÔÏÞÎÏ ÏÇÒÁÎÉÞÉÔØÓÑÓÌÕÞÁÅÍ p = 2, ÞÔÏ É �ÒÅÄ�ÏÌÁÇÁÅÔÓÑ ÎÉÖÅ × ÜÔÏÍ �ÕÎËÔÅ ÄÏËÁÚÁÔÅÌØ-ÓÔ×Á. éÍÅÑ × ×ÉÄÕ ÜÔÏ �ÒÅÄ�ÏÌÏÖÅÎÉÅ, ÍÙ ×ÓÀÄÕ ×ÍÅÓÔÏ ‖ · ‖2 �ÉÛÅÍÄÁÌÅÅ ‖ · ‖. îÁÍ ÂÕÄÅÔ ÕÄÏÂÎÅÅ ÉÍÅÔØ ÄÅÌÏ ÎÅ Ó �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØÀ�n = √n (�̂n− �), Á Ó ÅÅ ÓÉÍÍÅÔÒÉÚÏ×ÁÎÎÏÊ ×ÅÒÓÉÅÊ �n− �′n, ÇÄÅ �′n { ÎÅ-ÚÁ×ÉÓÉÍÁÑ ËÏ�ÉÑ �n. íÙ �ÏÓÔÒÏÉÍ ÜÔÕ ÎÅÚÁ×ÉÓÉÍÕÀ ËÏ�ÉÀ ÓÌÅÄÕÀÝÉÍÏÂÒÁÚÏÍ. ðÕÓÔØ ÓÌÕÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙ�jk = {1; ÅÓÌÉ xj = k;0; ÅÓÌÉ xj 6= k;ÔÁË ÞÔÏ�n = √n (�̂n − �) = ( 1√n n∑j=1(�j1 − �(1)); : : : ; 1√n n∑j=1(�jk − �(k)); : : : ):ðÕÓÔØ {�′jk ; j = 1; : : : ; n; k = 1; 2; : : :} { ÎÅÚÁ×ÉÓÉÍÁÑ ËÏ�ÉÑ {�jk}.ðÏÌÏÖÉÍ �′n = ( : : : ; 1√n n∑j=1(�′jk − �(k)); : : : ):�ÁËÉÍ ÏÂÒÁÚÏÍ ÓÉÍÍÅÔÒÉÚÏ×ÁÎÎÁÑ ×ÅÒÓÉÑwn = �n − �′n = ( : : : ; 1√n n∑j=1(�jk − �′jk); : : :):



196 ÷. á. åòûï÷, é. á. éâòáçéíï÷îÉÖÅ ×ÍÅÓÔÏ ÔÏÇÏ, ÞÔÏÂÙ Ï�ÅÎÉ×ÁÔØ E ‖√n (�̂n − �)‖2l, ÍÙ ÂÕÄÅÍÏ�ÅÎÉ×ÁÔØ E ‖wn‖2l. ïÓÎÏ×ÁÎÉÅÍ ÄÌÑ ÔÁËÏÊ ÚÁÍÅÎÙ ÓÌÕÖÉÔ ÓÌÅÄÕÀÝÁÑÌÅÍÍÁ.ìÅÍÍÁ 3.1. ðÕÓÔØ f(x) { Ï�ÒÅÄÅÌÅÎÎÁÑ ÎÁ l2 ÎÅÏÔÒÉ�ÁÔÅÌØÎÁÑ Ä×Á-ÖÄÙ ÎÅ�ÒÅÒÙ×ÎÏ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÁÑ �Ï æÒÅÛÅ ÆÕÎË�ÉÑ Ó ÎÅÏÔÒÉ�Á-ÔÅÌØÎÏÊ ×ÔÏÒÏÊ �ÒÏÉÚ×ÏÄÎÏÊ f ′′(x) (�ÏÓÌÅÄÎÅÅ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÄÌÑ×ÓÅÈ x; h ∈ l2 ×Ù�ÏÌÎÑÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï (f ′′(x)h; h) > 0). ðÕÓÔØ � =(�1; : : :), � = (�1; : : :) { ÎÅÚÁ×ÉÓÉÍÙÅ ÓÌÕÞÁÊÎÙÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉÉÚ l2, ÔÁËÉÅ ÞÔÏ E ‖�‖ <∞ É E � = 0. �ÏÇÄÁE f(�) 6 E f(� + �): (3.3)÷ ÞÁÓÔÎÏÓÔÉ, ÅÓÌÉ a > 2, ÔÏE ‖�‖a 6 E ‖� + �‖a: (3.4)äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏ ÆÏÒÍÕÌÅ �ÅÊÌÏÒÁf(x+ h) = f(x) + (f ′(x); h) + 12(f ′′(x̃)h; h) > f(x) + (f ′(x); h):ðÏÜÔÏÍÕ E f(� + �) > E f(�) +E (f ′(�); �):éÚ ÎÅÚÁ×ÉÓÉÍÏÓÔÉ � É � ÓÌÅÄÕÅÔ, ÞÔÏE (f ′(�); �) = (E f ′(�);E �) = 0:ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �éÚ (3.4) ÓÌÅÄÕÅÔ, ÞÔÏE ‖
√n (�̂n − �)‖2l 6 E ‖wn‖2l:ðÏÌÏÖÉÍ wn = (wn1; : : : ; wnk ; : : :), ÇÄÅwnk = 1√n n∑j=1(�jk − �′jk):�ÏÇÄÁE ‖wn‖2l = ∑k1+···+kr+···=lE (w2k1n1 w2k2n2 · · ·w2krnr · · · ) = s1 + s2 + · · ·+ sl:



