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DISCRIMINANT AND ROOT SEPARATION OF
INTEGRAL POLYNOMIALS

ABSTRACT. Consider a random polynomial

Go(z) = Eouna™ +E@m—12" "'+ +&gp
with independent coefficients uniformly distributed on 2Q+1 integer
points {—@Q,...,Q}. Denote by D(G() the discriminant of G¢g. We
show that there exists a constant Cp,, depending on n only such
that for all Q > 2 the distribution of D(Gg) can be approximated
as follows

b
D(Gq) Ch

sup P<a< - <b>f/ z)dr| < N
co<a<h<oo A QZn—Z X (pn( ) A IOgQ
a

where ¢, denotes the probability density function of the discrimi-
nant of a random polynomial of degree n with independent coeffi-
cients which are uniformly distributed on [—1,1].

Let A(Gg) denote the minimal distance between the complex
roots of Gg. As an application we show that for any ¢ > 0 there
exists a constant 4, > 0 such that A(Gg) is stochastically bounded
from below/above for all sufficiently large @ in the following sense

1
P<6n<A(GQ)< 6—) >1—e.

n

§1. INTRODUCTION
Let

p(z) = apz” +ap 12" '+ Fag=an(z — 1) ... (z —ap)

be a polynomial of degree n with real or complex coefficients.

In this note we consider different asymptotic estimates when the degree

n is arbitrary but fized. Thus for non-negative functions f, g we write f < g
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if there exists a non-negative constant C,, (depending on n only) such that
< Crhg. We also write f < g if f < g and f > g.
Denote by

Alp) = i s
(p) = | min_|a; — oy

the shortest distance between any two zeros of p.
In his seminal paper Mahler [12] proved that

|D(p)|'/?

A(p) > V3o~ (122 = (1)
(lan| + -+ + lao|)
where
Dp)=ay? [ (ai-ay)? (2)
1<i<j<n

denotes the discriminant of p(z). Alternatively, D(p) is given by the (2n —
1)-dimensional determinant

Dip) = (<12

1 Qpn—1 Ay —2 aop 0 0 0

0 [ Ap—1 a1 ap 0 0

(.) 0 0 an._2 (Ln'_s Ll.1 Ll.o 3
X1 n (n—1)an—1 (n—2)an—2 ... 0 0 .. 0 0 |- ( )

0 Ny (n—1)an—1 ... a1 0 .. 0 0

0 0 0 (n—ljan_l (n—QSan_2 . 2a0 a1

Define the height of the polynomial by H (p) = maxo<i<n |a;|. It follows
immediately from (3) that

ID(p)| < H(p)*" . (4)

From now on we will always assume that the polynomial p is integral
(that is, it has integer coefficients). Since the condition D(p) # 0 implies
|D(p)| > 1 Mahler noted that (1) implies

A(p) > H(p) ", (5)

provided that p doesn’t have multiple zeros. The estimate (5) seems to be
the best available lower bound up to now. However, for n > 3 it is still not
known how far it differs from the optimal lower bound. Denote by &, the
infimum of & such that

A(p) > H(p)™"
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holds for all integral polynomials of degree n without multiple zeros and
large enough height H(p). It is easy to see that (5) is equivalent to x, <
n — 1. Also it is a simple exercise to show that k2 = 1 (see, e.g., [8]).
Evertse [9] showed that 3 = 2.

For n > 4 only estimates are known. At first, Mignotte [13] proved that
Kn = n/4 for n > 2. Later Bugeaud and Mignotte [7, 8] have shown that
kp = n/2 for even n > 4 and &, > (n + 2)/4 for odd n > 5. Shortly
after that Beresnivich, Bernik, and Gotze [1], using completely different
approach, improved their result in the case of odd n: they obtained (as a
corollary of more general counting result) that %, > (n +1)/3 for n > 2.
Recently Bugeaud and Dujella [6] achieved significant progress showing
that k, > (2n — 1)/3 for n > 4 (see also [5] for irreducible polynomials).

Formulated in other terms the above results give answers to the ques-
tion "How close to each other can two conjugate algebraic numbers of de-
gree n be?” Recall that two complex algebraic numbers called conjugate
(over Q) if they are roots of the same irreducible integral polynomial (over
Q). Roughly speaking, if we consider a polynomial p* which minimizes
A(p) among all integral polynomials of degree n having the same height
and without multiple zeros, then A(p*) satisfies the following lower/upper
bounds with respect to H(p*):

H(p") " < A(p") < H(p*) ",

for some absolute constants 0 < ¢» < ¢;. In this note, instead of considering
the extreme polynomial p*, we consider the behaviour of A(p) for a typical
integral polynomial p. We prove that for “most” integral polynomials (see
Section 2 for a more precise formulation) we have

A(p) < 1.