ï úáäáþå ïãåîëé âåóëïîåþîïíåòîïçï ðáòáíå�òá 197úÄÅÓØ sa ÏÚÎÁÞÁÅÔ ÓÕÍÍÕ ∑E (w2k1n1 : : :), ÇÄÅ ÓÕÍÍÉÒÏ×ÁÎÉÅ ÒÁÓ�ÒÏ-ÓÔÒÁÎÅÎÏ ÎÁ ÔÁËÉÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ (k1; k2; : : :), ÞÔÏ ∑ kj = l É ÒÏ×-ÎÏ a ÉÚ kj ÏÔÌÉÞÎÙ ÏÔ ÎÕÌÑ. �ÁËs1 = ∞∑j=1Ew2lnj ;s2 = ∞∑j1;j2=1 ∑k1>0k2>0k1+k2=lEw2k1nj1w2k2nj2É Ô.Ä. äÌÑ Ï�ÅÎËÉ s1 ×ÏÓ�ÏÌØÚÕÅÍÓÑ ÓÌÅÄÕÀÝÉÍ ×ÁÒÉÁÎÔÏÍ ÎÅÒÁ×ÅÎÓÔ×ÁòÏÚÅÎÔÁÌÑ.ìÅÍÍÁ 3.2. ðÕÓÔØ �1; : : : ; �n { ÎÅÚÁ×ÉÓÉÍÙÅ ÏÄÉÎÁËÏ×Ï ÒÁÓ�ÒÅÄÅÌÅÎ-ÎÙÅ ÓÉÍÍÅÔÒÉÞÎÙÅ ÓÌÕÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙ, E �2l <∞. �ÏÇÄÁE ∣∣∣
n∑j=1 �j∣∣∣2l 6 nl 2l!2l l! E |�1|2l 6 nl 2l l!E |�1|2l:äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ ÓÉÌÕ ÓÉÍÍÅÔÒÉÉ, ×ÓÅ ÎÅÞÅÔÎÙÅ ÍÏÍÅÎÔÙE �2k+1j = 0:ðÏÜÔÏÍÕE ∣∣∣

n∑j=1 �j∣∣∣2l = ∑l1+···+ln=l 2l!2l1! · · · 2ln!E �2l11 · · ·E �2lnn
6

∑l1+···ln=l 2l!2l1! · · · 2ln!E 2l12l �2l1 · · ·E 2ln2l �2ln= 2l!l! E �2l1 ∑l1+···+ln=l l!l1! · · · ln! l1! · · · ln!2l1! · · · 2ln!
6

2l!2l l! E �2l1 ∑l1+···+ln=l l!l1! · · · ln! = 2l!2l l! nlE �2l1 :ìÅÍÍÁ ÄÏËÁÚÁÎÁ. �÷ ÓÉÌÕ ÌÅÍÍÙ 3.2,Ew2lnj 6
2l!2l l! E |�1j − �′1j |2l 6

2l!2l l! · 2 �(j) (1− �(j));