We also show that the same estimate holds for “most “ irreducible integral
polynomials (over Q).

A related interesting problem is to study the distribution of discrim-
inants of integral polynomials. To deal with it is convenient (albeit not
necessary) to use probabilistic terminology. Consider some ) € N and con-
sider the class of all integral polynomials p with deg(p) < n and H(p) < Q.
The cardinality of this class is (2Q + 1)"**. Consider the uniform proba-
bility measure on this class so that the probability of each polynomial is
given by (2Q +1)~"~!. In this sense, we may consider random polynomials

Go(z) = Egua™ + éQ,n,lx”_l o+ 00
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with independent coefficients which are uniformly distributed on 2Q) + 1
integer points {—@,...,Q}. We are interested in the asymptotic behavior
of D(Gg) when n is fixed and @ — oo.

Bernik, Gétze and Kukso [4] showed that for v € [0,1/2]

P(|D(GQ| < Q2n7272u) > Q72u'

Note that the case v = 0 is consistent with (4). It has been conjectured
in [4] that this estimate is optimal up to a constant:

P(ID(Gq)| < Q22 = Q2. (6)
The conjecture turned out to be true for n = 2: Gotze, Kaliada, and
Korolev [10] showed that for n = 2 and v € (0,3/4) it holds
P(ID(Gq)l < Q*™™)
=2(0g2+1)Q " (14 0(Q " 10g @ + Q* #2108’ Q).

However, for n = 3 and v € [0,3/5) Kaliada, Gotze, and Kukso [11]
obtained the following asymptotic relation:

P(ID(Gq)| < Q") = kQ ™™/ (14 0Q ™ logQ + Q™* 7)), (7)

where the absolute constant £ had been explicitly determined.

Recently Beresnevich, Bernik, and Gétze [2] extended the lower bound
given by (7) to the full range of v and to the arbitrary degrees n. They
showed that for 0 < ¥ < n — 1 one has that

P(lD(GQ| < QQn—2—2y) > Q—n+3—(n+2)l//n.

They also obtained a similar result for resultants.

In this note we prove a limit theorem for D(Gg). As a corollary, we
obtain that ”with high probability “ (see Section 2 for details) the following
asymptotic equivalence holds:

|D(Pg)| = Q™" .

The same estimate holds “with high probability” for irreducible polyno-
mials.

For more comprehensive survey of the subject and a list of references,
see [3].
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§2. MAIN RESULTS

Let &, &1, - - -, &, be independent random variables uniformly distributed
n [—1, 1]. Consider the random polynomial

Glx) =&ua" + &1z 4+ &2+ &

and denote by ¢ the probability density function of D(G). It is easy to see
that ¢ has compact support and sup p(z) < co.
z€R

Theorem 2.1. Using the above notations we have

b
D(G 1
sup P<a< % gb) f/cp(x)dx <<1— (8)

—co<a<b<oo og Q)

How far is this estimate from being optimal? Relation (7) shows that
for n = 3 the estimate log~* Q can not be replaced by Q¢ for any & > 0.
Otherwise it would imply that (6) holds for v < /2.

The proof of Theorem 2.1 will be given in Section 2.1. Now let us derive
some corollaries.

Relation (4) means that |D(Gg)| < @*2 holds a.s. It follows from
Theorem 2.1 that with high probability the lower estimate holds as well.

Corollary 2.2. For any ¢ > 0 there exists 6 > 0 (depending on n only)
such that for all sufficiently large @

P(|D(Gg)| > 6Q*" ) > 1 —«. (9)
Proof. Since sup ¢(z) < oo, it follows from (8) that
z€R
1
P(|D(G Q") < b+ ——
(ID(Ga)l <0Q™™) <o+ 1=
which completes the proof. O

As another corollary we obtain an estimate for A(Gg).