198 ÷. á. åòûï÷, é. á. éâòáçéíï÷ÔÁË ÞÔÏ s1 6 2 2l!2l l! ∑ �(j) 6 2 2l!2l l! :ï�ÅÎÉÍ ÔÅ�ÅÒØ ÓÕÍÍÕ s2. üÔÁ ÓÕÍÍÁ ÓÏÓÔÏÉÔ ÉÚ ÓÌÁÇÁÅÍÙÈ ×ÉÄÁEw2knj w2mni , �ÒÉÞÅÍ j 6= i, k > 0, m > 0, k + m = l. úÁÍÅÔÉÍ, ÞÔÏ�ÒÏÉÚ×ÅÄÅÎÉÑ �rj �ri É �′rj �′ri ÒÁ×ÎÙ ÎÕÌÀ. ðÏÜÔÏÍÕ ÍÁÔÅÍÁÔÉÞÅÓËÏÅÏÖÉÄÁÎÉÅE (�rj − �′rj)k (�ri − �′ri)m = (−1)mE �k1j E �m1i + (−1)k E �k1j E �m1i= E �k1j E �m1i((−1)k + (−1)m)= {2 (−1)k E �k1j E �m1i ; ÅÓÌÉ k +m > 0 { ÞÅÔÎÏÅ;0; ÅÓÌÉ k +m > 0 { ÎÅÞÅÔÎÏÅ:óÌÅÄÏ×ÁÔÅÌØÎÏ,Ew2knj w2mni = n−l ∑k1+···+kn=2km1+···+mn=2m 2k!k1! · · · kn! 2m!m1! · · ·mn! E ((�1j − �′1j)k1
· · · (�nj − �′nj)kn(�1i − �′1i)m1 · · · (�ni − �′ni)mn)

6 n−l ∑ 2k!k1! · · · kn! 2m!m1! · · ·mn! 22lE �k11j E �m11i · · ·E �kn1j E �mn1iÉ ÓÕÍÍÉÒÏ×ÁÎÉÅ × �ÏÓÌÅÄÎÅÊ ÓÕÍÍÅ ×ÅÄÅÔÓÑ �Ï ×ÓÅÍ ki > 0, mi > 0,ÔÁËÉÍ ÞÔÏ ∑ ki = 2 k, ∑mi = 2m, ki + mi ÞÅÔÎÏ. éÚ �ÏÓÌÅÄÎÅÇÏÓÏÏÔÎÏÛÅÎÉÑ ÓÌÅÄÕÅÔ, ÞÔÏEw2knj w2mni 6 n−l 2k! 2m!2 (m+ k)! 2l
×

∑l1+···+ln=l( 2l!2l1! · · · 2ln! n∏r=1 (kr +mr)!kr!mr! ) �(i) �(j):äÁÌÅÅ, ÄÌÑ ×ÓÅÈ �ÅÌÙÈ m; k1 6
(m+ k)!k!m! = (m+ kk )

6 2m+kÉ �ÏÔÏÍÕEw2knj w2mni 6 2l n−l 2l!l! 2l �(i) �(j)∑ l!l1! · · · ln! = 22l 2l!l! �(i) �(j):