Corollary 2.3. For any ¢ > 0 there exists 6 > 0 (depending on n only)
such that for all sufficiently large @

PO <A(Gg)<é ) >1—¢ (10)

Proof. For large enough @) we have

P (|5Q,n| > %Q) >1—e¢.
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Therefore it follows from (2) and (4) that with probability at least 1 — e
9 2/n
MG < (2) .
€
which implies the upper estimate. The lower bound immediately follows

from (9) and (1). O

Remark on irreducibility. In order to consider A(Gq) as distance be-
tween the closest conjugate algebraic numbers of G we have to restrict
ourselves to irreducible polynomials only. In other words the distribution of
the random polynomial G has to be conditioned on G being irreducible.
It turns out that the relations (9) and (10) with conditional versions of the
left-hand sides still hold. This fact easily follows from the estimate

P(Gois irreducible) < 1,
which was obtained by van der Waerden [14].

§3. PROOF OF THEOREM 2.1

For k£ € N the moments of {; and ¢; ¢ are given by

E£2k _ 1 E£2k _ 2 i -2k
LT k417 i’Q_2Q+1j_1] '
Since
. Q Q Q
- / 2k ok / 2% (Q + 1)+
= [ " dt < < t+1 dt < —————!
2% + 1 2. t+1) 2%+ 1
0 j=1 0
we get

Q Q 9
L g mw o T
20+1% 2k+1| " 2Q0+11& 2 2k+1
9 Q Q2k+1 Q2
<ol T arlt
20+11 & %+ 1l 2011

o 2 . (Q + 1)+t — @+ " Q" < 22k 2h1
T 2Q+1 2k +1 2Q0+1 ’
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which implies

22k
<z (11)

&;Q)%_ o
E( E¢ 5

Q

It follows from (3) that for all k € N

?

n 5 2k; n
s (55)” o
1=0 1=0

(12)
where the summation is taken over at most ((2n — 1)!)* summands such
that ko 4+ - - + k, = k(n — 1). Let us show that

n €i7Q 2k; - n ok
ITe (%) IIve
i=0 =0

We proceed by induction on n. The case n = 0 follows from (11). Tt holds

‘ED’“ (GQ—Q) —ED’“(G)‘ <ty
ko

22k0+"'+2kn
< (13)

n &;Q 2k; - n ok
H B Q H E&
i=0 i=0
n—1 5 2k; n—1
e () e
i=0 i=0

n—1
+[[ES"
i=0

<

€n7Q>2kn
E (2%
5

2k,

Applying the induction assumption and (11), we obtain (13).
Thus, using (12), (13), and the relation ko + - - - + k, = k(n — 1) we get

‘ED’“ (@) —ED’“(G)‘ < (14)

7

Q Q’
where v depends on n only.

Since D(G) and D(Gg/Q) are bounded random variables, their char-

acteristic functions

FO) =B o) = BP0/
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are entire functions. Therefore (14) implies that for all real ¢

o) — 7)) = |3 i+ EL G/ ~ BDHE)

k
E! f

k=1

vltl _ e
QE: < o . (15)

Now we are ready to estimate the uniform distance between the distri-
butions of D(G) and D(G¢/Q) using the closeness of f(¢) and fo(t). Let
F and Fg be distribution functions of D(G) and D(Go/Q). By Esseen’s
inequality, we get for any T' > 0

Sgp|FQ(x)—F(x)|<%/ ‘M‘dt—l—Qzl w.

Applying (15), we obtain that there exists a constant C' depending on n
only such that for any 7" > 0

(P(a<D (%) <b) —P(agD(G)gb)‘ <C (T2T+%) .

sup
—co<La<b<Loo

Taking T = log () /27 completes the poof.

§4. RESULTANTS
Given polynomials
p(@) =an(z —a1)...(x —an), q@)=bm(z—F1)...(x— Bm),
denote by R(p,q) the resultant defined by
R = a2 TT o
i=1j=1
Obviously discriminants are essentially a specialization of resultants via:
D(p) = (~1)"" "V 2a R(p,p).

Repeating the arguments from Section 3 we obtain the following result.
Consider the random polynomials

Go(x) = bgma” + Egm1a" "+ 4+ Egar + &g,
Fo(z) = ngma™ + ngm-12""" + -+ 1917 + 19,0
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with independent coefficients uniformly distributed on 2@ + 1 points
{=Q,...,Q} and consider the random polynomials

G(z) = &a™ + &z ™+ + bz + &,

F(2) = ™ + 1™ 4+ -+ mz + 1o

with independent coefficients uniformly distributed on [—1, 1]. Denote by
t the distribution function of R(G, F'). We have

R(Gq. Fq) ) / 1
sup P (a < < Ydr| < ——
—ocoLas<h<oo Qern 1/J lo gQ
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