ï úáäáþå ïãåîëé âåóëïîåþîïíåòîïçï ðáòáíå�òá 199ïÔÓÀÄÁ ÏËÏÎÞÁÔÅÌØÎÏ ÎÁÈÏÄÉÍ, ÞÔÏs2 = ∑i;j;m+k=lEw2knjw2mni 622l 2l!l! (l − 11 ) ∑i;j �(i) �(j) = 22l 2l!l! (l − 11 ):(3.5)ðÅÒÅÊÄÅÍ ÔÅ�ÅÒØ Ë Ï�ÅÎËe sk Ó k > 3. úÁÍÅÔÉÍ Ó�ÅÒ×Á, ÞÔÏ ÅÓÌÉi; j; k;m; l; r { �ÅÌÙÅ �ÏÌÏÖÉÔÅÌØÎÙÅ ÞÉÓÌÁ, �ÒÉÞÅÍ ÞÉÓÌÁ i; j; k ×ÓÅ ÒÁÚ-ÌÉÞÎÙ, ÔÏ �ÒÏÉÚ×ÅÄÅÎÉÅ (�ti − �′ti)m(�tj − �′tj)l(�tk − �′tk)r = 0. ðÏÜÔÏÍÕE ((�ti1 − �′ti1)m1 · · · (�tir − �′tir )mr);r > 3, ij ÒÁÚÌÉÞÎÙ, ÏÔÌÉÞÎÏ ÏÔ ÎÕÌÑ ÌÉÛØ ÅÓÌÉ × ÒÑÄÅ ÞÉÓÅÌ m1; : : : ;mrÎÅ ÂÏÌÅÅ, ÞÅÍ Ä×Á ÏÔÌÉÞÎÙ ÏÔ ÎÕÌÑ, Á ÓÕÍÍÁ m1 + · · · + mr ÞÅÔÎÁ.ðÏÜÔÏÍÕ, ÄÌÑ r > 3 É k1 > 0; : : : ; kr > 0, k1 + · · ·+ kr = l, Ó�ÒÁ×ÅÄÌÉ×ÏÒÁ×ÅÎÓÔ×ÏEw2k1nj1 · · ·w2krnjr = n−l ∑ 2k1!k11! · · · k1n! · · · 2kr!kr1! · · ·krn!
×E �k111j1 · · ·E �k1n1j1 · · ·E �kr11jr · · ·E �krn1jr ;ÇÄÅ ÓÕÍÍÉÒÏ×ÁÎÉÅ ×ÅÄÅÔÓÑ �Ï ×ÓÅÍ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙÍ ÎÁÂÏÒÁÍ �ÅÌÙÈÞÉÓÅÌ, ÔÁËÉÍ ÞÔÏ

• ka1 + ka2 + · · ·+ kan = ka;
• ÓÒÅÄÉ ÞÉÓÅÌ k1l; k2l; : : : ; krl ÉÍÅÅÔÓÑ ÎÅ ÂÏÌÅÅ Ä×ÕÈ �ÏÌÏÖÉÔÅÌØ-ÎÙÈ;
• ÞÉÓÌÏ k1l + · · ·+ krl ÞÅÔÎÏ.òÁÓÓÕÖÄÁÑ ÄÁÌÅÅ ËÁË �ÒÉ ×Ù×ÏÄÅ ÎÅÒÁ×ÅÎÓÔ×Á (3.6), �ÒÉÄÅÍ Ë ÎÅÒÁ-×ÅÎÓÔ×ÕEw2k1nj1 · · ·w2krnjr 6 n−l 2l 2k1! · · · 2kr!(2k1 + 2k2 + · · ·+ 2kr)!

×
∑l1+···+ln=l( 2l!2l1! · · · 2ln! n∏m=1 (k1m + · · ·+ krm)!k1m! · · · krm! ):ðÏÓËÏÌØËÕ ÓÒÅÄÉ ÞÉÓÅÌ k1m; : : : krm ÎÅ ÂÏÌÅÅ Ä×ÕÈ ÏÔÌÉÞÎÏ ÏÔ ÎÕÌÑ, ÔÏ(k1m + · · ·+ krm)!k1m! · · ·krm! 6 2k1m+···+krm :÷ ÉÔÏÇÅ �ÏÌÕÞÁÅÍEw2k1nj1 · · ·w2krnjr 6 22l 2l!l! �(j1) · · · �(jr)



200 ÷. á. åòûï÷, é. á. éâòáçéíï÷É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,sr 6 22l 2l!l! (l − 1r − 1) ∑ �(j1) · · · �(jr) 6 22l 2l!l! (l − 1r − 1);Á E ‖wn‖2l = s1 + · · ·+ sl 6 23l 2l!l! :ðÏÜÔÏÍÕ E e�‖wn‖2 6
∑ (8�)ll! 2l!l! 6

∑(16�)l = 11− 16�:é ÄÌÑ ×ÓÅÈ � < 116 ÓÌÕÞÁÊÎÙÅ ×ÅÌÉÞÉÎÙ e�‖wn‖2 ÒÁ×ÎÏÍÅÒÎÏ ÉÎÔÅÇÒÉ-ÒÕÅÍÙ. éÔÁË, ×ÓÅ ÄÏËÁÚÁÎÏ, ÅÓÌÉ p > 2.ðÕÓÔØ ÔÅ�ÅÒØ 1 6 p < 2. ëÁË É × �ÒÅÄÙÄÕÝÅÍ ÓÌÕÞÁÅ ÒÁÓÓÍÏÔÒÉÍÓÉÍÍÅÔÒÉÚÏ×ÁÎÎÙÅ ×ÅÌÉÞÉÎÙwn = (wn1; wn2; : : :) = �n − �′nÉ �ÏËÁÖÅÍ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ �ÅÌÏÇÏ l > 1E ‖�n‖2lpp 6 E ‖wn‖2lpp :úÁÍÅÔÉÍ Ó�ÅÒ×Á, ÞÔÏ ÅÓÌÉ x; h ∈ lp, Á t ×ÅÝÅÓÔ×ÅÎÎÏ, ÔÏ �(t) = ‖x+th‖ppÅÓÔØ ×Ù�ÕËÌÁÑ ÆÕÎË�ÉÑ ÁÒÇÕÍÅÎÔÁ t. äÁÌÅÅ, ÅÓÌÉ f( · ); �( · ) { ×Ù�ÕËÌÙÅÆÕÎË�ÉÉ ×ÅÝÅÓÔ×ÅÎÎÏÇÏ ÁÒÇÕÍÅÎÔÁ, ÔÏ ÆÕÎË�ÉÑ f(�(t)) { ×Ù�ÕËÌÁÑÆÕÎË�ÉÑ t. ÷ ÞÁÓÔÎÏÓÔÉ ÅÓÌÉ l > 1, ÔÏ  (t) = ‖x + th‖2lpp { ×Ù�ÕËÌÁÑÆÕÎË�ÉÑ t.åÓÌÉ  (t) { ×Ù�ÕËÌÁÑ ÆÕÎË�ÉÑ t, ÔÏ  ′(t) ×ÏÚÒÁÓÔÁÅÔ É (t+ h)−  (t) = t+h∫t  ′(s) ds > h ′(t):ðÒÉÍÅÎÑÑ ÜÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï Ë ÆÕÎË�ÉÉ  (t) = ‖x+ th‖2lpp , ÎÁÊÄÅÍ
‖x+ h‖2lpp − ‖x‖2lpp > 2 l ‖x‖(2l−1)pp ·

∞∑i=1 p |xi|p−1sign(xi) · hi:
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‖wn‖2lpp = ‖�n − �′n‖2lpp > ‖�n −E �n‖2lpp+ 2 l ‖�n −E �n‖(2l−1)pp ∞∑k=1{n−p=2 p ∣∣∣

n∑j=1(�jk − �(k))∣∣∣p−1
× sign( n∑j=1(�jk − �(k))) n∑j=1(�′jk − �(k))}:âÅÒÑ ÍÁÔÅÍÁÔÉÞÅÓËÏÅ ÏÖÉÄÁÎÉÅ ÏÔ ÏÂÅÉÈ ÞÁÓÔÅÊ �ÏÓÌÅÄÎÅÇÏ ÓÏÏÔ-ÎÏÛÅÎÉÑ, �ÒÉÄÅÍ Ë ÉÓËÏÍÏÍÕ ÎÅÒÁ×ÅÎÓÔ×ÕE ‖�n −E �n‖2lpp 6 E ‖wn‖2lpp : (3.6)ëÁË É ×ÙÛÅ, E ‖wn‖2lpp = s1 + s2 + · · ·+ sl;ÇÄÅ ÎÁ ÜÔÏÔ ÒÁÚs1 = ∞∑l=1 E |wnj |2lp;s2 = ∞∑j1;j2=1 ∑k1>0;k2>0;k1+k2=lE |wnj1 |2k1p |wnj2 |2k2p;

· · · · · · · · · · · ·÷ÙÛÅ ÍÙ ÄÏËÁÚÁÌÉ, ÞÔÏE (w2k1nj1 : : : w2krnjr ) 6 22l 2l!l! �(j1) · · · �(jr):ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ ÓÏÓÔÁ×ÌÑÀÝÉÅ sr ÓÌÁÇÁÅÍÙÅ × Ó×ÏÀ ÏÞÅÒÅÄØ ÕÄÏ-×ÌÅÔ×ÏÒÑÀÔ ÎÅÒÁ×ÅÎÓÔ×ÁÍE (
|wnj1 |2k1p · · · |wnjt |2krp) 6 E p=2(|wnj1 |4k1 · · · |wnjr |4kr)

6 22pl(4l!2l!)p=2(�(j1))p=2 · · · (�(jr))p=2:ðÏ ÕÓÌÏ×ÉÀ ÔÅÏÒÅÍÙ
∞∑j (�(j))p=2 = A <∞



202 ÷. á. åòûï÷, é. á. éâòáçéíï÷É �ÏÔÏÍÕ E ‖wp‖2lpp 6 2pl(4l!2l!)p=2(A+ 1)l;E ‖wp‖2lp 6 2l(4l!2l!)1=2(A+ 1)l=p:�ÁËÉÍ ÏÂÒÁÚÏÍ,E e�‖wn‖2p 6
∑ 2 (A+ 1)1=p�l! (4l!2l!)1=2= ∑ (2 (A+ 1)1=p�)l( 2l!l! l!)1=2( 4l!2l! 2l!)1=2

6
∑ (16 (A+ 1)1=p�)l = 11− 16 (A+ 1)1=p�;ÅÓÌÉ � < 116 (A+1)1=p : �ÅÏÒÅÍÁ ÄÏËÁÚÁÎÁ. �÷ ËÁÞÅÓÔ×Å ÓÌÅÄÓÔ×ÉÑ ÔÅÏÒÅÍÙ ÍÙ ÎÅÍÅÄÌÅÎÎÏ �ÏÌÕÞÁÅÍ ÓÌÅÄÕÀÝÅÅÏÂÏÂÝÅÎÉÅ ÒÁ×ÅÎÓÔ×Á õ. çÒÅÎÁÎÄÅÒÁ (1.2): ÅÓÌÉ 1 6 p < ∞ É ÒÑÄ∑k(�(k)))p=2 ÓÈÏÄÉÔÓÑ, ÔÏlimn E� ‖�̂n − �‖p = E |�|p ∑k (�(k) (1− �(k)))p=2= √ 2� 2 p−12 �(p+ 12 )∑k (�(k) (1− �(k)))p=2: (3.7)úÄÅÓØ � { ÓÔÁÎÄÁÒÔÎÁÑ ÎÏÒÍÁÌØÎÁÑ ÓÌÕÞÁÊÎÁÑ ×ÅÌÉÞÉÎÁ. îÅÔÒÕÄÎÏ �Ï-ËÁÚÁÔØ, ÞÔÏ ÒÁ×ÅÎÓÔ×Ï (3.7) ÏÓÔÁÅÔÓÑ × ÓÉÌÅ É ÄÌÑ p < 1.ðÏÌØÚÕÑÓØ ÍÅÔÏÄÁÍÉ ÇÌ. II ÍÏÎÏÇÒÁÆÉÉ [3℄, ÍÏÖÎÏ ÄÏËÁÚÁÔØ ÞÔÏÏ�ÅÎËÉ �̂n Ñ×ÌÑÀÔÓÑ ÁÓÉÍ�ÔÏÔÉÞÅÓËÉ ÜÆÆÅËÔÉ×ÎÙÍÉ × ÓÍÙÓÌÅ [3℄.á×ÔÏÒÙ ×ÙÒÁÖÁÀÔ ÂÌÁÇÏÄÁÒÎÏÓÔØ á. à. úÁÊ�Å×Õ ÚÁ ÒÑÄ �ÏÌÅÚÎÙÈÚÁÍÅÞÁÎÉÊ. ìÉÔÅÒÁÔÕÒÁ1. ð. âÉÌÌÉÎÇÓÌÉ, óÈÏÄÉÍÏÓÔØ ×ÅÒÏÑÔÎÏÓÔÎÙÈ ÍÅÒ. îÁÕËÁ, í., 1977.2. U. Grenander, Abstra
t Inferen
e. Wiley, New York, 1981.3. é. á. éÂÒÁÇÉÍÏ×, ò. ú. èÁÓØÍÉÎÓËÉÊ, áÓÉÍ�ÔÏÔÉÞÅÓËÁÑ ÔÅÏÒÉÑ Ï�ÅÎÉ×ÁÎÉÑ.îÁÕËÁ, í., 1979.4. ÷. ÷. ðÅÔÒÏ×, ðÒÅÄÅÌØÎÙÅ ÔÅÏÒÅÍÙ ÄÌÑ ÓÕÍÍ ÎÅÚÁ×ÉÓÉÍÙÈ ÓÌÕÞÁÊÎÙÈ ×ÅÌÉÞÉÎ.îÁÕËÁ, í., 1987.5. R. Hasminskii, I. Ibragimov, On density estimation in the view of Kolmogorov'sideas in approximation theory. | Ann. Statist. 18, No. 3 (1990), 999{1010.
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